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In recent years, there has been considerable interest in the refining of thin
plate theories. In this paper, the method of matching asymptotic expansions is
used to obtain one such refinement which is believed to be an improvement on
several previous results. Previous authors (Habip (1967), Widera (1969)) attempted
such refinements within the framework of a partially nonlinear theory of elasticity
whereas in the present work all terms neglected by these authors have been
retained.

The forms of the solutions for the displacements and stresses in the interior
of the plate are given in equations (3.7) to (3.12) while those for the boundary
layer are given in (4.40) to (4.45). On comparing both sets of solutions it will be
observed that the order of magnitude of the stresses increases near the edge of
the plate. This effect is due to the occurrence of a boundary layer depending on a
dimensionless thickness parameter ¢ defined in §1. Schematic diagrams illustrating
the change in the order of the stresses appear at the end of the paper.

The assumptions made on the magnitude of the deformation are given in §2.

1. Formulation of the problem

We consider a thin isotropic ideally elastic circular plate of radius Ry, thick-
ness 2H, with the origin of the Langrangian coordinates at the centre on the
middle surface. The plate is initially flat. We shall use cylindrical polar coordinates
R, ©, Z. Thus

0SR<R,-H=<Z<HO0<®<2

for the plate.

In deformations symmetrical about the origin, the two non-zero displacements
are independent of ©. Thus the material point with coordinates R, ®, Z before
the deformation has coordinates R + U(R, Z), O, Z + W(R, Z) after the defor-
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mation where U(R, Z) is the radial displacement and W(R, Z) is the lateral dis-
placement.
We define dimensionless independent variables x and { by setting

R = xR, and Z = (H.
Thus
0<x=<land —-15{<1.

Dimensionless stress and displacement components T *Z u(x, () and w(x, ()
are defined by
U = Rou, W = Ryw,
* % * * %
ETY =T, ET'® = T'®, ET?3 = T33, ET?? = R?T??, where T"" is the
Piola stress tensor, (Eringen (1962)) and E is Young’s Modulus for the material.

* *
The stresses T'2 and T?2* are zero since we are considering symmetrical

bending.
A thickness to plate ‘width’ ratio ¢ may be defined as
_H
=R

Using these dimensionless variables, the equilibrium equations, strain-
displacement relations and strain invariants are as follows:
The non-dimensional forms of equilibrium equations are:

e(1 +u, )TE" + e, () T+ (L + 0, )T 1% + 20, T + u, T2 +& ™ u, T3
(1.1)
e tu T —ex '+ x7'WT? + ex™ (1 + 4, )T + x 0, T3 =0
and
ew, T +ew, T +e(L+e7'w, )T 3+ 2w, TR 4w, T3+ (1 +& 'w, )T}
(12)
+ e T2 4+ ex 7w, , T + ex™ (1 + 7w, )T '3 = 0.

The strain tensor components are

(1'3) Ell = u9x+%(u9x)2+%(w'x)2,

2

-2 =M% (%
(1.4) R™*E,, = . +7(x) ,
£l u’ ?
(1.5) E; = (%‘—) + %( ;) + %(W‘)
1 1 1
E,; = Eu,g+‘}w,x + 25 Woathe +2 Wy W,rs

(1.6)
E23 = E12 = O.
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The strain invariants Iy, Il and I1Iy are given by
Ig = Ey + —Rlz‘Ezz + E3s,
1.7 Il = E\Es3—EX5 + %EHE22 + Eli—EzzE”,
Iy = %(EuEzzEss - EzzEfs)-

The comma is used in the subscripts to denote partial differentiation with
respect to the variables following it.

The strain energy function X, from which the relations between the stresses
and the strains are derived is assumed to be a single-valued analytic function ox
the Lagrangian coordinates and the strain invariants (as in Eringen (1962)). The
natural or initial state of the body is stress free.

Thus
T = Ag + 2upIE — 2uplly + IgI3 + mglgllg + nglllp + hel #+ kgl 1
+ pplellls + el P lIg + -
Dimensionless constants vy, v,,--- may be defined by mg = Ev, ng = Eyv,,

Ig = Ev,, pg = Evy, qg = Evs, hy = Evg, kg = Ev,, --- where Young’s Modulus E
and Poisson’s ration v are given by the relations

2(1 + v)ug = E and (1 + v)(1 — 2v)Ag = VE.

It can be shown that the stresses T are given by

vl E
(1.8) T = T+ v)l(fl ~ ) + i _t_lv +(vy + 39)I% + v,(E}, + ED)
+ (v +v)UIg — IgE ) + -
vl R-2E*?
(19 T*2= i v)(i R g Va(R72E;3)* + (vy + 3vp)I}
+ (vy + v))UIg — IgR72E,,) + -
(1.10) T3 = ol + B4y (B2, 4+ B2 4 ( :
. = 2{Ef3 33 vy + 3vy)g

Aeyi—2n "1+
+ (vy + v )y — IgE;5;5) + -

E
(11 18 = i _ll_sv + Vo(E(Eq3 + E33Eq3) — (vy + v)IE 5 +

T2 = T2 = 0.
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The formulation of the problem will be completed by specifying boundary
conditions on the { = + 1 faces and on the edge x = 1 and by giving symmetry
conditions at x = 0.

On the { = + 1 faces of the plate, the dimensionless normal stress Ny and
tangential stress N, are specified as follows:

(112) Np =0on{=+1

(1.13) Ny 0 on { = — ll
_ —-p(x,s) on C= 1

T Trvd-2v ]

where p(x, ) is assumed to be analytic in &.

The expressions for N and Ny are given by

(L14) Ny = J7MA +u,)" + (w,)2 ] A+, + 270w, )° T,

and
(1.15) N; = (1 + %) —1{T13+[(1 +u,)? + w0 ] e tuy + Wy,

+ &7 tu, u, + £ w, w, ] T3}
where

116y J

u
(1 + ;)(1 + e + &7 w4 e U, W, — e lu,w ).

Physically, J is the ratio of the deformed to the undeformed elements of
volume. Thus J = 1 when all deforming forces are removed.

On the edge x = 1, we consider the clamped edge conditions of radial dis-
placement and slope specified. Thus

X 1,
1.17) u(1,{) = p(c,s),l—iu—(——(?o = yY((,e).

" To completely solve the problem, w(x, {) must be specified at one particular
point, for example:

(1.18) w(1,0) = ea, + e2a, + -
Since the bending is symmetrical, conditions at x = 0 are
(1.19) u(0,0) =0, w (0,0) =0,
that is, there is no radial displacement and the slope is zero along the Z (i.e. {)
axis.
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2. Assumptions governing the deformation

The following assumptions on the magnitude of the deformation will be made
before attempting to solve the problem:

(i) The plate is thin, thatis, ¢ < < 1,
(i) |w| = OH), thus |w| = O(e),
(iii) |[U| = O(eH), thus |u| = O(e?),

(iv) The slope I-:E-w’—:c— = O(g) for all x, {, and

(v) X is an analytic function of the strain invariants.

The assumptions aré some of those made in the original derivation of the
von Kérméan equations. ‘

The method of matched asymptotic expansions (described in Van Dyke
(1964)) is used to derive the first few approximations to the displacements u(x, (),
w(x,{) and the stresses T*(x, {).

3. The interior problem

In this section the first three terms for the interior expansion of each of the
dimensionless dependent variables u(x,{;&), w(x,{;¢) and T*F (x,(;¢) are de-
termined. The differential equations and stress-displacement relations of the large
deflexion theory developed by von Karman (1910) are found to be those of the
first terms of the interior expansions. The boundary conditions on the interior
variables at the edge of the plate are presented in §4 of this paper.

3.1. Asymptotic form for the solutions u(x, {;e), w(x,{;¢) and T**(x,(;¢)

Assumptions (ii) and (iii) of §2 suggest that we assume interior expansions

of the form
3.1 w(x,{;e) = ew(x,0) + 2wy (x,0) + -+
(3.2) u(x,(38) = efuy(x,0) + eus(x,0) + -

Substituting (3.1) and (3.2) into equations (1.3) to (1.11) shows that the T** will
have expansions of the form

3.3) T = ToH(x,0) + eTF4(x,{) + -+ for K = L, and
(3.4) TV = eT{3(x,0) + 2T (x, 0 +
. The quantity J also has the expansion

(3'5) J = 1 + Wl,c + 8W2,; + .-
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To find equations for the coefficients of " (n = 0,1,2,---) in (3.1) to (3.4)
we simply substitute these expressions into the equilibrium equations (1.1 and (1.2)
and apply the boundary conditions given in (1.12) and (1.13). The solving of this
system of equations forms the interior problem.

It is also assumed that the function p(x, ¢) has the expansion

(3.6) p(x,€) = po(x) + epy(x) + -

3.2 Asymptotic Solution for the Interior of the Plate

The substituting of (3.1) to (3.5) into the equilibrium equations (1.1) to (1.2)
and then equating the coefficients of ¢* (n = 0,1,2,:--) in turn to zero enables
one to determine the { dependence of the interior expansions (3.1) to (3.5). It turns
out that the functions w.(x, (), u,, 1(x,0), T (x,{) and T'3(x,¢) fort = 1,2,3, -
are polynomials in {. The coefficients of each power of { in these polynomials are
functions of x. Application of the boundary conditions given in (1.12) and (1.13)
enables one to derive differential equations for and relations between these func-
tions of x (see equations (3.14) to (3.19), (3.21) to (3.25) of this section).

This method will be illustrated by determining the form of w,(x,{) and the
stresses Ty~ in detail.

Substituting (3.1) to (3.5) into (1.2) and equating the coefficient of &° to zero
gives the equation

6%[(1 + Wl,g)To”] =0

Integration of this shows that
(1 + wy, )T = Ko(%).
Expanding Ny (given in (1.14)) in powers of ¢, we obtain
Ny = Ky(x) + O(e).
Applying the boundary conditions given by equation (1.13), it follows that

Ko(x) = (I_;_V)L(‘i(’ilm(usmg (3.6)on { = 1, and

Ko(x) = 0on {=—1.

Thus
pO(x) = 0)
(L +w pTe3 = 0.

Il

If we examine (1.3) to (1.10) closely, we may show that, due to the different orders
in & of w(x,{;¢) and u(x,{;¢),
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Tgs = wl_;f(wu); To11 = To22 = W1,g[f(W1,;) - g(Wl,;)]

where f(w, ;) and g(w, ) are polynomials in w, , with constants coefficients and
infinite degree.

Thus

I+ W1,g)W1,§f(W1,;) = 0.

Therefore wy  is constant and may be — 1, 0 or the solution of f(w, ;) = 0. Since
J =1 for all ¢ = 0 when there is no deformation, the only acceptable solution is
that wy,, = 0. Hence

wy(x,0) = Wy(x),
and
To(x,0) = 0.

By continuing the process explained at the beginning of this section, we
obtain
2 3 v?
3.7 w(x,{;e) = eWy(x) + e Wy(x) + ¢ {

2
2(1 — v)v "

W) - o Hwﬂ~~vm”

(M)M&C®=fDAﬂ—M@M+£M&@—M@M+¢&A@

—cﬁnuyrl 4wy - W'@ﬂ+”2+awoﬂ]
T (W)
—2(—1“_—7)[W1 Wi + 33— V)—XL—]

1/2—v d
+g(r=y) e ge @ mwoy + -

(39) Tx (e = l_i%{?l;q,;(x)_ [W{,( 9+ Wi(x )”
+ Tiiv? {—31;(I>§(x) - C[Wz"(x) + vWi(xﬁ” b

e2

1 ” n,
10 T(x00) =+ 30100 — ¢ +

)

&3
1 -2

B+

+ gwﬁ%[wn+
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’ s (@E=D d (=1 d ,

(3 11) T (x ca 8) = & 2(1 2) d (v VV]) + 2(1 2) d (VZWZ) + b
’ 4 ”
G.12) T¥(x,{0) = { (&~ W, + 322 [(W;')2+zv Wi Wi

\2 _ ’ ” N2
+ Y] %(11_ i) = afompye 4 20 KL OF)

X X

+(75)p] |+ - fre-oww, -3 (F=2s)a+0ps0

+ (2 —1)[W{'W2”+ — (W1 W,) + wi Wz“ + -

(B.13) p(x,8) = &*pa(x) + &°ps(x) + -

Higher terms in the series given in (3.7) to (3.12) are considerably more

complicated than those already listed.
The functions ®,(x) are middle surface stress potentials and are defined by

setting

1 @)
T(x,0) = &),
P (%0 1—-v? 3x

The method for finding the T,**(outlined earlier in this section) gives the results

L0 = [b' +””+%(W1)2]
and

b
Ti(0) = 1 [b’ 1w, Wz}

Thus we have equations defining the middle surface stress potentials.
The functions :b(x) give the radial displacements of points on the
middle surface and appear in the same way as the lateral displacements

Wi(x).
The differential equations for W;(x), ®(x) and b,(x) are [after considerable
work]: '
' 3/1—v 1 d
4 — =7 s v !
(3.14) VW, = =3 (1) P + 5 2 F0D,
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4 2 -3 (W1 )2
(3.15) (V20 = —S(1 = vk
and

- 7y2
(3.16) Qb)) = — W/ W) — @a - v) (W;l) ,
where the differential operator Q is defined by
d(1 d

(3.17) b = {5 4 0xbD)s

and V2 is the Laplacian in cylindrical polar coordinates.
Instead of (3.15) we may use the defining equation of ®/(x), that is

(3.18) ®(x) = 3[xb} + vb, + $x(W])?],
and instead of (3.16) we may use
(3.19 3(1 — v3)by(x) = x®Pj(x) — v (x).

The boundary conditions on W,(x), ®{(x) and b,(x) at x = 0 are, using
equation (1.18),

(3.20) b,(0) = W/(0) = @,(0) = [-;;(VZWOL_O = 0.
Further, W,(0) and ®{(0) are finite.

It should be noted that equations (3.14) and (3.15) are the celebrated von
Karmén equations. The solution of these equations gives the first approximation
to the interior problem.

The differential equations for W,(x), ®5(x) and b,(x) are:

3 l—v 1 d Tt I
3.21) VW, = ~ E(T_—?_;)Ps(X) + " E(Wl(DZ + W, ®)),
L 4.
(3.22) 7;(‘7 D)= —-31-v )—x—,
and
G2 k)= - smw-a-nat

Notice that these equations are linear in W,(x), (I)Z(x) and b (x) unlike the
von Karman equations.
Instead of equations (3.22) and (3.23) we may use

(3.29) @ (x) = 3[xbs + vbs + xW{ W,],

and
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(3.25) 3(1 — vH)by(x) = x@5(x) — v@(x).
The boundary conditions on W,(x), ®5(x) and b;(x) at x = 0 are
) ' d
(3.26) b3(0) = W;(0) = ®,(0) = [—d}(vz W) ] e 0.

Further, W,(0) and ®%(0) are finite.
The solution of equations (3.21) to (3.23) gives the second approximation
to the interior problem.

3.3 Discussion

Previous attempts (Habip (1967) and Widera (1969)) to obtain an asymptotic
theory for the moderately large deflexion of a transversely isotropic plate and an
anisotropic plate by assuming partially nonlinear expressions for the Ex; are in
error.

Both authors assumed that

1
E33 ~ Ew,g,

2
. . u,\° . .
thus neglecting terms like %(—85) in the expression for E;5.

This assumptions is incorrect since calculations show that the order of magnitude
of these nonlinear terms is the same as that of the term (1/e)w,*. A similar error
was made in their expression for terms corresponding to E;;. It is clear that the
results in these two papers will be incorrect.

The approximations obtained here will not, in general, be valid near the
circular edge of the plate due to the occurrence of a boundary layer. Further,
boundary conditions on the functions W,(x), W,(x), by(x), bi(x), ®i(x) and
®;(x) at x = 1 can only be obtained by studying the boundary layer problem.
This is the topic in §4 of this paper.

At this point, it is interesting to note that the boundary layer considered in
this work depends upon ¢, while the solution of the von Karman equations
often involves the consideration of a boundary layer due to alarge load param-
eter L**, This leads to a two parameter expansion for (dw/dx) of the form

ow

E = 8L1/3 Wlll + 8W1,2 + 8L‘1/3W1’3 + -

+ e LWy + Wy, + L7 1Wy, + -

* The calculations are based on the solutions given in equations (3.7) and (3.8); thus w, £ = 0(e?).
** Hart and Evans (1964) used a load parameter & which is related to L by k = \/ 3(1—v2)/L4,
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where the solutions to the von Kéarman equations and equations (3.21) and
(3.22) may be written as

Wi(x) = LW, + Wy + L™PW5 + -, i=12

In terms of the given applied load, p,(x) = O(L); explicitly,
pa(x) = 2L(1 + v)}(1 — 2v)q,(x)
where g,(x) = O(1) compared with L.

4, The boundary layer problem.

The results of §3 were obtained without any reference to the boundary
conditions on the edge x = 1. Since the functional form of the interior expansions
has been determined, it is clear that these expansions cannot, in general, satisfy
the clamped edge boundary conditions given in §1 since p({,&) and Y({,¢) are
essentially arbitrary functions of {. Thus the interior expansions only represent
the solution away from the boundary.

Unlike the variational approach of Reissner (1963), which attempted to
determine boundary conditions on the interior solutions, we are concerned with
the effects of the boundary layer solutions on the boundary conditions of the
interior solutions. Thus we use a boundary layer approach similar to that carried
out by Reiss (1962), Reiss and Locke (1961), Friedrichs and Dressler (1961),
Kolos (1964) and Gol'Denveizer and Kolos (1965), for the linear theory. Since the
present work is highly nonlinear in character, the-calculations are considerably
more complicated than the work by these authors. Thus most calculations will be
omitted and only sufficient work.wiil be presented to enable the determination
of the first two nonzero terms in the boundary layer expansions of u(x,{,¢),
w(x,{, &) and the T**(x,{, ¢).

The final form of the boundary layer solutions appear in equations (4.40)
to (4.45).

4.1 Formulation of the boundary layer problem

Similar to Reiss (1962), we ‘stretch’ the coordinate normal to the edge by
defining a new coordinate 5 by

(4.1) n=

This stretching (4.1) implies that the boundary layer effects penetrate a ‘distance’
of order of magnitude ¢ into the plate from the edge. The non-dimensional forms
of the equilibrium equations (1.1) and (1.2) in terms of # and { are:
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42 - —-etu )Tt +e tu,, T + (1 — e 'u,) T
— 26 Y, T =&, T, 2+ e~ u, T, 2
+ e U, T3+ x~'u, T + ex™'(1 — 67 'u, )T
—ex~ (1 +x"'w)T?*? = 0.
and
4.3) e~ tw,, T3 + e 'w,,, T — (1 + &7 'w,)T,,°
— 267w, T — &= 'w, T +(1 + ¢~ 'w, )T,
+etw, T +ex (1 + e 'w,)T"?
—x"'w,, T =0.

The strain tensor components may be rewritten as

2
N
-2 = u)*

(4.5) R™ZE;, = x+%(x)

2
(4.6) By = =4 +§("") +3 (—WE—‘)

1 1 1 1
4.7 E; = Eu,;—zzw,,,—:z—a;u,,lu_;—Zz—w,,’w,;
and
E12 = E23 = 0.

The strain invariants I, Il and I are given by equations (1.7) in §1.
The equations for the non-dimensional stresses T*" are given by (1.8) to

(1.11) in §1.
The expression for the slope at the edge transforms to

‘w1,
(4.8) =& Wallie)
l-e¢ lun,(l’C)
The quantity J becomes
(4.9) J = (1 + i) (1 — h_ + l"_>_§_ .,,W,(+ ,(W’n)
X € € g2 g2

On the faces { = 1 1 we have the conditions

(4.10) Ny = J7'[(1 —e'u)? + (e7 w21 x (1 — &7 'u,, + &7 1w, )? T3
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p(1 — en, ) [=1

4.11) = - m
(4.12) = 0 on{=—1
and
(413) Ny = (1 + _xu_)“l {TVP —[(1 —etu, ) + (e 'w,)* " x (— ey
+ &7 'w,, + &7 %u,,u,, + e 2w, w, ) T3}

(4.14) = 0on {=+1.

On the edge n = 0 (i.e. x = 1), the boundary conditions applicable are (1.18)
and
(4.19) ) = o0, Dy

As will be seen later in equations such as (4.48), p({,&) and ¥({,¢) cannot be
arbitrarily prescribed. .
4.2 Asymptotic form of the solutions u (x, {; ), w (x, {; &) and T** (x, {; ¢).

We define dimensionless boundary layer displacements and stresses #, w
and T ¥t by

a(n,8se) = u(x,{;e)
(4.16) wn, {;e) = w(x,(;¢8)
T m, (30) = TF(x,(58)

Assumptions (ii) and (iii) of §2 suggest that we assume boundary layer ex-
pansions of the form '

4.17) w(n,{3e) = ewy(n, ) + w0, 0) + -+
and
(4.18) a(n, C;e) = &2d,(n,0) + 3,0, ) + -

Substituting (4.17) and (4.18) into equations (1.8) to (1.11) shows that the
T XL have expansions of the form

(4.19) T%m,0e) = T80 + eI m 0 + -
while the quantity J has the expansion

(4.20) J=1+ Wl_; + S[WZ,C —_ ﬁz',’ + ﬁz'cwl’,’ - 122 qwl,{] + .-
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Assumptions (ii) and (v) of §2 suggest that we assume
(4.21) p(e) = &2p(D) +&%ps(D) + -
(4.22) Y(G,e) = —afa(0) — 23D + -+

4.3 Matching conditions

The basic asymptotic matching principle (Van Dyke (1964), page 90) for the
present problem requires that:

the boundary layer expansion of the interior expansion

= the interior expansion of the boundary layer expansion.

This principle requires that the terms of the boundary layer solutions can be
written in the form:

n 1 r
@2 amd = -a00+ = S Da o] o on-2se
@) w0 = w0+ L Sl Gonen| w2
and
@25 70,0 = o0+ = Sihe x [Tasen]
r=0 . x=1
n=123,-..

where i,, W, and tr* decay to zero as n — oo, the plus sign being taken for
K = L = 1,2,3, and the minus sign taken for 7,3,

The remaining terms in (4.23) to (4.25) are the interior contributions to the
boundary layer solutions. The boundary layer expansion for the function p(x, &)
defined by equation (3.6) has the form

(4.26) e = X

=1
Substituting equations (4.17) to (4.19) and (4.23) to (4.25) into equations (4.2)

to (4.7) and (1.7) to (1.11), we obtain sets of equations which, together with the

appropriate boundary conditions, constitutes the boundary layer problem.

4.4 Asymptotic solution for the edge of the plate

In a manner similar to that for finding w,(x, {), we can show that

wi(n,{) = Wy (a constant),
4.27
@20 K(n,0) = 0
Matching conditions require that
(4.28) o Wi, = Wi(1)
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The procedure for determining the rest of the terms in equations (4.17) to
(4.19) (or equivalently (4.23) to (4.25)) is considerably more complicated.
Luckily, a general procedure exists. We shall describe this in detail.

The tX* (n,{) may be written as (by using (4.25), (4.19) and (4.4) to (4.7)
and (1.7) to (1.11))

11 _ 1 NS = 11
(429) tn—l - (1 + V)(l _ 2V) [(1 v)un,n + VW,,,C] + dn-1>

13 __ 1 - = 13
(430) tn—l - 2(1 + V) [un,§ + Wn,n] + qn—l ’

33 __ 1 = WS 33
(431) tn—l - (1 + V)(l _ 2V) [vun,n + (1 V)Wn.;] + qn—l
and

22 _ v — —= 22
(432) tn—l - (1 + V)(l _ 2v) [un,n + wn,{] + qn—l ’

where n = 2,3,4,--- and the g~% (5, {) can be found in terms of i,,_, W,_, and

the tXL, for m = 3,4,---,n.
The differential equations satisfied by the t** are

(4.33) tontlaz = Xm0
and
(4.34) t2+ 123 = Y10,

where X, and Y, decay to zero as 4 — oo and can be found in terms of #,,, w,, the

XL Xpmo1s Yuei, G, W, and the TEE form = 3,4, -, n.

Using equations (4.29), (4.30) and (4.31), equations (4.33) and (4.34) may be
rewritten as ’

(4.35) 201 = Vi1, gq + (1 = 20,4100 + Wpi1,0e = 2(1 + V)1 = 20) X,
and

(436) 201 = VBpp 1o+ (L= 290t 1oy + g 1.0e = 21 + V)1 = 207,

where

(4.37) X, = X,—aqh — a3
and

(4.38) ¥, = Y,—q')—q}

Equations (4.33) to (4.36) hold for —1 £ { £ 1, 0 £ 5 < o0; this is the
domain of a semi-infinite strip problem.
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Using (4.10) to (4.14), it can be shown that
(4.39) R, D=+ 1)=0

while on 1 = 0 (i.e. x = 1), the boundary conditions are given by equations
(4.15). Applying the Laplace Transform to (4.29) to (4.39), it can be shown*
that necessary and sufficient conditions for the tX*, @, and #,,, to decay to

zero as  — oo are (see Appendix in Garfoot (1970)):

I

1 1 ©
(Dn. 1) f sood = - f_ 1 L Xy, Ddndl = Ay

]

1 1 ©
on 2 [ oreod = - [ [1ex, -t = 4,

]

1 1 ]
(Dn. 3) f 1t,§3(0,C)dC - f 1 fo Y,dndl = A,,

1 1
(Dn. 4) f s OO+ 31 +) f 00,00
. 1 o
= ot [ [T+ ondana
1 o
(1= f 1 L [0X, + 2 ldndl = Ane

1 1
@n.9) [ tai0d+ 5040 [ oona

I

1 [+ 3
1~ v?) f 1 f [204X, ~ n*%, + 2 — gt

11 v ' %2 33
+2gitdedn =3+ [ [T 0%+ 2203 vt

and = Aus

1
0. 6 [ (1= (a0 + 501402 =)

1

1 ]
3,11 — . d
« [ parona =2y [ [ afan

1 ! ® 3 2 13 33
-5 +v)(2—v) fnl L [°X, + 30%q, "~ ngn; Jdnd{

* When the solutions of the transformed equations are inverted, it will be seen that these
contain non-decaying contributions which are polynomials in b as well as decaying contributions.
Conditions (Dn.1) to (Dn.6) are obtained by setting these non-decaying polynomials to zero.
See Gusein-Zade (1965) for the solution of a similar problem.
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v+ [ 11 [ negaanac

~La-w f f [1°Y, — 342X, + 6nlqt Jdndl =
forn = 1,2,3,-

Each boundary condition for #, and W, on # = 0 contains at least one un-
known constant due to the contribution of the interior solutions as coefficients
of " in equations (4.23) to (4.25). These constants can be written in terms of the
interior solutions evaluated at x = 1. By applying conditions (Dn. 1) to (Dn. 6),
these constants may be determined, thus &, , #,, the tX-, and boundary conditions
on the interior solutions at x = 1 may be found as in Garfoot (1970).

In obtaining the solution of (4.33) to (4.36), one must use the expressions
for the X,, Y,, and the g,” as given in the Appendix.

After carrying out the indicated computations the following boundary
layer expansions for 4, W, and the T ** are obtained:

(4.40)  w(n,Le) = eWy(1) + [Fa(m, ) + Wa(1) — W/ (D] + -
4.41)  u(n,(e) = & — ay(m,0) + by(1) — {W{(1)]

+ e[ —5(n, {) + by(D)— W;(1), = b(Dn + Wi(Dnl] + -
(4.42) T''(n,(e) = enf' + &[5! + T3(L,0)]

+ 2[5 + T30 — 1T 5 (LD + -
(4.43) T2 (n,(ze) = e?? + &[22 + T7°(1, 0]

+ &[5 + T, — T2 O] + -
(444) TV, 58 = —ety® — aztis +8[ - 13° + T%(1, 0]

+ &' - T3(1,0 - T3 3L, 0] + -
4.45) T*@,(0) = e’ + 32@3 +&43° + [P+ TR, 0] + -
Sketches illustrating the nature of the boundary layer for the stresses appear at
the end of the paper.

4.5 Boundary conditions for the clamped edge

The decay conditions (Dn. 1) to (Dn. 6) lead to the following boundary
conditions on the interior solutions:
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1 1 1
@4 b)) = 1 [ puat+ iy [ Loy~ | e

N owi = =2 [ toodc -2 d
@ ww = =3 | -3 | Cioso - w0,
and

1
@) [ 100 -0l =0,
Equations (4.46) to (4.48), (4.15), (4.21) and (4.22) enable ii,(0, £) and #,_,(0,{)
to be found (see (4.56)), thus u1,(n,{) and W,(n,{) can be determined.
Also

1 1
@4 b = 1 [ p@dt+ v [ 0k — 9O + 1

1 1
00+ [ PO08 — by [ U 92 dymodl

i

3t v (!
4350 W) = -3 f_lips@dc—gl f L3 — 901l ~ %Azs

3 1 3 ! .
s [ a0+ 3y [ PG g0 0ol
and

4.51) f [p30) — Ya(OML = Ay + 2L +v) f 9220, Oyt

s

Equations (4.49) to (4.51) enable ii5(n, {) and w;(n, {) to be determined by a method
similar to that for finding #, and w,.
Using (1.18) and (4.40) we find that

(4.52) w,(1) = a,.
The consistency condition on ¥,({) and p,({) is
d Wi (DH®(1)
@5y [wm] | MO 2oy [ woa

3 1
£ 20w f (WD) + pHONAL

— 2= b f [V2(0) — 12,40, + 1o 2,40, 0]
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1 1
—30) [ %3,0.0d0+ 3070 + W] [ 17.,0.0a
1 ©
+ 3@ W) [ [ ofunar
3 1
= U@, - (=] [ 1 e.0a

3
= Sa -y,
where

1 © 1
_ * 13%
o= [ 7 weoma+ [ airona

1 ! ,
+ A +9) f_l[%(l) - pa(D]d¢

1 v L rane L
+ m f—l{wz‘"u3’" - WZ,':(”Z.")Z - Wi(Di; , — uz,,,W3,,,},,=0dC

with Y,;* and q13* given by

B0 = YO+ WO + 7= (V2 W)eas 17 = 9, TH (1,0,
0.0 = ¢P0.0 + 5755 - MO 00
+ T T 72,00 + BT (0.0 — T2 7,,0,0)|
(.0 [ TR — (T b - Wi,
13%

Y;*and g33* are fully known in terms of t¥, t¥, i, , ii5, W, and 5.

Equations (4.46) to (4.48) and (4.52) supplement equations (3.20) to complete
the boundary conditions on the differential equations for W,;(x), ®;(x) and b,(x).
The final conditions on the differential equations for W,(x), ®3(x) and b;(x) are:

(4.54) . Wy(1) = a; — w2(0,0);

d 1 I 7 !
@59 [ | - a0mes + well,,

3 1 1
@m0t + 50w [ coioa
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3 ! 1
~2a-v f Va(OTbY1) — IWJD]AC — 30(1) f 7, (0, )L
—- -1
+ 1m0 + i) J (5,0, 0
33"0 + VW], o f [ 13dnac
+ 20— b j [2.400,0) = = 5,00, D

3 " 1
=+ DV — (- W, f 00,0 = 301 - vy,
-1
where

1 © 1
vo= [ [ wenoma s [ a0

1 ‘
+ 5(_1_1-!——) f_l[n//s(o = PUD) + 2,000, V(D) = 83,0, O 3(0) + 1 (0, DYoL
with Y;*(n, ) given by

Yo = Y= W 3L = WD = 2 [V2W), oy,

Equation (4.55) is a consistency condition for ¥5({) and ps({).

The expression for g1**(0, C) is quite lengthy, however, both g43*(0, ) and
Y,* are fully known in terms of t Lt a,, iy, iy, W,, wy and W,.

The boundary conditions on ii,, i;, ily, W,, W3 and W, on the edge n = 0

are:
(4.56) #1,(0,0) = by(1) — Wi(1){ — p2(0) }
w2.40,0) = ¥,() + W/ (1)

]

with b,(1), Wi (1) given by (4.46) and (4.47).

]

(4.57) 43(0,0) = bsy(1) — W (1){ — p3(D)

W3,,0,0) = V¥3(0) + [@2,, W2 4dy=0 + W2 (1) }
with b3(1), W, (1) given by (4.49) and (4.50).
(4.58) 140,0) = by(1) = (W5 (1) — p3(0)

W4 4(0,0) = Wi(1) + 30 }
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where

PO = pa(D) — ua(1,0) + by(l) — LW (1),
and

i) = YO+ w3 (1,0 ~ Wi(1) — [ 43 ,

+ WS,nﬁZ,q + I"{)2,71(1’?2,11)2];1=0 .

Both p({) and y}({) are known in terms of W,(x), b,(x), W, (1), ii,, it3, W, and w5,
Thus, in principle, i, (n,{) and W, (5,{) can be determined, so enabling Y#(n,0)
and ¢4°*(0,) to be calculated.

4.6 Conclusion

At this stage we now have sufficient information available to completely
determine the first two terms in each of the expansions of the interior dependent
variables as given in §3, equations (3.7) to (3.12) and the first two terms for the
boundary layer expansions of the dependent variables given in equations (4.17)
to (4.19). It should be noted that the boundary conditions given in equations
(3.20). (4.46), (4.47) and (4.52) for the first interior approximation are similar
to those for a clamped edge using the von Kérman plate theory. It is only in the
boundary conditions of the second approximation that the boundary layer has
an effect (see (4.49), (4.50) and (4.54)). Further, the prescribed edge conditions
are not completely arbitrary and must satisfy conditions such as (4.48), (4.51),
(4.53) and (4.55).

Figures 1 to 3 illustrate the change in the order of magnitude of the stresses
near the edge of the plate.

A A 22
T 322 0(eh 0 T, T

boundary layer intk_ N

x =1 x=1-€ x decreasing

Figure 1.
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13
n 0(€)
T'3
T 0(€)
boundary layer inm— .
<= | x=1-€ x decreasing
Figure 2.
A A
33
T 0(€)
133
722 o
boundary layer in& -
X =] x={-€ x decreasing

Figure 3.

Several other boundary conditions (Garfoot (1970)), such as normal and
tangential stress specified on the edges, can be similarly dealt with by using the
decay conditions (Dn. 1) to (Dn. 6).
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Appendix

~ On carrying out the substitutions and calculations, we find that the X, and
Y, are given by
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Xin,8) = Yi(n,0) =0,
XZ(”’ C) = - ﬁz,m,til - 2ﬁ2,n5t113 - az,;cti” + tlll - tfz,
(0 = - {V_Vz.'mtil + 2w2,n§t113 + Wz,;;t133“ tlls}’

-~ 13 = 11 = 11 A 13 = 33
.X3(ﬂ, C) = uz’;{Yz_tl } + uzyﬂ{_‘ X2 + tl } - U3’,mt1 + 2”3,”;t1 - u3’;ct1

11 22 — 11 — 13 — 33 11 22
+ 77{t1 - tl } _— uZ’,mTz -+ 2u2’,,;T2 bl uZ.CCTZ + tz b t2 >

Ys(ﬂ, C) = wl,n{ - XZ + til} + WZ,C{ - YZ + ti‘s} - w3,'mt%1 - 2"’1"3,";1‘}3

.33 13— 4t _ 13— ~33 13
= Wil T = Wog T+ 2Wy 057 — Wy 15 8

X, 0) = dy {Ys — 3% —nt1*} + 6y, (Vo — 133} + dip{ — X5 + 137+t
+ T2, O} + d3 Xy — 611} — @832 + 51 — (22 4 {1}t — 2%}
+ (1]t — 177} (gt 2ty ot} { — D2

.13 - 33 = At _ 13 = 33
+ 243 0ty” — 3 gty )+ { —Hpgyls + 2“2.q;T3 — iy, 137 },

Y4(7], C) = Wzm{ - X3 + tél + ’1‘%1} + w3;q{ - Xz + til} + wz,nTzzz(ls C)
+ 83+t 2 - WD+ Wy — Vs + 157 + 1%}
- = s _ — s = a1
+ W3’C{"‘ Y2 + t}3} - Wz,,mT;l + 2W2,”;T313 b W2,§;T333 —W3’”"T;
+ 23 152 — 3, 0013° = Wamtl! + 2Pa et — Wageti
The expressions X, Ys, X, Y, -+ are considerably more complicated and shall
not be listed.
The g¥(y, () are given by
it =i’ =g’ =41 =0,

B = =T 2T + 5@ + WD+ (5.

1—v _ i _ _ —
2 (= WUy =T + 0+ 302+ 70"

—vi{(12,)° + £ (i, 0 + W2 )%}

1 v
1 = ~ -~ ~ 1,— — - —
3 2——-(1 T v) {Wz,;uz,n - uz,,,uz,;} - —2—(u2‘; + wz',,)(uz,,, + Wz,;),

<
[
|
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f

P = I+ @+ = Wi

+ 30— V)T, )? + 3, )P — W (D), — vaz}
+ vy + 3v3)(iay,, + W, )* — Vl{(ﬁz,,,)z + ity  + Wz,n)z}-

The expressions for g%/, n = 3,4, .- are complicated and shall not be given.
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