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1. Introduction. Let K be a non-abelian cubic field of discriminant D, and g (s) its
Dedekind zeta-function. Set (s) = {x(s)/{(s). Then it is known that ¢(s) is the Artin
L-series associated with the field K. It is also known that (s) is an entire function of
order 1.

If K is not a totally real field then (s) satisfies the functional equation

W(1—s) = 72_5 <‘2/——1:)2ssinm T2(s)i(s).

If K is a totally real field then y(s) satisfies the functional equation
4 (VDy*
v(1-35)= 75 <E) cos® Lars T2(s)yY(s).

Barrucand, in [1], has given asymptotic formulae for certain coefficient sums of (s).
Here, using these results, and the methods of [2], [5] we prove the following:

THEOREM 1.
= 2A. 1 1
s+i)|Pe  dt=—log =+ <—)
L|¢(2 it)|*e " dt 810g8 06
for sufficiently small 8> 0.

6Ld;(1)y(1)D(2)E(2) . ‘
7 D(LE(D) is defined in [1, p. 962—A],)

(The positive constant A =

CoroLLARY 1.

T
Y@+it)>dt~2ATlog T.
g
0
THEOREM 2.

i 8A 1 1 1
'G+infe " dt=——log® =+ (— 2—)
| W+ inpe =33 1095+ 0[5 Tog* 5

for sufficiently small §>0.

COROLLARY 2.
T
j |W'G+i0)]> dt ~§ATlog?T.
0
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2. Lemmas.

LemMa 1 (Van der Corput [4, p. 61]). Let F(x) and G(x) be real functions,
G(x)/F'(x) monotonic and F'(x)/G(x)=m>0, or F'(x)/G(x)=-m <0, throughout the
interval (a, b). Then

b . 4
j G(x)eF™ dx’S——.
a oom

LemMma 2 (Euler Summation [4, p. 13]). Let ¢(x) be a real function with a
continuous derivative in the interval (a, b). If, for asx=<b, ¢'(x)=0 or ¢'(x)=<0, then

L o= j $(x) dx+ O((a)|+ | (B).

The proof of the following lemmas follows easily from [1] and [2, p. 124], and will be
omitted.

Lemma 3. Let ¢(s)= i a(n)n™ (o>1). Then
a’*(n)
Z n

n=x

= Alog x+O(1)
and

2
) 2_('1"19&1‘:%,4 log® x + O(log x).

n=x

(The constant A has been defined previously.)

Lemma 4. Let ¢/(s) = i b(n)n™ (o>1), (Thus b(n)=—a(n)log n.) Then, for suffi-

n=1

ciently small 3>0, we have

oo

D A ne _ g log %+ o),

n=1 n
< b3*(n) 6 _1 1 ( 1)
— e =1A10g>—+ Ollog>—
ngl n 3 g B g B
and
< a’(n)logn _ . ( 1)
—l 2 e = Ollog®—}.
ngl n g B
LeEMMA 5.

o log?n 1 1
L5t =0y g+ ofog’y)
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and

) log n e P = O(log2 l)
n=1 n B
3. Proof of Theorem 1. Throughout the rest of the paper we assume K is not
totally real. The results and methods for K totally real are exactly the same as for K not
totally real.
Now we have, for say o =0, and some constant C>0,

¥(s) = O(f|).

This follows easily from the functional equation and an application of the Phragmén-
Lindeldf Theorem.

Now we consider the integral

1 2+ic oo 2+ico oo
— J F(s)y(s)z *ds = Z M j I'(s)(nz) > ds= Z a(n)e ™™ (Re z>0).

2

27y i not 27 e n=1
Moving the line of integration to o=a (0<a <1) we get
1

1 j“mr(s)lp(s)z‘s ds= Y a(n)e™ =do(z),
27ri o —joo n=1

o

say. Hence, as in [4, p. 137], we have

»

jm|¢(%+ e > dt = J m]qso(ixe“i‘*)]z dx +0Q)

(]

for sufficiently small 6 > 0.
Now we remark that

1\ 27, _ (471'2 . _is)
d)o(ixe‘ia)—\/ﬁ ixe” "o\ Ty ixe ")
This transformation formula may be proven as in [4, p. 142], using the functional

equation.
Now, as in [2, pp. 125-126], we have

27/VD o : 2
) i dx
|¢o(ixe_la)|2 dx = j ¢0(“ eﬂs) 3
4[0 VDi(2m) X x?
S YERI
= ol —= =
VD/(2w) ixe x?

2

dx

an:
¢>0<; ixe“‘5>

_477_2 Jco
D )i

= J |do(ixe™®)|? dx.
21/\D
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Now
|7 Joatime )P ax
2#/\[5
=J Y a(n) Y a(m)e nixMe iz gy
2wiND n=1 m=1

a(n)aim) e s rimen /B
B ime® ¢

-1

nelm=1 ine”

— 1 i 12_@ e-41~msin8/~/—5
2sind,2; n _
(m + n)sin & cos[27(m — n)cos 8/¥D]
(m+n)*sin* 8 +(m—n)*>cos* ¢

—2m(m+n)sin 8/¥D

23 am'S am)

, i am) mil a(n) (m—n)cos 8 sin[2m(m — n)cos 8/v/D] -2 (mnsin oD
m=2 n=1 (m+n)®sin? 6 +(m—n)?*cos? s
=A;(8)+2A,(8)—2A5(3),

say. By Lemma 4, A . )
win—gealof)
1(8) =5 log{ = |+ Ot 5

Also A,(8) may be evaluated, as in [4, p. 145], to give

1
A8)= O(—).
18)=0l3
The sum A,(8) is slightly more complicated, and may be evaluated as in [3, p. 150] to give
1
a=oll).
(8)=0(3

Collecting these extimates, we obtain
* . A 1 1
ixe ®)? dx =—1 —+O(—),
L"/ - |po(ixe™"®)|* dx 28 Ogﬁ 5

and this gives

“ 2A 1 1
1t inPedr="21 —+o(—).

Corollary 1 now follows from the theorem of [4, p. 136].

4. Proof of Theorem 2. We consider the integral

L j:“wr(sw'(s)z“s as= Y, 2 jw

27y no1 2

I'(s)(nz) *ds= i b(n)e ™ (Re z>0).

—joo =
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Again, moving the line of integration to o =a (0<a <1), we get

1

= L:wnsw’(s)zvs ds = Z b(n)e" = b1(2),

say.
We remark that

N [ R W

)15 -

)

4
—log quO(

This transformation formula may be proven using the functional equation, as in the
first part.
Now, as in the first part,

2a/ND ©
J’ |1 (ixe™)[* dx = f |1 (ixe™®) — 2 log(2 /N D) o (ixe ™)
0 VD,

B/(2m)
—2log xdo(ixe ) + 2iddy(ixe ) + O(x*~")|* dx

[~ oty ax

VD/(2m)

-2 log x¢,(ixe ) po(—ixe®) dx
VDI

-2 log x¢,(—ixe®)Po(ixe ) dx

D/ 2m)

+4 log? x |¢o(ixe™®)> d x+O( log? )
D/(2w)

=‘(w Z Z b(n)b(m)e*n(ixe*iﬁ)e_m(_ixew) dx
2

1-r/~/f) n=1m=1

-2 lOg X Z Z (n)a(m)e—n(-ixe"’)e—m(ixe—ia) dx
2m/VD n=1m=
-2 log X b(n)a(m)e—n(ixe‘“)e—m(vixeis) dx
20D n=1m=1

+4 lOgZx Z Z a(n)a(m)e—"(i"“’“‘)e‘"‘(“i"e"’) dx
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Now let us look at the terms with n=m in the above sum. They equal

oo

z az(n) J‘ logZ(an)e—ansinS dx.
1 27D

n=

This last sum equals, upon an integration by parts,

1 Z 10g2(477 n'/D)az(n) —41rnsln5/\/_ Z az(n) J‘°° 410g(nx2) e‘2nxsin8 dx
2sin 8 /2, n a1 2nsind b5 x ’

= B,(8) + B(3), say.
By Lemma 4,

1(‘o‘)—l—d‘-log +O(log 1)

Substituting 3nxvD/(27) for x, we find

ad 4a2(n)j log x . —
B,(8§) = —4-n-xsm6/(3~/D)
2(8) = nzl nsiné J;, x dx

Z 202(")J lOg n o~ 4mxsind/GVD) gy
3n

no1 N sin é x
2a2(n)J' log(9D/(47?)) —4mxsin 8/(3VD)
- e dx
nop sind Jy, b

= B,1(8) — B2,(8) — B,5(8),
say.
Now by Lemma 2, we find

o 4a*(n) & logm < 2(n)logn _
B 8 — —41-rmsm8/(3\/_)+ O( 411ns:n8/J_)
2(8)= nzl n sin 8 mz3n m ¢ ,,gl n?sin & ¢

By interchanging the order of summation, we obtain

o logm m _ /s 2(n) ( d 2(n)log n - J—)
B 8 = 47m sin §/(3vV D) 4qrn sin 8/ .
21(8) 8,,,23 m ,,; ,z‘l n?sin &
By Lemmas 3, 4, and 5,
A 51
B,:(8)= ——+ O( 1 )
21(8) = 38 og?
Similarly, by Lemmas 3, 4, and 5,

1
B22(8)=~élog +O( log? >

B,;(8)= O( log? 1)
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Thus
TA 1
B (8)+B2(8)— 1 og’ —-+ O( log? )

We now consider the terms with n% m, which are

f Y L b(mb(mye o e d
2

VD n=1m=
n#m
-2 logx ), 2, b(n)a(m)e e =" gy
DD n=1m=1
n#m
-2 logx 2, ), b(n)a(m)e "ixe mCixe™ gy
2D n=1m=1
n#m
oo o
+4 log>x Y. Y, a(n)a(m)e " ™Mem-ixe™ gy
Jom/iVD n=1m=1
n#¥m

= C(8) —2C,(8) —2C5(8) +4Cy(8),
say.
Let us first consider C,(8).

C4(6) — Z Z a(n)a(m) j 10g2 xewx[(m%—n)sin8+i(n~m)cos8] dx.
27r/~/_D_

n=1m=1
n#m

Upon an integration by parts,

. a(n)a(m) 2( 271') _2 o /5
C 6 Thadiad) w[(m+n)sins+i(n—m)cos8]/VD
(o) ,z‘ mz;'l m+n)sin 8 +i(n — m)cos & g vD €
n#m
« a(n)a(m) J“” 08 X (mamysing i(—x)n—
+2 x(m+n)sind i(—x)(n m)cosBd
,,Zl mz=:1(m+n)sin8+i(n—m)c056 hai D X € ¢ x
n#m
= C41(8) +2C,,(8),

say.
We consider first, C,,(5).
. a(n)a(m)(m+ n)sin & j“’ 108 X . minysing it—x)nmicoss
= x(m-+n)sin i x)(n—m)cos d
Cea(d) ,,Zl mzl (m+n)*sin> 8+(n—m)’>cos’ 8 bus X ¢ ¢ *

n#¥m

— i i ia(n)a(m)(n_m)COS 8 jw logx —x(m+n)sind i(—x)(n—m)cos s d
2 . 2 P 2 4 [ X
neimoi(m+n)?sin? §+(n—m)>cos® 8 L.,vp X

nxm

= Cy21(8) — Cy55(8),

say.
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Cs21(8)
i i a(n)a(m)(m+n)sin & J’°° log x

(m+n)?sin®> 8+ (n—m)?cos? &

LENARD WEINSTEIN

—x(m+n)sin5ei(—x)(n—m)0058 dx
211/\/_ X
o npn—1

z a(n)a(m)(m + n)sin & j‘” log x
W mZi (m+n)?sin® 8 +(n—m)?cos® 8 Jrnvp

= C4211(5) + C4212(5),
say.

Coni-0f 3 7Y 120l latm)|2msin

2,2 (n—m)?cos? s

e-—x(n+m)sin Sei(—x)(nwm)cosa dx
X

J‘ log xe—x(m+n)sin8ei(—x)(n‘m)cosﬁ dx
2a/ND X

)

and upon substituting ex\/—ﬁ/(27r) for x, we obtain
C4211(8)

( i ’"i la(n)||a(m)| 2m sin &

~, (n—m)*cos> s

J log xe—2-n—x(m+n)sin6/(eJ§)ei(—ZWx)(HAm)COSS(es/B) dx‘
X
e

Y ’a(n)! |a(m)| 2m Sin 8 wl _2"7X(n1+n)sin5/(e~/5) i(~2mx)(n—m)cos 8/(evD) \
+0 Z z 2 2 € € dx
me2 no1 (n—m)°cos® 8 , X y
B O( i m}—:l |a(n)| |a(m)| 2m sin & e—2-n-(m+n)sin8/\/3)
moa sy (n—m)?cos® & (m—n)cos s /’

by Lemma 1. This sum may be evaluated as in [4, p. 145] to give

o= of2).

1 1
Similarly C,,1,(8) = O(E), and so C,,,(8)= O(E)
1 1
By the same procedure as above, we find C,,,(8) = 0(5)’ and so C,,(8)= O(E)
We now consider C,,(8).
Co(8)= i i a(n)a(m)(m+ n)sin 8 cos[27(n — m)cos 8/«/1_)] =2 +n)sin s/ D
Al R (m+n)*sin? 8 +(m —n)*> cos? &

n#¥m

+ i Z a(n)a(m)(m — n)cos 8 sin[2m(n — m)cos §/ND]
=2 (m+n)?sin® 8 +(m —n)* cos> &

n#m

411(8) + C412(8),

-—-21r(m+n)sin 8/ND

say.
C,11(8) may be evaluated as in [4, p. 145], to give

cn®=of2)
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The second sum, again, is slightly more complicated and may be evaluated as in [3, p.
150] to give

Cuitor=of2)

Thus C,,(8) = O(%) , band s0 C,(8) = O(%)

Proceeding as above, we find similarly

Ci(8) = O(%10g2;>,
Cy(8) = o(% og %) ,
Cy(5)=0 (%log%).

Collecting all the estimates, we obtain
2wi/B A 7A 1
J |, (ixe ®)? dx =—— log + O( log? E)
Q
Now (5../5|#1(ixe ®)|* dx may be evaluated as before to give

w© oo 2
J |1 (ixe ™) dx = —-—L— ) LAW) g=4mmsina//D | O<-1~ log? l)
2m/VD b

2sind .=y n b}

Thus
b, (ixe ) dx = 4A 10 51 + o= lo 21
g’ g
0
and this gives

Alog +O( log? 1)

| wasiop e a=52

Corollary 2 now follows as before.
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