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Abstract. The Atiyah—Drinfeld-Hitchin—-Manin—-Nahm (ADHMN) construc-
tion of magnetic monopoles is given in terms of the (normalizable) solutions of an
associated Weyl equation. We focus here on solving this equation directly by algebro-
geometric means. The (adjoint) Weyl equation is solved using an ansatz of Nahm in
terms of Baker—Akhiezer functions. The solution of Nahm’s equation is not directly
used in our development.
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1. Introduction. Consider the dimensional reduction to three dimensions of
the four-dimensional Yang-Mills Lagrangian with gauge group SU(2) under the
assumption that all fields are independent of time. Upon identifying the a4-component
of the gauge field with the Higgs field ® we obtain the three-dimensional Yang—Mills—
Higgs Lagrangian

1 , )
L = —ETI'Fy'F'l/ +TI'D,(I) qu)

Here, Fj = d;a; — 9ja; + [a;, a;] is the curvature of the (spatial) connection of the
gauge field a;(x) and D; the covariant derivative D;® = 9;® + [a;, @], x = (x1, X2, X3) €
R3. We are interested in configurations minimizing the energy of the system. These are
given by the Bogomolny equation

3
Di® =+ euFy, i=123. (1.1)
k=1

A solution with the boundary conditions

1 n
Y~y TR0 ~l=ot o), r= \/m

is called a monopole of charge n.
In this paper we shall follow the Atiyah-Drinfeld-Hitchin-Manin—-Nahm
(ADHMN) construction (see the original papers [4], [6] and the recent review [8]).

r—>oo
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This has its origin in the construction of instanton solutions to the (Euclidean) self-
dual Yang—Mills equations by Atiyah—Drinfeld—Hitchin—-Manin (ADHM): here the
self-duality equations, partial differential equation in four variables, are transformed
to an algebraic matrix equation. In the monopole setting the ADHMN construction
reduces the Bogomolny equation, again a partial differential equation but now in three
variables, to a system of ordinary differential equations. Our interest here will be to
integrate these by algebro-geometric methods.

The standard approach to the integration of the Bogomolny equation within the
ADHMN construction consists of two stages. First, an auxiliary equation known as
Nahm’s equation,

dTi(z) 1

3
=5 2 @ @l zel-1.1] (12)

Jik=1

is integrated for n x n matrices 7;(z) subject to certain boundary conditions. The
solution of this equation is then used to define a differential operator

3

d
Al = 112,,& - Z(Tj(z) +1x71,) ® 07, (1.3)

J=1

where o; are the Pauli matrices. The Higgs and gauge fields are then expressed as
certain averages over the normalizable solutions v to the Weyl equation Afv(x, z) =0.
Nahm’s equation, introduced in the ADHMN construction, plays an important role
in many problems of mathematical physics and the integration of this equation is of
great significance. Its role in the integration of the Bogomolny equation is nevertheless
an auxiliary one. In this paper, we shall concentrate on solving of the Weyl equation
directly by algebro-geometric means using an ansatz (again of Nahm) that has not been
considered previously in this light. Our new insight is that this ansatz may be solved
in terms of a Baker—Akhiezer function. Although the associated spectral problem
is equivalent to that appearing in the algebro-geometric integration of the Nahm
equation, we do not use solutions of Nahm’s equation directly in our development. To
achieve our result we implement the #-functional integration of the Nahm equation
by Ercolani and Sinha [3] and our recent analysis [1]. The limitations of space in this
volume prevent detailed examples being given and a fuller exposition will be given
elsewhere.

2. The ADMHN construction. Set

d d
A=1—+x—1T4+T -0 =1— — 1R, 2.1
dz dz

where
x=x4+1x-0, T=T4+1T-0, R=T+ix. 2.2)
We will often assume we have chosen a gauge such that 7, =0 and that x4, =0. The

ADHMN construction may be summarised in the following theorem:
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THEOREM 2.1 (ADMHN). The charge n monopole solution of the Bogomolny
equation is given by

1
D p(x) = z/ dzsz(x, 2vp(x,2), a,b=1,2, 2.3)
-1
! 3
Aiap(x) = / dz vj,(x, Z)a—vb(x, z), i=1,2,3, ab=1,2. 2.4)
—1 Xi
Here the two (a=1,2) 2n-column vectors' v,(x, z):(vﬁ“)(x, 2), ., vg,?(x, )T form

an orthonormal basis on the interval z € [—1, 1]

1
[ dzule 2t = o 2.5)
—1

for the normalizable solutions to the the Weyl equation
Afv =0, (2.6)

where Al is given by (1.3). The normalizable solutions form a two-dimensional subspace
of the solution space (vV(x, z), ..., v®"(x, z)). The n x n-matrices Tj(z), called Nahm
data, satisfy Nahm’s equation (1.2) and are required to satisfy the following boundary
conditions: they are regular at z € (—1, 1); have simple poles at z= =+ 1, the residues of
which form the irreducible n-dimensional representation of the su(2) algebra; further

T2 = -T/(2), T2)=T/(-2). 2.7)

A proof consisting of direct verification may be found for example in the recent
exposition by the Weinberg and Yi [8] and references therein.
The integrals in (2.3), (2.4) and (2.5) may be computed in the closed form [7] in
the following way. Denote by
Hx)=x-0®1,, Tz =10Q T(z), (2.8)

whereo = (01, 02,03)7, T=(T1, T», T3)Tandx -0 ® 1, = Y;_, x,0; ® 1,6 ® T(z) =
21‘3:1 0; ® Ti(z). Introduce the 2n x 2n matrix Q(x, z),

1
Qx,z) = r—zH(x)T(z)H(x) —7(2). 2.9)

Then the following formulae of Panagopoulos (see Appendix A) are valid for the
normalizable Weyl spinors, v} »(x, z),

I'Throughout the paper vectors are column-vectors and printed in bold, e.g. a; the superscript { means
conjugated and transposed, e.g. for vector a’ =@’ , and this holds similarly for matrices.
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/ vi(x, 2)vp(x, 2)dz = vi(x, 2)Q7 ' (x, 2)vp(x, 2); (2.10)

d

/ 2l (x, 2)vp(x, 2)dz = vl (x, 2)Q (x, 2) [z + ZH(x)m

j| vp(x, 2); (2.11)

. ad
/ ] (x, z)a—vb(x, z)dz
Xi

= v}(x,2)Q7\(x, ) [i + H(x)w} w(x, 2. (2.12)
0x; r

Therefore, only the boundary values of the normalized Weyl spinors v 2(x, £1)
together with their derivatives need be computed to find solutions to the Bogomolny
equation. The Nahm data at these boundary values is also needed, and this involves
the residues noted earlier.

3. The Nahm Ansatz. Although, we wish to solve
ATy =0,
Nahm introduced an ansatz that provides solutions to
Aw =0
that we now recall. Consider solutions of the form
w=(l,+ a(x)-0)e*¥|s > ® W(z), 3.1

where |s > is an arbitrary normalized spinor not in ker(1, + @(x) - o) and @(x) is (as
we shall see) a unit vector independent of z. Substituting in Aw =0 we find

0=ls> ®<zdi +a- R)ib(z)—i—ok|s > ®<zakdi + RF 4+ (R x ﬁ)k>ﬁ)(z)
z VA

and so we require

0= (zim.R)w(z), (3.2)
dz
0= Lr(z) := (zak% + RF + (R x ﬁ)k>ﬁ)(z). (3.3)

The consistency of these equations imposes various constraints. First consider

(L1, Lo] = (@' + @) T> — [T, Th) — (& — &'i)(Ty = [T, T3))
— (= @)T5 = [T, T2)+ (1 — & - @) T,
Thus, provided &(x) is a unit vector and the 77’s satisfy the Nahm equations we have
consistency of the equations £;@(z)=0.

At this stage we introduce a convenient parameterization (reflected in Hitchin’s
minitwistor construction). Let y € C? be a null vector. We may consider y € P?> and
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parameterize y as

_ (1t 18
Then
_ (4P
y.y_ —2 N —0.

The signs here have been chosen so that
LE):=21y- T=(T1+1T5) —21T5¢ + (T} — 1 T») ¢°.

In due course we will see this to be our Lax matrix. Set

A a Xy —
b= i) =17 = =D DR ()

Then
ixy=-—1y, ixy=1y.

The three vectors Re(y), Im(y) and & form an orthogonal basis in R? with |@| =1,
whence any v € R? may be written as

‘v Y-
v=ﬁ(ﬁ~v)+i(y—_>+y(y—_).
y-y y-y

In particular,

vivxa=aa- v)+2y<y ”). (3.6)
y-y
We record that
— _2 —_— ~ p— ~
¥¢) =—¢ m(=1/2), a(—1/¢) = —a(Q),
. - 2y 2y
i=(—ic e ) - —— = D)+ ,
G ey T D e
5 - 2y-T %y-T
T =—1|(T T T _— (T )¢ —1 T3] — ———.
i (T + 1T =1 T3] - Ay 1[(Th —1T2)¢ —1T5] T+ 1P
Parameterizing & as above and using (3.6) we may write
R
zui—i—R—i—leu—lui—i—u(u R)+2y —
dz dz y-y
=fl(li+ﬁ-R)+2y<—y f)
dz y-y
and as a consequence (3.2) and (3.3) are equivalent to
d .
0= (1— +a - R)w(z), 3.7
dz
0=(y- R ®(z). (3.8)
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The remaining consistency to be checked is then
d | .
zd—+u'R, y-Rl=1y-T+[a-T, y-T]=0,
z
which upon use of &# x y= —1 yis equivalent to Nahm’s equation.
Equally from

2y- R

i - = — -1 — P
iR l[(R] +1R2)§ IR3] §(1 + |é—|2)

= l[(R] — 1R2)§ — 1 R3]

we may write the equations as

2cy- R
1+ ¢?

0= (i +[(Ri —1R)¢ —1R3]>ﬁ)(z) = (i + M+ 1[(x) — 1x2)¢ — 1X3]>12’(z),
dz dz

0=y R (),
where
M= (T, —117)¢ —1T5.
The equations we have obtained are just the Lax equations

0=2:(y- RB)(z) = (L(5) — n) i(2), n=2y-x,
0= (l% +a- R)ﬁ)(z),

and

L=[L, M.
From the first of these we see that

0 =det(L() —n),

3.9)

which gives the equation of the spectral curve C. Upon using (€)= —¢_ y(—1/2) we

see from
0 = det(L(¢) — ) = det(L(§)' —7) = detQip(¢) - T —7)
= det(—2:17° W(=1/2)- T —7)

that the spectral curve is invariant under

1 —
(Cf 77) - <_ ?v _%>

The spectral curve then has the form
N+ a@n" + - +a(Q) =0, degar(¢) < 2%,

and the genus of Cis g = (n — 1)>.

(3.10)

It is worth remarking that Nahm’s ansatz only yields solutions of Aw =0 and does

not yield solutions of Afv =0.
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3.1. Strategy of solution. The strategy for constructing solutions involves three
steps. We have seen that finding solutions to Aw =0 reduces to solving

0= (L(g) = mw(z), (.11

0= (i + M)ﬁ)(z), (3.12)
dz

upon using the (slightly modified) ansatz
w= (1, +a(x)-o0) e AT o o @) W(z).

Here @(x) is a unit vector and n =2y - x. We might construct a solution as follows.

(1) Given a spectral curve 0= det(L(¢) —n) and a position x we substitute
n =2y - x using the expression for yin terms of ¢. This is an equation of degree
2n in ¢ which we shall refer to as the Atiyah—Ward constraint, this equation
having appeared in their work. The 2x solutions give us 2n associated values
@’ a=1,...,2n. For each of these we solve for @(z) yielding a 2n x 1 matrix
w“. Taking each of the 2n solutions we obtain a 2n x 2n matrix of solutions W.

(2) AsO=AW = 1(L — R)W, then

iW:RW, iWT = W'R, i(WT)*1 = —R(WH™,
dz dz dz

whence
topty-1 d fy-1
0=A"(WH" =1 &+R(W) . (3.13)

So given W we may construct V = (W)~

(3) To reconstruct the gauge and Higgs fields using the formulae of the previous
section we must extract from V’ the two normalizable solutions.

The new insight that the study of integrable systems brings to this problem is that

W(z) may be understood as a Baker—Akhiezer function constructed explicitly. Before
considering this, we conclude the section by noting Nahm’s construction for @(z).

3.2. Constructing i(z) using the adjoint equation. We begin with several simple
observations. First, assuming L is invertible, the Lax equation L =[L, M] means also

that
R N B V]
dz
d . d » ,
CAGL = S(dew(r) L") = [A L, M].
dz dz

Second, suppose A; is an eigenvalue of L with associated eigenvector f;, Lf; = A;f;. Then
fi is only determined up to a scale f; — fih;(z) which may differ from eigenvector to
eigenvector. Set

F=(f1,..../n), A = Diag(Aq, ..., Ay).
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Then
LF =FA

is compatible with the Lax equation if and only if F = F(z) is governed by

d
(E +M)F=FDiag(oc1, ), (3.14)

for some qi(z). Conversely, given a solution of this equation we may reconstruct L
satisfying L =[L, M]via L = FAF~'. Third, if 1;is an eigenvalue of L we may construct
a corresponding eigenvector f; via
fi = Adj(L — 1)vhi(2), (3.15)
where v is any constant vector. This follows as
(L —1)fi = (L — 1) Adj(L — x)vhi(z) = det(L — r;))vhi(z) = 0.

With such eigenvectors f; we see that

F =[Adj(L — X)), MPohi(z) + Adi(L — A)vhi(z)
= —MF + Fhy'h + Adj(L — ;) Mvh(z)

and for this to be of the form (3.14) we require
0 = Adj(L — Al — hiey) + Adj(L — 1) Mvhi(2).
Taking the inner product with an arbitrary vector w then yields the differential equation

jt 9 gy - WAL — )My
! - wl Adj(L — Ay -

dz

Therefore requiring the differential equation for F leads to a differential equation for
h;. Suppose we write

exp[—6i(z) + J” ai(z) dz]

hi(z) =
Vil Adj(L — a;)v
then
1 dhl d9, 1 /,LT [Ad_](L—)xl),M]U
hi —=oei(z)———— B
dz dz 2 wuTAdi(L—2)v

which provides a solution if

do; 1 uT{M, Adi(L — 1)} v
dz ~ 2 pTAdi(L — v

Nahm’s approach to construct W(z) was to express this in the form (3.15) together
with the one-dimensional differential equations for ;. This method has only been
implemented in the charge two case and we now propose an alternative approach.
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4. A spectral problem. We have identified @(z) with the Baker—Akhiezer function
and now must ask whether this can be constructed. Set

A1 =T +iT,, Ao = -2iT3, Ay =T —iT,

and so

1
L@)=A_+Ag + 415, M= Ao+ Aic.

Viewing equation (3.12) as a spectral problem

(% + %Ao(z)> W(z) = —¢A1(20)W(z),

we seek to solve this. The z-dependence of the right-hand side means however this is
not a standard eigenvalue problem, but it may be reduced to such using the trick by
Ercolani and Sinha [3]. With the notation introduced, Nahm’s equation yield

A0 = 5140(2). A1) @.1)

and so by introducing the matrix C(z) with
d 1
—C(2) = 540(2)C(2), C0)=1,
dz 2
we may write
A1(2) = CA4(0)C() "
Then upon performing a gauge transformation
00(2) = C(2)4o(2)C(2) ", ®(2) = C(2)"i(2)
we obtain the spectral problem
d
=7 T 22 | 2(2) = =4, (0)2(2). (4.2)

Here, ®(z) = ®(¢, n, z) = ®(P, z) is given by the Baker—Akhiezer function on the curve,
P=(¢,n) eC. Then

w(z) = C(2)®(¢,n, 2)
and
w = (1o + a(x) - o) e AN —x—xl|o o @ C(2)B(C, 1, 2),

2y-
=1L ® C(2) ((12 +a(x) - o) e AT S @ @ (;, n= y{ a3 2)) :

Again, if we group all 2n solutions ® together into a n x 2n matrix ® we then obtain

W=(LeCz)e, ¢=1+i(x) o)e Azl @,
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where ¢ is a 2n x 2n matrix. Then
View =9 (Lo C9)™)

will be in terms of the Baker—Akhiezer function. It remains then to construct ®.

4.1. The Baker—Akhiezer function. By a constant gauge transformation we may
assume that 4;(0) is diagonal. Its behaviour may be read from the spectral curve (3.10),

AI(O) = Dlag (Pla e pm) ) Pm = ResPaoo,,,g,
where oo, (m=1, ..., n) are the n points above ¢ =oo. Thus the integration of the

Adjoint Weyl equation reduces to the matrix spectral problem (4.2). The same problem
appeared in [1] and [3] when focussing on the algebro-geometric integration of the
Nahm equation and we shall use the results of our recent paper [1] for the integration
of the Weyl equation.

Let 6 be the canonical 6-function of the curve C and let t be its period matrix. The
period lattice is then generated by A =(1,, r) and

O(w) = Z explinkthk+21mw k).
keZg
Denote by © = {w|0(w) = 0} the 0-divisor in the Jacobi variety of the curve C, C8/A.

THEOREM 4.1. Let ®(P,z)=(®((P, 2), ..., D,(P, 2))T be the eigenfunction (or
Baker—Akhiezer function) of the standard spectral problem (4.2). The components
®;(P, z) are given by

O($(P) — $p(00) + (2 + 1) U — K)o(U — 10 : ”" Y
0($(P) — $p(00)) + U — K)o((z+ 1) U — 6 .
Here ¢(P) is the Abel map, z € (—1, 1), and P € C. The vector K is defined by

T(=K+¢<(n—z)Zook>,

k=1

@; (P, 2) = g;(P) (4.3)

where K is the vector of Riemann constants. We have that

(1) Tfis independent of the choice of base point of the Abel map;

(2) 6(K)=0;

(3) 2K € A; ~

(4) for n = 3 we have K € Ogjngylar.
For each j the function g;(P) is meromorphic on C, gj(oo;) =1, and has a zero-divisor of
degree g + n — 1 that includes the n — 1 points (coy, . . ., 0’51 ..., 00).

The matrix Qy(z) (which has poles of first order at z= =+ 1) is given by

— pI TE($(00)~$(09) O(¢(o0;) — ¢(ooj) +(E+ 1)U~ IO )
5( oon) ¢ 0((z+ HU — K)

Oo(2)j1 = €jt
4.4)
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Here E(P, Q)=&(P, Q)/ydx(P)dx(Q) is the Schottky-Klein prime form, U —
K= %i) + %uj([;, G € 78) is a non-singular even @-characteristic, and €; =€y ==+1
is determined (for j <1) by €j=¢€jr1€j41j42- - €—11. The n—1 signs €1 ==+1 are
arbitrary.

In passing we note that a formula with similar features was obtained by Dubrovin
[2] when giving a #-functional solution to the Euler equation describing motion of the
n-dimensional rigid body. The essential difference is that the curve C here should be
subjected to the the following three constraints H1, H2, H3 of Hitchin who showed a
bijection between such curves and magnetic monopoles [5]:

H1 C admits the involution: (¢, n) — (—1/¢, —ﬁ/Ez).

H2 Let y,(P) be the unique differential of the second kind on C defined by the
conditions

Voo(P) poo, = (g—; + 0(1)> ds, y{ Vol V=0, ik=1,....¢g

where & is alocal coordinate and p; = Resp_, oo,7/¢ . Then b-periods defining the winding
vector U are to be half-periods,

T
1 1 1
U:— Yooy == ~ . 45
1 (fin Voo f;g Voo) 2”+ ZTm ( )

The vectors n, m € 7Z¢ are called Ercolani—Sinha vectors. They should be primitive, i.e.
sU belongs to the period lattice A if and only if s=0 or s=2 (equivalently, z=s —
1 = £ 1). (Hitchin’s original constraint was reformulated to this form in [1].)

H3 All components of the Baker—Akhiezer function ®;(P, z) are real and smooth
forz e (—1,1).

Bringing the previous results together then yields

PROPOSITION 4.2. Let w(k)(x, z), k=1, ...,2n be the column vectors
wh(x, 2) = (I + &(Py) - o) e~ HAe—i—s—xls o @ C)®(Pr,z)  (4.6)

where Py = (¢, ni) € C are solutions to the Atiyah—-Ward constraint, C(z)~' is the
fundamental solution to the ODE

d 1
—CE) ™' +50()CE) T =0
dz 2
normalized by the condition C(0)=1,, and the n x n-matrix Qy(z) and n-vector ®(P, z)

are given by the 0-functional formulae (4.3) and (4.4) respectively. Then the 2n x 2n
matrix

V(x, 2) = {(wD(x, 2), w(x, 2), ..., w(x,2) "} 4.7)

defines the fundamental solution to the Weyl equation, ATV =0.

5. Conclusions. Although non-abelian magnetic monopoles have been objects of
fascination for some decades now, very few explicit solutions are known. This note
fits into our longer programme of seeing how far the techniques from integrable
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systems will allow us to construct such solutions. Here, we have considered the
explicit construction of magnetic monopoles using algebro-geometric constructions
coming from integrable systems. Previous studies along these lines have focussed on
the construction of solutions to Nahm’s equation which is an auxiliary problem to
that of the explicit integration of the Bogomolny equations. Although the ADHM
construction is based upon normalizable solutions of the equation Afv =0 an ansatz
of Nahm naturally gives solutions of the adjoint equation Aw =0: the matrices of
fundamental solutions of these equations are related by ¥ =(WT)~!. Here we have
expressed w in terms of a Baker—Akhiezer function and given explicit expressions
for this. Assuming one has a spectral curve these expressions may be evaluated
algorithmically. Unfortunately the curves characterizing magnetic monopoles are often
restricted by transcendental constraints (H2 and H3), but this is a separate and
interesting story to the one presented here. Finally we have not addressed here the
remaining problem of extracting the normalizable solutions from this data. Details
and examples of this approach will be given elsewhere.

Appendix A. The Panagopolous formulae. We have
d
A=1—+x4+1x-0 —1T4+T- 0.
dz
Thus
i d
ANl=1—4+x4—1x-0—1T4—T-0.
dz
Set

d
AT=1[12n——1x4—T4+H+.7:]
dz

with Hermitian
3 3
H=—Zx,-0,®1n, .7-':120,-@7}.
Jj=1 j=1

Then if v is any solution of ATv =0 we have that

d
IZnEv =[1x4+ Ty — (H+ F)]v.

For completeness we prove here the Panagopolous formulae [7] using the method
described in this reference (extending very slightly to the case x4, T4 possibly non-zero).
These integral formulae reduce to the problem of finding for any given operator .A and
any two solutions v, ; of Afv =0 an operator B such that

vl Avy = i(u;Bvb). (A.1)
dz

In this case

levb =

dv), dB d dB
2 Buy + vl vy + 0] B = v} (= — (H + F)B = B(H + F) ) vy,
dz dz dz dz
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and thus we seek to relate the operators A and 5 by

A:i—B—(HJr]-')B B(H + F).

Introduce the operator D by
dR
D(R) = e (H+F)R — R(H + F).

We shall use the following relations:

:—12®ZTT 1 Z ejn ok ® T;T;
ij,k=1
and
dF
= =1 Z €k ok @ T;T;
ij,k=1
Therefore
, dF
F +———12®ZTT
ij=1
and

[f%ii H} 0.

PROPOSITION A. 1. Let
1
Q= —HFH - F.
r
Then we have the anti-derivative
/dz vivy = v Q7.
Proof. In this case A = 1,, and we must show that

do!
dz

—(H+F)Q "= Q' (H+F) = 14
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The left-hand side of (A.5) may be rewritten as follows:

Qo [—i (%H}"H—f) ~(H+F) (%H}"H—f) —~ (%H}"H—f) (H+ ]-')} Q!

dz
d d 1 1
=9 ——H oo & Loy mynrn— Lrrmuon v 7
dz dz 2 2
+(H+FF+F(H+ }')] Q!

3 3
=9 [ (f2+12®ZTT)H—(f2+12®ZT,-Tj)

ij=1 ij=1

1 1 1 1
—SHFH-SFHFH +HF + Fl= S HFH = HFHF + FH + Fz} Q!
Now H2 =r*1,, and

1 P 1 1
Q' =|HFH-F) = HFH'FH+ F* — HFHF — FHFH
r2 r r2 r2

1 1 1
= SHFH — S HFHF — 5 FHFH + F2.
r r r

Performing the appropriate cancellations we obtain the necessary result. O

PROPOSITION A. 2. Let Q be as in the Proposition A. 1 and
d
_ -l
Then we have the anti-derivative
/dz 2ol = ] Svp. (A.6)

Proof. Denote

d
=97z S, =0 12Hp

Then

D(S)) = %(zgl)—z(ﬁ +F)Q ' 20V H+F)=D(Q H+ Q' =z1,,+ Q7.

Further, using (A.5),

D(S3) = i(g leddz) - (H+f)Q’12Hdd

=D(Q~ 1)2H S+ Q 1(H+]—")2H——Q 2H—(H+J-‘)

-o! Z’H—(H—i-}")

d 1 Lo dH
=2H 5 +o'er +2]-"H)d — o' +2H]—")——Q M s
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The last term may be expressed as

H H2

-9 lznd =-Q ld =-9Q!

whence
D(S) = D(S +8) = zloy + QH +2Q7 ' FH — 2@#&)%
Now the expression in brackets vanishes as a consequence of
2H+2Q07'FH - 20 "HF =2Q7! [(%H}"H — ]—") H+FH— H]—"}
=207 [HF — FH + FH - HF] =0

and the result follows. OJ
PROPOSITION A. 3. Let Q be as in the Proposition A. 1. Then the anti-derivative

0 d
/ v —vpdz =07 | — + HE xi+HL (x x V), | v, (A.7)
0X; ax; r? r?

Proof. Let L=L, + L, + L3 with
1 0 14, Z 14, !
=0 —, L=9 "H5x;, L3i=Q H=(xxV).
B : ,.2 }’2

We compute D(L;), i=1, 2, 3. First

D(Ly) = — (Q— x) (H+F)Q™'— o Q“i(H+f)

-1

:[df -H+FQ ' -9 (H+}')}——Ql o
z 0X; 0X;
9 L 0H

= lwge aX; -e ox;’

where we use Proposition A. 1. Next

D) = L(Q"MEx) — (H+ PO HEx — O HE X (H+ F)
dz 1’2 1’2 }’2
—1
_[42 —(H+F)Q ' = Q" H+F) | Hox
dz r?

+ QT (H+ PHSx — Q" HEx(H+ F) + Q' H
r r r
- Hixi +O7 (P + ]—'H)%xi — QP + H]-')rizx,- + Q"H%
=9 H + xl(H—i-Q 'FH — Q7 '"HF).
Now the expression in brackets vanishes (see the proof of Proposition A. 2). Therefore,

D(Ly) = Q"H.
I
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Next we calculate D(T3) for i = 1. We have

D(L3) = % [Q_IHV% (Xzi - X3Bix2>] —(H+F) |:Q_1HV—12 (xzi - xsi)}

0X3 0X3 0X>
oyt (et _ 0
Q Hrz (X28X3 X38x2)] (H+F)
do-! 9 9
_ |9 _ (H+F)Q™ — Q' H+F) | Hs (x— — x3——
dz r? X3 X7
d ad d ad
+ Qil(H +F)Hi2 (Xz——X3—> — QilHiz (Xz——Xg,—) (H+F)
r 9x3 X, r 0x3 9x2
1 0 d - 1 0 0
_H}’_Z (xza_x3_X33_)Q>+Q (H+.7:)Hr—2 <X28—X3—X38—x2>
_o! O D P VLA SV
Q 7‘[(7’[—}-_7:)}’2 (xz P X3 8xz) Q Hr2 <x2 s X3 % H

—[H+ Q' + FH) — Q' (> + HF) 5 <xzi - x3i)
r 8X3 8XZ

1a, ! d d
O "H— (o —x3— | H.
Q 2 (Xz ax3 3 axz)

Finally we obtain
d ad
D) = -0 "HE (00— — 35— 1.
r2 3X3 8X2
Altogether we have

0 0 d 0
D(T) = lpy— + Q' {——H N VAL VA ( 2 —x3—> H}.
3)(1 X1

X
2 3X3 a)Q
Multiplying the expression in the parentheses by — gives

— {~}r2 =—0 & lz(xf —l—x% +x§) +01 ® lzx% 4+ 07 ® lhx1x2 + 03 ® 1hxix3
— o1 ®@ Ihx1 + 02 Q@ 1oxs + 03 ® 1,X3) X (X203 @ 12 — X300 ® 12)

which vanishes by standard relations, proving the result. O

ACKNOWLEDGMENTS. Both authors wish to acknowledge the partial support of the
European Science Foundation Programme MISGAM (Methods of Integrable System,
Geometry and Applied Mathematics) and V. Z. Enolski further thanks the ENIGMA
network for additional support while at Imperial College.

REFERENCES

1. H. W. Braden and V. Enolski, Remarks on the complex geometry of 3-monopole (2006),
1-65, arXiv: math-ph/0601040.

2. B. A. Dubrovin, Completely integrable systems related to matrix operators and abelian
varieties, Funk. Anal. Appl. 11(4) (1977), 28-41.

3. N. Ercolani and A. Sinha, Monopoles and Baker functions, Commun. Math. Phys. 125
(1989), 385-416.

https://doi.org/10.1017/50017089508004758 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004758

FINITE-GAP INTEGRATION OF SU(2) BOGOMOLNY EQUATIONS 41

4. N. J. Hitchin, Monopoles and Geodesics, Commun. Math. Phys. 83 (1982), 579-602.

5. N. J. Hitchin, On the Construction of Monopoles, Commun. Math. Phys. 89 (1983),
145-190.

6. W. Nahm, The construction of all self-dual multimonopoles by the ADHM method (World
Scientific, Singapore, 1982).

7. H. Panagopoulos, Multimonopoles in arbitrary gauge groups and the complete su(2)
two-monopole system, Phys. Rev. D 28(2) (1983), 380-384.

8. E. J. Weinberg and Piljin Yi, Magnetic monopole dynamics, supersymmetry and duality,
Phys. Rep. 438 (2007), 65-236, arXiv: hep-th/0609055.

https://doi.org/10.1017/50017089508004758 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004758

