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Abstract

We study certain types of composite nonsmooth minimization problems by introducing a
general smooth approximation method. Under various conditions we derive bounds on
error estimates of the functional values of original objective function at an approximate
optimal solution and at the optimal solution. Finally, we obtain second-order necessary
optimality conditions for the smooth approximation prob lems using a recently introduced
generalized second-order directional derivative.

1. Introduction

The study of optimization techniques for solving nonsmooth optimization problems
has been a growing interest in recent years. It has been shown that the smoothing ap-
proximation techniques are efficient methods for solving certain specially structured
nonsmooth problems, see [2, 3, 4, 6, 10, 13, 14]. El-Attar et al. [6] introduced a
smoothing method for a nonlinear /;-minimization problem using a square root of the
sum of square of nonsmooth absolute value function and a smoothing parameter. The
applications of their method for a class of nonsmooth optimization problems in finite
dimensional space and for an exact penalty problem in infinite dimensional space were
studied by Ben-Tal et al. [2] and Yang [16] respectively. Ben-Tal and Teboulle [1]
obtained a smoothing method for a general nonsmooth problem using recession func-
tions of convex analysis. Bertsekas [3, 4] examined a two-parameter approximation
for a nonsmooth minimization problem with kinks and derived first-order necessary
conditions via the necessary conditions of the smooth approximation problem. Teo
and Goh [13], Jennings and Teo [10] and Teo et al. [14] studied a class of nonsmooth
optimization problems by smoothing the nondifferentiable cost functional and nondif-
ferentiable functional inequality constraints with parameter approximations.
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In this paper, we introduce a smoothing approximation method to study a gen-
eral composite nonsmooth optimization problem which, for instance, covers nonlin-
ear /,-minimization problems and exact penalty function problems. The smoothing
approximation is developed using a two-parameter approximation. One parameter
guarantees the desired accuracy. The choice of second parameter allows us to cover
a larger class of nonsmooth problems than the ones discussed in [2, 6, 16]. We show
how second-order necessary conditions can be derived for the smooth approximation
problem.

The outline of the paper is as follows. In Section 2, we introduce a smoothing ap-
proximation method to study a general composite nonsmooth optimization problem.
In Section 3, we provide error estimate of the functional values of the original ob-
jective function at an approximate optimal solution and at the optimal solution under
various conditions. In Section 4, we then obtain general second-order necessary op-
timality condition for the smooth approximation problem using a recently introduced
generalized second-order directional derivative.

Let us first recall a generalized second-order directional derivative and a generalized
chain rule introduced recently in [16, 17] which will be used in Section 4. Let X be
a Banach space with the canonical pair (-, -) between X and its continuous dual space
X* and O be an open set of X. A real-valued function f : O —> R is called Giteaux
differentiable on O if for every x € O, there exists Df (x) € X* such that for any

ueX
g L 50 =/ = 5(DF ) _
s S

0.

A real-valued function f : O —> Riis called C'! if f is Gateaux differentiable on
O and the gradient function is locally Lipschitz on O. In this case, the gradient of f
is denoted as Vf. Let x € O. The generalized second-order directional derivative
f°(x; u, v) of f at x in the direction (u, v) € X x X is defined by

f°°(x; u, v) = suplim sup (VG + sz +su), v) = (Vfx +52), v)
T zeX 510 s 9

and the corresponding generalized Hessian of f at x € O is defined for each u € X
by
3°f(x)w) ={x* € X*: f*(x;u,v) > (x*,v),Vv € X}.

The function f is called twice semi-regular at x € O if for every u, v € X the limit

fx+suttv)y— f(x+su)— fx+v)+ f(x)
st

f"(x; u, v) =lim
5|0
110

exists and is equal to f°°(x; u, v).
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It is easy to see that a second-order necessary condition of f at a local minimum
acOis
f(a;u,u) >0, Yu e X.

The following useful chain rule for composite C'' functions was established in [16].
Let F= fog,where f : R" — R, g = (g,....8) : 0O C X — R",
f. &1, ..., 8 are C"! functions. Then for each u, v € X, x € O, we have

F(x;u,v) < f(g(x); Vg(x)u, Vg(x)v) + hy(u, v),
where

X": af (g(x))

h.(u, v) = max [
8xi

(xf,v) 1 xF € 3%°gi ()W), i = 1,---,'1}-

i=1
2. A generalized smoothing problem

In this section, we introduce a smoothing approximation problem to study a gen-
eral nonsmooth composite model problem which covers, for example, exact pen-
alty function problems and nonlinear /;-minimization problems (see, for example,
[2,5,6,7,9,11, 16]). We then compare the smoothing approximation problem with
other smoothing problems given recently in [1] and see that our approximation prob-
lem does not depend on a recession function that is used in [1]. We begin by giving
some examples.

EXAMPLE 2.1. Let h; : X — R? (i = 1, ..., m) be differentiable functions. The
following nonsmooth problem

min ; 1A (o

can be approximated by the smooth problem
i . 2 2
mip 2 VI@IF +¢

where ||y} is a norm in R?. For the case p = 1 and X = R”", this is the nonlinear
/;-minimization problem considered in El-Attar, Vidyasagar and Dutta [6]. Ben-Tal
et al. [2] studied the case when A;(x) = Q;x —r;, X = R" and the norm || y|| is chosen
as |lyll = /y" Dy, where D is an p x p diagonal positive definite matrix, Q; is a
p X n matrix and r; € R”.
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EXAMPLE 2.2. The (nonsmooth) exact penalty problem for the nonlinear programming

problem:

min go(x)
(where A ={x e X :xe€C,g(x)>0,i =1,...,m}, Cis asubset of X and
g : X — R ( =0,1,...,m) are differentiable functions) is (for example,
see [16])

TE‘P gox) +M (Z max{g;(x), 0} +dc (x)) ,

where M > 0 is the penalty constant and the distance function d¢(x) is defined by
dc(x) = inf{|lx — y|| : y € C}.

This problem can be approximated by the smooth problem (see Yang [16])

min  go(x) + M (; JImax{g;(x), O} + € + /d2(x) + e2> )

We now consider the nonsmooth optimization problem of the form:

min g(x), where g(x) = f(x) + G(L(X), ..., fu(x)), P)

where X is a Banach space,and f, f; : X — R,i=1,...,m,G : R" — R. This
type of nonsmooth problem has been studied in [1, 2, 3, 7] under various conditions
on the functions involved. In this paper, we suppose that the nonsmoothness of the
problem (P) is, in general, due to the terms f;(x). Hence we assume that the functions
satisfy the following conditions:

(Al) f:X — Risdifferentiable;

(A2) G :R" — Risdifferentiable;

(A3) f,: X — R,,i =1,...,m are not, in general, differentiable, but for
some a > 1, the functions f*,i = 1, ..., m, are differentiable, where R, = {x €
R:x >0}

These assumptions are used to smooth the original problem (P). For instance, the
function G may take the form Y ", B;y;. Some examples of the functions f/s are
max{g;(x), 0}, and |g;(x)|, where the functions g; : X — R, i =1,...,m are
differentiable.

For (P), we introduce the following approximation problem:

ming.(x),  where g(x) = f(x) + G((fi() e, ..., (fn(0)He)?), P(ED)

where € > 0 is a fixed smoothing parameter and o > 1 is fixed. This is a smooth
problem. This smooth problem may be solved by conventional methods, see [4]. The
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use of o shows that our model is more useful than the ones given in [2, 6, 16] (with
a = 2), for example, let f;(x) = x3, then £, (x)? is not differentiable, but £, (x)? (with
a = 3)is differentiable.

It is worth recalling that Ben-Tal and Teboulle [1] considered the following
nonsmooth problem:

xigD{" g(x), where g(x) = F(fi(x), ..., fa(x)),

where g(x) = F(fi(x),..., fa(x)), fi : R" —> R are real functions (for i =
I,...,m)and F : R” — R is the function of the form:

F(y) = sup{h(x + y) — h(x) : x € dom(h)},

where 4 is a proper convex function and dom(k) = {x € R" : h(x) < +00}. In fact,
F is called the recession function of 4. Their method is to approximate the nonsmooth
problem by smoothing the function F using 4 since frequently 4 is smooth, but F is
not. Hence this problem is approximated by the following smoothing problem

inf g.(x), where g (x) = eh (fi(x)/e, ..., fu(X)/€),

where € > 0 is a parameter.
For example, if F(y) = Z;":, ||, then it is easy to see thatfori = 1,...,m

\/1+()’.’+Xi)2—\/1+x;25|)’i|

lelli_rpoo (\/ T+ (y +x)? —4/1 +X,-2) = |yil.
Thus F is the recession function of A(y) = > ., /1 + y?. This coincides with
the smooth approximation methods given in [6, 16] and the one that we propose
here. If F(y) = max;<i<m ¥i, then A(y) = log}_;_, y:. This is different from our
method. We note that the approach of Ben-Tal and Teboulle depends on the recession
function. In our method we assume that G is smooth and that the functions f; satisfy
some conditions, however these conditions are easily satisfied in many practical
optimization problems.

We conclude this section by mentioning that in [3, 4], Bertsekas examined a two-
parameter approximation for a nonsmooth minimization problem with kinks {0, g;(x)}
and that Teo and Goh [13], Jennings and Teo [10] and Teo et al. {14] studied a class of
nonsmooth optimization problems by smoothing the nondifferentiable cost functional
and nondifferentiable functional inequality constraints with parameter approxima-
tions.
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3. Error analysis

In this section under various conditions on the function G we present error analysis
and obtain estimates of the error g(x*) — g(x?), where x* is the optimal solution of
(P) and x? is the optimal solution of (P(¢)). It is worth noting that error estimates are
not related to the constant a.

To study error analysis, we first assume some conditions on the function G which
are easily verified in many practical problems.

(A4) The function G(y,,...,Yn) iS monotone in the sense that if y, >
Z)y-evs ¥m = Zm, then

GO eeosYm) 2 G2ty ny Zm)s
(A5) There exists K > 0 such that
GOy o s Y)+ Ke=G(+€,..., Y+ 6€), Vy=-..,¥m) € R”,

where € > 0 is a smoothing parameter.

The assumption (AS5) indicates that the function G increases at least as an affine
function. For example, the function G(y;, ..., ¥n) = Z:":, B;y: satisfies conditions
(A4) and (AS)if i > 0,i = 1,...,mandif K > Y/ B;.Itis clear that G(x) = x?
is differentiable and monotone but it does not satisfy (A5). However this case will be
included in Theorem 3.2.

We use the following special case of the Minkowski inequality to derive bounds on
the error g(x*) — g(x2).

Fora,b > 0, p > 1, we have (a” +b”)% <a+b.

LEMMA 3.1. Assume that (A4) and (AS) hold. Then for every € > 0 and for any
x€X,
0<gx)—gk) <Ke.

PROOF. Using the Minkowski inequality and noting that f;(x) > O forall x € X, we
get

[i(®) < (fi)* + €))7 < fi(x) +¢, for i=1,...,mVxeX.
Thus by (A4) and (AS5), we get

8(0) = FO) + G((Fix)* + €7, ..., (fu(x)* +€%)7)
< f@)+G(fix)+e€, ..., fu(x)+e€)
< fE+GUAiG), ..., fux) + Ke
= g(x) + Kk, Vx € X.
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On the other hand, using (A4), we have

g(X) = F(X) + GAX), ..., fulX))
< FGO+ G + €2, .., (fulX)® +€%)7)
= g.(x), Vx e X.

Thus 0 < g.(x) — g{x) < Ke,Vx € X.

We now obtain bounds for the functional values of the original objective at the
approximate optimal solution and at the optimal solution under the assumptions (A4)
and (AS).

THEOREM 3.1. Assume that (A4) and (AS) hold. For any € > 0, we have
0 <g(x;) — g(x") < Ke,
where x* is a solution of (P), x! is a solution of (P(€)).
PROOF. It follows from Lemma 3.1 that
g(x) < g.(x), Vx € X.

Then
g(xl) —g(x*) < g(x}) — g(x").

Since x} is a solution of (P(¢)), we have
ge(x:)fge(x)» Vx € X.
Thus g.(x}) < g.(x*). Then from Lemma 3.1 and x* being a solution of (P) we have

0<glxl)—gx*) <g(x) —glx*) < g(x*) —g(x*) < Ke.

Now we derive more bounds on the error g (x*) — g(x}) by relaxing the assumptions
(A4) and (A5). We assume that the function G is Lipschitz. It is easy to see that a
Lipschitz function may not satisfy the condition (A4). On the other hand, for a fixed
parameter ¢ > 0, a function satisfying (A4) and (AS5) may not be Lipschitz, or even
continuous.

LEMMA 3.2. Let G : R™ —> R be Lipschitz with the Lipschitz constant L. Then

lge(x) — g(x)| < L/me, Vx € X.
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PROOF. From the proof of Lemma 3.1, we obtain
0<(fi0)*+e)s— filx) <e, for i=1,...,mV¥xeX.
It follows from the Lipschitz condition on G that

18:(®) - 8|
= [G(AWT + €D, (fa@) +€)7) = GUAE, ..., fnlx)

< L\/ Y (fix)" + e — fi(x))?
i=l

<L /Zezs L+/me, Vx e X
i=l1

Then the conclusion is proved.

THEOREM 3.2. Let G : R™ —> R be Lipschitz with the Lipschitz constant L. Then
0 < g(x}) — gx*) < 2L/me.
PROOF. It follows from Lemma 3.2 that
glx) < g(x) + L/me,  Vx € X.

Then
g(x?) — g(x*) < ge(x?) — g(x*) + L/me.

Since x is a solution of (P(¢)), we have
8(x)) < g(x), VxeX.
Thus g.(x}) < g.(x*). Then from x* being a solution of (P) and Lemma 3.2 we have

0 <g(x)—8(x"
< 8(x}) — gx*) + Ly/me
< 8:(x*) — g(x*) + L/me
< L/me + L/me = 2L /me.

The proof is complete.
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4. Second-order necessary conditions for (P(¢))

In this section, we derive a general second-order necessary condition for the smooth
approximation problem (P(e)) by strengthening the assumptions (A1}~(A3). These
conditions may be used to obtain second-order necessary conditions for the original
problem (see [3]). We use the generalized second-order directional derivative and
generalized Hessian recently introduced in [16, 17].

For simplicity, we consider the following special case (@ = 2) of the smooth
approximation problem

min g (x), where g(x) = f(x) + G(V i(x)* + €%, ...,V fa(0)? + €2),

where € > 0 is a smoothing parameter. We still call it (P(¢)). The results obtained in
this section hold for the case ¢ > 1 with modified versions. To obtain second-order
necessary conditions of (P(¢)), we strengthen the conditions (A1)—(A3) by assuming:

(AlY f:X — RisC"

(A2Y G:R™ — RisC"}

(A3Y fi:X — R,i=1,...,m arenot, in general, C"!, but the square of the
functions f;, f*,i=1,...,m, are C"'.

It is well-known that the square of the maximum of two twice differentiable
functions may not be twice differentiable, but is C'! under some conditions. Let
Fx) = (Fi(x),..., Fa(x)) = (ix)?%, ..., fu(x)?) : X — R™ and

R, oo ym) =G+ €%, ..., Vym +€2): 0 CR" — R,

where O is an open subset of R™. Then g.(x) = f(x) + (h o F)(x).

THEOREM 4.1. Assume that (Al)—(A3) hold. If z is a local minimum of (P(¢)), then
foranyu e X

f(z;u, u) + h*°(F(z); VF(2)u, VF(2)u)

1 “~ dh(F 1
g max| 32 @) 01wy € F@wW] > 0.

Xi  Jfix)?+ €

PROOF. It follows from a second-order necessary condition (see Section 1) that

8(z; u,u) = 0, Yu € X.

Thus
G u,u) + (hoF)°(z;u,u) =0, Vu e X.
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We now calculate (h o F)°°(z; u, u) using the generalized chain rule for composite
C!! functions (see Section 1). Forany u € X,

(ho F)*(z; u, u)
< h*°(F(2); VF(z)u, VF(2)u)
oh(F
+man [ 3 2ED 707 e 1R w)

= h®®(F(2); VF(2u, VF(z)u)
{ Z dh(F(z)) ax,
8xi O lyper
(xi = \/.m)
= h®°(F(z); VF(z2)u, VF(2)u)
[ Z dh(F(2)) 1 1 (v, u) -
o 2 /f@rte

r )y € R W)

¥ € IR,
Then the conclusion holds.

COROLLARY 4.1. Assume that (A1Y—(A3Y hold and G(y\, ..., yn) = MY i y:. If
is a local minimum of (P(¢€)), then for any u € X

@ u,u)+ — F(z;u,u) > 0.

Z\/f(2)2+e2 '

PROOF. Now we have

h®(F(2); VF(2u, VF(z2)u) = 0, M—(ai—(z—))- =M, i=1,...,m.

Then the conclusion follows from Theorem 4.1.

COROLLARY 4.2. If in addition to the assumptions in Corollary 4.1, the functions f
and F; are twice weakly Gdteaux differentiable at z, then for any u € X

m

2 i=1 vf(Z)2+€2

PROOF. Since f is twice weakly Giteaux differentiable, we get (see [17])

(V2 f(z)u,u) (V2F;(2)u, u) > 0.

£z u,u) = (V2 f(Du, u).

Hence the result is proved by using Corollary 4.1.
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Note that F>°(z; u, u) may not be easily calculated for general functions f;. In the
following, we give some examples where F°°(z; u, u) can be easily calculated. These
functions are d-(x) and max{g, (x), 0}.

1. Let fi(x) = dc(x), where C is a closed convex set of a Hilbert space X. Then
Fi(x) = fi(x)*is C"! (see Holmes [8]). It was shown in [16] that if f,(x) is twice
semi-regular at z € C, then

F*@zyu,u) =0, Yu € cone(C — 2).

2. Let fi(x) = max{g,;(x), 0}, where g,(x) is a C'"! function on X. Then it is
easy to see that Fy(x) = f,(x)? is C!"'. It follows from the chain rule (see Section 1)
that forevery u € X

op. | 281(x)g°(z; u, u) +2(Vgi(2), u)?, if g1(z) =0,
F (Z’”’”)‘{ 0, if g,(z) <O.

This result was given in [16] when g, (x) is twice differentiable.

5. Conclusion

We have shown that certain types of composite nonsmooth optimization problems
can be approximated by a smooth optimization problem and have provided a unified
study of the smooth techniques presented recently in [2, 6, 16]. We presented error
analysis of the function value at optimal solution and at approximation optimal solution
under various conditions. We also derived second-order necessary conditions for
smooth approximation problems using a recently introduced generalized second-order
directional derivative. These conditions may be useful to study second-order necessary
conditions of the original minimization problems.

We conclude by giving an example to show the usefulness of the results. Consider
the minimization problem:

min f;(x),
xeR

where f,(x) = |x|'. It is clear that x* = 0 is an optimal solution and the problem is
not smooth. This problem can be approximated by the following smooth problem

miural ([L(x)° + €)' = (x? + €5)'/8,
X€
where € > 0 and @ = 6. It is easy to see that the approximation problem has optimal

solution x} = 0. Thus the error estimates given in Theorem 3.1 and Theorem 3.2 are
trivially satisfied and second-order necessary condition in Theorem 4.1 also holds.
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