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UNIQUENESS PROBLEM WITH TRUNCATED
MULTIPLICITIES IN VALUE DISTRIBUTION THEORY

HIROTAKA FUJIMOTO

Abstract. In 1929, H. Cartan declared that there are at most two meromor-
phic functions on C which share four values without multiplicities, which is
incorrect but affirmative if they share four values counted with multiplicities
truncated by two. In this paper, we generalize such a restricted H. Cartan's
declaration to the case of maps into PN (C). We show that there are at most
two nondegenerate meromorphic maps of Cn into PN (C) which share 3iV + 1
hyperplanes in general position counted with multiplicities truncated by two.
We also give some degeneracy theorems of meromorphic maps into PN (C) and
discuss some other related subjects.

§1. Introduction

In 1926, R. Nevanlinna showed that, for two distinct nonconstant mero-
morphic functions / and g on the complex plane C, they cannot have the
same inverse images for five distinct values, and g is a special type of linear
fractional transformation of / if they have the same inverse images counted
with multiplicities for four distinct values([10]). In [2] ~ [4], the author gave
several types of generalizations of these theorems to the case of meromor-
phic maps of Cn into PN(C). He considered two distinct meromorphic maps
/ and g satisfying the condition that v(f,Hj) = v(g,Hj) for q hyperplanes
ίfi, Ή.2,..., Hq in PN(C) located in general position, where */(/, Hj) means
the map of Cn into Z whose value v(f,Hj){a) (a G Cn) is the intersection
multiplicity of the images of / and Hj at /(α). He proved that q < 3AT + 1
if either / or g is (linearly) nondegenerate, and q < 27V + 2 if either / or g
is algebraically nondegenerate.

It is reasonable to ask whether these results remain valid regardless of
multiplicity or not. There are several results without multiplicities in some
restricted situations. To state some of them, we take a nondegenerate mero-
morphic map g of Cn into PN(C), a positive integer £Q and q hyperplanes
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132 H. FUJIMOTO

ffi, i?2, , Hq in PN(C) located in general position with

^Hi Π Hj) < n - 2 (1 < i < j < q)

and consider the set T(Hι,..., Hq] g\ ίo) of all nondegenerate meromorphic

maps / : C n —• PN(C) satisfying the conditions;

(a) min(ι/(/,iίj),4) = mm(u(g,Hj),ί0) for 1 < j < q,
(b) f = g on\fj=ιg-\H3).

In [12], L. Smiley gave the following uniqueness theorem.

THEOREM 1.1. ([12]) If q > 3N + 2, then f = g for any map f G

In 1929, as an improvement of the above-mentioned Nevanlinna's re-

sults, H. Cartan declared that there are at most two meromorphic functions

on C which have the same inverse images regardless of multiplicities for four

distinct values ([1]). However, in [13], N. Steinmetz gave examples which

show that H. Cartan's declaration is false. In relation to this, S. Ji obtained

the following result by the use of H. Cartan's original idea.

THEOREM 1.2. ([9]) Assume that q = 3N+l. Then, for arbitrary three

maps /°, f\ f2 e F{Hu...,Hqw\), the map F := (foj\f2):Cn ->

PN(C) x PN(C) x PN(C) is algebraically degenerate, namely, the image

F(Cn) is included in a (special) proper subvariety of PN(C) x PN(C) x

PN(C).

We can easily show that H. Cartan's declaration is affirmative if we

assume that meromorphic functions on C share distinct four values counted

with multiplicities truncated by 2. The main purpose of this paper is to gen-

eralize such a restricted H. Cartan's declaration to the case of meromorphic

maps into PN(C).

Our main results are stated as follows:

THEOREM 1.3. Suppose that q > 2N + 2 and take arbitrary N + 2

maps /°,..., Z^^"1 in T(HU . . . , Hq; g\ N(N + l)/2 + N). Then, there are

N + 1 hyperplanes Hj0, i f j 1 3 . . . ,HjN among H' s such that, if we choose

homogeneous coordinates (WQ : ••• : w^) on PN(C) with Hji — {w{ = 0}

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826


UNIQUENESS PROBLEM IN VALUE DISTRIBUTION THEORY 1 3 3

(0 < i < N) and take representations f = (f$ : : /jy) with nonzero

holomorphic functions /•; then

f.1 fP f? *p f f

Jj

are linearly dependent over C for each pair (i,j) ŵ Λ- 0 < i, j < N.

THEOREM 1.4. If q = 3N + 1, then T(HU ...,Hq;g-, 2) contains at

most two maps.

There are several open problems related to the above results. It is desir-

able to be shown that the condition (b) for the definition of T{H\,..., Hq] g\

ίo) is omitted or replaced by a weaker one and that the number q = 37V+1 in

Theorem 1.4 is replaced by a smaller one. As related matters to uniqueness

problem in value distribution theory for meromorphic maps into PN(C),

there are some similar results for the Gauss map of complete minimal sur-

faces in Mm (cf., [6], [7] and [8]). It is an interesting problem to get more

precise results for the Gauss map of a complete minimal surface which are

analogous to Theorems 1.3 and 1.4.

In [5], the author introduced the notion of «-nondegeneracy for mero-

morphic maps into PN(C) (cf., Definition 2.8). We prove Theorems 1.3 and

1.4 in more precise forms for ft-nondegenerate meromorphic maps in §5 (cf.,

Theorem 5.1). We give also a degeneracy theorem of meromorphic maps

into PN(C) in §4 (cf., Theorem 4.9).

§2. Preliminaries from Nevanlinna theory

Let F be a nonzero holomorphic function on a domain β in Cn. For

a set a = (αi , . . . , an) of nonnegative integers, we set \a\ ~ θί\ + + an

and VaF := —ζ- . We define the map Λ: D -> Z by

vjr(z) := max{ra;PQjF(z) = 0 for all a with \a\ < m} (z £ D).

We mean by a divisor on a domain D in C n a map v of D into Z such

that, for each a G D, there are nonzero holomorphic functions F and G on

a connected neighborhood U ( c D) of a such that v{z) — v\{z) — v%{z)

for each z £ U outside an analytic set of dimension < n — 2. Two divisors

are regarded as the same if they are identical outside an analytic set of
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dimension < n — 2. For a divisor v on D we set \v\ := {z: u(z) Φ 0}, which

is a purely (n — l)-dimensional analytic subset of D or empty.

Take a nonzero meromorphic function ψ on a domain D in C n . For each

α G fl, we choose nonzero holomorphic functions F and G on a neighbor-

hood U (C £>) of a such that ^ = F/G on (7 and dim jP"1(O) Π G~1(0) <

n — 2, and we define the divisors z/£ by v£ := Vp_aG for α G C and by

ι/£ := z/̂ r for α = oo, which are independent of choices of F and G and so

globally well-defined on D.

Let / be a meromorphic map of C n into PN(C), which is nondegenerate,

namely, whose image /(C n ) is not included in any hyperplane in PN(C). We

take holomorphic functions /o, / i , . . . , /JV such that If := {z G C n ; fo(z) =

* * * = JN{Z) — 0} is of dimension at most n — 2 and /(z) = (fo(z) : :

/AΓ(^)) on C n — // in terms of homogeneous coordinates on PN(C). We call

such a representation / = (/o : : JN) a reduced representation of /.

For z = (21, . . . , zn) € Cn we set \\z\\ := ( Σ j = i l 2 i l 2 ) 1 / 2 a n d d e f i n e

}, S(r) := {z G Cn; ||^|| = r},

t; : =

Set 11/11 := (|/o|2 + + |/AΓ| 2) 1 / 2 The order function of / is given by

S{τ) 75(1)

For a divisor 1̂  on Cn, we define the counting function of v by

!=ϊdt ( K r < + o o ) ,

where n(ί) := ^ ^ 5 ^ ^ for n > 2 and n(t) := Σ|z |<t ^( z ) f o r n = x-
Consider a hyperplane

H: αo^o + + CLN^N = 0

in P^(C), where A := ( α o , . . . , α ^ ) ^ (0, . . . ,0). We set Fi/ := αo/o +

• + aNfN and define the divisor i/(/, if) by i/(/, i ί)(z) := i/g^ (z) (z G C n)

which is rephrased as the intersection multiplicity of the image of / and H

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826


UNIQUENESS PROBLEM IN VALUE DISTRIBUTION THEORY 135

at f(z). For a positive integer m or m = +00 we define the (truncated)
counting function of H for / by

Nm(r, H) = Nl(r, H) := N(r, min(i/(/, H), m)).

For brevity, we set N(r,H) := N+^r, H). Setting

we define the proximity function of H by

m/faίΓ) := / log\φf(H)\σ- ί log\φf(H)\σ.
JS(r) JS(1)

We now state the first main theorem in Nevanlinna theory.

THEOREM 2.1. T(r, f) = JV(r, H) + m/(r, H) for all hyperplanes H.

We may identify C := C U {00} with P1(C) and, in another situa-
tion, with the set P1(C)* of all hyperplanes in P1(C). For a nonconstant
meromorphic function ^ o n C and every a G C, mφ(r, a) means the prox-
imity function of a G P^C)* for <p: C n -> Pλ(C). On the other hand, the
proximity function of a meromorphic function φ is classically defined by

m{r\φ) := / log4" \φ\σ,
JS(r)

where log+ x := max(logx, 0) for x > 0. As is easily seen, we have

(2.2) ra(r; φ) = mφ(r, 00) + O(l).

(2.3) For nonzero meromorphic functions ψ\, ψ2 with φ\Λ-ψ2 Φ 0̂  we

set ψ\ : = y?i< 2̂ α n c ^ ^2 '•— ψ\ + ^2 Then,

m(r; ψk) < m(r\ ψι) + m(r; <̂ 2) + O(l) (k = 1, 2),

T(r, Vfc) < T(r, V i ) + T(r, φ2) + O(l) (fe = 1,2).

Now, take two distinct hyperplanes

Hji djowo + djiwi H h ajNwN = 0 (j = 1, 2)

and consider a meromorphic function

/ 2 4) ^#i,#2 . _ αio/o

We can easily prove
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(2.5) T (r, Ffι'Hή < T(r, f) + O(l).

As usual, by the notation "|| P " we mean the assertion P holds for

all r G [0, +oo) excluding a Borel subset E of the interval [0, +oo) with

JE dr < +oo. The following so-called logarithmic derivative lemma acts

essential roles in Nevanlinna theory.

THEOREM 2.6. For any a = ( α χ 5 . . . , an), we have

= o(T(r,f)).

For the proof, refer to [5] and [11, Lemma 3.11].

Consider a vector-valued meromorphic function F = (/o,..., /AT). For

each α G C n , we denote by ΛΛa the set of all germs of meromorphic functions

at a and, for K = 1,2,..., by Tκ the ΛΊα-submodule of Λ4^ + 1 which is

generated by the set {DaF := (Dafo,- ,DafN) , \a\ < K}. Set lF(κ) :=
rankjvto ^ j which does not depend on each a G C n . For a meromorphic

map / = (/o : /i : : / * ) : C n -^ P^CC), we set £,(«) := *(/0,...,/jv)(«).

By [5, Proposition 4.3], we have the following:

(2.7) A meromorphic map f:Cn —> PN(C) is nondegenerate if and

only if there is some K such that ίf{κ) = N + 1.

DEFINITION 2.8. A nondegenerate meromorphic map /: C n —> PN(C)

is said to be /c-nondegenerate if <£/(«) = JV + 1.

We can show the following:

PROPOSITION 2.9. Every nondegenerate meromorphic map ofCn into

PN(C) of rank k (< min(iV, n)) iθ (iV — fc + l)-nondegenerate.

Proof By the assumption, we have <ί/(l) = k + 1. Set ACO :=

^ ( « ) = N + l } . Since ίf(κ-l) < £f(κ) for each K (< «o) by [5, Lemma 4.6],

we see

AT + 1 = if(κo) = Σ(ίf(κ) - if(κ - 1)) + //(I) > (κo - 1) + (* + 1).

This gives κo<N-k + l.
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DEFINITION 2.10. Assume that meromorphic functions / o , . . . , fw are

linearly independent over C. For 7V + 1 vectors a1 := (an,..., α;n) (0 < i <

N) composed of nonnegative integers α^, we call a set a = (a0, a1,..., aN)

an admissible set for F = (/ 0 , . . . , fN) if {Va°F,..., V*1*™ F) is a basis of

Tκ for each K = 1, 2, . . . , κ0 := minjV; ^ F ( ^ ) = N + 1}.

By definition, for an admissible set (α 0 , α 1 , . . . , α^) we have

As was shown in [5], we have the following:

PROPOSITION 2.11. ([5, Proposition 4.5]) For arbitrarily given linearly

independent meromorphic functions /O,. . . ,/AΓ on Cn, there exists an ad-

missible set a = ( α ° , . . . , aN) with \a\ < N(N + l)/2.

PROPOSITION 2.12. ([5, Proposition 4.9]) Let a = ( α ° , . . . , / ) be an

admissible set for F = (/o? j/τv) and let h be a holomorphic function.

Then,

det (va\hF), . . . , D α " {hFΫj = / i ^ 1 det {va° F,..., Ό°N F) .

We now state the second main theorem for meromorphic maps into

PN(C).

THEOREM 2.13. Let f:Cn —• PN(C) be a κ-nondegenerate meromor-

phic map ofCn into PN(C) and Hi,..., Hq hyperplanes in general position.

Then,

|| (q - N - l)T(r, / ) < Σ Nl(r, Hj) + o(T(r, /)).
3=1

For the proof, refer to [5, Proposition 6.2].

§3. Cartan's auxiliary functions

Let Fo, F\,... ,FM be nonzero meromorphic functions on C n , where

M > 1. Take a set α := ( α 0 , ^ 1 , . . . ,aM~ι) whose components ak are

composed of n nonnegative integers, and set \a\ = | α o | + |α 1 |H h |θί M ~ 1 | .
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DEFINITION 3.1. We define Cartan's auxiliary function by

Φβ = Φa(F0,...,FM)

(3.2)
:=Fo FM

1 1 ••• 1

Va°(l/F0) 2>« 0 ( l/Fi) ••• Va\\/FM)

Va\l/F0)

For the particular case n = 1, M — 2 and a = ((0),(l)), Cartan's
auxiliary function is given by

which was introduced by H. Cartan in [1].
Since we can rewrite Φα as

we easily have the following proposition in view of Proposition 2.11.

PROPOSITION 3.3. IfΦa(F0,..., FM) = 0 for all a with \a\ < M(M-
l)/2, then 1/F\ — 1/Fo,..., 1/FM — 1/î o are linearly dependent over C.

For the particular case M = 2, we have the following:

PROPOSITION 3.4. If Φa(F,G,H) = 0 and Φα (1/F, l/G, l/H) = 0
/or α// α ^zί/i |α| < 1, ίΛen one o/ ίfte following assertions holds;

(ii) F/G, G/iϊ and ίf/F are all constants.

Proof. Assume that the assertion (i) does not hold. By Proposition 3.3,
we can find some nonzero vectors (λ, μ, v) and (λ', μ', v') with A + μ + v —
λ' + μf + v1 = 0 such that

+ ^ + ̂  λ'F + 'G + 'H 0

Then, λ ^ O and λ' φ 0, because otherwise we have G = H. By the same
reason, μμ'vv1 φ 0. Here, we may assume λ = λ' = 1. Then, we get

μ'vG2 + {y'v + μ'μ - l)GH + v1 μH2 = 0.
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This concludes that G/H is a constant, and F/G and H/G are also con-

stants.

PROPOSITION 3.5. Assume that 1/Fχ - l /F 0 , . . . , l / i<M ~ 1/Fo are

linearly independent over C and take an admissible set a = ( α ° , . . . , aM~ι)

for them. If

for some io > \a\, then ^φα(^o) > min (i/^°ί(2;o),^o — \a\) for every ZQ G

Proof. By the assumption, F0~
1(0) = = F^-^O), which we denote

by A. Since the set of all singularities of A is an analytic set of dimension

at most n — 2, we may assume that zo is a regular point of A. We choose a

nonzero holomorphic function h on a neighborhood U of z$ such that dh has

no zero and AΠU = {z £ U; h{z) = 0}. Set rrik := z^ (zo) a nd ̂  ~ 1/Ffc

for 0 < k < M. We can write ψk = h~mkψk on a neighborhood V (C £/) of

zo, where φk are nowhere vanishing holomorphic functions on V.

We first consider the case V^°\ZQ) = ίo We rewrite Φ^ as

M

(3.6) Φ α =

with meromorphic functions

Here, as is easily seen by the induction on |c/ | , we can write each Va

as
ί

with a holomorphic function ψk/i and each ψi as

^ ^ φ φ φM

where ί — {l\,... ,£M) runs through all permutations of 0,. . . , M — 1 and

ε(ί) denotes the signature of a permutation ί. These imply z/?? < |α | .
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Therefore, by the assumption V^.{ZQ) > u^(zo) = ίo we have VΦ<*(ZO)

to - H
We now assume that (1 <) p^°\z^) < IQ. Then, by the assumption,

m* := mo = rn\ = =

In this case, we write

ψQψl ψM

and ψk — φo — h~m*(ψk — φo) with holomorphic functions φk — φo- We now
apply Proposition 2.12 to show

hm*(M+l) ! ^ λ ^

{Ψk Ψo), ^ = O , 1 , . . . , M - 1

t> = 0 , l , . . . , M - 1 /

These conclude ^φα(^o) > m*. The proof of Proposition 3.5 is completed.

PROPOSITION 3.7. Let FQ, J F I , . . . , F M and a satisfy the same as-

sumption as in Proposition 3.5. // Fo = = FM ^ 0, oo on α purely

(n — 1)-dimensional analytic subset A of Cn, then ^φα(^o) ^ M for every

2 0 6 A.

Proof. By the same reason as in the proof of Proposition 3.5, we have

only to show that z/φ<* (ZQ) > M for all regular points z$ oίA with Ffc(^o) 5̂  0,

oo (0 < k < M). Taking a holomorphic function h on a neighborhood U

of zo such that dh has no zero and A Π U = {z G ί7; Λ(z) = 0}, we write

^ f c := 1/JFfc — 1/Fo = /î fc (1 ^ fc ^ -M") with nonzero holomorphic functions

'ί/ίfc on a neighborhood of z$. Then, by Proposition 2.12 we have

= F0F1 • • • FMhM det ( Va ψk;

Thus, we obtain v%a (

2

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826


UNIQUENESS PROBLEM IN VALUE DISTRIBUTION THEORY 141

§4. Generalizations of Nevanlinna's results

Let g be a /c-nondegenerate meromorphic map of C n into PN(C) and

consider hyperplanes

(4.1) HJ: CLJQWO H h CLJNWN = 0 (1 < j < q)

in PN(C) which are located in general position and satisfy the condition

d i m s Γ 1 ^ Π Hj) < n - 2 (1 < i < j < q).

For a given positive integer IQ, we denote by TK(H\,... ,Hq;g;ίo)

set of all /c-nondegenerate meromorphic maps / satisfying the conditions;

(4.2) mm(v(f,Hj),l0) = mm(u(g,Hj),ίo) for 1 < j < q and

(4.3) f = gon[jq

j=i9-1(H3y

We note that Tχ{Hι,..., Hq; g\ £Q) coincides with T(Hι^..., Hq; g; ίo) de-

fined in §1 because of Proposition 2.9.

Take M + l m a p s / 0 , / \ . - - , / M € Γκ(Hi,... ,Hq',g-,e0) with reduced

representations fk := (/o

fc : : /£) and set T(r) := ΣkLoT(rJk)' W i t h

each c = (co,.. . , CN) G (C^"1"1)* := C ^ ^ 1 — {0} associating a hyperplane

t l c : = \ ( ^ 0 ' ' ' ' ' ' ^NJ'i C O^O i ' ' ' ~r CNWJSJ = U | ,

we define

C := {ce (C A Γ + 1 )* ;d im(/ f c ) " 1 ( i ί c ni ί 7 ) < n - 2 for 1 < j < q, 0 < k < M}.

LEMMA 4.4. The set C is dense in (CA Γ + 1)5 l <.

For the proof, refer to [9, Lemma 5.1].

Now, taking an arbitrary c G C, we define

+ * * + cNfk

N

1

and assume that ^ c 7 0 , . . . , ψc

 3o are linearly independent for some jo

ceC.
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PROPOSITION 4.6. Taking an admissible set a = ( α o , . . . , OLM) for the

functions φlj°,..., ψ™jo, we consider Φa := Φ α ( F c

O j o , . . . , F c

M j o ) & 0) and

assume that £Q > |α | . Then, for 0 < k < M,

C(r, Hj) < N(r, u°φa) < Γ(r) + o(T(r)).

Proof. The first inequality is a direct result of Propositions 3.5 and

3.7. To show the second inequality, we apply Theorem 2.1 and (2.2), which

give

N(r, i/gα) < T(r, Φα) + O(l) = N(r, i/|°) + m(r; Φα) + O(l).

We easily see that a pole of Φa is a zero or a pole of some i^"70, and Φa

is holomorphic at all zeros of FC

JO because of Proposition 3.5. These show

that
M

k=0

On the other hand, using (2.3) and the representation (3.6), we have

M

m(r;Φα) < Vm(r]F*j°) + O V
k=Q

where φc

30 = l/Fc

30. By virtue of Theorems 2.1, 2.6 and (2.5), we conclude

M

( ^ o ) o(T(r))

M

« o(T(r)) < T(r) + o(T(r)).

In the above situation, we can prove the following:

PROPOSITION 4.7. (i) For arbitrary M > 1 and ίo > \a\,

- l)T(rJk) < ±T(r) + Nί\r,Hjo) + o(Γ(r)).
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(ii) For arbitrary M > 1 and IQ > \a\ + 1,

\{q-N- l)Γ(r, fk) < K Σ N t (r, Hj) + o(T(r, fk))
3=1

- ΈT^ + K(1~Έ)
 N'"(r'Hjo) + o ( τ ( r )^

(iii) If M > K and IQ > \a\ + K, then

- A ) Nt (r,HJO) + o(Γ(r)).

Proo/. For M > 1 and 4 > |α|, Theorem 2.13 and Proposition 4.6
yield

|| (5 - ΛΓ - l)T(r,fk) < K Σ N(\r,Hj) + Nlk{r,Hj0) + o(T(r,fk))

which gives (i).

Assume that £Q > \a\ + 1. In this case, we have

k(q - N - l)Γ(r, fk) < K Σ N{k (r, Hj) + o(T(r, fk))
7=1

+κ i1" h)N?(r> Hjo)+o(τ(r'/fc))

- Έτ{r) + K ( 1 ~ Έ )
 Ntk{r'Hjo) + o(Γ(r))'

which gives (ii).

Under the assumption M > K and ί$ := IQ — |α | > /̂ , we have

|| (q - N - l)T(r, fk) < Σ Nt(r, Hj) + o(T(r, fk))
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jφjo

f(r,Hjo) - ^Nζ(r,Hjo)) + o(T(r,fk))

- A ) Nfk(r, H A ) + o(Γ(r)),

which gives (iii). The proof of Proposition 4.7 is completed.

As a consequence of Proposition 4.7, we can prove the following im-
provement of Theorem 1.1.

COROLLARY 4.8. If q > N + 2κ + 2, then f — g for any map f €

Proof. Assume that there is some / £ Tκ(Hι,..., Hq] g\ 1) with f Φ g
and set /° := / and f1 = g. Then, for the functions Fcj {k = 0,1,
j = 0,...,iV) defined by (4.5), Cartan's auxiliary function is given by
Φ°(Fc^Fc^) = Fc^ — JPC

1J. By the assumption, there is some jo such that
Φ°(Fc

0 j o,Fc

l j o) ψ 0. Setting M = 1 and 4 = 1, we add the inequalities of
Proposition 4.7 (ii) for the case k = 0,1 to see

|| (q - N - l)Γ(r ) < 2«T(r) + o(T(r)).

Divide both sides by T(r). We then obtain q — N — 1 < 2κ as r tends to
+oo, which contradicts the assumption.

We can also prove the following degeneracy theorem.

THEOREM 4.9. Take maps /°, / V . ,/* + 1 € ^ ( i ϊ i , . . . , i ϊ ς ; ^ ; 4 )
/or 4 = «(* + l)/2. Ifq>N + κ, + 2, then

S^N rf° Γ ^ r f1

are linearly dependent over C for each j — 1,. . . , q and c— (co,. . . , c/v) £ C.

Proof. Assume that the conclusion is not valid. Then, there are some
jo and c E C such that Φ α (F c

0 j o , . . . , F?+ljo) φ 0, where a is an admissible
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set with |α| < κ(κ + l)/2 for (φljo,.. .,φc+ljo). We apply Proposition 4.7

(i) for the case M := K + 1 to see

κ+1

Uq-N- l)T(r) < (« + 2)-4τΓ(r) + ̂ ^ f ^ ^ J o ) + <>(T(r))

In the same manner as in the proof of Corollary 4.8, we can conclude q <

N + 2 + K + κ,/(κ + 1). Since q is an integer, we get q < N + 2 + «. Thus,

we have Corollary 4.9.

Now, we give a generalization of Nevanlinna's results ([10, Satz 3].

THEOREM 4.10. Let /°, , fM e FK(HU , Hq; g; £0). Assume that

M > K, 1$ > M(M - l)/2 + K and φ¥°,..., φ^° are linearly independent

for some jΌ and c G C. Then, q < TV + K, + 2.

Moreover, ifq = N + κ + 2, then there is a set E (C [0, H-oc)̂  with

JE dr < -foe such that

(4.12) lim ^ 1 ^ 1 = 1 (0<fc<£
r-*oo,r£E T(r, /*)

αίi<ί, under the additional condition M > K,

i\jfk(r IT. \

(4.13) lim " / ffi = 1 (0<A;<M).

Proof. Since iV/ (r, iί,) = = JV/ (r, iϊj), Proposition 4.7 (iii) gives

| | ( g - J V - l ) T ( r )

M
T(^) + (1 " 17 ) 5^ ̂ f' (r' ̂ o) + o(T(r))

M ...
fc'=0

< (M + l)^T(r) + (l " ^ ) T(r) + o(T(r))

< (K + l)T(r) + o(Γ(r))

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826


146 H. FUJIMOTO

for k = 0,1, , M. By the same argument as in the proof of Corollary 4.8,
we have q < N + AC + 2.

Assume that q = N + K + 2. Then, by the above inequalities,

q

|| (/c + l)T(r) < (M + 1) Σ N t ^ HJ) + °(T(r)) < (Λ + l)Γ(r) + o(Γ(r)).

This concludes that, for a subset E of [0, +oo) with j E dr < +oo,

T{τ) M + l
lim j£ = .

r-»oo,r<£ 2-^j—ιNκ \r^j)

On the other hand, as is easily seen from Theorem 2.13,

T(rJk) 1
(4.14) limsup =q —-—-— < -.

Therefore, for each k we obtain

ί ί±i < l i m i n f

 τ(''p + y limSup Γ ( r ^' )

, > p

J= 1 M (Γ, ̂  ) fe^fc r-co,rίE Σ ] = 1 N? (r,

Γ ( r , / ) ,
limsup —77— <

ΣJ= 1 ivf (r, H,)

In view of (4.14), we can conclude (4.11) for each k. Therefore, for all k
and ί,

T(r,fk)

= hm JT lim —J——(—-rr = 1.
r-oo,r£E ^ 9 = χ ^ (r, flj ) r-^,riE Γ(r, fέ)

Proposition 4.7 (iii) gives also

|| (K + l)T(r) < ( M ^ 1 ) K T ( r ) + (M + 1) ( l - ^ ) ivf (r, i ϊ j o ) + o(Γ(r)).

Under additional condition M > K, we have

Γ(r)
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By (4.12), we conclude

( 1 >) lύninf Φ ^ > (M + 1) liminf ^ ' f * > > 1.

This completes the proof of Theorem 4.10.

We can prove also the following improvements of [9, Corollary 4.5]:

THEOREM 4.15. Assume that q = N + 2κ + l. Then, for each map

f £ Tκ(Hι,..., Hq] g; 1) with f φ g, there exists a set E with finite measure

such that

lim —J—r•=-.— = 2

r-*oo,r(£E T(r, f)

and

(4.16) lim ^ 4 = 1.

Proof As in the proof of Corollary 4.8, we set f° := / and f1 := g.

By the assumption, there is some c £ C and jo with Φ°(FC

 7 0, Fc

j0) —

pθjo __ pijo ψ Q Then, we can apply Proposition 4.7 (ii) for the case

M = 1 and £0 — 1 to get

q k
|| 2/cT(r) < 2κ ^ N{ (r, i ^ ) + o(T(r)) < 2κT(r) + o(T(r))

3=1

for A: = 0,1. This gives

for a set E with finite measure. On the other hand, Theorem 2.13 yields

,. T(r,fk) /cΓ(r,/fc) 1
hmsup . < hmsup .. < - ,

r^ooHE ΣU N( (r> Hi) r-°°'r*E Σ ' = i Nl (r, Hj) 2

whence

V N (r H) S N (r HΛ
lim — — — = lim — — - Γ T = 2

oo,rί£? T(rJ°) r T{ fl)
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and

Hm ψ£
T{ f1)

,. Γ(r,/) .. ΣUNC^HJΪ 1= hm -Ω hm — — — = 1.
r^rϊE γ*=i Nf°fa Hj) r^oortE T{r, f1)

For three meromorphic maps, we have the following:

THEOREM 4.17. In the situation stated at the beginning of this section,

consider the case M = 2 and 4 = 2 and assume that Φa := Φα(Fc°
 7 0, F c

υ °,

Fcjo) φ 0 for some cζC, jo and a with \a\ = 1. If q = N + 2κ + 1, then

r-+oo,r<jLE Γ ( r , fk)

Proof. We apply Proposition 4.7 (ii) for the case M = 2, £Q = 2 and

q = N + 2κ + 1. Then, we have

whence

liminf — — _

By the help of (4.16), we have the desired conclusion.

§5. Degeneracy theorems for some sets of meromorphic maps

As in the previous section, taking a tt-nondegenerate meromorphic map

<7, a positive integer ίo and hyperplanes i2χ,..., Hq in general position with

d i m l j ^ g~1(Hi Π Hj) < n — 2, we consider the set Tκ(Hij..., Hq; g\ ίo)>

We now give the following theorem, which yields Theorem 1.3 as K = N.

THEOREM 5.1. Suppose that q > N + K + 2 and ί0 = κ{κ + l)/2 + K,

and take arbitrary maps /°,. . ., Z*"*"1 in TK(H\,..., Hq\ g\ ίo) Then, there

are N + l hyperplanes Hj0, Hjλ,..., HjN among Hj 's such that, if we choose

homogeneous coordinates (wo : : w^) on PN(C) with Hj{ = {wi = 0}

(0 < i < N) and take reduced representations fk = (fk : : f ^ ) , then

fl fθ f2 fθ fκ+l fθ
Ji Ji J% J% J% J%

fl fθ> f2 / 0 ' * * * > r«+l fθ
Jj Jj Jj Jj Jj Jj

are linearly dependent over C for each pair (i,j) with 0 < i, j < N.
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Proof. We set M := /c + 1 and use the same notation as in the previous

section. Consider the subset

(5.2) J := {j; ^\\ . . . , ψc •*' are linearly dependent for every c G C} .

of {1,2, . . .,g}. We take a subset £? of [0,+oo) with finite measure such

that Theorems 2.6 and 2.13 hold for all meromorphic maps fk. By (4.13),

if jo i J, then Uminf^oo,,.^ JVi(r,fl" jo)/T(r,/*) - 1 and, by (4.11), the

number of indices not contained in J is at most κ + 1. Therefore, J contains

at least N + 1 indices. Let {jo5ji> ,JN} and we choose homogeneous

coordinates (WQ : : w^) on PN(C) so that Hj{ = {u>; = 0} (0 < i < N).

Then, for each j £ J and c G C,

(5.3) Φ α ( F c

o j , . . . , FC

M>") = 0 for all a with |α | < M ( M + l)/2.

Since C is dense in (C Λ Γ + 1 )* by Lemma 4.4 and Φ α ( F c

O j , . . . , F c

M j ) depends

continuously on parameters c, (5.3) holds for every c G ( C n + 1 ) * , partic-
i-th

ularly, for c3 := (0, . . . , 0, 1 , 0 , . . . , 0). By Proposition 3.3 we can easily

conclude that fl/fj - f*/ή,..., f?+1/ff+1 - ff/ή are linearly dependent
over C for 0 < i, j < N.

We next study the case io = 2.

THEOREM 5.4. Suppose that q > N + 2κ + 1 and £afce £Λτee maps /° ;

f1, f2 in Tκ(Hι,..., Hq\ g\ 2) tί iί/i reduced representations fk = (/Q : :

+ +
Then, after a suitable change of indices, for each i, j with 1 < i, j <

N + 2/c — 1 ί/iere exisί some nonzero constatnts c^ such that

orΎij -c Ύijυι Xp — cX

where Cij — 1 for each i, j in the case K > 2.

For the proof, we first give the following lemma.

LEMMA 5.5. Under the same assumption as in Theorem 5.4, if K > 1

and χL/χμ is a constant for some i, j , then χY0 = χlx.
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Proof. By the assumption, there is a nonzero constant C with χlx =

Cχ?o> where χιL Φ 0 because /° is nondegenerate. Assume that C φ

1. By the assumption /° = f1 on U ^ i ί / 0 ) " 1 ^ ' ) ) w e n a v e X/o = 0 on

U v ί / 0 ) " 1 ^ ' ) - I* Allows that

i'Φi

f°

<κT(r,f°) + o(T(r,f0)).

We then have K < 1, which contradicts the assumption. This concludes

Proof of Theorem 5.4- As in the proof of Theorem 5.1, we consider the

set J defined by (5.2). In this case, by Theorems 4.15 and 4.17 J contains

at least N + 2κ — 1. After a suitable change of indices, we may assume

{1,2,..., N + 2κ — 1} C J . By the same reason as in the proof of Theo-

rem 5.1, there are some nonzero vectors (A^ ,λJ , λ | ) such that

? j = 0, \%χ% + λljX% + \%X% = 0.

Since χJL = 1/χL, we can apply Proposition 3.4 to show that there are

some nonzero constants C{j (1 < i, j < TV + 2AC — 1) such that

ij ij ij ij ij ij

X/o = CijXju X/i = cijXp or χJ

f2 = CijXfo.

Here, by Lemma 5.5 C{j = 1 for each ί, j if K > 1. These conclude Theo-

rem 5.4.

Proof of Theorem 1.4- Assume that there exist three distinct maps /°,

Z1, f2 G ̂ ( i ϊ i , . , Hq; g; 2), where we may take K, = N. First, we consider

the case N = 1 and so g = 4 in Theorem 1.4. After a suitable change of

indices, χio/χ/ij Xfi/Xfl a n d Xfi/xJ o are all constants. Then, there is a

Mόbius transformation wf = L(w) with fι = L(f°). In this situation, since

the number of fixed values for L(w) are at most two, each fk omits two of
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iϊj's, and L(w) interchanges them with each other and fixes others, whence

L(w) is unique. Since the same conclusion holds for the maps f2 and /°.

These give an absurd conclusion f1 = f2 = L(f°).

For the case TV > 2, by Lemma 5.5, CJJ = 1 for all constants CJJ men-

tioned in Theorem 5.4. Therefore, either χ%3

0 = χ3

fl,χ
3

{1 = χl3

f2 or χj2 = χl3

0

holds for each i and j with 1 < ΐ, j < 3N — 1. Particularly, for L :— 3N — 1,

Xj

fo = Xjp, XJ

}\ = Xjp or χj

f

L

2 = χf0 for 1 < j < 3N - 2. Consider the

subset

h ••= {j; xj

fo = χjί}, /2 := {j; χjί = x^}, h ••= {j; xψ = xi

f

Lo}

of {1,2,..., 37V — 2}. One of these contains at least TV indices. In fact, if

all of /i, I2 and 1% contain at most N — 1 indices, then we have an absurd

conclusion

3N - 2 < #(7i U / 2 U J 3) < # / i + # / 2 + # / 3 < 3(iV - 1).

This gives the desired conclusion f° = /*, fι = f2 or f2 = f°.

REFERENCES

[1] H. Cartan, Un nouveau theoreme d'unicite relatif aux functions meromorphes, C. R.
Acad. Sci. Paris, 188 (1929), 301-30.

[2] H. Fujimoto, The uniqueness problem of meromorphic maps into the complex pro-
jectiυe space, Nagoya Math. J., 58 (1975), 1-23.

[3] H. Fujimoto, A uniqueness theorem of algebraically non-degenerate meromorphic
maps into PN(C), Nagoya Math. J., 64 (1976), 117-147.

[4] H. Fujimoto, Remarks to the uniqueness problem of meromorphic maps into PN(C),
I, Nagoya Math. J., 71 (1978), 13-24.

[5] H. Fujimoto, Non-integrated defect relation for meromorphic maps of complete
Kάhler manifolds into PNl(Q x ••• x PNk(Q, Japanese J . M a t h . , 1 1 (1985),

233-264.

[6] H. Fujimoto, A unicity theorem for meromorphic maps of a complete Kάhler manifold
into PN(Q, Tόhoku Math. J., 38 (1986), 327-341.

[7] H. Fujimoto, Unicity theorems for the Gauss maps of complete minimal surfaces, J.
Math. Soc. Japan, 45 (1993), 481-487.

[8] H. Fujimoto, Unicity theorems for the Gauss maps of complete minimal surfaces, II,
Kodai Math. J., 16 (1993), 335-354.

[9] S. Ji, Uniqueness Problem without multiplicities in value distribution theory, Pacific
J. Math., 135 (1988), 323-348.

[10] R. Nevanlinna, Einige Eindeutigkeitssάtze in der Theorie der meromorphen Funktio-
nen, Acta Math., 48 (1926), 367-391.

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826


152 H. FUJIMOTO

[11] B. Shiftman, Introduction to the Carlson-Griffiths equidistribution theory, Lecture
Notes in Math., 981, Springer-Verlag, 1983.

[12] L. Smiley, Geometric conditions for unicity of holomorphic curves, Contemporary
Math., 25 (1983), pp. 149-154.

[13] N. Steinmetz, A uniqueness theorem for three meromorphic functions, Annales Acad.
Sci. Fenn., 13 (1988), 93-110.

Department of Mathematics
Faculty of Science
Kanazawa University
Kakurna-machi, Kanazawa, 920-11
Japan
fuj imotoΦkappa.s.kanazawa-u.ac.jp

https://doi.org/10.1017/S0027763000006826 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006826



