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Abstract

In this paper we establish an extension of the method of approximating optimal discrete-
time stopping problems by related limiting stopping problems for Poisson-type processes.
This extension allows us to apply this method to a larger class of examples, such as those
arising, for example, from point process convergence results in extreme value theory.
Furthermore, we develop new classes of solutions of the differential equations which
characterize optimal threshold functions. As a particular application, we give a fairly
complete discussion of the approximative optimal stopping behavior of independent and
identically distributed sequences with discount and observation costs.
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1. Introduction

The theory of optimal stopping of independent and dependent sequences X1, ..., X, is
a classical subject of probability theory for which many open problems remain and new
applications (for instance, in the area of financial mathematics) have been suggested. In a
series of papers an approximation method was developed in order to solve approximatively
optimal stopping problems for Xy, ..., X, by some limiting stopping problems for Poisson
and related point processes (see Kiihne and Riischendorf (2000a), (2000b), (2003), (2004)).
The basic assumption in this approach is convergence of the imbedded planar point process

D
Nn = ZS(i/n,X;’) — N

i=1

to some Poisson (or related) point process N. Here X" = (X; — b,)/ay, is a normalization of
X; induced typically from the central limit theorem for maxima. For the limiting Poisson-type
process N, which has accumulation points along a lower boundary curve, an optimal stopping
problem in continuous time can be formulated.

The optimal solution for this limiting stopping problem is given by a threshold stopping
time. The threshold function is determined by a first-order differential equation. This is in
analogy to stopping problems for diffusion processes which typically lead to free boundary
value problems with second-order differential equations for the stopping curve (the Stefan
free boundary problem). The differential equation for the optimal threshold function in the
Poisson case can be solved in several cases explicitly or numerically. Under some uniform
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integrability and separation conditions, a differentiability condition for the intensity measure
of N as well as an asymptotic independence condition in the dependent case of the optimal
stopping problem for X1, ..., X,, can be approximated by the optimal stopping problem for
the limiting Poisson-type process.

In this paper we establish some relevant extensions of interest for this approximation method.
In Section 2 we give a new and simplified derivation of the optimal stopping curve u for the
optimal stopping problem for continuous-time Poisson processes as above. These curves solve
a differential equation of the form

oo
u'(t) = —/ G(t,y)dy, te][0,1), u(l) =c, (1.1)
u(t)

with some guarantee value ¢ € R U {—oo}. Here G is defined explicitly via the intensity
measure of N and is called the ‘intensity function’. For ¢ € R, (1.1) has a unique solution and,
thus, characterizes the optimal stopping curve. For ¢ = —o0o, there may exist several solutions
of (1.1). While the finite case ¢ € R! has been dealt with in Kiihne and Riischendorf (2000a),
the case where ¢ = —oo has been left mostly open in the previous literature and has been
dealt with only under an uniqueness assumption on (1.1). Based on our new derivation of the
approximation result, we characterize the optimal stopping curve for ¢ = —o0o as the maximal
solution of (1.1). We also establish some uniqueness criteria for (1.1) in the case ¢ = —oo.
There are several interesting applications with ¢ = —oo (see, e.g. the examples in Section 5 of
this paper) which can be solved with our new extension of the approximation method.

The second main contribution of this paper concerns the differential equation (1.1), which
characterizes optimal stopping boundaries. The classical results from differential equations
for (1.1) concern the so-called separable case where G(¢,y) = a(t)b(y). However, even
in this case the known characterization results for solutions are typically not explicit but
need numerical tools. In this paper we introduce two interesting new classes of intensity
functions G—not leading to the case of separate variables in (1.1)—which allow us to solve
the differential equation (1.1) in ‘explicit’ form. For these classes of intensity functions, the
so-called ‘separation condition’, which is needed in our approximation approach to optimal
stopping problems, can be verified. In Section 4 we state an extension of the approximation
theorem in Kiihne and Riischendorf (2004, Theorem 2.1) for the optimal stopping of dependent
sequences. This is the second main ingredient of the approximation method. Our version gives
a precise uniform integrability condition which allows us to also treat the case ¢ = —oo (which
was not included in previous results) and allows for more general filtrations.

As an application of our extensions, in Section 5 we discuss in fairly complete form the
optimal stopping of independent and identically distributed (i.i.d.) sequences (Z;) with discount
factors (c¢;) and observation costs (d;), i.e. of

Xi=c¢Z; +d;.

Here ¢; and d; fulfill some criteria to ensure point process convergence, and (Z;) is an i.i.d.
sequence in the maximum domain of an extreme value distribution I', ®,, or W,. The new
results on the solution of the optimality equation in (1.1) and the inclusion of the case ¢ = —o0
allow us to complete some partial results on this problem in Kiihne and Riischendorf (2000b).
This kind of stopping problem was first considered in the i.i.d. case without discount and
observation cost in Kennedy and Kertz (1990), (1991).

It has been observed in several papers in the literature that optimal stopping problems may
have an easier solution in a related form for Poisson numbers of points, as, for instance, in the
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classical house selling problem (see Chow et al. (1971), Bruss and Rogers (1991), and Gnedin
and Sakaguchi (1992)). The approach extended in this paper makes this method applicable to
a wider class of examples. Based on the new results in this paper, an interesting extension to
multistopping problems has recently been proposed in Faller and Riischendorf (2011). Several
details and proofs in this paper have been omitted to save space; they can be found in the
dissertation of Faller (2009), on which this paper is based.

2. Optimal stopping of Poisson processes

We consider optimal stopping of a Poisson process N = ), §(, ) in the plane restricted
to some set .
Mp={(tx)el0, 1] xR: x > f(1)},

where f: [0, 1] - R U {—o0} is a continuous function describing the lower boundary of N.
We consider Poisson processes restricted to My which may have infinite intensity along the
lower boundary f. We assume that the intensity measure u of N is a Radon measure on M ¢
with the topology on M ; induced by the usual topology on [0, 1] x R. Thus, any compact set
A C My has only finitely many points. By convergence in distribution, i.e. N, 2 NonM 1
we mean convergence in distribution of the restricted point processes.

We generally assume the boundedness condition:

(B) E(sup; Yt < 0.

Let A, = (N(-N[0,7] x RN My)), t € [0, 1], denote the relevant filtration of the point
process N. A stopping time 7: Q2 — [0, 1] for N is a stopping time with respect to the
ﬁltre_ltion (Ar), 1.e. {T <t} e A t €[0,1]. In general, N may have multiple points. Denote

by Yr :=sup{Yx: T = 1}, supQ := —oo, the reward with respect to the stopping time 7.
For any guarantee value x € [c, 00], ¢ := f (1), define the optimal stopping curve with respect
to x by

u(t,x) = sup{E[)?T Vv x]: T > t astopping time}, t €0, 1),
u(l, x) :=E[Y; v x].

In contrast to Kiihne and Riischendorf (2000a) we consider stopping times 7' > ¢ and introduce
a guarantee value. This has some technical advantages with respect to the continuity properties
and leads to some changes in the optimal stopping time formulae. For notational convenience,
we write

u(t) == u(t,c), t €[0,1].

Every instance of u without arguments is to be understood as u(-, ¢). The critical point of N
for x is given by

fo(x) :=inf{r € [0, 1]: N((¢, 1] x (x, 00] N M s) = 0, P-almost surely}, inf & :=1.

The following lemma gives some basic properties of the optimal stopping curve u.

Lemma 2.1. (a) For any x € [c, 00], the optimal stopping curve u(-, x) is right continuous on
the interval {t € [0, 1]: u(t, x) > —oo}.

Mb)Forx,yeR, x <y,

O0<u(t,y) —u(t,x)<y—x, t €0, 1].
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(c) For x € [c, 0], x > —00,
to(x) = inf{r € [0, 1]: u(z, x) = x}, inf @ :=1.

Proof. For the proof, see Faller (2009).

In order to identify the optimal stopping curve u for the stopping of the Poisson process N,
in the following we generally assume that to(c) = 1, and that the intensity measure  of N is
a Radon measure on My and Lebesgue continuous with density g.

An important condition is the separation condition:

(S) assume thatu > f on [0, 1).

If ¢ = —oo then (S) implies the right continuity of u on [0, 1] and the validity of Lemma2.1(c)
for x = —oo also. By our general assumption fy(c) = 1, the separation condition (S) is in
general satisfied for c € Rif f < c.

With the additional guarantee parameter x, Theorem 2.5(a) of Kiihne and Riischendorf
(2000a) in our slightly modified form can be formulated as follows.

Theorem 2.1. (Existence and uniqueness of an optimal stopping time.) Let N satisfy conditions
(B) and (S). Then, for any x > c, the optimal stopping curve u(-, x): [0, 1] — [x, 00) is
continuous on [0, 1]. Furthermore,

u(t,x) =E[YrqxVvxl, tel0,1],
where the optimal stopping time T (t, x) at time t is given by
T(t,x) =inf{ty > t: Yy > u(tg, x)}, inf & :=1.
Thus, T (0, x) is an optimal stopping time for N, x at time 0. It is P-almost surely (P-a.s.)
unique.

Note that, by condition (S), in the ¢ = —oo case we have P(T'(t,c) < 1) = 1, or,
equivalently, u((¢, 1] x RN M,) = oo forall ¢ € [0, 1).

In the following we want to characterize the optimal stopping curve u# by a differential
equation. The following lemma will be needed in the ¢ = —oo case.

Lemma 2.2. Let N satisfy the boundedness condition (B), and define

v(t) = limu(z, x), t €[0,1].
xle

If, for some continuous function w: [0,1) — R, v > w > f holds on [0, 1), then v = u. In
particular, the separation condition (S) is satisfied.

Proof. For t € [0, 1], let T,(t) := inf{txy > t: Y > v(wx)}, inf @ := 1, denote the
threshold stopping time of v. This is a stopping time for N since v > w > f on [0, 1). Then
u <v <u(-x) and, thus, T,,(t) < T (¢, x). Furthermore, ?T(t,x) Vi — YTU(,) V ¢, P-a.s. for
x | c. This follows from our modified definition of T'(¢, x) = inf{ty > t: Y; > u(tx, x)} (in
comparison to the usual ‘>’ definition) and the fact that the thresholds u(-, x) converge to v.
Thus, by Fatou’s lemma, it follows that

u(t) < v(t) =limu(t, x) = imE[Yr¢.0 V x] < E[Y7,0) V ] < u(?).
xlc xlec
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For any continuous function v: [0, 1] — R U {—o0} with v > f on [0, 1) and threshold
stopping times
Ty(t) :=inf{ty > t: Y > v(t)}, inf@:=1,

for ¢ € [0, 1), the Poisson assumption allows us to calculate the joint distribution of
(Ty(t), Yr,(1))- By standard arguments for Poisson processes we obtain the following result.

Lemma 2.3. Let N satisfy condition (B). Then the distribution of (T,(t), )_/Tu(t)) on[0,1) xR
has Lebesgue density
e MSHREOMD g (s, 2) xu, (s,2) if' s € (1, 1),
Fi(s,2) := :
0 if s € [0, ¢].

In the sequel we will need the following differentiability condition on the density g of u.

(D) Assume that there exists a version of the density g of w on My such that the intensity
function

G(t,y) :=/ g(t,z)dz 2.1
y

is continuous on My N [0, 1) x R. Furthermore, assume that limy_, o, yG(¢, y) = 0 for
allr € [0, 1).

Based on Lemma 2.3, we now prove that, for x € [c, 00), the optimality equation for a
threshold function v, i.e.

v(t) = E[YTu(t) vx], tel0,1), v(l) =x, (2.2)

which, by Theorem 2.1, is fulfilled in particular for the optimal stopping curve u(-, x), is
essentially equivalent to a first-order differential equation:

v’(t)=—/ G(t,y)dy, te[0,1), v(l)=x. (2.3)
v(t)

In order to apply the differentiation and integration rules needed in the proof of this equiv-
alence, we assume that the differentiability condition (D) holds. In the following we give
a simplified proof of Theorem 2.5 of Kiihne and Riischendorf (2000a) and add essential
information to the important ¢ = —oo case. In this case a solution of the differential equation
(2.3) does not need to satisfy the optimality equation (2.2), but we give a formula for the
difference between v(r) and the expected value E Y7, (), which will be used later to derive
uniqueness results for the differential equation (2.3).

Proposition 2.1. (Equivalence of the optimality equation and differential equation.) Let N
satisfy conditions (B) and (D), and let v: [0, 1] — R U {—o0} be continuous with v > f on
[0, 1) and x € [c, 00).

(a) If v satisfies the optimality equation (2.2) then it also satisfies the differential equation
(2.3).

(b) If x € R and v satisfies the differential equation (2.3), then v satisfies the optimality
equation (2.2).
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(c) If x = —oo and v satisfies the differential equation (2.3), then, fort € [0, 1),

v(t) — 131%111 v(s)e MUsDRIMY) — By, o (2.4)

As v is assumed to be continuous and v(1) = —oo, this implies that v(t) < E f’Tv(,).

Proof. We will make use of the partial integration formula which states that, for p > 0
measurable satisfying [~ zp(z) dz < oo and limy_, o y f}oo p(z)dz=0fora € R,

f zp(2) dz:a/ p(z)dz+/ / p(z)dzdy. (2.5)
a a a y

(@) Fort < 1, with T(t) := T,(¢t),
v(t) = E[Yr(y vV x] = E[Yr() x(Tty<1y] + X P(T(t) = 1).

Since v(t) > —oo fort < 1, we obtain P(T'(t) = 1) = 0 if x = —o0. Without loss of
generality, in the x > —o0 case we can assume that x = 0 (by shifting the point process and v
by —x). Consequently, we obtain, by (2.5),

v(t) = E[Yr(y xi7()<1y]

1 poo
= / / zg(s, 2) dze*//«((t,s]x]RﬂMv) ds
r Ju(s)

1 00 poo
2/ <U(s)h(s) + / g(s, 2)dz dy)e_/“c((t’s]XRﬂMv)ds’
! v(s) Jy

where hi(s) := [, g(s,2) dz = G (s, v(s)).
By condition (D) and the continuity of v, & is continuous. For f (s, t) differentiable in s and
continuous in 7,

d ! Id
— ,t)ds = — f(s,t)ds — f(t,1).
dtf,f(s)s ,/tdtf(s)s f(, 1)
Since pu((t, s] x RN M) = — [} fvo(i) g(r,z)dzdr = — [ h(r)dr is differentiable in 7 with
derivative h(¢), we obtain
o0 o0 o0
V() = v()h(t) — <v(t)h(t) + / g(t,z)dz dy) = —/ G(t,y)dy.
v(t) Jy v(t)
(b) Lett < r < 1. Similarly as in (a) and using condition (D), we obtain

oo
/ g(s,z)dz dy>e—u((t,s]xJRva) ds
v(s) Jy

o0

,
E[Yro) X7 (1)<r)] =/ (v(s)h(s) +
t
,
=/ (w(s)h(s) — U’(S))e—u((t,s]meMU) ds
t
= /r v(s)h(s)e_'u((z,s]x]RﬂMv) ds
t

- ([v(s)e"((””XRnM“)]r + [r v(s)h(s)e HESIXROMy) ds)
t
t

= v(r) — v(r)e HTIXERNM),
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With r = 1 and using the fact that P(T(¢) = 1) = P(N(#t, 1] x RN M,) = 0) =
e~ HIIXROMy) “we obtain (b) as v(1) = x.
(c) Fort < 1, as in (b), using Fatou’s lemma, we obtain

—oo < v(t) < limsup E[Y7() x(7()<r}] < E[YT(0) x(7 () <13
rtl

Thus, YT([)X{T(I)<]} is integrable. This implies uniform integrability of {YT(t)X{T(t)<r} |0 <
r < 1}, and, thus, convergence of the expectations. Furthermore, from the proof of (b), it
follows by condition (B) that w((t, 1] x RN M,) = oo as v(r) | —oo forr 4+ 1. As
P(T(t) = 1) = P(N((r, 1] x RN M,) = 0) = e~ #(EIXROM) — e obtain T(r) < 1,
P-a.s. and, thus,
v(t) < v(t) — 11%111 v(s)e MUSDROMY) — gy,
S

Based on the equivalence in Proposition 2.1, we now establish that the optimal stopping
curve can be described as the solution of the first-order differential equation (2.3). We will see
that the separation condition (S) is equivalent to the existence of a solution v > f on [0, 1)
with v(1) = c. This also holds in the ¢ = —oo case. We first treat the case of a finite guarantee
value.

Proposition 2.2. Let x € [c, 00) N R, and let N satisfy conditions (B) and (D).

(@) If vy, v2: [0,1] - Rwithv; > f on [0, 1) are solutions of the differential equation
(2.3), then vi = vy.

(b) Ifasolution v: [0, 1] — R of (2.3) exists such that v > f on [0, 1) then u(-, x) = v. In
particular, if x = c then the separation condition (S) is satisfied.

Proof. (a) See Kiihne and Riischendorf (2000a, p. 310).

(b) By Proposition 2.1(b), v satisfies the optimality equation (2.2). By the definition of
u(-, x), u(t,x) > E[)_’Tv(,) VvV x] = v() > f(t) forall t € [0,1). By Theorem 2.1 and
Proposition 2.1(a), u(-, x) solves (2.3) and by part (a) we thus obtain u(-, x) = v.

In contrast to the case of a finite guarantee value x, uniqueness of the solutions of (2.3) does
not hold for x = —oo. The following theorem identifies the optimal stopping curve in the set
of all solutions of (2.3) as the largest one. It also gives a criterion for uniqueness.

Theorem 2.2. Letc = x = —o0, and let N satisfy conditions (B) and (D). Also, letv: [0, 1] —
RU{—00} be a solution of the differential equation (2.3) withv > f on[0, 1). Then the following
statements hold.

(a) We have v < u. In particular, the separation condition (S) is satisfied and so u is also a

solution of (2.3).
(b) If; for some function b: [0, 1) — R, we have u < b (as, e.g. for b(t) := Elsup,, -, Y1)
and
t
lim inf & < 00, (2.6)
1 b(t)
then u = v. If (2.6) holds with v replaced by f then the solution of (2.3) is uniquely
determined.
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(c) Let ug denote the optimal stopping curve of Ny := N(-N[0, s]x RﬁMf), letbh: [0,1) —>
R satisfy u < b, and assume that, for every s € (1 — ¢, 1) with some ¢ > 0, there exists
a function ay: [0, s) — R with f < as < ug on [0, s) such that
. limsupgyy ag(2)
liminf ———
i1 b(t)
Then the solution of (2.3) is unique.

2.7)

Proof. (a) The proof follows from Proposition 2.1(c).

(b) By Lemma 2.1, u is continuous and, therefore, u solves (2.3). If v # u then, as in the
proof of Proposition 2.2, it follows that u > v and u’ > v’ on [0, 1). With w(s) := u(s) — v(s)
for s € [0, 1) we have
u(s)

oo

/Oog(s,x) dxdy > w(s) g(s, x)dx,
y

w'(s) =u'(s) —v'(s) = / o

(s)

and, thus,
8 / o0
S togtwn = 2 = [ gmar.
as w(s) u(s)
By integration we obtain w(t) > w(O)e”([O’t]XR”M”). Since, for v = u, equality holds in (2.4),
we obtain
lim u (r)e = #(OENM) —
111 ’
and, thus,
v(t) w(t) 1
20 ' e > w(o)_u(t)eiu([o’tlmeMu) — oo fort 1 1.
Since u(t) < b(t), it follows that
w > M —o00 ast 1,
b() ~ u(t)

contradicting our assumption. Thus, v is the optimal stopping curve. If (2.6) holds for f then
it also holds for any solution v > f. Thus, uniqueness follows.
(c) See Faller (2009).

To verify the separation condition (S) and, thus, the existence of a solution of (2.3) (which is
an assumption of Theorem 2.2), or to construct the functions a; used in part (c) of Theorem 2.2,
we can use a comparison argument given in the following proposition.

Proposition 2.3. Let N and N, be Poisson processes on My which satisfy conditions (B)
and (D), with intensity functions G and G4 and optimal stopping curves u(t, x) and u,(t, x).
Furthermore, let N, satisfy condition (S), and let u(-, x) > f forall x > c. Then, for any s €
[0,1),G = Gyon[s, 1) xRNM s implies that u(t, x) > u4(t, x) forall (t, x) € [s, 1]x[c, o0].
In particular, if G > G, then condition (S) is also satisfied for N.

Proof. Assume first that x € R. For any 7 € [s, 1) with u(?, x) < u.(t, x), it holds that

u'(t, x) < ul (¢, x) since

u'(t, x) = _/00 G(t,y)dy < _/‘00 G(t,y)dy < _/‘00 G (t,y)dy = u;(t,x).

(,x) U (t,x) U (t,x)

Assume that, for some r € [s, 1), u(r, x) < uy(r, x).
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Since u(1, x) = u4(1, x) = x, there exists a o € (r, 1] such that u(#y, x) = u4(t9, x) and
u(t,x) < uy(t, x) forall t € [r, tp). This implies that

to o
u(ty, x) —u(r,x) = / u'(t, x)dr < f ul (1, x) dt = u,(to, x) — u(r, x),
r r

and, thus, u(r, x) > u.(r, x).
In the x = —o0 case we obtain, from Lemma 2.2, u > u, > f on[s, 1).

For some applications of this comparison principle, see Faller (2009).

Example 2.1. Let the intensity function be of the form G(z, y) = A(t)e 5®WY on [0, 1) x
(—00, 0o] with continuous functions A, B: [0, 1) — R such that A > 0, A(¢) > 0 for large ¢,
fol A(t)dt < 00, and B > 0 is bounded such that liminf;4; B(¢) > 0. Then we can compare
G, Gy, l.e.

Ae ™ ify >0,
G(t,y) = Gult, y) == o

Ae ™ ify <O,
where M := sup B and m := inf B. Thus, by Proposition 2.3 and using the terminology of
Theorem 2.2(c), we obtain

us(t) > as(t) =y (1) = %10g<$(1 — exp(—d /S A(r)dr)))
t

withd := 1 —m/M > O for large enough ¢ < 5. Similarly, by estimating G from above,

1
u(t) <b() := %log<$<l — exp(—d// A(r) dr)))
t

with d’ := 1 —m/M < 0. This implies that condition (2.7) holds as lim, olog(l —
e *)/log(e" — 1) < oo for any v > 0. Consequently, uniqueness of the solutions of (2.3)
follows.

With w(r) := e*® we find as a particular consequence that the differential equation

w'(t) =—-AOw®)' 0, refo, D),  wl) =0,
has a unique solution w such that w > 0 on [0, 1).

3. Explicit solutions of the optimality equation

In Section 2 the optimal threshold function was characterized by the differential equation
(2.3), which, by the results in Section 2, we also call the optimality equation. In the case
where the intensity function G is separable, i.e. G(¢, y) = a(t) H(y), a characterization of the
existence of solutions is given by a classical result on differential equations in separate variables
(see Kiihne and Riischendorf (2000a, Proposition 2.6)). However, note that even in this case
the characterization is in general far from an ‘explicit’ form of the solution. The second main
point in this paper is the introduction of some new classes of intensity functions G (¢, y) which
allow us to establish ‘explicit’ solutions of the optimality equation (2.1). An important class of
applications of this development is given in Section 5 to optimal stopping of i.i.d. sequences
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with discount and observation costs. For further interesting applications of this development
to a general treatment of multistopping problems, see Faller and Riischendorf (2011).

In the following we will introduce two classes of intensity functions, which allow us to give
an explicit form for the solutions of (2.3). These intensity functions are of the form

_af 2 \YO
Gy = H(v(r)) o) ©-1)
and
G(t,y) = H(y — v (0). (3.2)

It should be noted that the functions v used here are different from the threshold functions used
in the last paragraph. The function v in the representation of G (¢, y) is in general not unique.
The main reason for introducing the type of representations given in (3.1) and (3.2) is that they
imply that v is up to a normalization concerning the boundary value a solution of the optimality
equation (2.3). Thus, (3.1) and (3.2) are particularly useful representations of G concerning
solutions of (2.3). To see this connection, note that the optimality equation for u can be written
by substitution in the equivalent forms:

o0

o0 o
W(1) = —/( 00y = - [ Gesuwmuway == [ 6y +uway.
u(r

In both representations (3.1) and (3.2) v is therefore verified to be up to a normalizing constant
and up to the boundary condition a solution of (2.3). This crucial observation motivates the
representations in (3.1) and (3.2). We will see in the following that, for both (3.1) and (3.2),
under some conditions on H, v explicit solutions of the essential differential equation (2.3) can
be found for any boundary value. This needs a detailed study of several cases.

Let f: [0, 1] - R U {—o0} be a continuous lower boundary function, and, as before, let
¢ := f(1). Let N be a Poisson process on My with intensity function G which satisfies
conditions (B) and (D).

3.1. First class of intensity functions

Let f = av on [0, 1) with @ € R U {—oc} and a monotone C!-function v: [0, 1) — R,
v > 0, and assume that G is of the form

o Y YO
Gty )_H<v<t>> o(0) ©3)

with some monotone nonincreasing continuous function H: (a,c0] — R, H > 0. Assume
that faoo H(y)dy > 0, and that v is not constant in_(l — &, 1) for some & > 0, so that 1 is the
critical point for c¢. Define v(1) := lim;4; v(¢) € R. The following example shows how the
case of separate variables fits into the form given in (3.3).

Example 3.1. Let a: [0, 1] — [0, oo] be continuous and integrable, and define A(f) :=
ftl a(s)ds.

(a) For o > 1, the intensity function G (¢, y) = a(¢t)y~® on [0, 1) x (0, oo] is of the form
given in (3.3) with H(y) = (@ — 1)y and v(r) = ((or/(x — 1)) A(2)) /2.

(b) For @ > 0, the intensity function G(¢, y) = a(t)(—y)* fory < 0and G(¢, y) = O for
y > 0on [0, 1) x (—o0, oo] is of the form given in (3.3) with H(y) = 0 for y > 0 and
H(y) = (@ + D(—=y)* for y <0, and v(t) = ((a/ (e + 1)) A(1)) "/
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Representation (3.3) is in general even for fixed H not unique since v has to satisfy only a
differential equation without an initial value. It depends on H, for which initial value solutions
can be found. We distinguish three cases: v(1) =0, v(1) = 1, and v(1) = co. (If v(1) =d €
(0, 00), consider v(¢) := v(t)/d and absorb the d into H by considering H(x) := H(x/d).)
The cases v(1) = 0 and v(1) = oo lead to a simpler structure of solutions.

For v monotonically nonincreasing, we define

R(x) :=x— /OO H(y)dy, x € la, 00). 3.4

Then R: [a, o0) — R is concave and monotonically nondecreasing.
For v monotonically nondecreasing, we define

R(x):=x+ /OO H(y)dy, x € (a,0), R(a) .= liin R(x). 3.5)

In this case R: [a, 00) — R is convex.

The form of solutions of the optimality equation (2.3) with boundary value x depends
critically on the existence and on the number of zero points of R. In the following we reduce
the problem of solving the optimality equation (2.3) for all boundary values x to finding solutions
® of the differential equation
P (x)

=25

£0. (3.6)

Solutions of (3.6) are given, e.g. by

1
®(x) = — dy),
0 exp(/xo RO) )

with xo chosen such that the integral exists. The inverse mapping ¢ of ® exists and solves the
equation

¥ =" 37)

The definitions of R given in (3.4) and (3.5), and the solutions of (3.6) and (3.7) will allow us
in the following to construct solutions of the optimality equation (2.3) for any boundary values
and to verify the separation condition (S).

In the following we omit some of the simple calculations. We distinguish four cases.

Case 1: v monotonically nonincreasing, v(1) = 0. Then ¢ = 0. Let a > 0, and assume
that R(r) = 0 for some r > a. Then the separation condition () is satisfied and the optimal
stopping curves are given by

X
()

where ¢: [0, co) — [r, 00) is the inverse to

d: [r,00) = [0, 00), D(x) :xexp(— /00<$ — %) dy).

In particular, the optimal solution u is given explicitly as u(¢) = rv(t).

u(t,x) = (]b( )v(t), (t,x) €[0,1) x [0, 00),
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For the proof, we first note that @ satisfies the differential equation (3.6) and ¢ satisfies
(3.7), and then establish that u satisfies the optimality equation (2.3). By definition,

x \v()
u(t,x) = ¢<v(t)>_x —x ast— 1,

since limy 00 ¢ (y)/y = limy 00 x/P(x) = 1. Thus, the boundary condition is satisfied.
Furthermore,

0 . X —xv/(t) »
5“(”“)_"’(%) ()2 (”"’( ())”()

RO/ —xv/ (1)
=T 0 o0 +¢( (t))”(’)

X o0 X
—_ —_— H d / e /
( ¢<v(z)> * /¢(x/u(z)) W y)v ® +¢<v(t)>v @)
= /Oo H(L) V(1) dy
ooy V(@) ) v()

o]

= —f G(t, y)dy.
u(t,x)

Thus, u(-, x) solves the optimality equation (2.3).
It remains to show that f (1/R(y) —1/y)dy < oo for x € (r,00). With I(y) :=
f H (x) dx we have

1 1 1(y) 1
-5 =3

_ _ 1(y) <Ci
Ry vy yO-=I1() vy

1—1()/y = y¥

and, thus, the integral is finite.
Case 2: v monotonically nondecreasing, v(1) = oo. In this case we have ¢ = —o0. Let
a < 0, and assume that R(r) = 0 for some a < r < 0. We also assume in this case that

[e'¢) 0 H(x)
/ H(x)dx =0 and / dx <oo fory <0.
0 y —X

Under this assumption, the separation condition (S) is satisfied and the optimal stopping curves
are given, for (¢, x) € [0, 1) x R, by

X ifx >0,

¢< (t)>v(t) ifx <0,

with ¢: [—00, 0] — [r, 0] the inverse of

071 1
o [r,0 —00, 0], ) = —— ——)dy]).
17> 01 = =0, 0] © xexp(fx (y R(y)) y)

In particular, the optimal solution u is given by u(t) = rv(¢).

u(t,x) =
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For the proof, note that ® solves the differential equation (3.6), while the inverse ¢ solves
3.7). We have to establish that f (1/y —1/R(y))dy < oo for x € (r,0). Again, with
1(y) = f H (x) dx we obtain the estimate

11 1w 1 IW/y 1 HY)  _ HO)
y R yo+I1() —yl1-I1y/(=y) —yl-H@y)~ -y

fory < Owith H(y) < 1 —1/C < 1. By assumption, this is integrable. As in case 1, we
find, by similar calculations, that u (¢, x) satisfies the optimality equation (2.3). Thus, the result
follows.

The following two cases are derived similarly to cases 1 and 2, and, therefore, we only state
the results.

Case 3: v monotonically nonincreasing, v(1) = 1. Then ¢ = a. Let r > ¢ be such that
R(r) = 0. We assume that ff R(y)~'dy > —oo for some x € (c, r). This is, e.g. the case
when ¢ € R. Under this assumption, the separation condition (S) is satisfied and the optimal
stopping curves are given, for (¢, x) € [0, 1) x [c, 00), by

¢1<q)l(x)>v(t) ifr <x < oo,

v(t)
u(t,x) = { xv(t) ifx =r,
¢2<q22((t))c)>v(t) ife<x<r,

where ®1: (r,00) — R and ®5: [c,r) — R are solutions of (3.6), and ¢; and ¢, are the
inverses. The function ®, can be chosen as ®;(x) := exp(fc R(y)~'dy).

The boundary case x = r is particularly simple here.

Case 4: v monotonically nondecreasing, v(1) = 1. Then ¢ = a. We have to distinguish
three cases. In each of these cases the solution is similar to case 3 and will therefore be omitted.

In conclusion, the v(1) = 0 and v(1) = oo cases yield solutions of a simpler structure
compared to the v(1) = 1 case. Thus, a representation of G as in (3.3)—which is not unique—
is preferable if it leads to one of the first two cases.

3.2. Second class of intensity functions

Let f =a+von|0,1)witha € RU {—oco} and a monotone Cl-function v: [0,1) —> R
with v(1) := limsy1 v(2). B

We consider intensity functions on M N [0, 1) x R of the form

G(t.y) = H(y —v()[v' @) (3.8)

with a continuous monotonically nonincreasing function H : (a, oco] — R, H > 0, such that
faoo H(y)dy > 0. We assume that v is not constant in (1 — ¢, 1) for some ¢ > 0, so that 1 is
the critical point of c.

As an example, let a: [0,1] — [0, oo] be continuous and integrable, and let, as in
Example 3.1, A(¢) := ftl a(s)ds. Then the intensity function G(¢, y) = a(¢t)e™ on [0, 1) X
(—o0, 00] is a case of separate variables. It fits into the form (3.8) with H(y) = e™> and
v(t) = log A(t).

If v is monotonically nonincreasing then we define

R(x) =1 —/ H(y)dy forx € [a, 00).
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The function R: [a, 00) — [—o00, 1) is concave and monotonically nondecreasing. If v is
monotonically nondecreasing then we define

R(x): =1+ /‘00 H(y)dy forx € [a, c0).

In this case R: [a, 0c0) — [1, 00) is convex and monotonically nonincreasing.
We construct optimal stopping curves by means of solutions of the equation

' (x) =

. 3.9
) (3.9)
Equation (3.9) is solved, e.g. by ®(x) = f;}(l/R(y)) dy, where xg is chosen such that the
integral exists. The inverse function ¢ of @ satisfies

¢'(2) = R(¢(2)).

Similarly to the examples in cases 1-4, we obtain explicit forms for the solution u(¢, x) of
the optimal stopping curves. The arguments are similar and, therefore, we essentially only state
the results.

Case (i): v monotonically nonincreasing, v(l) = —oo. Then ¢ = —oo. Assume that
R(r) = 0 for some r > a. We further assume here that

o0 o0
/ / H(x)dxdy <oco forz>r.
= Jy

Then the separation condition (S) is satisfied and the optimal stopping curves for (¢, x) €
[0, 1) x R are given by

ut,x) =¢x —v@)) +v@),

where ¢ : R — [r, o0] is the inverse of ®: [r, c0] — R, given by

*/ 1
d(x) :=x —/); (Fy) — 1) dy.

The optimal stopping curve u is given by u(¢) = r + v(¢).

For the proof, note that ® solves the differential equation ®'(x) = 1/R(x) and ¢ solves
¢’ (z) = R(¢(z)). Consequently, as in case 1, we find that u (-, x) solves the optimality equation
(2.3) with boundary value x. We still need to show that fxoo(l/R(y) —1dy <ooforx €
(r, 00). With I (y) := f?o H (x) dx we obtain the bound

IR i) N
R(y) 1—-1()

The last term is integrable by assumption.

The next two cases allow similar explicit solutions but are not used in the applications in
Section 5 and, therefore, are not explicitly stated. For details, see Faller (2009).

Case(ii): v monotonically decreasing, v(1) = 0.

Case(iii): v monotonically increasing, v(1) = 0.

<CIl(y).
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Remark 3.1. We can extend the class of intensity functions for which solutions can be given in
a simple way by translations. Let N satisfy conditions (B), (S), and (D) with intensity function
G on My. For d € R, consider the intensity function

Gu(t,y) =G,y —d), (t,y)eMfia.
Then the optimal stopping curves u,4(-, x) with respect to G, and ¢4 := ¢ + d are given by
ug(t,x) =u(t,x —d)+d for(t,x) €0, 1] x [cq4, 00]. (3.10)

For x € R, (3.10) follows by a simple calculation. For x = —o0, (3.10) follows by means
of Lemma 2.2.

As an application of Remark 3.1, we consider the following example, which is relevant in
Section 5 for the stopping of i.i.d. sequences with discount and observation costs.

Example 3.2. In this example ¢ € R denotes a real constant and the guarantee value is —oo.
On [0, 1) x R, consider

0 if 2 >d,
Gealt, y) v 3.11)
C,d ’ = o .
l<_L+d> 2 4
t v(t) v(t)

with v(¢) := 171/, where @ > O and ¢, d € R with ¢ # 1/a. These intensity functions satisfy
(3.3) with

0 ifx >d,

Hx) = (—x+d)* ifx <d.

[1— cal
By cases 3 and 4, the optimal stopping curve u. 4 of the Poisson process N = N, 4 with

intensity function G = G 4, where u 4(t) := u¢ q4(t, —00), is given by

1
Ued(t) = ¢c,d<m>v(t)- (3.12)

Here ¢ 4 is the inverse of

* 1
D, g(x) = exp(/ Rea(y) dy).

The function @, 4 is defined on [—o0, r], where r is the smallest zero point of

X ifx >d,

Reary=qy @ (—x + )t ifx <d,
a+11—ca

or r := oo if no zeros exist. The function ¢, 4 is defined on [0, 1] if ¢ < 1/«, and on [1, oo] if
c>1/a.
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For d = 0, all functions can be calculated explicitly. The primitive of 1/(y — c¢(—y)**1) is
given by —(1/a) log [(—y)™%/c + 1| and, consequently, we obtain

o 1 1—ca e
Ueo(t) = — (I—17% :

a+11—ca
X ifx >0,
Ueo(t,x) = @ . ~1/e
' - 1 -t~ —x) ¢ if 0.
(ot+11—ca( )+ (=x) ) ne=

For d # 0 and general o, ®. 4 and ¢. 4 cannot be calculated explicitly. We can, however,
derive the following bounds (see Faller (2009) for details). B
Ifc>1/aandd > 0orc < 1/a and d < 0, then, for all (¢, x) € [0, 1] x R,

uco(t,x —dv(t)) +dv(t) <ucq(t,x) <ucolt,x —d)+d.
In the other cases ¢ > /e andd < Oorc < 1/ andd > O,

uco(t,x —d)+d <ucaq(t,x) <uco(t,x —dv(t)) +dv(t). (3.13)
In particular, we obtain in all cases

lim(uc,q(t) —uco(r)) =d. (3.14)
1

Equation (3.14) opens up another way of calculating u. 4 numerically. In the first step we
should solve the differential equation for u. 4 — u.o. This is relieved by the fact that the
initial value 4 is finite. In the second step we just add the explicitly known constant u. o to
obtain u. 4.

For the proof of (3.13), assume that d < 0 and ¢ < 1/«, and, thus, that v is monotonically
nonincreasing. The other cases follow similarly. Choose #; € [0, 1). Then, for ¢ € [#1, 1),
e :=v(f1) > v(t) > 1 and we have

GC,d([9 )’) > GC,O(tv y - gd)

By the comparison result (see Proposition 2.3) and Remark 3.1, we obtain, for the optimal
stopping curves,

Ucd(t,x) > uco(t,x —ed)+ed fort>1t.
This holds in particular for ¢ = #1. In the opposite direction we have, for all ¢,
Gealt,y) = Geolt,y —d),
and, thus,
Ued(t,x) < ucolt,x —d)+d.
4. Approximation of optimal stopping problems

In this section we state an extension of the approximation result in Kiihne and Riischendorf
(2004, Theorem 2.1) for optimal stopping problems for dependent sequences. In particular, we
add essential information to the important case ¢ = —oo. We also extend the approximation
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result to general filtrations, which is useful when dealing with dependent sequences. In Section 5
we apply this extended approximation result and the developments of the previous sections to
the optimal stopping of i.i.d. sequences with discount and observation costs.

As in Section 2, let N be a Poisson process on M ¢, let the intensity measure 1 have Lebesgue
density g, and let ¢ := f(1) and 79(c) = 1. Let u(z, x) and u(¢) denote the optimal stopping
curves of N, let T'(¢, x) and Y T(:,x) denote the optimal stopping times and rewards, and assume
that conditions (B) and (S) hold in general.

Forn € N, let X{, ..., X}, be real random variables with E(X;’)+ < oo adapted to the

filtration £" = (F")o<i<x and such that \_rtln | C F L’;&L NE For the imbedded point process,

n
Ny = 25(i/n,xy)
i=1
in [0, 1] x R, we define the optimal stopping curve with respect to " with guarantee value
x € [c, 0o] by

uy(t, x) i = Wen (X} Vx,...,X"Vvx), t €[0,1),
n [tn]+1 n (4.1)
u, (1, x) == x.

Here W#» denotes the optimal stopping value over all £"-stopping times. In detail, (4.1) is
given by
u,(t, x) = esssup{E[XT V x | ?‘L’ZM]: T > tn, T is an F"-stopping time}

=E[X7 (VX | F, ] P-as,

with optimal stopping times
i
T, (t, x) = min{tn <i<n:X;> un<—,x)}, T.(1, x) :=n.
n

The function u, (-, x) is a right-continuous piecewise constant curve. It is monotone in the
sense that, for0 <s <t <1,

un(s, x) > Elu,(t, x) | ?ﬁnJ] P-as.

In the other direction, inductively by the recursive definition of optimal thresholds, for0 < s <
t <1, we obtain

un(s, x) < E[ max X! Vu,(t, x) ‘ ?’ﬁnj] P-as.

s<i/n<t

An important condition in the dependent case is the following asymptotic independence condi-
tion.

(A) ForO<s <t <1,

P( max X!V f(s) <x } ‘?L’;nJ) i>P< sup Yi Vv f(s) §x) for all x € R.

s<i/n<t S<T} <t
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We need the uniform integrability condition:
(U) M,f, with M, := max;<;<, X", is uniformly integrable and E[lim sup,,_, ., M, < oc.

The addition E[lim sup, M +] < 00 can be omitted when ¥ is the canonical filtration and
Ny 2 Non ([0, 1] x R) \ graph(f). In this case the Skorokhod theorem is applicable and
the above additional condition is a consequence of condition (B) for N, which is assumed
throughout this paper. To ensure uniform integrability in the ¢ = —oo case, the following
uniform integrability condition from below is postulated, which is a functional version of the
corresponding condition in Kiihne and Riischendorf (2004).

(L) For some sequence (v,),eN of monotonically nonincreasing functions v,: [0, 1] —
R U {—o0} with v, — u pointwise, all # € [0, 1), and the corresponding threshold

stopping times
T,(1) = min{tn <i<n:X!> vn<l—>},
n

lim lim SUp ELXG ) X(7, y>sm] = O

it holds that

Conditions (L) and (U) imply uniform integrability of (X’ ; " )),,EN (see Faller (2009, p. 30)).
For notational convenience, we write

T, :=T,0,c) and T :=T(0,c).

Theorem 4.1. (Approximation of stopping problems.) Assume that N, > NonM f» and that
conditions (A) and (U) hold. If c = —oo then we additionally assume that condition (L) holds.

(a) Forall (t,x) € [0, 1] x [c, 00),
»
u,(t,x) — u(t, x).
If c € R and assuming that (M) = oo or X! N ¢, then
T _
<f X'T'n> 2 (T, Yr Vo).

(b) Ifc € Rand X}, —> c, then T,, :=min{l <i <n: X! > u(i/n)} is an asymptotically

optimal sequence of stopping times, i.e.

EX'} — u(0).

If c = —o0 then f",, =min{l <i <n: X! > v,(i/n)}, with v, from condition (L), is
an asymptotically optimal sequence of stopping times and E X ’; — u(0).

For a detailed proof of this extended approximation result, we refer the reader to Faller
(2009, Satz 1.20).
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5. Optimal stopping of i.i.d. sequences with discount and observation costs

Based on the results in Sections 2—4, we are able to give a fairly complete treatment of
the optimal stopping problem of i.i.d. sequences with discount and observation costs. Some
particular instances of this problem were established in Kiihne and Riischendorf (2000b). The
problem goes back to Kennedy and Kertz (1990), (1991) in the i.i.d. case.

Let (Z;) be an i.i.d. sequence with distribution function F in the domain of attraction of an
extreme value distribution G; thus, for some constants a,, > 0, b, € R,

n(l — F(apx + by)) — —logG(x),  x eR. 5.1)

Consider X; = ¢; Z; + d;, the sequence with discount and observation factors, ¢; > 0, d; € R,
and both sequences monotonically nondecreasing or nonincreasing. For convergence of the
corresponding imbedded point processes,

n
Nu =D 80 m Xy i) (5.2)

i=1

the following choices of a,, and b, turn out to be appropriate:

ay, = cpay, by :=0, forF e D(®,)orF € D(V,),

~

an = Cpay, b, :=cpb, +d, for F € D(A).

Here &, ¥,, and A are the Fréchet, Weibull, and Gumbel distributions, and a, and b, are
the corresponding normalizations in (5.1). We give further conditions on ¢; and d; to establish
point process convergence in (5.2). Related conditions are given in De Haan and Verkaade
(1987) and in Kiihne and Riischendorf (2000b) in the treatment of i.i.d. sequences with trends.

In the following ¢ denotes some general constant and not as before the guarantee value.
The guarantee value of N is given by 0 in the &, case and generally by —oco in the W, and A
cases. This application shows the importance of treating the case with lower boundary —oo as
in Sections 2—4. We state the optimality results for all three cases.

Theorem 5.1. Let F € D(®y) witha > 1 and F(0) = 0. Also, let b, = 0, and assume that

d
" q, M e forallr €10,1]
CnQp Cn

for constants ¢, d € R, and that c,, does not converge to 0. Then

o0 iffe<——,
o
d /oo ! ! d if ! d>0
ex - — >——,a>y
P 4 \x R(x) * ve o
E X7, 1 /e 1
A—T—> ad ifc>——,d=0, (5.3)
an a—114ca o
/1 1 | , 1
exp - — dx — dx) ifc>——,d <0, r=o00,
1 \x R a RX) o
1
0 ifc>——,d<0,r < oo,
(07
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where r > d is the smallest zero point of

o

R =
x) x+a—ll+ca

x—d)™*" x e, ),

and r := o0 if R has no zero point greater than d.
For the values of c and d where the limit in (5.3) is not 0 or 0o, we determine asymptotically
optimal sequences of stopping times. For ¢ > —1/ua, define

1
u(t) := ¢<%)v(t) (5.4)

with v(t) := ttV/% and ¢ the inverse of ®: [d,r] — [1, oo, given by

ol
D (x) ::exp(/d ry)dy).

Then T, = min{l <i <n: X; > a,u(i/n)}is anasymprotically optimal sequence of stopping
times, i.e. the sequence of normalized expectations has the same limit as in (5.3).

Theorem 5.2. Let F € D(Wy) witha > 0 and F(0) = 1. Also, let a,, | 0 and b, = 0, and
assume that

d
"o g, LM e forallr €10, 1]
Cnln Cn

for constants ¢, d € R. If d, > 0 then assume that either (d,),eN is monotonically nonde-
creasing or cyay does not converge to 0. Then

1
00 ifc < —,d >0,
o
o 1\ Ve 1
— ifc<—,d=0,
a+11—ca o
d < /d ! d> if ! d<0
exp| — x) ifc<—,d <0,
Efan N —oo R(®) o (5.5)
dan 1
0 ifc=—,
o
L | , 1
dexp( — dx ) ifc>—,r=00(=d > 0),
—oo R(x) o
1
0 ifc > —, r < oo,
o
where r is the smallest zero point of
X ifx >d,
R(x) := o
_ _ dl)l-‘r] . d,
a+11—ca( x+d) ifx <

orr := o0 if R has no zero point.
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Forthevalues of c and d where the limit of (5.5) is not O or 0o, we can construct asymptotically
optimal sequences of stopping times. Let (w,),eN be a monotonically nondecreasing sequence

of negative constants with

1
lim n(l — F(w,)) = 27—
n—o00 (07

as, e.g. wy = —((a +1)/a)*a,. Forc #1/a, let uc 4 be the solutions derived in (3.12) and

define
-o(f) wi-
a0y = 0D ) o) fort € 0,1, wa(]) i= —o0,
uo,0(t)  an
where
—1/a
o 1
o) = — 1— tl—cot
te.o(1) (a+11—cot( >)
and
a | —1/a
)y=——UU-—1¢ .
uo,0(7) Py 1( )
Then T, := min{l <i < n: X; > a,v,(i/n)} is an asymptotically optimal sequence of

stopping times.

Theorem 5.3. Let F € D(A), and assume that

b dy —d
—”(1 - C“—J) Soclog(r), M gvog(r) forallt € 10,11 (5.6)
C C,

an n nln

for constants ¢, d € R. Assume that (c;)neN and (dp),en are monotonically nondecreasing.
Then

EXT—l;n 00 ifc+d=>1,

— = 1 :
ay log m LfC+d<l

Forc+d < 1, let (wy)neN be monotonically nondecreasing with lim,,_, oo n(1 — F (wy,)) = 1,
as, e.g. wy := by. Let

u(t) == log( a- z1—<c+d>)>

1
1—(c+d)
and

Wi(i-nn] —b

v (t) = = 4 u(t) —log(1 —1).

n
Then T), := min{l <i <n:X; > dyv,(i/n) + l;,,} is an asymptotically optimal sequence of
stopping times.
Remark 5.1. If F is the distribution function of the standard normal distribution N (0, 1) then
F € D(A) and normalization constants satisfying condition (5.6) are given by

loglogn + log4m
b, =+/21 — .
" ogn 2/2Togn

1
V2logn’

a, =
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Then possible choices of the constants ¢, and d,, which satisfy (5.6) are
¢ = C(log n)A, d, = D(log n)?

with A, B,C,D e R, A >0,C > 0, and B <A+; The limit constants ¢ and d from

5.6) areglvenlnthlscasebyc— —2A,andd = —/2BD/C if B = A—}—2 and d = 0 if
B<A—i—2

Proof of Theorem 5.1. By rearrangement,

X,‘—l;n_ﬁzi—bn b_n< Ci>+ d;

an Cn an dn

and, thus,

n

n
Nu = Z‘S(i/nxx,-—én)/&n) = Z‘SRnU/"’(Zf*bn)/an)
i=1 i=1

with the transformation

b d
Ry(t,y) = (r, Cln) y— _”(1 _ CLMJ) " Ltn])
Cn an Cn Cpay

— R(t,y)
= (t, 1y + dr<T1), (5.7)

For (5.7), note that as,| /a, — t1/% (see Resnick (1987, Equation (0.18))) and, thus,

din) _ diun)  Clinj Alin)

Cndn Cltn]@|tn] Cn An

N dl‘c+1/a.

Monotonicity of the constants implies that R,, converges to R uniformly on compact subsets
in (0, 1] x R and R maps [0, 1] x (0, co] to Mf with f(t) = dr*t1/4_ The continuous mapping
principle implies convergence of the point processes N, to a Poisson process NonM; 7 where
N has the intensity function

G(t,7) = G(R™(t, 2)) = t°%(z — dtTV/*)=* on My,

where here G (¢, y) = y""Afor (t,y) € [0, 1] x (0, co].
The intensity function G can be represented for c+ = 1/« # 0 in the form

. '(t

6,2 = 1 — )L

v(r) ) v(t)

with v(r) := r“t1/* and H(x) := (a/(ac + 1))(x — d)~¢ for X > d. Theoreim 5.1 implies
convergence of the optimal stopping curves and stopping times of N, to those of N. The optimal

stopping curve u of N for the guarantee value has, by the results in Section 3, for ¢ # —1/«,
the form given in (5.4). Thus, we obtain

. Y1
u(O)_hmq)( ()) ()_hT w_lylglyexp<—/d mdz).

This implies Theorem 5.1, considering all cases one by one.
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Proof of Theorem 5.2. As in the previous proof, we calculate the intensity function of the
limiting process as
G(t, Z) — t—CC{(_Z + dtc—l/oz)o{

for z < dt“~1/* and 0 otherwise (which equals (3.11)).
To check that the uniform integrability condition (L) holds, we use the functions v, and their
associated threshold stopping times

fn(t) = min{tn <i<mn: & > v,,(l—)} f,, = f"n(O).
an n

Convergence of A, (t) 1= c|sn)/cn — 1€ and w, (¢) 1= djn)/Cran — dtt1/¢ follow by the
monotonicity conditions and by continuity of the limiting functions uniform on each interval
[z, 1], t > 0. Furthermore, lim;41 u¢,0(t) /uo,0(t) = 1 and, by (3.14), lim;4 1 e g(t) —uc0(t) =
d. This is the basic tool for establishing the uniform integrabilty condition (L). For details of
the proof, see Faller (2009).

Proof of Theorem 5.3. The proof is analogous to the previous proofs. With the constants
l;,, ‘= ¢y by + d,, we obtain in the limit the transformation R(¢, y) = (¢, y — clogt — dlog?).
Thus, R~(t,z) = (t,z 4 (c + d)logt) and the intensity function of the limit process N is
given by

Gt,2)=GR™(t,2) =e 17,

where here G (7, y) = e~”. The optimal stopping curve of N is given by

1
1) =log| ———— (1 — 1=y,
u(o) %@_@+®< )
For details of the proof of the uniform integrability condition (L), we refer the reader to Faller
(2009).
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