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Symplectic invariance of CCR in
finite-dimensions

This is the first chapter devoted to the symplectic invariance of the CCR. In
this chapter we restrict ourselves to regular CCR representations over finite-
dimensional symplectic spaces.

In an infinite-dimensional symplectic space there is no distinguished topology.
This problem is absent in a finite-dimensional space. This motivates a separate
discussion of the finite-dimensional case.

The chapter is naturally divided in two parts. In the first three sections we
consider symplectic invariance without invoking any conjugation on the symplec-
tic space. We consider an arbitrary irreducible regular CCR representation over
a finite-dimensional symplectic space and do not explicitly use the Schrodinger
representation.

In the last two subsections we fix a conjugation, so that our symplectic space
can be written as Y = X* & X, and we consider the Schrédinger representation
on L?(X).

10.1 Classical quadratic Hamiltonians

Throughout this section (Y,w) is a finite-dimensional symplectic space. Recall
that (V*,w™!) is also a symplectic space. As before we denote by y the generic
element of ) and by v the generic element of }*.

Remark 10.1 It is natural to consider the two symplectic spaces Y and Y*
in parallel. It is a little difficult to decide which space should be viewed as the
principal one: Y* is perhaps more important from the point of view of classical
mechanics, since it plays the role of the phase space, whereas the dual phase space
Y is more natural quantum mechanically, since we use it in the CCR relations.

Recall that ¢ € Ly(Y*,Y) iff ¢ € L(Y*,Y) and ¢* = (. We write ¢ >0 if
v-{v >0, v € Y*. We write ¢ > 0 if in addition Ker ¢ = {0}.

The following section is a preparation for the next two where we consider a
regular CCR representation over ).

10.1.1 Symplectic transformations
Let r € L()). Recall that r € Sp(Y) iff

#

rtwr = w. (10.1)
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240 Symplectic invariance of CCR in finite-dimensions

This is equivalent to r* € Sp(Y*), which means
rwlrt = W™l (10.2)
We have an isomorphism of groups,
Sp(Y) 31— wrw™t = (r*)7 € Sp(V*).

Let a € L(Y). Recall that a € sp(Y) iff a* w +wa = 0. This is equivalent to
a* € sp(Y*), which means aw™! + w~la* = 0. Note that

sp(Y) 3 a v waw™ = —a* € sp(Y*)

is an isomorphism of Lie algebras.

10.1.2 Poisson bracket
Definition 10.2 For by, by € C*(Y*) we define the Poisson bracket
{b1,b2}(v) := wVby (v)Vby(v) = =Vb (v)-wVbs (v).
C*(Y*) equipped with {-,-} is a Lie algebra.

Definition 10.3 By a quadratic, resp. purely quadratic polynomial we will
mean a polynomial of degree < 2, resp. = 2.

Recall that the space of complex quadratic, resp. purely quadratic poly-
nomials on Y* is denoted CPol=?()*), resp. CPol?(¥*). Both are Lie sub-
algebras of C°°()*) w.r.t. the Poisson bracket. More precisely, if \; € C, y; € CY,
¢ € CLy(Y*,Y) and x;(v) :== N +y;v + %v(w, then

et v) = —yrwye + (GQuyr — Guye)v
1
+ 5”'(*(10!(2 + Gw(1)v.

If y e CPOISSQ(JJ# ), so that x(v) = A+ yv+ %v(v with A € C, y € CY and
¢ € CLy(Y*,)), then

CY* 2 v wVx(v) =wy + wlv € CY*

is an affine transformation on C)#. We have surjective homomorphisms of Lie
algebras

CPol=2(Y*) 3 x — wVy € asp(CY*),
Pol=*(V*) 3 x — wVx € asp(V*)

(see Def. 1.102 for the definition of asp(CY*) and asp(Y*)).

Definition 10.4 If (w,a?) € asp(Y*) and wVx(v) = w + a* v, then we say that
X is a Hamiltonian of (w,a?).
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10.1 Classical quadratic Hamiltonians 241

Clearly, every element of asp()Y*) has a one parameter family of Hamiltonians
x differing by a constant. We will usually demand that x(0) = 0, which fixes the
choice of a Hamiltonian in a canonical way. With this choice,

1
x() = (wtw)v + gV wta?

v.
Let x € Pol=?(V#,R), and let v; solve

d
—u =wVx(v), vy =0.

dt
Clearly, v; = e'“VXy. Moreover, if b € C*(Y*) and if we set b;(v) = b(v;), then
d
0t (0) = D bed() = D b} (ve). (10.3)

10.1.3 Spectrum of symplectic transformations

Recall that a subspace ), of Y is called symplectic iff w restricted to )y is
non-degenerate. The following proposition is immediate:

Proposition 10.5 Let Y=Y, ®--- B Vi, and let Vy,..., V. be mutually w-

orthogonal subspaces. Then all V;, i =1,...,k, are symplectic.

Definition 10.6 An element r € Sp(Y) such that Ker(r 4+ 1) = {0} will be called
regular.

Proposition 10.7 Let r € Sp(Y).

(1) specrc is invariant under C > z — 27! € C.
(2) For Ae€specrcN{Imz >0, |z|>1}=A, set Py := ]1{/\7)\7|7X1X—1}(7"(C).
Then Py are real projections, constitute a partition of unity, commute with
r and P we = wcPy.
(3) If we set Yy := P\ Y, then Y\ are symplectic, mutually w-orthogonal, invari-
ant forr and Y = @& Y.
AEA,

(4) Set Yoy :=Y_1 and Yiey := AeA,,G\B{_l}yA' Then Y = Vsg @ Vreg- If we set
k:=(—1)® 1, then
= Kry = 1K, (10.4)
K is a symplectic involution and vy € Sp(Y) is regular.

Limplies (1). We also obtain

Proof r*w=wr"
we(zl—rg") ™ = (21— 1) twe.
Hence
CL)(C]I{)\—I}(T(C) = wc]l{k}(rgl) = H{A}(ré)wc.

Therefore,

wcﬂ{,\,kl}(rc) = H{A,,\*l}(ré)w(c = H{A,A*I}(TC)#WO
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242 Symplectic invariance of CCR in finite-dimensions

If |)\| =1, then P, = ]1{/\7)\71}(7"@). If ‘)\| # 1, then
P, = ]1{>\7)\—1}(7“(c) + ]I{X‘XA}(TC).
In both cases, P, is real and can be restricted to Y. This proves (2).
(2) implies (3), which yields (4). O

There exists a classification of quadratic forms in a symplectic case due to
Williamson. The following proposition is its special case for a positive semi-
definite quadratic form, which is all that we need. Note that it would have a
much simpler proof if we assumed that the form is positive definite.

Proposition 10.8 Let ¢ € Ly(Y*,Y) and ¢ > 0. Then we can find p < m < d,

A, .oy Ap >0 and a basis (e1,...,eaq) in Y so that, if the corresponding dual
basis of Y* is (e',...,e2?), then
wegj_1 = —e?d, wegj = el i=1,...,d; (10.5)
Ce¥ Tt = Ajexi—1, Ce¥ = Ajeaj, i=1,...,p; (10.6)
Ce¥t =e_1, ¢e¥ =0, j=p+1,....m; (10.7)
Ce?=1 =, Ce¥ =0, j=m+1,...,d.

Consequently, specw( C iR. Besides, spec (—(w()2) C]0, oo[ and (w¢)? is diag-
onalizable. If > 0, then w( is diagonalizable as well.

Note that we have two forms on V#: ¢ and w™'. The complements of V C Y*
w.r.t. these forms have standard symbols V¢* and V¥~ L. For brevity, we will
write V* for the former and V° for the latter.

For the proof of Prop. 10.8 we need two lemmas. We set

Vi =Ker(, Vo : =V}, V3= (Wo)&, Vi = V5.
Lemma 10.9 We have a direct sum decomposition,
V' =V3 & Vy,
which is both w™'- and C-orthogonal, and ( is non-degenerate on V;.

Proof We have

V=)t CVvy =V, (10.8)
hence
Vi=VS V=V, (10.9)
Clearly,
Vo € (Vi) = Vi (10.10)

From (10.9) and (10.10), we get
Vy C V5 (10.11)
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10.1 Classical quadratic Hamiltonians 243

Let us show that V3 NV, = {0}. Assume that v € V3 NV, and v # 0. By (10.11),
we have v-(v = 0, hence v € V.
By the non-degeneracy of w™?, there exists v’ such that v"-wv # 0. Let us fix
a basis (e!,...,e?) of V, such that
el Cel =0, forij,
e -Cet =1, forl<i<p,
el Cet =0, forp+1<i<gq.
We set v/ =o' — >0 (v/-Ce’)e’ so that v”-Ce’ =0 for 1 < i < g, and hence v €
Vi = V3. Since v’ — v’ € Vo = VP, we have v"-w™lv = v"-w™lv # 0. Therefore,
v € V3 =V, which is a contradiction.
Hence, V3NV, = {0} and Y* =V; @ V,. The direct sum is clearly w™!-
orthogonal, and also (-orthogonal by (10.11). Finally, V, NV, C V, N V3 = {0}
by (10.8). Hence, ¢ is non-degenerate on V. O

Lemma 10.10 There exists a direct sum decomposition
V* = Vs BV &V

which is both w™'- and (-orthogonal, such that ¢ is non-degenerate on V;, Ker ¢ N
Vr is Lagrangian in V;, and ¢ =0 on Vg.

Proof Let V5 C V3 be a maximal subspace on which ¢ is non-degenerate. By
(10.8), Vi C V3,80 V3 =V, @ V5. Set

Ve =ViNVy, Vi =Vs+V;5, Vs:= V? N Vs.

We claim first that

Vs N (V1 + Vo) = {0}, (10.12)
Vs NVs = {0}. (10.13)

In fact
VsV + W) CVsn(Vi+ W) =Vn (Vi 4+ W) C )y

Hence, Vs N (V1 +V2) C Vs NV = {0}.
Similarly,

Veﬁvg)CVQﬂVEZVfﬂVgJZ(V1+V5)°:V§:V4.

Hence, Vs N VS C Vs NV, = {0}.
Recall that if Fy, FEo, F are subspaces of E, then

(El +E2)OF=E1 NF + Es ﬁF, leL C F fori=1or 2. (1014)
Let us prove that
V; NVs = {0}. (10.15)
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In fact,
Vs =V NV NVs =WV +Vo)N V5 N Vs,
hence
VinVs= Vs +Vs) N (V1 + V) N V5.
Since V5 C Vi + Vs, we have
Vs +Vs) NV + Vo) =Vs N (Vi + Vo) + Vs N (V1 + Ve) =V,

using (10.12). Next, Vs N VS = {0} by (10.13), which proves (10.15).

It follows that V5 = V; @ Vs, and that this decomposition is w™'-orthogonal.
Since Vs € (V1 + Vo) NV3 C Vi, the decomposition is also (-orthogonal and ¢ =
0 on Vs.

Finally, Ker( N V; = V1 NV, =V N Vs and

WVinW)enV,=WVinWVe)NVr=WV + W) Nn(ViNVy +Vs)
=V ﬂV2+(V1+V2)ﬂV5 =ViNWs,
by (10.12). Hence, Ker ¢ is Lagrangian in V;. O

Proof of Prop. 10.8. We first consider separately three cases:
Case 1: ¢ is non-degenerate. We can treat ) as a Euclidean space and apply
Corollary 2.85 to the anti-symmetric operator w( with a trivial kernel.
Case 2: Ker C is a Lagrangian subspace of Y* . Let V a maximal subspace of J* on
which (¢ is non-degenerate. We check that V is Lagrangian and Y* =V @ Ker (.
We choose a (-orthogonal basis (e!,...,e?) of V and complete it to a symplectic
basis of Y* by setting e* = w(e’, for 1 < j < d.
Case 3: (=0. We choose any symplectic basis of J*.

In the general case we use Lemma 10.10 and apply Case 1 to V4, Case
2 to V; and Case 3 to Vs. The remaining statements of the proposition are
immediate. O

Proposition 10.11 Let ( € CLy(Y*,Y), with Re¢ > 0. Then spec (w¢) C C\R.

Proof Set ( = (1 +1i(s, with (1, real and ¢; > 0. Let w € CY* with wlw =
Aw be an eigenvector of w( for a real eigenvalue \. Let w = w; + iwq, with
wy,wy € Y. Then,
20w wy |ws) = Mw ™ w|w)
= (w ' wlww) = —(@|Cw)
= —(wi|Cwr) + (wa[Cw2).

Since A € R, taking the real part yields (w|(wi) + (wa|Cwe) = 0, and hence
w = 0. O

https://doi.org/10.1017/9781009290876.011 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.011

10.2 Quantum quadratic Hamiltonians 245

10.1.4 Poisson bracket on charged symplectic spaces

Recall that a complex space ) equipped with a non-degenerate anti-Hermitian
form ¥, -wys is called a charged symplectic space. Its realification Vg is equipped
with an anti-involution given by the imaginary unit denoted by j and the sym-
plectic form
_ 1 _ _
y1-wry2 = Rey-wys = 5(?/1 Wy + Y1- WY ). (10.16)
Recall that v denotes the generic variable of Y* (which in this subsection is
complex). Recall from Subsect. 4.1.5 that every function F' on Y* has the usual
derivative VEF(v) € C)g, the holomorphic derivative V, F(v) € ) and the anti-
holomorphic derivative Vi F(v) € Y, related by the identities

uwV, = % (u'VF - i(ju)-Vf) ,

1
WVy = 5 (wVy +i(ju)-Vy),
wVE =uV, +7Vy, u € Y*. (10.17)

The symplectic form wg allows us to define a Poisson bracket. Its expression
in terms of real derivatives is

{F,G}(v) = Vi F(v)wrVyG(v).

Proposition 10.12 The Poisson bracket expressed in terms of the holomorphic
and anti-holomorphic derivative is

{F,G}(v) = f%VgF(v)wVﬂG(v) - %V”F(U)EVFG(U).

Proof We can write CYg ~ Y @ Y; see (1.33). By (10.17), VEF = (V, F, V;F),
VEG = (V,G, V5G), as elements of Y @ ). Besides, by (10.16), wg written as a
matrix Y @Y — Y* @T* is
1 {0 w]
WR = 7 . O

2|lw 0

10.2 Quantum quadratic Hamiltonians
As in the previous section, (Y,w) is a finite-dimensional symplectic space. We
also fix an irreducible regular CCR representation Y 3 y — W (y) € U(H). Recall
that, for b € §’'(Y*), Op(b) denotes the Weyl-Wigner quantization of b.

Recall also that (CPOISSQ(JJ#) denotes the set of polynomials on Y* of degree
< 2. CCREY(Y) will denote the set of operators on H obtained as the Weyl-
Wigner quantization of elements of CPol=?()* ). These operators will be called
(quantum) quadratic Hamiltonians. (Obviously, in the above definition we can
replace the Weyl-Wigner quantization with x, D—, D,x—, Wick or anti-Wick
quantizations.)
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This section is devoted to the study of quantum quadratic Hamiltonians. We
will see in particular that they behave to a large extent in a classical way.

10.2.1 Commutation properties of quadratic Hamiltonians

Recall that V(?)b denotes the second derivative of b € S'(V*). We treat it as a
distribution on Y* with values in Ls(J*,)).

The following theorem is one of the most striking expressions of the correspon-
dence principle between classical and quantum mechanics.

Theorem 10.13 (1) For x € CPol=*(V*), b € §'(V*) we have

i[Op(x), Op(b)] = Op({x, b}), (10.18)
(Op(x)Op(b) + Op(B)OP(x)) = Op (Xb n ;ﬁw(v<2>x>wv<2>b) .

N =

(2) The map
CPol=*(¥*) 3 x = Op(x) € CCRY, (Y)

is a x-isomorphism of Lie algebras, where (CPOISSQ (V*) is equipped with the
Poisson bracket {-,-} and CCR%OQI(JJ) is equipped with i[-,].

Proof (1) follows from (8.41) by expanding the exponential. (2) follows imme-
diately from (10.18). O

In the following definition one cannot replace the Weyl-Wigner quantization
by the other four basic quantizations.

Definition 10.14 We denote by CCRSOI())) the set of operators obtained by the
Weyl-Wigner quantization of polynomials in (CPO]Z (V*). Elements of this space
will be called purely quadratic (quantum) Hamiltonians.

It will be convenient to introduce the following notation for purely quadratic
Hamiltonians:

Definition 10.15 If{ € Ly (CY* ,CY), then Op(¢) will denote the Weyl-Wigner
quantization of Y* 3 v — v-Cv.

Note that if y(v) = v-Cv, then Vx(v) = 2¢v and V) y = 2¢.
Proposition 10.16 (1) For (1, € Ly(CY*,CY),

[Op(¢1), Op(¢2)] = 2i0p(Ge-w(i — C1-w(2)-

Hence
sp(Y) 5 a %op(aml) € CCRY()

is an isomorphism of Lie algebras.
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(2) For ¢ € Ly(CY*,CY), y €,
W (y)Op(OW (y)* = Op(C) + 2¢ (Cwy) — (y-wwy) 1.

Proof (1) immediately follows from (10.18). To prove (2), we use
W(y)o(y )W ()" = ¢(y1) + y1-wyll. O

10.2.2 Infimum of positive quadratic Hamiltonians

Quantizations of positive quadratic Hamiltonians are positive. One can give a
formula for their infimum, which in quantum physics is responsible for the so-
called Casimir effect.

Theorem 10.17 Let ¢ € Ly(Y*,Y), ¢ > 0. Then Op(¢) extends to a bounded
below self-adjoint Hamiltonian and

inf Op(¢) = %m/_(gw)z (10.19)

Remark 10.18 By Prop. 10.8, —(w(¢)? is a diagonalizable operator with non-
negative eigenvalues, hence \/—(w(¢)? is well defined.

Proof of Thm. 10.17. Let (ey,...,eaq,€',...,€2?) be as in the proof of Prop.
10.8. Writing ¢; for ¢(e;), we obtain

Op(¢) = N(83, 1 +83,)+ > &3

j=1 k=p+1

Clearly, inf ¢? = 0. By the well-known properties of the harmonic oscillator,
inf(¢3,, | + ¢3,,) = 1. Thus

inf Op(¢) = Z Aj.

j=1

Now,
—(Cw)’e; = Nej, 1<j<2p,
—(¢w)?e; =0, 2 +1<k < 2d.

p
Thus, Try/—(w()?2 =23 Aj. O
j=1

10.2.3 Scale of oscillator spaces

In the Fock space I's(Z), a distinguished role is played by the number operator
N. Tt allows us to define a family of weighted Hilbert spaces (N + 1)'T's(Z),
which is often used in applications.
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Recall that in this section we consider a regular CCR representation over a
finite-dimensional symplectic space Y 5 y — W(y) € U(H). In this framework,
in general we do not have a single distinguished operator similar to N. However,
a similar role is played by the whole family of positive definite quadratic Hamil-
tonians. They define a family of equivalent norms, as shown by the following
proposition.

Proposition 10.19 Let (,( € Ls(V*,Y), where {,( > 0. Then for any t > 0
there exist 0 < Cy such that

CrH0p(¢) |l < 0p(¢)" || < CHllOp(G)" ®l, ¥ € H. (10.20)

Proof Choose a basis, as in Prop. 10.8. Using this basis, we can identify H with
Is(C?) and Op(¢) with dI'(h) + £221, where the operator h is diagonal and has
positive eigenvalues. Using the natural o.n. basis of I';(C?) we easily check that
for any n =1,2,... there exists C, such that

10p(¢)"W[* < C,[|Op(¢)" ¥

By interpolation, this implies the first inequality in (10.20). Reversing the role
of ¢ and (; we obtain the second inequality. O

Definition 10.20 For any t > 0, the t-th oscillator space H! is defined as
Dom Op(¢)t, where ¢ € Ly(Y*,Y), ¢ > 0. By Thm. 10.19, H' does not depend
on the choice of ¢ and has the structure of a Hilbertizable space. We set
H™ = (HY)*.

Recall that in Def. 8.50 we defined H* and in Def. 8.51 we defined H™°°.
They are related to spaces H' as follows:

He=(H, H>:=|JH" (10.21)

t>0 t<0

10.2.4 Quadratic Hamiltonians as closed operators

Prop. 10.19 shows that all Op(¢) with ¢ > 0 have the same domain and in par-
ticular are essentially self-adjoint on H>°. The following theorem describes more
general classes of quadratic Hamiltonians.

Theorem 10.21 (1) Let x € PolS*(V*) (x is a real quadratic polynomial).
Then Op(x) is essentially self-adjoint on H™.

(2) Let x € CPol=*(V*) (x is a complex quadratic polynomial). Assume that
the purely quadratic part of x is positive definite. (In other words, x(v) =
p+yv+ go-Cv with p € C, y € CY, ¢ € CLy(Y*,Y) and Re( >0.) Then
Op(x) is closed on H' and maximal accretive.
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Proof Fix (y € Ls(Y, Y*) such that ¢y > 0, and set N = Op(¢p). Op(x) is Her-
mitian on H>°. By (10.20), we have

I0p()®| < CIN®[l, @€ M.

Next we have [Op(x),iN]= Op{x,¢}. Since {x,(} € Pol=*()*), we have
{x,¢} < C¢ for some C, and by Thm. 10.17 we get [Op(x),iN] < C(N + 1).
Applying Nelson’s commutator theorem, Thm. 2.74 (1), we obtain that Op(x)
is essentially self-adjoint on Dom N, hence also on H®°, since N is essentially
self-adjoint on H°. This proves (1).

To prove (2), we set x1 = Rex, x2 = Imx, B; = Op(x;), B = Op(x). We note
that

:l:[B17iBQ] = Op({Xl,XQ}) < C(Bl + ]1)7 (1022)
by Thm. 10.17. We write
B*B = B? + B? + [By,iBs]

(10.23)
> B} — Ci (B + 1) > $Bf — (51,
using (10.22), which shows that B is closed on Dom B;. Next
Re(V|BY) = (¥|B, ) > 0, (10.24)

by Thm. 10.17. It remains to prove that B 4+ A is invertible for large enough
A. Inequalities (10.24) and (10.23) for B replaced by B+ Al show that
Ker(B 4+ A1) = {0} and that Ran(B + A1) is closed. Next we have

LB+ AN (B + )+ £(B) +cl)~H(B* + Al

= (Bi +cl) "7 (By + A)(By + cl)~7 + 3(By + cl) ' [By,iBs] (B + cl)~!

> (M —C)(By + )7L

again using (10.22). If ¥ € Ran(B + A1)~ then
Re (U|(B + A1)(B; + cl) ') = 0,

and hence ¥ = 0 if A is large. This completes the proof of (2). O

10.2.5 Omne-parameter groups of Bogoliubov x-automorphisms

Classical quadratic Hamiltonians generate one-parameter groups of linear sym-
plectic transformations. On the quantum level one can assign two roles
to a quadratic Hamiltonian H: i[H, ] generates a one-parameter group of
s-automorphisms e . e # and iH generates the one-parameter unitary group
el The following theorem describes the former group. The latter group, which

is somewhat more difficult, is discussed in the following section.
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Theorem 10.22 Let x € Polfz(y#), i.e. X 1s a real quadratic polynomial. Let
be S (V*) and by (v) = b(e!“VXv). Then
etOPOI) Op (b)eOP) = Op(hy). (10.25)
In particular, fory € Y,
OPCITY (3))e7HOPO) = 7 (e=tViwy)), (10.26)

Proof Let ®,% € H*, b e S(Y*). By (10.3),

d
abt(v) = {x, b }(v).

Set
o, = eitOp(x)Q 0, = S0P ()

We know that Op(x) is self-adjoint and ®, ¥ € Dom Op(x). Hence, by Thm.
10.13 (1),

< (@,10p(b),) = ~i(®/][0p(x), Op(8)] )
+(2¢|Op({x, be })¥¢) = 0.
Hence,
¢~ IOP00 Op (B, )i OP () = Op(B).
This proves (10.25) for b € S(V*). We extend (10.25) to S'(V*) by duality. O

For further reference, let us restate Thm. 10.22 for purely quadratic
Hamiltonians.

Corollary 10.23 Let ¢ € Ly(Y*,Y). Then for b€ S'(V)*, b (v) = b(e!“Viv),
OO 0p(b)e=7OP) = Op(by).
In particular, for y € Y,

e;iop(OW(y)e—g—'op(g) _ W(e—f,gwy).

10.3 Metaplectic group

In this section, as in the previous one, (),w) is a finite-dimensional symplectic
space and Y 3 y — W (y) € U(H) is an irreducible regular CCR representation.
In this section we study unitary operators of the form e | where H is a purely
quadratic Hamiltonian. We show that they form a group, called the metaplectic
group, isomorphic to the double cover of the symplectic group.
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10.3.1 Implementation of Bogoliubov transformations

It follows from the Stone—von Neumann theorem that, for a finite-dimensional
symplectic space, all Bogoliubov rotations can be implemented by unitary oper-
ators. The set of such unitary implementers forms a group.

Definition 10.24 We define Mp®(Y) to be the set of U € U(H) such that
{UWU* - ye Yy} ={W(y) : yeI}.
Proposition 10.25 Let U € Mp°(Y). Then there exists a unique r € Sp())
satisfying
UW () U* =W(ry), ye. (10.27)
The map Mp*(Y) — Sp(Y) obtained this way is a group homomorphism.

Definition 10.26 If (10.27) is satisfied, we say that U implements r.
Note that (10.27) is equivalent to

UOp(a)U* = Op(aor®), ae S (V*). (10.28)

There also exists a smaller group that is sufficient to implement all linear
symplectic transformations. Its definition is more involved. As a preparation for
this definition, with every r € Sp()) we associate a pair of unitaries +U, differing
by a sign:

Definition 10.27 (1) Let r € Sp(Y) be regular (see Def. 10.6). Let v € sp(Y)
be the Cayley transform of r, that is, v = 3= (see Subsect. 1.4.6). Set

I+r
+ U, := £0p(f),
where  f(v) = det(14~)7e" 7% 7. (10.29)

(2) Let r € Sp(Y) be arbitrary. Let v = rok be the canonical decomposition of
r into a regular ro € Sp(Y) and an involution k € Sp(Y) given by (10.4).
Let Y = Vig @ Vreg be the decomposition of the symplectic space such that
k= (—1)@® 1. Let m = dim V,,. Then we set

+U, = U, U,,
for
Uy = +0p((in)"/2,),
where s is the Dirac delta function at zero on ys#g times 1 on ﬁ;g.
Note that under the assumptions of Def. 10.27 (2), our CCR representation

can be decomposed as the tensor product of a representation over )y, and over
Vreg, and then

+U, = +i"/? [y ® Tyeq,
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where Iy, is the parity operator corresponding to )., defined as in Subsect.
8.4.4.

Definition 10.28 Mp(Y) is the set of operators of the form U, for some
r € Sp(Y). It is called the metaplectic group of Y.

Theorem 10.29 Let r € Sp(Y).

(1) The set of elements of Mp(Y) implementing r consists of a pair operators
differing by the sign £U, = {U,,-U,}.

(2) The set of elements of Mp®(Y) implementing r consists of operators of the
form pU, with |p| = 1.

(3) If 11,79 € Sp(Y), then U,,U,, = £U,,, .

The above statements can be summarized by the following commuting diagram
consisting of exact horizontal and vertical sequences:

1 1 1

! l !
11— Zy, — U(l) —-U@1)—1

! ! ! (10.30)
L= Mp(Y) — Mp“(Y) = U(1) — 1 '

l l l
L= 5p(Y) = Sp(¥) — 1

! !

1 1

The meaning of all the arrows in the above diagram should be obvious. In
particular, the horizontal arrow U(1) — U(1) is just u — u?.

It remains to prove Thm. 10.29. We start by considering the case of regular
symplectic maps. Recall that the formula for +U, is then given in (10.29).

Lemma 10.30 Let r € Sp(Y) be regular. Then
(1) U, intertwines r, i.e.

Ur'¢(y) = qﬁ(ry)U,., ye.
(2) U, is unitary.
(3) If 1, 9,7 € Sp(Y) are regular and riry = r, then U, U,, = +U,.

Proof Lety € Y. Set b(v) = v-yw™v. Using Thm. 10.13 (1), we obtain

Op(e")(4) = Op(e)0p(1) = Op (& {1} )
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Now,
eiby — % {%eib} = e (1— )y
= (4 ~)ry = ery + % {ry,eib} )

Hence,
00(e)0(s) = O (4 (rs) + § {rine"} ) = 9(ry)Op(e").

Thus Op(e'’) intertwines 7, and hence (1) is true.

Let b1,by,b, v1,72,7 be related to r1,r2,7 as in (10.29). We know that
Op(e®)Op(e’?) intertwines r. Likewise, we know that Op(e®) intertwines r.
Hence, for some c,

Op(e” )Op(e”) = cOp(e™).

Next using Thm. 8.70 and formula (4.12), we obtain that Op(e® )Op(e'*2) has
the symbol

dv;d
/exp(ivl w4 vy yew T g — 2ivy w T e — 2iv-w T oy + 2 'W_1U2) UIZdU2
0
) . ) dvy dvg

=7 2d/ﬁxp (i(v1, v2)-o(vi, v2) + 2i0-(v1,v2)) 7r12d ’

(10.31)
where
—1 —1
0:=(w'v,~w ), o= [%w_l y —1} :
—w Yow

(10.31) equals
det(—ic) 7 exp(—if-0~'0).

Setting v = 0 and using Subsect. 1.1.2, we obtain

¢ = det(—io) "7 = £ det(1+~172) 7.
Next, by (1.49),

T+ =(1+%)@+v7) " (1+mn).
Hence,

det(1 + 7)% = tdet(1+ 72)%(]1 =+ 7172)%(]1 + ,\/1)%'
Therefore,
det(11+ ) Op(e”) = £ det (1l + )7 Op(e" ) (1 + 1) Op(e™).

This proves (3).
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It remains to prove that U, is unitary. We have U} = AU,.-1, for

1
A= +det (T+7)° det(1—~)" 7.

Since by (3) U,-1U, = £Uy = %1, it suffices to verify that |A\| = 1. But using
that det a = det a* , we get

det(1+ ) = det(w(1 — y)w ") = det(1 — 7).
This implies that |det(1+ )2 | = |det(1 — )z |, which completes the proof of
(2). O
To treat the general case we will need more lemmas.
Lemma 10.31 Let r1,79,73 be regular. Then we can write ry as To = ToT9 with

T9,T9,T1T2 and Tors Tegular.

Proof Let D = {r € Sp(Y) : rand rir are regular}. Clearly, D is an open
dense subset of Sp()) containing 1. Hence, we can write o as ry = 797, where
79, 1179 are regular and 1 — 79 can be made as small as we wish. Then if 1 — 7y
is sufficiently small, 7o and 7973 are regular. O

Lemma 10.32 Let r;,7; € Sp(Y) be regular for 1<i<p. Assume that
i1y =717y Then

Uy, - Uy, = +Us, - Uy,

Proof 1If r is regular, so is r—!, and hence, by Lemma 10.30, U,-1 = +U, .
Therefore, we are reduced to proving that

riorp =1 =U, U, ==l (10.32)
Using Lemma 10.31, we write r17ra73 as r1727273. Then, by Lemma 10.30, we get
UTQ = :l:U'FQ U’f‘z Y Ul‘l UT'Q UT3 = :l:Url U7~‘2 Uf‘z U7‘3 = iUTl 1:2 Ufz 3"

Relabeling the r;, we are reduced to showing (10.32) with p replaced by p — 1.
Continuing in this way we end up with

riro=1 = UrlUrQ = :t]l,
which holds since r1, 79 and 1 are regular. |
Lemma 10.33 Let k be a symplectic involution, so that there exists a decompo-
sition YV = Vieg © Vsg into mutually w-orthogonal subspaces and x = (-1) @ 1.

Decompose Vsg further as Vsg = Xog @ Xy, where Xy, is a Euclidean space, with
the standard symplectic form on Vs, . Set

0 -1 0
u:=|[1 0 0| €Sp).
0 0 1

Then u € Sp(Y) is regular, u*> = k and £U, = +U?2.
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Proof The lemma follows by the properties of the evolution generated by the
harmonic oscillator; see Subsect. 10.5.1. O

Proof of Thm. 10.29. Let us show that Mp()) is a group. Let r1, 79,73 € Sp(Y),
rry =13. Let r; = K;r9; be the decomposition described in (10.4). Applying
Lemma 10.33, we can write x; = u?, where u; € Sp()) are regular. Thus, we
have

Ty = 7"01’&%7‘02’&3 = Togug =T3.

By definition and then Lemma 10.33,

+U,,U,, = +U,,, U. U, Uz, (10.33)
+U,, = £U,,, U], . (10.34)

To3

By Lemma 10.32, (10.33) equals (10.34). This proves also that Mp(Y) — Sp())
is a homomorphism with the kernel consisting of {1, —1} ~ Z,.

It is obvious that Mp®(}) is a group. It clearly contains Mp()), and hence
the homomorphism Mp®()) — Sp(Y) is onto. By the irreducibility of the CCR
representation, the kernel of this homomorphism is U(1). O

10.3.2 Semi-groups generated by quadratic Hamziltonians

In the next two theorems, we will compute the Weyl-Wigner symbol of the
semi-group generated by a maximal accretive quadratic Hamiltonian and of the
unitary group generated by a self-adjoint quadratic Hamiltonian. We start with
the case of a maximal accretive Hamiltonian.

Theorem 10.34 Lety € CY, ¢ € CL(Y*,)). Assume that Re{ > 0. Consider
the complex quadratic polynomial

x(v) = y-v + v-Co. (10.35)
Then for t > 0, the bounded operator e "'OP(X) has the Weyl-Wigner symbol

fi(v) = (det cos tw()_5 exp (—vw‘ltg(twg)v (10.36)

_ 1 _ _
(@) Mgt + - (11— (@) (k) ¢y
The next theorem describes the case of a quadratic self-adjoint Hamiltonian.

Theorem 10.35 Lety € Y, ¢ € Ly(Y*,Y). Consider the real quadratic polyno-

mial x defined as in (10.35). Fort € R, let g:(v) be the Weyl-Wigner symbol of
—itOp(x)

the unitary operator e
(1) If nZ N spec tw¢ = 0, then

g:(v) = (det cosh th)*% exp (iv-wil tanh(tw()v (10.37)

+iy-(w¢) ! tanh (twl)v + y ((w¢) ™" tanh(tw() — ¢1) C_ly).
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(2) In the general case, to find the Weyl-Wigner symbol of e *OP0) we can do
as follows. We choose (; € Ly(Y*,Y) with ¢ > 0. We set (. :=  + i€y, and
let ge, be defined by (10.87), where ¢ is replaced with (.. Then

li t>0;
El\r‘% ge,t(v)a = Yy

gi(v) = .
Eh}r[l] get(v), t<O.

Proof of Thm. 10.34. We first note that e *9?(X) is well defined as a strongly
continuous semi-group, since Op() is maximal accretive. Note also from Lemma
10.11 that w¢ and (w have no real eigenvalues, so the operator tg(tw() is well
defined by the holomorphic functional calculus and cos(tw¢)T # 0.

Since

ate tOp(x) _ —§(Op(x)€ tOp(x) +e tOP(X)OP(X))?

it suffices, using Thm. 10.13, to verify that
O fi(v) = —x(v) fir(v) + %Tr(va)WV(?)ft(U)wa

(10.38)
folv) =1.
We have
Oufi(v) = fi(0) (= v cos™ (v — y-cos 2 (twC)o
+ iy (1 = cos ™2 (tw()) ¢y — %at log det cos(twg))
= £i(0) (= 0o — yv — vCtg? (kv — yrtg? (twCo
g (Q)C Y + S Trodia (). (10.39)
Now,
VEx(v) = 2,

v f(v) = £ (v) (wltg(two

— Jtetw0) (207 0 + (O)T'y) ) (e (k) (207 v + <w<)—1)y\> .

Using that Trly1)(y2| = (y2|y1), we get
(V2w fi(v)w = fi(v) (4TrwCtg(toC) (10.40)
+8v-w(tg? (twl)v + Sv-tg? (twl)y + 2y-C*1y).

Comparing (10.39) and (10.40) we see that (10.38) is true. O
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Proof of Thm. 10.85. We may assume that ¢ > 0. For € > 0, set x.(v) = x(v) —
iev-(1v. Then we have

e HOP(X) — ¢ _ 1im e~ 1TOP(Xe)
eN0

This implies that e #OP(X) converges to e~1*OP(V) in CCRS' (). This implies
that the Weyl-Wigner symbol of e #OP(X<) converges to the Weyl-Wigner sym-
bol of e~ *OP() in S'(Y*). Hence Thm. 10.35 follows from Thm. 10.34. O

The following theorem provides an alternative definition of the metaplectic
group:
Theorem 10.36 (1) Let ¢ € Ly(V*,Y). Then 0P € Mp(Y).
(2) Conversely, Mp(Y) is generated by operators of the form eOP() with ¢ €
Ly (Y*,)).

Proof By Thm. 10.35, ¢/°?(¢) = Op(g), where
g(v) = (det cosh twC) ™7 exp (ivw™" tanh(tw()v) .

Set r = e~ ¢“. Then

(w _ g—Cw
e e
Y= m = tanhgw,
1 et
Iy =200+~ = cosh (w’

Taking into account that dete‘® = 1, we obtain that
g(v) = det(1 4 yw)F e 7",

This proves (1).

All elements of Sp(Y) in a neighborhood of 1 are of the form r = e® for a €
sp(Y). By (1), the corresponding +U, are of the form e/©P(©) for ¢ € L, (V*,)).
But the whole group Sp(Y) is generated by a neighborhood of 1. This proves
(2). g

10.3.3 Mp(Y) as the two-fold covering of Sp())

Definition 10.37 Let G be a path-connected topological group. A covering group
of G is a path-connected topological group G with a surjective homomorphism
7:G — G. If for each g € G the set m (g) has n elements, then G is called an
n-fold covering of G.

Introducing an arbitrary Kahler structure on ) and considering the polar
decomposition, we easily see that Sp()) is path-connected. The same argument
shows that its fundamental group, that is, m (Sp()’)), equals Z. Hence, for any
n € {1,2,...,8¢} the n-fold covering of Sp(Y) exists and is unique up to an
isomorphism.
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The group Mp(Y) is clearly path-connected, since €OP(©) t € [0, 1], is a con-
tinuous path joining 1 and €©P(Q). For U € Mp(Y), let 7(U) € Sp(Y) denote

the symplectic transformation r implemented by U. By Thm. 10.29, 77‘1(7") =
{U,,—U,}. Hence, Mp(Y) is the double covering of Sp(}).

10.4 Symplectic group on a space with conjugation

Throughout this section we fix a finite-dimensional space & and consider the
space X* @ X equipped with the symplectic form w and the conjugation 7 given

by
o 1 1 o0
Y11 ool T o -1l

Recall that its dual is isomorphic to X & A* with the symplectic form w™

conjugation 7% :
0 -1 T 0
- #
el orel A

The Poisson bracket on X @ X'* takes the familiar form

L and

{b1,by} = Veby - Vipby — Vb - Veby, by by € CH(X @ XY,

Recall from Thm. 1.47 that every finite-dimensional symplectic space can
be equipped with a conjugation and is isomorphic to X'* @ X. This section is
devoted to a discussion of symplectic and infinitesimally symplectic transforma-
tions in a symplectic space with conjugation. It is a preparation for the next
section, where we consider the Schrodinger CCR representation on L?(X).

As already discussed in Remark 10.1, we actually have two symplectic spaces
with conjugation at our disposal: Y = X* & X and Y* = X & X*. They are dual
to one another and, as we know, both are relevant, as seen e.g. from the relations
(10.27) and (10.28). We will explicitly describe Sp(¥*) and sp()*), since they
appear more naturally in the quantization of classical symbols (but, obviously,
it is easy to pass to Sp()) and sp()), to which they are naturally isomorphic).

10.4.1 Symplectic transformations on a space with conjugation
Let a* € L(X @ X*). a* belongs to sp(X & X*) iff

CL# = |:_ca _ﬁc#:| )

where o € Ly(X, X*), c € L(X), B € Ly(X*, X).
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Let (¢,n) € X & X* and a* € sp(X & X*). Clearly, ((¢,n),a*) € asp(X & X*).
Its Hamiltonian is

XX 3 (2,8 — x(x,8) = —naz+qgl+ %x-ax+£~c:s+ %5-65.

Let r* € L(X & X*). Write r* as

rt = {‘C‘ Z} . (10.41)
rt € Sp(X @ X*) iff
a*d—c’b=1, cfa=a’c, d'b=10"d, (10.42)
or, equivalently,
ad* —bc* =1, ab* =ba*, cd* =dc*. (10.43)

In fact, (10.42) is equivalent to (10.1) and (10.43) is equivalent to (10.2). We

have
r#*l B { d* _b#]

—c* a®

10.4.2 Generating function of a symplectic transformation

In the next theorem we prove a factorization result for symplectic transforma-
tions, similar to the one discussed in Subsect. 1.1.2. It will be used to define its
generating function.

Theorem 10.38 Let r* € Sp(X @ X*) be as in (10.41) with b invertible.

(1) We have the factorization
L Ja b] [0 O][ 0 B][1 O
" _[c d}_[e ]1} {—b#l of Lf 1) (1044)

e=db~! =b*"1d* € Ly(X,X*),
f=blta=a*b* "1 € Ly(X, X*).

where

(2) Define S € CPol=*(X @ X) by setting
XX X3 (21,22) = S(z1,22) := (b7'q) - a1 + (—eq +n) - 22

1 1
—|—§x1 cfxy — - b ra + §m2 - exs.

el

Then
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ilf
Vo, S(z1,22) = =&, Vi, S(z1,22) = &. (10.46)

Proof The proofs are direct computations, using (10.42) and (10.43). O

Definition 10.39 The function S(x1,x2) is called a generating function of the
affine symplectic transformation (10.45).

10.4.3 Point transformations

Definition 10.40 Elements of sp(X @ X*) that commute with the conjugation
7* are called infinitesimal point transformations.

Their set is the image of the following injective homomorphism:

c
gl(X)sc— {0 o

] € sp(X & X7*). (10.47)
XX 3 (x,8) — &cx = x-c* € is the Hamiltonian of (10.47).

Definition 10.41 Elements of Sp(X @ X*) that commute with the conjugation
7 are called point transformations.

Their set is the image of the following injective homomorphism:

0 m*!

w5 ]=[5 ]

10.4.4 Transformations fixing X*
The set of elements of sp(X @ X*) that send X* to zero is the image of the
following injective homomorphism of Lie algebras with the trivial bracket:

GL(X) > m — {m 0 } € Sp(X @ X*). (10.48)

We have

Ly(X, X")3> aw [2 0} € sp(X @ X*). (10.49)

0

The Hamiltonian of (10.49) is —Jz-aw.

The set of elements of Sp(X @ X*) that fix elements of X# is the image of
the following injective homomorphism of groups (where Ls(X, X*) is equipped
with the addition):

Lo(X,X%) 5 a B 0] € Sp(X & X*). (10.50)

1
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We have
ox 0 0| (T O
P a 0| |a 1|°

10.4.5 Transformations fixing X

261

The set of elements of sp(X & X*) that send X to zero is the image of the
following injective homomorphism of Lie algebras with the trivial bracket:

Ly(X*,X)> B — [8 g

] € sp(X ¢ X*).

The Hamiltonian of (10.51) is —3&-B¢.

(10.51)

The set of elements of Sp(X @ X*) that fix elements of X is the image of the
following injective homomorphism of groups (where Ls(X*, X) is equipped with

the addition):

R R B

] € Sp(X o Xx").

We have

oofs 3]-[2 4]

The generating function for the transformation (10.52) is

S(xy,x0) = —%(961 —x9)- B (@1 — xg).

10.4.6 Harmonic oscillator

We choose a scalar product on X and use it to identify X#* with X.
Consider the Hamiltonian x(z,§) = %xg + %52. It generates the flow

twvy | 0 cost sint | | xg Ty
e = . = .
&o —sint cost| | & &
(:tf, +zf ) cost—2x
2sint

Its generating function is S(xg,z;) =

10.4.7 Transformations swapping X and X*
Let b € L(X*,X). Then the following transformation is symplectic:

0 b
b1 0"

Its generating function is S(z1,29) = —x1-b~ '@y,
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10.5 Metaplectic group in the Schrédinger representation

As in the previous section, X is a finite-dimensional real vector space. In this
section we describe the metaplectic group Mp(X* @ X) in the Schrédinger CCR
representation on L?(X).

10.5.1 Metaplectic group in L*(R)

We start with the one-dimensional case. Let us consider the Schrodinger repre-
sentation in L?(R) over R & R. We will describe some examples of subgroups of
the metaplectic group Mp(R @ R) C U(L*(R)).

Example 10.42 Let x(z,&) = z-£. Then Op(x) = (2-D + D-z) and e~ 1*OPX)
belongs to the metaplectic group. We have

e THOPNY(z) = 7T W(eTx), We LP(X).

ig.2
gt

Example 10.43 The multiplication operator e~ belongs to the metaplectic

group.

Example 10.44 The operator e~ rtD? belongs to the metaplectic group. Its inte-
gral kernel equals

(z—y)?

(2mit) ™ Ter

10.5.2 Harmonic oscillator
We still consider the one-dimensional case. Let x(z,&) := %52 + %aﬂ. Then
Op(x) = %D2 + %xQ. The Weyl-Wigner symbol of e *OP(X) is
w(t,z,§) = (chi) ™ exp(—(2? + £*)thl). (10.53)
Its integral kernel is given by the so-called Mehler’s formula

(2% + y?)cht + 2zy
2sht '

W(t,xz,y) = w_%(sht)_% exp <_

e~ Or(X) has the Weyl-Wigner symbol
w(it,z,£) = (cos L)L exp (—i (? + €)tgL) (10.54)

and the integral kernel

2 2
im im - t 2
W(it,z,y) = 7r*5|sint|*%e’7e7?[ﬂ exp < (2" +y7) cost + acy) .

2isint
Above, [c] denotes the integral part of c.

It is easy to see that (10.53), resp. (10.54) are special cases of (10.36), resp.
(10.37).
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We have W (it + 2im, z,y) = —W (it, z,y). Note the special cases
W(0,z,y) = d(z —y),

Corollary 10.45 (1) The operator with kernel +(2wi)~ze™ Y belongs to the
-1
metaplectic group and implements {(1) 0 ]
(2) The operator with kernel +id(x + y) belongs to the metaplectic group and
-1 0
impl t .
implements { 0 _1]

10.5.3 Quadratic Hamiltonians in the Schrodinger representation

Until the end of the section we consider X of any finite dimension. Any y €
CPol=*(Y*) is of the form

XS X" 3 (2,8) = x(,8) = alr) + &cx + B(S),
where o € CPol=?(X), 3 € CPol=*(X*#) and ¢ € L(X). We have
Op"” (x) = a(z) +2:¢* D + B(D),

Op(x) = Op"”(x) + i Tre.

10.5.4 Integral kernel of elements of the metaplectic group

First we describe various examples of elements of the metaplectic group.

Proposition 10.46 If m € GL(X) with detm # 0, then the operator
+T, U(x) := +(det m)? ¥ (ma) (10.55)

#
belongs to Mp(X* @ X) and implements [ﬂg mo_l] € Sp(X* @ X).

Proof Assume first that detm > 0. Let ¢ € ¢gi(X) such that m = e°. Recall that
if x(z,8) = z-c*§, then

Op(x) = z:¢" D + %Tr e, Op™P(x)=ac'D.
But erTre = (det e“)% = (det m)%.

Suppose now that detm < 0. Fix an arbitrary Euclidean structure in X. We
can write m as miymy where detm; >0 and mg = 1 — 2|e)(e|, where e € X,
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B m* 0 | [mj O 11— 2le){e] 0
le]l = 1. We have { 0 ml} = [ 0 ml_l} [ 0 1= 20e) el . The

first term we implement as above, the second by the exponential of a one dimen-
sional harmonic oscillator; see Corollary 10.45 (2). O

Proposition 10.47 Let o € Ly(X,X#). Then e 17" € Mp(X* & X) and

) 1 «
implements o 1l

Proposition 10.48 Let b € L(X,X*). Then the operator with the kernel

+(2m1) "7 (det b) el w2 (10.56)
. 0 —b!
belongs to Mp(X* @ X) and implements b R

Proof Equip X with a scalar product. We can identify X with X* and write
0 —b'] [o —-1][e* O
b* 0 10 0 bt

By Corollary 10.45, the operator with integral kernel i(27ri)_%e 12 helongs

_ #
to Mp(X @ X) and implements {?1 0 ] By Prop. 10.46, [bO bol} is imple-
mented by (10.55). Then we use the chain rule. O

Let us now describe the case of an (almost) arbitrary r € Sp(X* & X). We

a

can write r* = [c Z} Recall from Thm. 10.38 that, if b is invertible, we can

<[l 0

and introduce the generating function of r#:

factorize r* as

1 1
X x X3 (x1,22) — S(x1,20) := §x1~fz1 — by + §x2~ex2.

The following theorem is one of the most beautiful expressions of the cor-
respondence between classical and quantum mechanics, since the distributional
kernel of the (quantum) unitary operator U, is expressed purely in terms of the
generating function for the symplectic transformation r#.

Theorem 10.49 Let r € Sp(X* ® X) be such that b is invertible. Then the
operators U, € Mp(X* & X) implementing r have their integral kernels equal
to

U, (21, 35) = £(211) "7 /= det V,, V,, S e S(m),
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Proof We can write

1 f170 =o' [1 e
T:{o 11] [b# 0 Ho 11]:””’”'

ry and . are implemented in Mp(X* & X') by U, = e 7 and Uy = e— 17 fT,
rp is implemented in Mp(X* @ X) by U,, which has the integral kernel (10.56).
Hence r = r;myr, is implemented by U;U,U,, which has the integral kernel

i(27ri)_% (det b)_%e_%”?l Jangler b7 g =g ey O

10.6 Notes

Normal forms of quadratic Hamiltonians were first established by Williamson
(1936). Thus, Prop. 10.8 is a special case of Williamson’s theorem.

The fact that Bogoliubov rotations are implemented by a projective uni-
tary representation of the symplectic group was noted by Segal (1959). Its
implementation by a representation of the two-fold covering of the symplec-
tic group, the so-called metaplectic representation, is attributed to Weil (1964)
and Shale (1962). The metaplectic group plays an important role in the concept
of the Maslov index, the semi-classical approximation and microlocal analysis;
see Maslov (1972), Leray (1978), Guillemin—Sternberg (1977) and Hoérmander
(1985). The semi-classical approximation and microlocal analysis are asymptotic
theories (where the small parameter is the Planck constant A or the inverse A\~!
of the momentum scale). One can obtain for example extensions of Thm. 10.35
or Thm. 10.49 to non-quadratic Hamiltonians or non-linear symplectic maps. In
these extensions the expressions of Weyl-Wigner symbols or distributional ker-
nels are given by asymptotic expansions in terms of the small parameter. In the
linear case these expansions have only one term and are exact.

The first famous application of the symplectic invariance of CCR seems to
be Bogoliubov’s theory of the excitation spectrum of the homogeneous Bose gas
(Bogoliubov (1947a); see also Fetter—Walecka (1971) and Cornean—Dereziriski-
Zini (2009)).
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