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Abstract  We establish various martingale inequalities in a rearrangement-invariant (RI) Banach func-
tion space. If X is an RI space that is not too small, we associate with it RI spaces Hp(X) (1 < p < o0)
and K(X), and discuss martingale inequalities in these spaces. One of our results is as follows. Let
1< p<oo,let f=(fn)bean Ly-bounded martingale, and let |f|? = g + h be the Doob decomposition
of the submartingale |f|P = (|fn|P) into a martingale g = (gn) and a predictable non-decreasing process
h = (hn) with hg = 0. Then, in the case where 1 < p < 0o, we obtain the inequalities

1 1
1037 lx < 2l fcliag, ) amd | sup lgnl /7] < 4llfoolla, )
and, in the case where p = 1, we obtain the inequalities

lhoollx < sup [[fnllk(x) and sup [lgnllx <2 sup ||fnllx(x)-
n€Z+ n€Z+ n€Z+

For some specific choices of X, we can give explicit expressions for H,(X) and K(X). For example,
Hi(L1) = Llog L, Hp(Lp,00) = Lp,1, and so on. Furthermore, if the Boyd indices of X satisfy 0 < ax <
Bx < 1/p (respectively, 0 < ax ), then Hp(X) = X (respectively, K(X) = X). In any case, Hp(X) is
embedded in K(X), and K(X) is embedded in X.
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1. Introduction

The purpose of this paper is to establish various martingale inequalities in rearrangement-
invariant (RI) Banach function spaces. Roughly speaking, a rearrangement-invariant
Banach function space (or simply, an RI space) is a Banach lattice X of measurable
functions (or random variables) such that ||z||x = |ly]lx whenever z and y have the
same distribution. Some martingale inequalities in such a space X have been studied by
several authors. In 1988 Johnson and Schechtman [10] gave a necessary and sufficient
condition on X for the inequality

ex[ISfllx < IMfllx < Cx|ISflx (1.1)
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to hold for any martingale f = (fy,)nez, , where Mf denotes the maximal function of f
and Sf denotes the square function of f. The same result was proved independently by
Antipa [1] and by Novikov [14]. As an application of our main result, we can obtain an
extension of this inequality.

In order to prove inequality (1.1), the authors of papers [10], [1] and [14] used a stan-
dard method: they derived (1.1) from a distribution function inequality for M f and Sf.
(Hitczenko [9] also gave another proof of (1.1). His method also needs a distribution func-
tion inequality.) Our approach differs from their method completely. We will use Boyd’s
theorem on the boundedness of averaging operators to derive some norm inequalities for
processes. The advantage of our approach, which may not be simpler, is that it enables us
to derive inequalities involving the norms of two random variables in different RI spaces,
such as

IMFlx < CISHly or I1SFlx < ClIMSlly-

In fact, we can prove that these inequalities hold whenever Y is continuously embedded
in an RI space K (X), which will be defined in the next section.

In addition, we can prove some other inequalities. Among them, the inequalities for
the Doob decomposition of certain submartingales (Theorems 4.1 and 4.2) may be useful.
They are described as follows. Let 1 < p < 00, let f = (f,,) be an L,-bounded martingale,
and let |f|? = g + h be the Doob decomposition of the submartingale |f|? = (| f,|?) into
a martingale g = (g,,) and a predictable non-decreasing process h = (h,,) with hg = 0.
Then, in the case where 1 < p < 0o, we obtain the inequalities

IR 1x < 2l flley e and [[suplgn7|| < dllfoclln, 0,
n
and, in the case where p = 1, we obtain the inequalities

1hoollx < sup [[fullxx) and  sup |lgnllx <2 sup [|fnllx(x)-
nely neZy nely

Here H,(X) is an RI space embedded in X (see the next section for the definition of
this space). For some specific choices of X we can give explicit expressions for H,(X)
and K(X). For example, if X is isomorphic to the Lorentz space Ly o, then #,(X) is
isomorphic to L, ;. Hence we have the inequalities

|1/p

IRl oo < Coll ool and [[suplgn”| < Cpllfclpa-
n

As another example, let 0 < a < 1 and suppose that X is isomorphic to the RI space
Lexp:q consisting of all z such that exp(A|z|*) is integrable for some A > 0. Then K (X)
is isomorphic t0 Lexp:(a/(1-a))- Thus we obtain

||hoo||exp:a < Ca sup ||fn||exp:(a/(1fa))
nely
and

sup ||gn||exp:a < C; sup ||fn||exp:(a/(1fa))7
nely nely
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where || - ||exp:q denotes the norm of Lexp.q. In addition, K (Lexp:1) is isomorphic to L.
Hence

”hOOHCXp:l < Cq sup || fulle and  sup ||gn||CXp:a < Ozlz sup || fnlloo-
neELy neELy n€Z4
Moreover, it is worth pointing out that if the Boyd indices of X satisfy 0 < ax < x <
1/p, then H,(X) = X, and that if ax > 0, then K(X) = X.

We conclude this introductory section by giving a brief overview of the contents of this
paper.

Section 2 contains preliminary definitions and results. The definition and basic prop-
erties of the spaces H,(X) and K(X) are given there.

Section 3 is devoted to studying norm inequalities for non-decreasing processes. The
proof of the main theorem (Theorem 3.3) is given there.

In §4, we use Theorem 3.3 to derive various norm inequalities for martingales. Besides
the inequalities established there, one may be able to derive some useful inequalities from
Theorem 3.3.

The final section contains some explicit expressions for H,(X) and K(X) in the case
where X is a Lorentz space, Zygmund space, Lorentz—Zygmund space, etc. Then we can
spell out the inequalities established in § 4.

2. Preliminaries

In this paper, we work with a complete probability space (§2, X, P), and assume that
it is non-atomic. Besides this, we consider the canonical probability space (I, 9, u),
where I denotes the interval (0, 1], 9t denotes the o-algebra of Lebesgue measurable sets
in I, and p denotes Lebesgue measure. Throughout the paper, we distinguish these two
probability spaces; the reader who is not comfortable with this setting may assume that
=1 Y=Mand P=p.

Let x be a random variable on §2. The non-increasing rearrangement of x, denoted
by x*, is a (unique) non-increasing right-continuous function on I = (0, 1] such that

P{|z| > A\} = p{z" > A} (A>0).
Note that z* is represented as
() =inf{A >0 | P{lz| > A} <t} (tel),

with the convention that inf () = co.

We also define the non-increasing rearrangement ¢* of a function ¢ on I by regarding
¢ as a random variable on the probability space I.

If ¢ and 1) are measurable functions on I, we write ¢ < 1 to mean that

t t
/ ¢ (s)ds < / *(s)ds foralltel.
0 0

Furthermore, if  and y are random variables on 2 and if * < y*, then we write z < y.
We will frequently use the following facts (see [3, pp. 44, 56]).
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Fact 1. Let x and y be random variables on §2. If x*y* € L1(I), then xy € L1({2) and

1
Elley]] < / 2*(s)y* (s) ds.

In particular,
P(A)
E[[2[14] g/ 2(s)ds (Ac ),
0

where 1,4 denotes the indicator function of A € Y. Analogous estimates hold for any
measurable functions on I.

Fact 2. Let ¢1, ¢2 and 1 be non-negative measurable functions on I. If ¢1 < ¢ and
if ¢ is non-increasing, then

1 1
| oieeas< [ aioue ds
0 0
Suppose that X and Y are normed linear spaces of random variables on 2 (or mea-
surable functions on I). We write ¥ — X if Y is continuously embedded in X.

Definition 2.1. A real Banach space (X, || - ||x) of random variables on {2 (respec-
tively, measurable functions on I) is called a rearrangement-invariant space, or simply
an RI space, over {2 (respectively, I) if X satisfies the following conditions:

(Bl) Loo = X < Ly;
(B2) if |y| < |x| a.s. and x € X, then y € X and ||y||x < ||z]x;

(B3) if 0 < =, T z as., z, € X for all n, and sup,, ||z,||x < oo, then € X and

]l x = sup, [|[zn | x;
(R) if z and y are identically distributed and if € X, then y € X and ||z|x = ||y| x-

For the sake of convenience, we adopt the convention that ||z||x = oo unless z € X.

Strictly speaking, each element of an RI space is an equivalence class of random vari-
ables.

Since the underlying probability space {2 (or I) is non-atomic, condition (R) can be
replaced by the following condition (cf. [3, Exercise 16, p. 90]):

(R) ify <z and z € X, then y € X and |y||x < ||z|x-

If X is a normed linear space satisfying (B1), (B2) and (B3), then X has the Riesz—
Fischer property, and hence it is a Banach space (cf. [3, Theorem 1.6, p. 5]).

https://doi.org/10.1017/50013091503000488 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000488

Martingale inequalities 637

Now let us recall the Luxemburg representation theorem. For any RI space (X, || - ||x)
over §2, there exists an RI space (X, || - || ¢) over I such that

(i) € X if and only if z* e X;
(ii) [Jz[|x = [lz*|| ¢ for all z € X.

Such an RI space X is unique. We call (X, || - | x) the Luzemburg representation of X
(see [3, pp. 62-64] for details).

We consider some linear operators acting on the space of measurable functions on I.
For each p € [1, 00| the operators P,, Q, and R, are defined by

P = i [ o0 (e

@00 = [ 997 (we)

and

! s)s'/P ds
Rys)(t) = [ L5 ds gy

o t/P 4 sl/r s

provided that the respective integrals are finite for almost all ¢ € I. Here we let 1/p =0
if p = co. We write P for Py, Q for Q, and R for R;.
For each s € (0,00), the dilation operator Dy is defined by

o(st), ifstel,

] (tel).
0, if st ¢ 1,

(Ds9)(t) = {

If Y is an RI space over I, then each Dy is a bounded linear operator from Y into Y and
|Dsllpyvy <1V st where || Dl p(yy stands for the operator norm of Dy : Y — Y. If

we set : H 1 .
Qy = su Log||D.+ v and By = inf log | Ds-1l5(v)
1 5
0<s<1 0g s 1<s<oo log s
then s (D .

O, s—1 ) o o1
0< tm OEIPlmen _ g gy l8IDEe

s—0+ log s smy00 log 5

(see [3, p. 149] for details). The numbers ay and By, which are determined by the
structure of Y, are called the lower and upper Boyd indices of Y, respectively. Moreover,
if X is an RI space over {2, then the Boyd indices of X are defined by ax = a; and
Bx = Bx. For example,

ar, =pr,=1/p (1<p< o)
and
ar,,=Br,,=1/p (1<p<oo, 1<q<00),

where L, , denotes the Lorentz space (see [3, pp. 216-220]).
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Now let us recall Boyd’s theorem.

Boyd’s theorem. Let Y be a rearrangement-invariant space over I, and let B(Y)
denote the space of bounded linear operators on Y into Y.

(i) Suppose that 1 < p < oo. Then P, € B(Y) <= [y < 1/p.
(ii) Suppose that 1 < p < co. Then Q, € B(Y) < ay > 1/p.
(iii) Suppose that 1 < p < oo. Then R, € B(Y) < 0 < ay < fy <1/p.

Boyd proved statements (i) and (ii) in [4] (see also [3, p. 150]). Statement (iii) is an
immediate consequence of the first two statements and the following estimate:

31(Ppo) +(Q9)} < (Rpo) < (Pp) + (Q9). (2.1)
With each RI space X over {2, we associate some new spaces of random variables.

Definition 2.2. Let 1 < p < 00, and let X be a rearrangement-invariant space over {2.
For each random variable x, we let

/| m,(x) = [Ppz*[ %,

lzll3,x) = IRpx™ |l ¢
and

2zl xx) = 192" %

The space H,(X) (respectively, H,(X), K(X)) is defined to be the set of random variables
x for which ||z[| g, (x) (respectively, [z]l%,x), |7]lx(x)) is finite.

Lemma 2.3. Let X be a rearrangement-invariant space over {2. Then
(i) Hp(X) is a rearrangement-invariant space and H,(X) — X for any p € [1,00);

(ii) if the function t — —logt belongs to X, then K(X) is a rearrangement-invariant
space and K(X) — X;

(iii) if the function t — —logt belongs to X, then H,(X) is a rearrangement-invariant
space and H,(X) — X for any p € [1,00);

(iv) if the function t — —logt does not belong to X, then both K(X) and H,(X)
consist of the zero function only.

In view of this lemma, we will assume that —logt € X whenever we consider the space
K(X) or Hp(X).

Proof of Lemma 2.3. (i) We first prove that the functional || - ||z, (x) is a norm.
It suffices to show that this functional satisfies the triangle inequality. To this end, we
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use the fact that (z 4 y)* < 2* +y* (see [3, p. 55]). Since the function s~ s(1/P)=1 is
decreasing,

(Pp($+y)*)(t)=i/ (x+y)*(s)51/p%

ti/p s

tl/P/{ )}Sl/pi
= (Ppa™)(t) + (Ppy™)(1)

by Fact 2. This establishes the triangle inequality for |- ||z, (x). Next we verify that
H,(X) is an RI space. It is clear that H,(X) satisfies conditions (B2), (B3) and (R).
Hence it suffices to show that H,(X) satisfies condition (B1). Since z* < p~'P,z* on I,

1 1
lzllx = llz"llx < 5||7’p$*|\x = Zgllxl\Hp(x)a

i.e. Hy(X) <> X. Let 1 denote the constant function taking the value 1. Then P,1 = pl
and hence

]| a, (x) < IPplll [ #lloo = Pl Ml ]loo
whenever & € Lo,. Thus Lo, — Hp(X) — X — L1, as was to be shown.

(ii) In order to show that the functional || - || x(x) is a norm, we have only to prove the
triangle inequality. Observe that

/(Q¢ ds_/ 62 as (e, (2.2)

Using this we have by Fact 2 that, for any ¢ € I,

sAt

/0 (Q( +1)")(s) ds = / (z+9)°(s)

! SNt

= [ {(Qz*)(s) + (Qy*)(s)} ds

In other words, Q(z + y)* < Qz* + Qy*. From (R) it follows that, if z,y € K(X), then
x4y e K(X) and

e+ yllkox) = 196 +9)" 5 <17l + 17l x = lzllxco) + lylxx)-

This proves the triangle inequality for || - || x(x)
We now prove that Lo, — K(X) < Ly. Since (Q1)(t) = —logt € X by hypothesis,
2]k (x) < Q1| ¢||2]|oo for any & € Lo, i-e. Loo <+ K(X). On the other hand, by (2.2),

[@m@“zlu%fy®>fﬁ@®(mn,
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ie. z* < Qz*. From (R’) it follows that, if x € K(X), then z € X and

[ellx < Q2" = [l (x)-

Thus K(X) < X(— Lp). It is clear that K(X) satisfies (B2), (B3) and (R). This
completes the proof of (ii).

(iii) As in the proof of (i), we can show that R,(z + y)* < Rpa* + Rpy*, which estab-
lishes the triangle inequality for |- |4, (x). Since (R,1)(t) < p —logt by (2.1), we find
that Lo, < H,(X). On the other hand, since (Rpz*) > 271Qx* by (2.1), we find that
Hp(X) — K(X) — X. Thus (iii) is proved.

(iv) It suffices to prove the statement for K(X), because H,(X) — K(X). Suppose
that there is a non-zero element z in K(X). Then there are positive numbers ¢ and §
such that 2*(t) > ¢ for all ¢t € (0, ). Hence e(logd —logt) < (Qx*)(t) for t € (0,9). Since
Qx* € X, the function ¢ — — logt must belong to X. This proves (iv). O

As shown above, H,(X) is an RI space for each p € [1,00), and hence we can consider
the Luxemburg representation Hy,(X) of H,(X). Let ¢ be a non-negative measurable
function on /. Then -

¢ € Hy(X) < P,¢* € X. (2.3)

Indeed, since {2 is non-atomic, there is a random variable z such that 2} = ¢* on [
(see [7, p. 44]). Then

6 € Hy(X) <= 24 € Hy(X) «= Py¢" = Py, € X.
In the same way, we find that
¢ e K(X) = Q¢ € X, (2.4)
¢ € Hy(X) < R,o" € X.
These facts will be used in the proof of the following lemma.
Lemma 2.4. Let X be a rearrangement-invariant space over {2.
(i) If 1 < p < ¢ < o0, then
Hy(X) = Hy(X) =X and HyX) = Hpy(X) = X.

(ii) For any p € [1,00),
Hp(X) = Hp(X) N K(X) = Hy(K(X)) = K(H,y(X)).
Proof. (i) Suppose that 1 < p < ¢ < oo. Since s(1/P)=1 < pg=ts(t/O-1 < s(1/a)=1
Fact 2 yields that, for any ¢ € I,
1 1
d d
(Pya™)(t) = / 7 (5t)s7 < < / 7 (51)5/1%° = (Pya*)(0). (2.5)
0 0

Hence ||2[ m,(x) < |7 m,(x), i-e. He(X) < H,(X). Moreover, since R,z* < 2R,x* by
(2.1) and (2.5), we see that H,(X) — H,(X).
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(ii) It is clear from (2.1) that H,(X) = H,(X) N K(X). To prove that H,(X) =
H,(K(X)) = K(Hy(X)), we use the following formulae:

QP = p(Ppd + Qb — (Ppe)(1)) (1

PpQ¢ = p(Ppo + Q) (1

These formulae are valid for functions ¢ in L; (dul/ P), in particular, for functions ¢ such
that P,¢ € Ly. Using (2.1), (2.4) and (2.6) we have

p < 0); (2.6)
p < 00). (2.7)

v € Hy(K(X)) <= Pyz* € K(X) < QPa* € X
— Ryr* € X <= x e HyX).

Thus H,(K (X)) = H,(X). Moreover, from (2.3), (2.4), (2.6) and (2.7), we see that

v € Hy(K(X)) <= Pya* € K(X) += QP,a* € X
= P,0r" € X = Qz* € H)(X) <= ¢ K(H,(X)).
This completes the proof. O
Using Lemma 2.3, Lemma 2.4 and Boyd’s theorem, we have the following lemma.
Lemma 2.5. Let X be a rearrangement-invariant space over {2.
(i) If Bx < 1/p, then
e Hy(X)=X and || - ||Hp(x) ~ |- llx;
o Hy(X) = K(X) and || - |l x) = || - [k (x)-
(ii) If ax > 0, then
o K(X) =X and |- |[xx) =l lIx;
o Hy(X) = Hy(X) and | - [lg,x) = || - [z, 20)-
(iii) If 0 < ax < Bx < 1/p, then

o Hp(X) =X and || - [, x) = || - | x-

3. Rearrangement inequalities and norm inequalities

In this section, we establish some norm inequalities for non-decreasing processes. For
basic facts that we will use here, see, for instance, [8], [12], [13] or [15].

Proposition 3.1. Let 1 < p < oo and let z, y be non-negative random variables. If x
and y satisfy the inequality

El(z = NP lesny] <E sl (A>0), (3.1)

then Pz* < Ppy* + Qu* on I. Moreover, if x and y satisfy (3.1) for p =1, then x* < Qy*.
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For the proof of the proposition, we need the following lemma.

Lemma 3.2. If1 < p < oo and if ¢ : I — R is a non-negative non-increasing function,
then

1t P
(7 [ otras) <l e (32
0
Proof. Suppose first that ¢ is of the form
¢ = Zail(o,ti)7 where a; >0 and 0 <ty <ty <--- <t, <1 (33)
i=1

Then, by Minkowski’s inequality,

t 1/p n ti/p
(/0 o(s)? ds) < Zai(t At)VP = 7(7>,f,¢>)(t) (tel).

Thus (3.2) holds for this ¢. If ¢ is an arbitrary non-negative non-increasing function,
then there exists a sequence {¢;} of functions of the form (3.3) such that 0 < ¢; 1 ¢ a.e.
on I. Hence we may use the monotone convergence theorem to complete the proof. [

Proof of Proposition 3.1. Setting A = z*(¢) in (3.1) and using Fact 1, we deduce
that

/ (27(s) — 27 ()P ds = E[(z — 2"())" Lz~ (1))]
{sella* ()22 (1)}

P{z>z"(t)} .
S E[WPLlipsa 1)} </ y*(s)F ds.
0

Since {s € I | z*(s) = 2*(¢t)} D (0,t] and P{z > 2*(¢)} < ¢, it follows from the estimates
proved above and Jensen’s inequality that

((Pa*)(t) — 2 (1)) = {1 /Ot(ms) ) ds}p
<1 [we-sorae

1 t
< [ veras
t Jo

Thus, by Lemma 3.2,

(Pz*)(t) — 2*(t) < <1 /Ot y*(s)P ds)l/p <

and hence, by (2.6),

(Ppy™)(t) (te ),

D=

Pa® — (Pr)(1) = Q(Pa* — a7) < %%y* — Pyt Oy — (Py)(1). (3.4)

https://doi.org/10.1017/50013091503000488 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000488

Martingale inequalities 643

Furthermore, inequality (3.1) together with Lemma 3.2 implies that
* 1 * *
(Pa)(1) = llzlh < llzllp < Hlyllp < 2 (Poy™) (1) < (Ppy™)(1).

Hence we conclude from (3.4) that Pz* < P,y* + Qy*.
Now suppose that p = 1. Then Px* < Py* + Qy* = PQy™* by (2.7). This shows that
x* < Qu*, completing the proof. a

Now we consider some norm inequalities for processes. Given a process & = (£ )nez,
we adopt the convention that £_; = 0. We say that a process £ = (§,,) is non-decreasing
if &1 2 & = 0 as. for all n € Z,. For a non-decreasing process &, we let £ =

lim,, o0 &n a.s.
Given a filtration F = (Fp)nez, , we denote by S(F) the collection of all F-stopping
times.

Theorem 3.3. Let { = ({,)nez, be a non-decreasing process adapted to a filtration
F = (Fn)nez, , let v be a non-negative random variable, and let X be a rearrangement-
invariant space over {2.

(i) If 1 < p < oo and if
E[(oo — &n-1)? | Fn] KERP | Fo] as. (n€Zy), (3.5)
then P(§c)” < 2Rpy* on I, and [[{c||x < [[€oollar, (x) < 20Vl (x)-
(ii) If (3.5) holds for p = 1, then ({x)* < Q7" and [|§sc||x < [Vl x(x)-
From Theorem 3.3 and Lemma 2.5, we derive the following corollary.
Corollary 3.4. Let £ = (&,), v and X be as in Theorem 3.3.
(i) Suppose that 1 < p < co. If (3.5) holds and if 0 < ax < Bx < 1/p, then
[€oollx < Cx|l¥llx, (3.6)
where C'x is a positive constant depending only on X.
(i1) If (3.5) holds for p =1 and if ax > 0, then (3.6) holds.
Proof of Theorem 3.3. It is routine to deduce from (3.5) that, if o € S(F), then
E[(§ec = €o-1)" | Fo] SERY | F5] ass. (3.7)

Let A > 0 and let 0 = inf{n € Z; | §& > A}. Then {{x > A} = {0 < 0} € F, and
Er—1 < A (since ;-1 = 0 on the set {o = 0}). Therefore, by (3.7),

E[(6oo — MPlieosay] S ERPLie syl

Using Proposition 3.1, we obtain that P(£)* < Ppy* + Qv* < 2R,v*, and hence that

€ooll 2y (x) < 2[1V[121,(x)-
If p=1, then (§o0)* < Qv*. This implies that [[{ol|x < |7/l (x)- O
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Remark 3.5. Clearly, (3.1) implies that
(A1 = A2)PP{z > M} < E[yPlizsn,y] (A1 > A2 2 0).
We can show that if this inequality holds for p € (1, c0), then
P <p'(Ppy” + Qy),

where p’ = p/(p — 1). Using this fact, we can derive a result analogous to Theorem 3.3:
if £ = (&,) is a (not necessarily non-decreasing) process and if

Ell¢r — Co-1[Plircce} | Fo]l SEW? | ol (0,7 €S(F), 0 <7),

then
P(sup | &u])* < p'(Ppy™ + Q7") < 2Ry

and

Hsup|£n| < 20" [1V]l2, (x) -
" X

We omit the details.

4. Norm inequalities for martingales

In this section, we will consider some norm inequalities for martingales. Throughout this
section, X is an RI space over (2.

We begin by introducing (or recalling) some notation that will be used in this section.
Given a martingale f = (f,)nez,, we denote by Mf the mazimal function of f, and
denote by Sf the square function of f, i.e.

n€EZy

o 1/2
Mf = sup |f,| and Sf= {Z(Anf)Q} :
n=0

where A, f = f, — fa—1(n € Z4). (Note that Agf = fo by convention.) We denote by s
the operator defined by

sf = {TiE[(Anf)Q | fn_ﬂ}m,

where F_1 = {0, 2}. More generally, we define

© 1/p
s f = {ZEHAan]-‘n_l]} (1< p< ).
n=0

Furthermore, we deal with operators m® and 6% acting on the space of uniformly
integrable martingales, defined, respectively, by

m(p)f = sup E[‘fw‘p | ]:n]l/p (1 <p <o)
TLEZ+
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and

0P f = sup E[|foo — fu1]? | Fu]/? (1 <p<o0),

n€EZy

where foo = lim,, o0 fr a.s.

Now let 1 < p < oo and let f = (f,)nez, be a martingale such that f,, € L, for all
n € Z4. By the Doob decomposition theorem, the process |f|P = (| fn|")nez, is uniquely
decomposed as the sum of a martingale g = (g»)nez, and a predictable non-decreasing
process h = (hp)nez, with hg = 0 (see, for example, [13, p. 145] or [15, p. 153]). If f
is an L,-bounded martingale, then the limits foo = limy o0 fr, Goo = limp00 g and
hoo = lim,, . h, exist a.s.

Theorem 4.1. Let 1 < p < o0, let f = (fu)nez, be an Ly-bounded martingale, and
let |f|P = g + h be the Doob decomposition of |f|P = (| fn|P) into a martingale g = (gy)
and a predictable non-decreasing process h = (hy,) with hg = 0. Then

18P Nlx < 20l fsclla, ) and [[(Mg)"Pllx < 4ll ool x)-

Moreover, if 0 < ax < Bx < 1/p, then
IWPx < Cpxlifullx and [[(Mg)/?|lx < Cpxllfollx,

where C), x is a positive constant depending only on p and X.

Theorem 4.2. Let f = (fn)nez, be an Li-bounded martingale, and let |f| = g+ h
be the Doob decomposition of |f| = (|fn|) into a martingale g = (g,,) and a predictable
non-decreasing process h = (h,,) with hg = 0. Then

[hoollx < sup [[fullk(x) and  sup |lgnllx <2 sup || fnllx(x)-
n€ly neEly neZy

Moreover, if ax > 0, then

[hoollx < Cx sup [[fullx and sup [[gnllx < Cx sup || fullx-
nely nely nely

Remark 4.3. In addition to the hypotheses of Theorem 4.2, suppose that f =
(fn)nez, is uniformly integrable. Then sup,, ||fnllx(x) (respectively, sup, ||fn|x) can
be replaced by || foollx(x) (respectively, || fo||x). To see this, recall (see [3, p. 74]) that

t
/ y*(s) ds = mf{llyalls + tlyelloe | 5= 91+ v2, 91 € L1, 92 € Loo).
0

From this identity, we can derive that E[z|G] < x for any « € Ly and any sub-o-algebra
G of F. Hence, if f = (f,) is uniformly integrable, then

fo =E[foo | Fn] < foo foreachn e Z,.

Thus sup,, || fallxx) < [lfoollx(x) and sup,, [[fallx < [[foollx by (R').
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Proof of Theorem 4.1. We prove the first statement only, because the second state-
ment follows from the first statement and Lemma 2.5 (iii).
Since M f € L, by the Doob maximal inequality and since

E[hoo] < —Elgo] + sup [ fall} < oo,

we see that Mg < hoo + (M f)P € L;. Hence g = (g, ) is uniformly integrable, i.e. g, =
Elgoo | Fn] for each n € Z,. This implies that

E[(hiép - hqlz/p)p | fn] < ]E[hoo - hn | fn] = E[|f00|p - |fn|p ‘ }—n] < IE[|f<><>|p | fn]

If we set &, = h}l/fl(q € Z4) and v = | foo|, then inequality (3.5) holds. From Theorem 3.3
we conclude that [|hod pHX < 2| foo I, (x)-

Now we estimate the norm of (M g)l/ ? in X. The Doob maximal inequality, together
with Fact 1, shows that

1

A< WE[lfooll{Mf>>\}]
P{Mf>,\}
< P{Mf )\}/ oc) (S)ds
— (P(fo)")(P{MS > A}). (1)

Let t € I and set A = (Mf)*(¢t) in (4.1). Since P{Mf > (M f)*(¢t)} >t and since the
function P(foo)* is non-increasing, it follows that

(Mf)*(t) < (P(foo)")(t) (t€T). (4.2)
Therefore,
I{(MF)? + hoo} /7| x
IMf + Rl x
1M 11lx + 10327
P (foo) "l x + 2l foollae, (x)
Since P(foo)* < Pp(foo)* < 2Rp(foo)* by (2.1) and (2.5), we obtain that

I(Mg) Pl x < 4l foollre, ()

as desired. O

1(Mg)* 77| x

V/A/AN/AN/A

Proof of Theorem 4.2. Let N > 0 be a fixed integer. Then
Elhn = b | Ful = EB[[f§] = ful | Ful < E[[fn|] Fu] as. (0<n<N).

If we set v = | fn| and &, = h(nq1)an for each n € Z,, then (3.5) holds for p = 1. There-
fore, ||hn|x < ||fn|x(x) by Theorem 3.3 (ii). Thus we conclude (from the Fatou prop-
erty (B3) of K (X)) that [|heo|[x < sup,, [[fnllx(x)-
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Furthermore, we see that
sup [|gnllx < [|hoollx +sup || fullx < 2sup || fullx(x)-
n n n

This completes the proof of the first statement of Theorem 4.2. The second statement
follows from the first statement and Lemma 2.5 (ii). O

Now we consider norm inequalities for ) f. Burkholder and Gundy proved in [6] that
if 2 < r < oo, then

sl < Coll foollr

with some constant C, > 0 depending only on r. The next theorem extends this.

Theorem 4.4. Let f = (fn)nez, be a uniformly integrable martingale and let f, =
limy, oo frn @.s. If 2 < p < o0, then

15 Fllx < Cpll foollae, x): (4.3)

with some constant Cp, > 0 depending only on p. Moreover, if in addition 0 < ax <
Bx < 1/p, then

s fllx < Cp xllfoollx,
with some constant Cp, x > 0 depending only on p and X.

Before proving this theorem, we recall the Burkholder inequality (see [5, Theorem 3.2]).
For each p € (1,00) there is a constant ¢, > 0 such that if f = (f,) is a uniformly
integrable martingale, then

E[(Sf)"] < B[ foo|"].

We use the conditional form of this inequality. Given a martingale f = (f,) and an
integer N > 0, we denote by f(") the stopped martingale (faaN)nez, - Then

E[S(f — fON | Fn] < B[ foo — fN|P | Fn] as. (N € Zy), (4.4)

provided that 1 < p < oo. Inequality (4.4) follows by applying the ordinary Burkholder
inequality to the martingale f' = ((fn4+n — fn)1a)nez, Wwith respect to the filtration
F' = (FN+4n)nez,, where A € Fi.

Proof of Theorem 4.4. We prove the first statement only. Let

n+1 1/p
&= {LEIASP [ Fil) ez ad 6= lim & =0,
k=0
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Since 2 < p < oo, we find that

E[(§oo = En—1)" [ FN] S E[E5 — &5y | FN]

<E[ Y E[AP] Fi] fN]
“k=N+1
=E| D> 1A fN]
“k=N+1
r oo p/2
SR NEN
- MNe=N+1

E[S(f = f™)P | Ful

B[ foo = NI | F]
cp2" " (El fool” | FN] + |fnP)
p2"E| foo|” | Fl,

NN N

where we have used (4.4). Thus, if we set v = c;l,/p2\foo\, then ~ satisfies (3.5). From
Theorem 3.3 (i), we obtain (4.3) with C), = 4(:;,/17, completing the proof. O

The next theorem is an extension of the Burkholder—-Davis—Gundy inequality.

Theorem 4.5. There are absolute constants ki and ky such that if f = (fn)nez, Is a
martingale, then

1Sfllx < Rl Mfllxx) and  [[Mflix < kallSFllk(x)-

Moreover, if f = (fn)nez, is a uniformly integrable martingale and fo = lim, o fy a.s.,
then

1Sfllx < 2k foolle (x)-
Suppose that ax > 0. Then it follows from Theorem 4.5 and Lemma 2.5 that

ex[ISfllx < IMfllx < Cx[ISFlx

for all martingales f, where cx and Cx are positive constants depending only on X.
This result was established independently by Antipa [1], Johnson and Schechtman [10]
and Novikov [14].

Proof of Theorem 4.5. We use the (conditional form of the) Davis inequality (see,
for example, [8, p. 286] or [12, p. 89]). There are constants k; and ko such that

E[Sf — Sn-1f | Fu] < E[Mf | F] as. (n € Zy)
and

EMf — Mu_1f | Fu] < kE[Sf | Fn] as.  (n€Zy),
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where

n 1/2
Snf:{Z(Akf)2} , M,f= sup |fx|, and S_1f=M_f=0.

o 0<k<n

Therefore, the first statement follows from Theorem 3.3 (ii). Moreover, since k; ' (Sf)* <
Q(Mf)*, inequality (4.2) together with (2.6) gives that if f = (/f,,) is uniformly integrable,

then
ki (SF)" < QP(foo)® < P(foo)™ + Q(foo)" < 2R(foo)*
Therefore,
[1Sfllx < 2kl foo |7 (x)
which proves the second statement. O

Now let us consider some norm inequalities for the operators 8%) and m®). Long [11]
established norm inequalities for these operators in Orlicz spaces (with a different nota-
tion). Our aim here is to extend his results. We begin by recalling a basic result. If
f = (fn) is a uniformly integrable martingale, then

LEP f] <Em® f] < 1TEOP f] (1 < p < ). (4.5)

Long’s proof of this result is based on a ‘rearrangement technique’. In Appendix A,
however, we will give another proof by means of a usual ‘distribution function technique’.

Theorem 4.6. If f = (fn)nez, is a uniformly integrable martingale, then
10P fllx < m@ fllx <17)0P fllxy (1< p < 00). (4.6)
In particular, if ax > 0, then ||0P) f||x ~ |mP) f||x for any finite p > 1.

Proof. The first inequality of (4.6) is obvious, since ) f < 2m®) f by Minkowski’s
inequality. Let us prove the second inequality. Fix n € Z, and let A € F,,. We consider
the martingale f' = (f])rez, given by

fe =El(foo = fa-1)la | Fi] (k€ Zy), where Ff = Fpip.

For each k € Z, let
mf = sup Bllful | F)

0<j<
Then
(m® f —m® F)1a < sup El|fae — far|P | Fp1VP1a = m®) £, (4.7)
kEZ+

To see this, it suffices to observe that
m®f = (mif /) v (supEllfaol” | £i]'/7)
<))V (SWE oo facr | Al P + | fu])

< sup Ef|fae — faa? | FIVP +m®P) .
k€Z+
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Since 0®) f < (%) f)1 4, combining (4.5) and (4.7) yields that
E[(m® f —m,”, f)1a] < 1TE[P) '] < 1TE[(07) f)1a].

Hence
E[m® f —m® . f | F] S 1TE[P £ | Fo] as. (n € Zy).
Thus the second inequality of (4.6) follows from Theorem 3.3 (ii). O

We conclude this section with the following theorem.

Theorem 4.7. Let 1 < p < oo and let f = (fn)nez, be a uniformly integrable mar-
tingale.

(i) If p < ¢ < oo, then there is a constant Cp , > 0, depending only on p and ¢, such
that

1@ fllx < Cpqll foollae, x)- (4.8)

(ii) If 0 < ax < Bx < 1/p, then there is a constant Cp x > 0, depending only on p
and X, such that
Im® fllx < Cp x| foollx- (4.9)

Proof. (i) Assume first that f. is bounded. Fix n € Z, and let A € F,,. We con-
sider the martingale f’ = (E[|foo|? | Frtr)la)rez, with respect to the filtration 7' =
(Frtr)rez, - Applying the Doob maximal inequality, we find that

P q/p r/4 q q1 .1p/q
Elsup E[| fool? | Fi]¥P1a| < E[| foo|1a]P74.
k>n q—p

Thus
E[supE{lfocl? | Fi]"/7 | Fo] < Oy Ellfucl? | Fa] 05

where C}, , = {q/(q — p)}7/P. On the other hand, we have that
() f —m )1 < (m® £ = (mif2, )T < sup Bl | FiJ77.

Therefore,
E[(m® f —mi”, )7 Fal < Cp Bl foo|? | Fu] a5 (n € Zy).

Applying Theorem 3.3 (i), we obtain (4.8) with C;, ; = 20}, .
Now we remove the restriction that f. is bounded. Let f = (f,)nez, be an arbitrary

+
uniformly integrable martingale. For each k =1,2,..., let f* = ( T<Lk>)ﬂ€z+ denote the

martingale defined by

FF = Blfoolqpuicny | Ful  (n € Zy).

Then m®) k) + mP) f as. as k 1 oo, and hence ||m®) f*)||x 1 |m®) f||x by (B3). From
what we have proved above, it follows that

Im® fllx = Jim m® 9 < Cpy Jim 118 4,000 = Cpall Foellre, 0

This completes the proof of statement (i).
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(ii) Suppose that 0 < ax < fSx < 1/p. If we choose a number ¢ so that p < ¢ < 1/8x,
then (4.8) holds. Hence (4.9) follows from Lemma 2.5 (iii). O

5. Examples of H,(X), K(X) and H,(X)

Let us recall the definition of Lorentz space L, 4. Let 1 < p < oo and 1 < ¢ < oo. For
each measurable function ¢ on I, we let

1 de\1
(/ {tl/%*(t)}q) if 1 <q< oo,
[¢llp,q = 0 t

sup{t'/P¢*(t)} if ¢ = oc.

tel
The Lorentz space Ly, = Ly q(I) (over I) consists of all measurable functions ¢ for
which [|¢]|pq < o00. If 1 < g < p < oo, then (Ly 4. | - [|p,q) is an RI space over I. However,
unless 1 < ¢ < p < oo, the functional || - ||, 4 is not a norm. So we need to consider
another functionals let [9llip.q) = P9 - Then |- g % | lipgy a0 (Zp.gs 1 - i)
is an RI space, provided that 1 < p < oo and 1 < ¢ < oo. In any case, we have
e = Br,, =1/p (see [3, pp. 216-220] for details).
More generally, we also consider the Lorentz—Zygmund spaces. Let 1 < p < 00, 1 <

ar

q < ooand —oo < a < co. We define

1 de /e
( / {tl/pu—logt)w*(t)}qt) 1< g < oo,
0

sup{t'/?(1 — logt)*¢*(t)} if ¢ = oo,
tel

16llp.q:0 =

and let ||®](p,q):a = IP®*|Ip,q:a- The Lorentz—Zygmund space Ly 4(log L) consists of all
functions ¢ for which ||¢|lp g0 < 00. If 1 <p <00, 1< g < 00 and —oco < a < oo, then

H ' ||p,q:a ~ ” : ”(p,q):a and (Lp,q(IOg L)aa H ! H(p,q):a)

is an RI space. Moreover, L; 1 (log L)* is also an RI space whenever 0 < a < oo (see [2]).
Let 1 < p < oo and 0 < a < oo. The space (L, ,(log L)%, || ||p,p:a) is called the Zygmund
space and is denoted by (L,(log L)%, || - ||p:a)- One can prove that ¢ € L,(log L)* if and
only if |p|{log(1+|¢|) }* € L, (cf. [3, p. 252]). We write L(log L)® for L1 (log L)%, L, (log L)
for L,(log L)', and L(log L) for L;(log L)*.
The space Ly, 4 = L, 4(£2) over 2 is defined to be the space of random variables x for

which ||z]|p.q = [|2*||p,q < 00. The other spaces over {2 are defined in the same way.
It is a simple matter to verify that

e Hi(Li) = Hi(L1) = L(log L);

° Hp(Ll) = Hp(Ll) = Lp71 (1 <p< OO)
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Furthermore, we have

Hy(Lyp1) = Hp(Lp1) = Lpa(logL) (1 < p < o0);
Hp(Lp,oc) = Hp(Lp,oc) = Lp (1 <p < 00);

Hy(Lyr) =Hp(Lgr) =Lp1 (1< qg<p<oo, 1 <7< 00);
Hy(Lgr) =Hp(Lyy) = Ler (1<p<g<o0, 1<r < 00);

e H,(L,1(log L)) = Hy(Ly1(log L)*) = Ly 1(log L)*™ (1 < p < oo, 0 < a< o).
Indeed, it is straightforward to verify that
Hp(Lpa) = Lpa(logL), Hp(Lpeo) =Ly,
and
H,(Ly1(log L)*) = Ly 1(log L)***.
Since ar,, = 1/p > 0, we have K(L,,1) = Ly 1 by Lemma 2.5. Hence
Hy(Lp,1) = Hy(K(Lp,)) = Hp(Lp,1) = Lp,1(log L)
by Lemma 2.4. In the same way, we see that
Hp(Lpoo) = Lp1 and  Hp(Lp1(log L)) = Ly (log L)*F.
Now, let 1 <g<p<ooand1l<r <oo. Then L, — Ly, and hence
Lp1 = Hy(Lp,oo) = Hp(Lg,r)-
On the other hand, since Ly, — L1 = L1, we see that
Hp(Lg,) = Hy(L1) = Ly,

Thus Hy,(Lg,r) = Lp1. Moreover, we have H,(Lqr) =Hp(Lq,yr), because K(Lg,) = Lqr.
Next, let 1 < p < g < oo and 1 <7 < oo. Then, since ar,, = fr,,. =1/q € (0,1/p),
it follows from Lemma 2.5 that Hp(L ar ) =MHp(Lyyr) =Ly,
We now give some examples of RI spaces X such that K(X) & X. Given a € (0, 00),
we denote by Lexp:q the collection of random variables x on {2 for which

| f (P2*)(1)
exp:a 1 1 14 * ds = 1 1 14
el =300 ooy, =" (s =
Then (Lexpia, || - llexp:a) is an RI space. One can show that @ € Leyp: if and only if
exp(A|z|®) € Ly for some A > 0 (cf. [2, Theorem 10.3]).
Instead of the norm || - ||exp:a, We may use the functional N,(-) defined by
*(t
No(z) = sup — )

ter (1— IOgt)l/a'
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The functional N,(-) is not a norm. However, for each a € (0,00), there is a constant
ke > 0 such that
Na(z) < [|2]lexpa < kalNa(2).- (5.1)

A proof of this fact will be given in Appendix B.

If @ > 1, then the function ¢ — —log¢ does not belong to Lexp:.q = Lexp:a (), and hence
the space K (Lexp:q) consists of the zero function only. On the other hand, if 0 < a < 1,
then

° K(Lexp:l) = Hp(Lexpzl) = Loo (1 < p< OO),
L K(Lexp:a> = Hp(Lexp:a) = Lexp:(a/(lfa)) (1 Sp<oo,0<a< 1)
To prove that K (Lexp:1) = Loo, let © € K(Lexp:1). If 0 <t < 6 < 1, then

™ (9)log(9/t) _ (Qz*)(t) _ (P(Qr™))(?)
1—logt ~ 1—logt = 1—logt

<2l (L)

Letting ¢ — 0+ yields that x*(d) < [|#||k(L.,,,) for all § € I. Therefore, |[z[o <
||$‘|K(Lexp;1)a i.e. K(Lexp:1) = Loo. Thus we have K(Lexp:1) = Loo, since the embedding
Lo > K(Lexp:1) is trivial.

Now let us prove that K(Lexp:a) = Lexp:(a/(1—a)) for a € (0,1). Suppose that = ¢
Lexp:(a/(l—a))' Then, by (27),

(P(Qz"))(t)

ter (1 —logt)l/a
o P+ (Q)(0)

tel (1 —logt)t/a

(Qa™)(1)
(1 —logt)t/a
—z*(t) logt
(1 —logt)t/a

< |z llexpia + H33||CXp:(a/(1fa))

1211 K (Lexp.a) =

< [|2lexpra + sup
tel

< [|2lexpra + sup
tel

< 2||x||exp:(a/(1—a))-
Thus Lexp:(a/(1—a)) = K (Lexp:a). Conversely, suppose that € K(Lexp:a). Then

z*(0)log(9/t) _  (Q™)(?)
(1 —logt)l/a = (1 —logt)l/a

SN2 K (Lerpa) (0 <ESIS ). (5.2)

Therefore, since
. log(d/t) a(l — a)(t-a)/a
X =
0<t<s (1 —logt)/e (1 —logd)(t-a)/a’

we have by (5.2) that

a(l — a)(1=a)/ag*(5)
<
A —logoyiare < I7lxzeg.

(0<d<1).
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Thus Nyj(1—a)(®) < Call@| K (Lerya)s Where Cpt = a(1 —a)t=9/2. From (5.1) we con-
clude that

2]l exp:(a/(1-a)) < Ka/(1-a)Call®l K (Lexpra)>

and hence that K(Lexp;a) — Lexp:(a/(lfa))' As a result, K(Lexp:a) = Lexp:(a/(lfa))'
Now it remains to show that K(Lexp.a) = Hp(Lexp:a) Whenever 0 < ¢ < 1 and 1 <
p < oo. However, this follows from Lemma 2.5, because 3z, = 0. We omit the details
(cf. [3, p. 248)]).
Combining the results in the present and preceding sections, we obtain various inequal-
ities for martingales. For example,

15 £llp,1 < Cpll foollp,1a (2<p <o)
Hm(p)qu,l:a < Cp,q,allfoonq’l:a+1 (1 Sp<g<o, 0sa< 1)’
1m® fllexpia < Cpallfoollexpitara-ayy (1 <p<o0, 0<a<1),
[Mfllexpia < CallSfllexpi(asi—ayy (0 <a<1),
[Mfllexp:r < ClISf oo

Appendix A.

Proof of (4.5). Let 1 < p < co and set

0P f = sup E[/foo — fa1|” | Fi]V? (n€Zy).

0<k<n

Suppose that 0 < § <1 < b < oo and 0 < A < oo. We define the stopping times p, o and
T, respectively, by

p=inf{n e Z, | 0 f > o)},
o=inf{n € Z, | |fu| > A}

and

T=1inf{n € Zy | |fu| > bA}.
Then

{Mf > b\, 0V f <A} = {7 < 00, p= o0}
C{r<oo, 0 <p}
C{lfr = forrl 2 (=1, o < p}. (A1)

Since the operators E[- | ] and E[- | F,,] commute each other, we find that

EHfoo - fo—1| | -7:0]1{0':71} = E['foo - fn—l‘ I ]:n]l{azn} < (ey(Ll)f)l{o:n}
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Therefore,

EHfoo - fa—1| | ‘7:0]1{0<p} = ZEHJCOO - f0—1| | fo}l{a:n<p}

n=0
oo

< Z(eg)f)l{o=n<p}
n=0

(9,()1—)1f)1{a<p}
OAlfo<py
SAL{nrfsa)- (A2)

NN N

Using (A1) and (A 2), we have that
P{M[ > b, 0 f <N} <P{|fr = four| 2 (b= 1A, 0 < p}

1

(b _ 1))\]E[|f7' - f0'—1|1{0'</7}]
1

(b—1)A
1

< WE[EWOO = fo—1l | Foll{o<py]

)

< mH”{Mf > A}

<

<

EHE[foo — fo-1 | -7:7']|1{0<p}]

Hence, by Lemma 7.1 of [5],

b(b—1)

EMAS So—m-1)

E[0M f],

provided b — b — 1 > 0. By setting b= 2 and § = %, we obtain that
E[Mf] < 16E[0WY) f] < 16E[0P) f].
Since m® f < W) f + Mf by Minkowski’s inequality,
E[m® f] < 17TE[9P) f].

On the other hand, Minkowski’s inequality yields that ) f < m® f + Mf < 2m®) f.
This completes the proof. O

Appendix B.

Proof of (5.1). Because the first inequality of (5.1) is obvious, we prove the second
inequality only. Suppose first that a > 1 and N,(z) < co. Then

2*(s) < No(x)(1 —logs)/* forall s € I,
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and therefore

t
/(1—1ogs)1/ads
0

1t 1/a
<Na(:v){t/0 (1—10gs)ds}

— No(@)(2 — logt)!/a
< 2Y9N, (2)(1 — logt)/e.

Thus [|2]|exp:a < 2Ny (z). Suppose now that 0 < a < 1 and N,(z) < co. Then, using
Lemma 3.2, we find that

(Pa") ()" < Na<x>a{1 / (1~ logs)!/e ds}a
<N | (11— Tog st &2

ta

::A@(xyl<1+—i-—logt)
< (1+i)Na($)a(110gt)-

Therefore, || lexp:a < (14 (1/a))*/*N,(x). This completes the proof of (5.1). d
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