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Abstract  The Dirichlet problem for the Laplace equation in a connected-plane region with cuts is
studied. The existence of a classical solution is proved by potential theory. The problem is reduced to a
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1. Introduction

The theory of boundary-value problems for two-dimensional PDEs mostly deals with con-
nected domains bounded by closed curves. A small number of investigations are devoted
to the problems outside cuts in the plane. There are almost no results concerning well-
posedness of classical problems in domains bounded by closed curves and containing
cuts. It seems that the difficulty in analysing these problems comes from the different
technique of the proof of the solvability theorems for domains bounded by closed curves
and for plane with cuts. It is very likely that there is no great difference between these
problems in nature. In the present paper, we try to overcome technical difficulties for the
Laplace equation in the internal domain with cuts, and, therefore, to suggest an approach
to the analysis of similar problems.

The two-dimensional Dirichlet boundary-value problem for the Laplace equation in a
multiply connected domain bounded by closed curves is considered, for instance, in [2,9].
The Dirichlet problem for this equation in the exterior of cuts is studied in [9]. The present
note is an attempt to join these problems together and to consider domains containing
cuts. Similar domains have great significance, because cuts model cracks, screens or wings
in physical problems. Domains without cuts are a particular case of our problem. Our
approach is different from [2,9] even in this case.

The approach proposed in the present paper can be applied to other elliptic problems
in domains with closed and open boundaries. The Dirichlet and Neumann problems for
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Figure 1. An internal domain.

the Helmholtz equation in a plane domain with cuts have recently been investigated
in [5,7,8]. Some nonlinear problems on fluid flow over several obstacles, including wings,
were treated in [6].

The uniqueness theorem in the Dirichlet problem for the Laplace equation follows from
the maximum principle, unlike the Dirichlet problem for the Helmholtz equation [5, 8],
where the energy equalities are used. This enables one to study the problem in the present
paper under weakened smoothness conditions in comparison with [5, 8].

In addition, the Dirichlet problem for the Laplace equation is more complicated than
the relative problem for the dissipative Helmholtz equation, even in classical multiply
connected domains without cuts, because, generally, the solution for the Laplace equa-
tion cannot be expressed in the form of pure double layer potential. In view of these
reasons, different modified approaches were suggested, for instance, in (9], but they are
not appropriate in domains with cuts.

Let us note the basic difficulties in the analysis of the Dirichlet problem in a plane
domain with cuts by potential theory. Problems in a domain bounded by closed curves
can be reduced to a Fredholm equation of the second kind. Problems in the exterior
of cuts can be reduced to the integral equation of the first kind with a weak or strong
singularity in the kernel. If we consider a domain with cuts, then, on the whole boundary,
we obtain a non-classical integral equation, for which the analysis is quite complicated.
Our approach enables one to reduce the Dirichlet problem in a domain with cuts to a
uniquely solvable Fredholm equation of the second kind in the appropriate Banach space.

2. Formulation of the problem

By a simple open curve we mean a non-closed smooth arc of finite length without self-
intersections [9].

In the plane x = (z;,z2) € R? we consider the multiply connected domain bounded
by simple open curves I',..., I’y € C** and simple closed curves I'Z,..., I} € C™*,
A € (0,1], so that the curves do not have points in common and the curve I'? encloses

https://doi.org/10.1017/50013091500020952 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020952

The Dirichlet problem in a plane domain with cuts 327

all others. We put
N1 NZ
rn=\Jri, nr=\Jyrk r=rtur:
n=1 n=1

The connected domain bounded by I'? will be called D. We assume that each curve I'¥
is parametrized by the arc length s:

I*={z:z=2x(s) = (21(5),22(5)), s € [aX,b8]}, n=1,...,Np, k=1,2,

so that a] < b} < --- <a}, <by, <af <b} <---<a}, < by, and the domain D is
on the right when the parameter s increases on I'2. Therefore, points z € I" and values
of the parameter s are in one-to-one correspondence, except a2, b2, which correspond to
the same point z for n =1,..., No. Below the sets of the intervals on the Os axis,

N2 2 Ng

Ny
Uler.n),  Uleh.82l, | ek, 85,

n=1 k=1n=1

will be denoted by the same symbols as corresponding sets of curves, that is, by I'', I'?
and I', respectively.
We put CO(I'?) = {F(s) : F(s) € C°a2,b%], F(a2) = F(b2)}, and

N>
coIr?) = () (L)
n=1

By D,, we denote the internal domain bounded by the curve I'2, if n = 2,..., N2. The
external domain bounded by I'? will be called D;.

The tangent vector to I" at the point z(s) we denote by 7, = (cos a(s), sin a(s)), where
cosa(s) = zf(s), sina(s) = z5(s). Let n, = (sina(s), — cosa(s)) be a normal vector to
I' at z(s). The direction of n, is chosen such that it will coincide with the direction of
7 if n, is rotated anticlockwise through an angle of n/2.

We consider the curves I'! as a set of cuts. The side of I'! that is on the left when the
parameter s increases will be denoted by (I'')*, and the opposite side will be denoted

by (I'')~.
Let us formulate the Dirichlet problem for the Laplace equation in the domain D\I™.

Problem U. To find a function u(z) € CO(D\I'') N C?(D\I''), which satisfies the
Laplace equation

Uzyz, (T) + Usyzy (€) =0, € D\IT, (2.1a)
and the boundary conditions
wz(Diryr = FF(s),  w@(6)liry- = F(s),  w(z(s))lrz = F(s). (2.1b)

All conditions of Problem U must be satisfied in the classical sense.
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Remark 2.1. By C%(D\I"') we denote functions which are continuously extended on
cuts I'! from the left and right, but their values on I'' from the left and right can be
different, so that the functions may have a jump on I'!.

If N; = 0 and cuts I'! are absent, then Problem U transforms to the classical Dirichlet
problem in a domain D without cuts.

On the basis of the maximum principle for harmonic functions [3,10], we can readily
prove the following assertion.

Theorem 2.2. The Problem U has at most one solution.

3. Integral equations at the boundary

Below, we assume that

F*(s),F~(s) e C*MI'Y), F(s) e C®(I'*), Xe(0,1], (3.1a)
Ft(ay)=F~(a}), F*(bp)=F(b}), n=1,...,N:. (3.1b

n

If By(I'!), B2(I"?) are Banach spaces of functions given on I'' and I'?, then, for func-
tions given on I’, we introduce the Banach space B;(I"'') N By (I"?) with the norm

I 3, crrynsarzy = I - sy + 11 - sy (r2)-

An example of such a Banach space is CO(I") = C°(I'') n CO(I'?).
We say that the function u(z) belongs to the smoothness class K if

(1) we CUD\I') N CHD\I);

(2) Vu € CO(D\I'\I'*\ X), where X is a point-set, consisting of the end-points of I'!,
X = U (alyuz(b:));

(3) in the neighbourhood of any point z(d) € X for some constants C > 0, € > —1, the
inequality
|Vu| € Clz — z(d)|°, (3.2)
holds, where £ — z(d) and d =al ord =50}, n=1,...,N;.

We shall construct the solution of Problem U from the smoothness class K with the
help of potential theory for the Laplace equation (2.1a).

By [px ... do we mean
Ni  pbE
z/ e do
n=17a%
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We consider an angular potential [1] for the equation (2.1 a):

unVl(z) = —% /1‘1 v(o)V(z,y(o))do. (3.3)
The kernel V(z,y(c)) is defined (up to indeterminacy 2mm, m = £1,42,...} by the
formulae
_zl—yl(U) Vi ulo =$2—y2(0)
osV(zy(e)) = PUS, snVinyle)) = PE
where
y=y(0) = (1(0),12(0)) € T", |z —y(0)| = V(&1 — 11(0))? + (z2 ~ y2(0)).

One can see that V(z,y(c)) is the angle between the vector y(T):)r and the direction of the
Oz ;-axis. More precisely, V(z,y(c)) is a many-valued harmonic function of = connected
with In |z — y(o)| by the Cauchy—Riemann relations.

Below, by V(z,y(c)) we denote an arbitrary fixed branch of this function, which varies
continuously with o along each curve I'! (n=1,..., N7) for given fixed z ¢ I'"!.

Under this definition of V(z,y(0)), the potential v; [v](z) is a many-valued function. In
order that the potential v;[v](z) be single-valued, it is necessary to impose the following
additional conditions

by
/ v(o)doe=0, n=1,...,Ny. (3.4)

Below, we suppose that the density v(c) belongs to C%*(I'!) and satisfies condi-
tions (3.4). As shown in [1,4], for such v(o), the angular potential v;[v](z) belongs to
the class K. In particular, the condition (3.2) is satisfied for any e € (0,1). Moreover,
integrating vy [v](z) by parts and using (3.4), we express the angular potential in terms
of a double layer potential

1 0
() = 5 /r 0 g Inle = y(@)] do (3.5)
with the density
po) = [ vOd oelal bl n=1.., N (36)

n

Consequently, v, [v](z) satisfies equation (2.1 a) outside I"'.
Let us construct a solution of Problem U. We seek a solution of the problem in the
following form

uly, p(z) = nlvl(z) + wlp)(z), 3.7)
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where v; [v](z) is given by (3.3), (3.5) and

wlp)(z) = wilp)(z) + w2 lul(),

@) = 5= [ wo)nle - y(@)do, 59
wslp(z) = —% u(o )—‘9—1n & — y(o)] do + hlul(=

By h{u](z) we denote the sum of point sources placed at the fixed points Y} lying
inside I} (k=2,...,N,):

hlp)(z) = ——Z/ o)deln|z - Y|, Yr €Dy, k=2,...,Na.

Clearly, h[p](z) obeys equation (2.1a) and belongs to

c (RQ\ fj Yk);

k=2

besides, if z(s) € I, then h[u)(z(s)) € CYM(I) in s.

As noted above, we will look for the density v(o) satisfying conditions (3.4) and belong-
ing to COA(I™).

We will seek p(s) from the Banach space C¥(I'") N C%(I'?), w € (0,1}, g € [0,1), with
the norm

- llewryncerey = || - llesryy + I - lloocrz).-
We say that u(s) € Co(I') if
Ny
u(s) [T 1s = apl?ls ~ brl* € o),
n=1
where C%¥(I'!) is a Holder space with the index w and
Ny

(sl ¢y = ﬂm I to-airle—oir

=1

Cow ()

It can be checked directly, with the help of [4,9], that for such u(s), the function
w1 [u](z) obeys equation (2.1a) and belongs to the class K. In particular, inequal-
ity (3.2) holds with € = —q if ¢ € (0,1). The potential wo[u](z) satisfies equation (2.1a)
and belongs to C%(D) N C?(D). Consequently, wa[u](z) belongs to the class K, and so
uly, pl(z) € K.
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To satisfy the boundary conditions, we put (3.7) in (2.1b) and arrive at the system of
the integral equations for the densities p(s), v(s):

£30(6) - 5 [ MoV (als)3te)) do = 3= [ lo)nlale) —y(o)] do

51; o “(")ainy In|z(s) - y(o)| do + hlul(z(s)) = F=(s), seTl,
(3.9q)

1

- /F zﬂ(U)any 1n|w<> y(0)|do + hlu)(z(s)) = F(s), seT?,

(3.9b)

where p(s) is defined in terms of v(s) in (3.6). The kernels of the second integral term in
(3.9a) and the third integral term in (3.9b) have a weak singularity as s = 0.

To derive limit formulae for the angular potential, we used its expression in the form
of a double layer potential (3.5).

Equation (3.9 a) is obtained as z — z(s) € (I"!)* and comprises two integral equations.
The upper sign denotes the integral equation on (I"!)"; the lower sign denotes the integral
equation on (')~

In addition to the integral equations written above we have the conditions (3.4).

Subtracting the integral equation (3.9 ¢) and using (3.6), we find

p(s) = (F*(s) - F~(s)) e C"N(I),

u(s) = (F'*(s) = F'~(s)) € CO,,\(Fl), F/:i:(s) _ ad_sFi( ) } (3.10)

We note that v(s) is found completely and satisfies all required conditions, and in
particular (3.4). Hence, the angular potential (3.3), (3.5) is found completely as well.
We introduce the function f(s) on I" by the formula

1

f(s) = F(s )+§/ (F"*(0) = F~(0))V(z(s),y(0))do, s€T, (3.11)

where F(s) is a function defined on I', so that F(s) on I"? is specified in (2.1b), while
F(s) on I'! is specified by the relationship

F(s) = Y(F*(s)+ F(s)), sel"
As shown in [4], if s € I'', then f(s) € C**(I'!). Consequently,

f(s) e CtAIrHYynco(r?).
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Adding the integral equations (3.9a) and taking into account (3.9b), we obtain the
integral equation for u(s) on I,

wlp)(z(s)]r = —o= / o) Inla(s) — y(o)|do + 35(I?, s)u(s)
- 5 [ M) 5 nla(s) = y(o) do + Al (a()
= f(s), sel (3.12)

where f(s) is given in (3.11), and the limit values of the function (3.8) as z — z(s) € I
(z € D) are denoted by w{u]{x(s))|r. Furthermore,

0, ifs¢ I
2 Y 3
o 9) = {1, if s € I,

Thus, if u(s) is a solution of equation (3.12) from the space C¥(I'') N C°(I'?), w €
(0,1], ¢ € [0,1), then the potential (3.7) with v(s) from (3.10) satisfies all conditions of
Problem U and belongs to the class K.

The following theorem holds.

Theorem 3.1. Let I'* € C%*, I'?> ¢ C** and the conditions in (3.1) hold. If equa-
tion (3.12) has a solution u(s) from the Banach space C¥(I'")NC°(I'?) for some w € (0, 1]
and q € [0,1), then a solution of Problem U exists, belongs to the class K and is given
by (3.7), where v(s) is defined in (3.10).

If s € I'?, then (3.12) is an equation of the second kind. If s € I'!, then (3.12) is an
equation of the first kind, and its kernel has the logarithmic singularity.

Our further treatment will be aimed at the proof of the solvability of (3.12) in the
Banach space C¥(I"') N C%(I'?). Moreover, we reduce (3.12) to a Fredholm equation of
the second kind, which can be easily computed by classical methods. '

By differentiating (3.12) on I'!, we reduce it to the following Cauchy singular integral
equation on I't,

) ~ (o)
- 5 [ )3 g ale(9) ~ () do + Soli(s)
= f'(s), seI, (3.13)

where @o(x,y) is the angle between the vector :c_g)/ and the direction of the normal n,.
The angle po(z,y) is taken to be positive if it is measured anticlockwise from 7, and
negative if it is measured clockwise from n,. Besides, @o(z,y) is continuous in z,y € I

https://doi.org/10.1017/50013091500020952 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020952

The Dirichlet problem in a plane domain with cuts 333

if z # y. Note that for z(s),y € I" and z # y, we have

%lnkz(s) —y|l= % In|z—y| = —-%V(x,y) _ _Sml;po_(z,]y)
_ cos(V(z(s),y) — a(s))
lz(s) — vl ’
%V(x(s),y) = %V(z,y) = 3161I Injz —y| = _cosl;Po_(Za‘y)
_ _sin(V(z(s),y) — afs))
lz(s) — vl ’

where «(s) is the inclination of the tangent 7, to the Ox;-axis and V(z,y) is the kernel
of the angular potential from (3.3).
Equation (3.12) on I'? we rewrite in the form

u(s) +/ w(o)As(s,0)do = 2f(s), se&TI?, (3.14)
r
where
Aa(s,9) = { =21 = 8%, 0 ma(s) ~ )| = 78I, 0) 5= Inla(s) ~3(o)

1 &
- = Zd(l“,?,a) In|z(s) — Yk|}-

k=2

The function 6(I"%, o) was introduced in (3.12), and

0, ifo¢ 7,

k=2,...,Ny).
1, ifoeI2 ( 2)

52, 0) - {

The kernel As(s, o) has a weak singularity if s = 0 € I'2. Consequently, the integral
operator from (3.14) is a compact operator mapping C%(I") into C°(I'?).

Remark 3.2. Evidently,
f(a?) = f(b2) and Ay(a2,0) = Ay(b2,0), foro €T, o#a,b2 (n=1,...,N,).

Hence, if u(s) is a solution of equation (3.14) from C°({J)2,[a2,b2]), then, according
to the equality (3.14), u(s) automatically satisfies matching conditions u(a2) = p(b2)
for n = 1,..., Ny, and, therefore, belongs to C°(I'?). This observation is true for equa-
tion (3.12) also, and can be helpful in finding numerical solutions, since we may refuse
from matching conditions u(a?) = u(b2), (n = 1,..., N2), which are fulfilled automati-
cally.

We note that equation (3.13) is equivalent to (3.12) on I'! if and only if (3.13) is
accompanied by the following additional conditions

wlgl(e(@l)) = f(a}), n=1,...,Ni. (3.15)
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The system (3.13)—(3.15) is equivalent to equation (3.12).
It can be easily proved that

sin o (z(s), y(a)) 1 01 o 1
() —v(o)] o-s <O L xI)

(see [4,9] for details). Therefore, we can rewrite (3.13) in the form

bs) 1 do
2 wlp(a(s)) = = /r o)t /F (o) M(s,0) do

™ g — S8
=2f'(s), serll (3.16)

where f'(s) = (d/ds)f(s) € CO*(I'") and

B sinpo(a(s),y(e) 1
M(S’”)‘F{““S(F?"’”[ 2(s) — ()] ’a—s]

N3
= (12, 0) 5 | o nla(s) - (o) + 3_8(TE oV nlate) ~ Vil }
k=2

on,

e COMIt x IN).

4. The Fredholm integral equation and the solution of the problem

Inverting the singular integral operator in (3.16), we arrive at the following integral
equation of the second kind [9],

Ni—1

L n_ 1 :
u(s) -+ Ql(s)/r,u(a)Al(s,a)da+ O nZ:;) Gnps™ = Ql(s)¢1(s), sel, (4.1)
where
A(s,0) = -2 [ ME9 g (6,
™ Jrm E—S
Ny
Qi(s) = ] Iv/5=akv/BL = sl sen(s — al),
n=1
_ 1 [ 20 (9)f (o)
e
and Gy, ...,Gy, -1 are arbitrary constants.

It can be shown, using the properties of singular integrals [9], that &,(s), Ai(s,0)
are Holder functions if s € I'', ¢ € I'. Consequently, any solution of (4.1) belongs to
C;"/z(l“l), and below we look for u(s) on I'! in this space.

We put

Q(s) = (1 = 8(I'%,5))Q1(s) +6(I'?,s), ser
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Instead of u(s) € C‘l"/z(l"l) N C%(I'?), we introduce the new unknown function p,(s) =
u(s)Q(s) € CO¥(Ir''YyNnCO(I'?), and rewrite equations (4.1) and (3.14) in the form of one
equation,

Ni—1

a(s) + /Fu,,(a)Q_l(a)A(s,a) do + (1 -8(I'%,5)) Z Gus"=®(s), sel, (42)
n=0

where

A(S,O’) = (1 - 5(F2,S))A1(S,U) + 5(F2’S)A2(37U);
B(s) = (1 = 6(I?,5))®1(s5) + 26(I", 5) f(s)-

To derive equations for Gy,...,Gn,—1, we substitute u(s) from (4.1), (3.14) in the
conditions (3.15); then, in terms of u.(s), we obtain

Ny—1

/Q Oita(©)ln(€)dé+ Y BumGm =Hn, n=1,...,Ny, (4.3)
m=0

where

W(€) = ~wlQ (VA Olan),  Ha=-w(Q'()())(az) + f(an), (4.4)
Bom = —w[Q7M()(1 = 6(I'%,)()"](ap)- .

By - we denote the variable of integration in the potential (3.8).

Thus, the system of equations (3.13)-(3.15) for p(s) has been reduced to the sys-
tem (4.2), (4.3) for the function u.(s) and constants Gy,...,Gn,—1. It is clear from
our considerations that any solution of system (4.2), (4.3) gives a solution of system
(3.13)—(3.15).

As noted above, 451( ) and A;(s,0) are Hoélder functions if s € I'', ¢ € I'. More
precisely (see [9]), ) € COP(I'), p=min{3, A}, and A, (s, o) belongs to COP(I'") in
s uniformly with respect to o € I'. We arrive at the following assertion.

Lemma 4.1. Let I'' € C?*, I'? € C**, X € (0,1] and &(s) € COP(I'') N CO(I"?),
where p = min{}, 3}. If 1. (s) from C%(I") satisfies equation (4.2), then p.(s) belongs to
CoOP(rynco(r?.

The condition ®(s) € COP(I') N C°(I"?) holds if the conditions in (3.1) hold.

Hence, below we will seek p.(s) from CO(I").

It was noted above that the integral operator from (3.14) with the kernel As(s, o) is
compact from C°(I") into C°(I'?).

Since A,(s,0) € CO(I'! x I'), the integral operator from (4.2),

Ap, = /F 1 (0)Q 1 (0) A5, 0) do,

is a compact operator mapping C°(I") into itself.
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We rewrite (4.2) in the operator form
(I+ Ay, +PG=9, (4.5)
where P is the operator multiplying the row
P=(Q1-6I7%s)(...,sM

by the column G = (Gy,...,Gn,-1)". The operator P is finite-dimensional from Ey,
into C°(I") and, therefore, compact.
Now we rewrite equation (4.3) in the form

InG+ Ly + (B—1In,)G =H, (4.6)

where H = (Hy,...,Hy,)T is a column of N; elements, Iy, is an identity operator in
En, and B is an N; X N1 matrix consisting of the elements B, from (4.4). The operator
L acts from C%(I") into Ey,, so that Ly, = (L1fts,- .., Ly, 1<) T, where

Lot = /F Q1 (E)a ()l (€) .

The operators (B — In,), L are finite-dimensional and, therefore, compact.

‘We consider the columns
- L = /7
= Q p—d

in the Banach space C%(I") x En, with the norm zllcoryx ey, = lpslloory + Gl x, -
We write system (4.3), (4.6) in the form of one equation,

.z A P
(I+R)i=9, R—<L B~IN1>’ (4.7)
where I is an identity operator in the space C°(I") x Ey;,. It is clear that R is a compact
operator mapping C°(I") x Ey, into itself. Therefore, (4.7) is a Fredholm equation in
this space.
Let us show that the homogeneous equation (4.7) has only a trivial solution. Then,
according to Fredholm’s theorems, the inhomogeneous equation (4.7) has a unique solu-
tion for any right-hand side. We will prove this by a contradiction. Let

MO
il = G’;] € C°(I') x Ey,

be a non-trivial solution of the homogeneous equation (4.7). According to the lemma,

0
= (Z) € C*P(I")NC(I?) x Ey,, p=min{, 1}
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Therefore, the function u(s) = p2(s)Q~!(s) € Cf/g(f'l) NC°I'?) and the column G°
converts the homogeneous equations (4.1), (3.14) and (4.3) into identities. For instance,
(3.14) takes the form

lim  w[pl)(x)=0, zeD. (4.8a)
z—z(s)er?
Using the homogeneous identities (4.1), (3.14), we check that the homogeneous identities
(4.3) are equivalent to

wlpl](al) =0, n=1,...,N;. (4.8b)

Besides, acting on the homogeneous identity (4.1) with a singular operator with the
kernel (s —t)~!, we find that u°(s) satisfies the homogeneous equation (3.16):

2 wliats| =0 (480
It
It follows from (4.8) that ul(s) satisfies the homogeneous equation (3.12). On the basis
of Theorem 3.1, u[0, #°)(z) = w{u®](z) is a solution of the homogeneous Problem U.
According to Theorem 2.2, w[u®](z) = 0, z € D\I"!. Using the limit formulae for normal
derivatives of a single-layer potential on I'!, we have

O wli)(z) = 1%(s) =0, ser".

9 0
_ li N
'U)[Ha ](I) :r—)z(sl)rél(f‘l)— an

lim
zoxz(s)e(M)+ Ong

Hence w[p®)(z) = ws[ul](z) = 0, z € D, and u(s) satisfies (4.8a), which can be
written as

%w@—iﬁﬁ%g%mmwwmwwmmmm=mseﬂ.(w>

The Fredholm equation (4.9) arises when solving the Dirichlet problem for the Laplace
equation (2.1a) in the domain D by the double-layer potential with the sum of point
sources placed inside the curves Iy, ..., I'y, . Equation (4.9) has only the trivial solution
p°(s) = 0 in C°(I'?). This will be shown in Appendix A.

Consequently, if s € I, then p%(s) = 0, u2(s) = u°(s)Q~*(s) = 0, and it follows from
the homogeneous identity (4.1) for u°(s) and G§,..., G, _; that

G°=(GY,...,G% )" =0.

Hence fi° = 0, and we arrive at the contradiction to the assumption that i is a non-
trivial solution of the homogeneous equation (4.7). Thus, the homogeneous Fredholm
equation (4.7) has only a trivial solution in C(I") x Ey,.

We have proved the following assertion.

Theorem 4.2. IfI'' € C?*, I'? € C'*, X € (0, 1], then (4.7) is a Fredholm equation
of the second kind in the space C°(I") x Ey,. Moreover, equation (4.7) has a unique
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solution

for any

b= (f}) € C%(I") x Ep,.

As a consequence of Theorem 4.2 and Lemma 4.1, we obtain the corollary.

Corollary 4.3. IfI'' € C**, I'? € C1*, X € (0,1), then equation (4.7) has a unique
solution

i= (’é) e C*"(rynC%I?) x Ey,

for any

&= (Z) € C™"(I') N CO(I'?) x Ej,,

where p = min{}, 1}.

We recall that & belongs to the class of smoothness required in the corollary if the
conditions in (3.1) hold. Besides, equation (4.7) is equivalent to the system (4.2), (4.3). As
mentioned above, if . (s) € COP(I'') N CO(I"?) and Gy, . ..,G N, -1 is a solution of system
(4.2), (4.3), then p(s) = pu(s)Q™1(s) € CF 5(I') N CO(I'?) is a solution of system (3.13)-
(3.15), and, therefore, pu(s) satisfies equation (3.12). We obtain the following statement.

Theorem 4.4. If I'' € C**, I'? € C'* and the conditions in (3.1) hold, then equa-
tion (3.12) has a solution u(s) from C7,(I"") N C°(I'?), p = min{3, A}. This solution is
expressed by the formula pu(s) = p.(s)Q71(s), where p.(s) from COP(I''yNC%(I?) is
found by solving the Fredholm equation (4.7), which is uniquely solvable.

Remark 4.5. The solution of equation (3.12), ensured by Theorem 4.4, is unique in
the space C{’;Q(Fl) N CO(I'?) for any p, € (0, p]. The proof can be given by a contradiction
to the assumption that the homogeneous equation (3.12) has a non-trivial solution in
this space. The proof almost coincides with the proof of Theorem 4.2. Consequently, the
numerical solution of equation (3.12) can be obtained by the direct numerical inversion
of the integral operator from (3.12). In doing so, Holder functions can be approximated
by continuous piecewise linear functions, which also obey the Hdlder inequality. The

simplification for numerically solving equation (3.12) is suggested in Remark 3.2.

On the basis of Theorems 3.1 and 4.4 we arrive at the final result.
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Theorem 4.6. If I'' € C?*, I'? € C'* and the conditions in (3.1) hold, then the
solution of Problem U exists, belongs to the class K and is given by (3.7), where v(s)
is defined in (3.10) and u(s) is a solution of equation (3.12) from CY,(I'") N C°(I'?),
p = min{3, A}, ensured by Theorem 4.4.

It can be checked directly that the solution of Problem U constructed in Theorem 4.6
satisfies condition (3.2) with € = —31. Explicit expressions for singularities of the solution
gradient at the end-points of the open curves can easily be obtained with the help of
formulae presented in [4].

Theorem 4.6 ensures existence of a classical solution of Problem U when I't € C?%*,
I'? ¢ C'** and the conditions in (3.1) hold. The uniqueness of the classical solution follows
from Theorem 2.2. It appears that in our assumptions, the classical solution of Problem U
belongs to the smoothness class K. On the basis of our considerations, we suggest the
following scheme for solving Problem U. First, we find the unique solution of the Fredholm
equation (4.7) from C°(I") x Ep,. This solution automatically belongs to C%P(I'') N
C°(I'?) x En,, p = min{), 1}. Second, we construct the solution of equation (3.12) from
C(Irh)n C%(I'?) by the formula u(s) = . (s)Q~!(s). Finally, putting v(s) from (3.10)
and p(s) in (3.7), we obtain the solution of Problem U from the class K.

Appendix A.

Here, we prove the following assertion.

Proposition A 1. If ' € C'*, A € (0,1], then there is only the trivial solution of
the homogeneous Fredholm equation (4.9) in C°(I'?).

We shall give a proof by a contradiction. Let pu°(s) € C°(I'?) be a non-trivial solution
of the homogeneous equation (4.9). The kernel of the integral term in (4.9) has a weak
singularity. It can be shown with the help of [9, §51] that the integral term in (4.9)
belongs to C%*2(I'?) in s, therefore u°(s) € C%*/2(I'?). Now we consider the function
w2[u?](z) introduced in (3.8). This function belongs to C%(D) N C?(D) and satisfies the
following homogeneous Dirichlet problem for the Laplace equation:

Aw2=0in D, ’u}2|p2 =0. (Al)

Indeed, putting w2 [u°](z) in the boundary condition, we get the identity (4.9). According
to the uniqueness theorem for the Dirichlet problem (A 1), we obtain

wo[pl)(z) =0, zeD. (A2)

We consider the function
1 9 i
*7,.0 e 0 il _ 0
wle) = -3 |- [ (@) g nlo v@ldo+ 3 [#@ aoV(@ i), (A3

where V(z,y) is the kernel of the angular potential from (3.3). The function w3 ([x°](z)
is connected with w»[u°](z) by the Cauchy-Riemann relations 8,,w; = Oz,w3, Oz, ws =
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-8, w3, and, consequently, w3[u°](z) = C = const. in D. It is clear from (A3) that
w3[pl](z) is a many-valued function, because the V(z,Y;) are many-valued functions
(k = 2,...,N;). Indeed, when passing round the point Yj, the value of the function
V(z,Y:) changes by 27. Evidently, w3[u°](z) can be constant in D only if w}[u®](z) is
single-valued. In order for w3[°](z) to be single-valued, the following (N —1) conditions
must hold

/ pl(o)de =0, k=2,...,Ns. (A4)
i

Under these conditions, wj[u®](z) takes the form of the modified single-layer poten-
tial [9]

1 0
*[,,0 — 0 1 —
wil)e) = 52 [ 10155 ke = y(o)ldo, (A5)
and wo[ul](x) transforms to the ordinary double-layer potential

,uo(o)——a—- In|z — y(o)|do € CO(R2\I"?) N C?*(R*\I'?). (A6)

wal)() = —5- 5o

2m r2

Potentials (A5) and (A 6) are connected by the Cauchy-Riemann relations in R?\I'?.
Because of u®(s) € C%*/2(I'?), the potential (A 5) is a harmonic function that belongs
to CO(R?) N C?(R?\I'?) (see [9] for details). Note that (A 5) is continuous when passing
through I'? and is represented on I'? by a singular integral (for this, we stress that u°(s)
is a Holder function).

As stated above, w}[u0](z) = C in D.

We consider the internal domain Dy bounded by I'? (k = 2,...,Ns). In this domain,
the potential (A 5) satisfies the following Dirichlet problem

Aw; =0in Dy, w3|rz=C,
which has unique solution
wip’l(z)=C, ze€D; (k=2,...Ny).

It follows from the Cauchy-Riemann relations and the smoothness of the double-layer
potential that
wa[p®)(z) =ck, €D, k=2,...Ny,

where ca,...,cn, are constants. Using (A 2) and the jump relation for the double-layer
potential wo[u°](z) on I'?, we get

[.LO(S)lp’? =—ck, k=2,...Ns.
According to (A4), ¢, =0, k=2,..., No, and, therefore,

po(s)lr2 =0, k=2,...Ny. (A7)
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We consider the external domain D; bounded by I'?. In this domain, the potential
(A 5) satisfies the following external Dirichlet problem

* . * _ * .
Aw; =0in Dy, wilyz =C, |wi|< const. in Dy,

which has a unique solution w3 [u°](z) = C. It follows from the Cauchy-Riemann relations
and the smoothness of the double-layer potential, that

wo[pl)(z) =1, z €Dy,

where ¢; is a constant. Because (A 6) tends to zero at infinity, we have ¢; = 0 and
wa[u®)(z) = 0 in D,. Using (A 2) and the theorem on the jump for the double-layer
potential [10], we obtain u°(s)|pz = 0. Taking into account (A7), we have

1°(s) =0 on I'?,

and we arrive at the contradiction to the assumption, that u(s) is a non-trivial solution
of the homogeneous equation (4.9). Hence, the homogeneous equation (4.9) has only a
trivial solution.

Because (4.9) is a Fredholm equation of the second kind, the following corollary holds.

Corollary A 2. If I'? € C**, X € (0,1], then the inhomogeneous Fredholm equation
(4.9) is uniquely solvable in C°(I'?) for any right-hand side from C°(I'?).

The inhomogeneous equation (4.9) is a particular case of (3.12) if the domain D does
not contain cuts.
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