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Abstract

We consider a mesh grading quadrature method for real constant-coefficient Cauchy singular
integral equations of index 0. The quadrature method is based on the trapezoidal rule.
A complete stability and convergence analysis is given by the use of the noncompact
perturbation analysis as in Jeon [10] and Elschner and Stephan [7]. The order of convergence
can be arbitrarily high if the order of mesh grading is high enough. We also provide an
efficient way of evaluating asymptotics of the solution at the end points. Experimentally,
we observe that the method also works well for Cauchy singular integral equations with
variable coefficients.

1. Cauchy singular integral equations

We consider real constant-coefficient Cauchy singular integral equations

1
au() + 2 p.v./ 4Oy = £, (1.1)
b4 0 y - X

where
A+ =1 a>0.

In the presence of a compact perturbation in (1.1), collectively compact operator
analysis and perturbation analysis [1, 8], will allow our analysis to be extended to these
cases. Cauchy singular integral equations have physical applications in elasticity and
aerodynamics [14].

In this paper, we consider a natural airfoil solution of index 0. We therefore set
u(x) := p(x)¢p(x), where

plx) =x*(1 —x)? (1.2)
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and
a=y, B=-y, where y= —l-loga+bl,
i a—-b>b
and we consider
1
o) = (al +bF)b(x) = ap(x) + > p.v./ PP Y 4 SO 5
T o P(X)y—x p(x)

Then € : L,[0, 1] - L,[0, 1] is strongly elliptic and bijective [16]. Since a > 0, it
must be noted that —1/2 < y < 1/2. If f = f p € H*[0, 1] with integer k > 2, then
¢ € H"[0, 1]1[16, Corollary 6.38]. Here H*[0, 1] denotes the usual Sobolev space
of non-periodic functions on [0, 1], while H* denotes a Sobolev space of 1-periodic
functions (see Section 4). From this point onwards, C*[0, 1] and C* represent k-times
differentiable non-periodic and periodic function spaces, respectively.

Instead of solving (1.3), we consider a mesh graded integral equation. Let us
consider the well known mesh grading transformation [11}, w : [0, 1] — [0, 1] such
that

vi(D)

v = T a1

q=2, (1.4)
where
(AN e lo—pal
v(t) = (2 q)(Zt [§) +q(2t 1)+2.
Then w() satisfies
w®) =14+ 0(1""), 1-w® =@1-1)7+ 01~

around 0 and 1, respectively. The parameter ¢ is the order of mesh grading.
Multiplying (1.3) by «/w’(¢) and setting ¥ (1) := ¢ (w(@)) Jw'(t), r(t) := p(w(t))
= w*(®)(1 — w(?))? and g(¢) := f (w())v/w (r)/r(t), we have a transformed equa-

tion,

1 7 7
CIY (1) == av () + s p.v.f r) VWOVWE) | g =gy, (15)

o (1) w(s) —w(r)
Since ¢ — ¥ is an isomorphism in L,[0, 1], we have that

€7 : L,[0, 1] > L,[0, 1] is bijective. (1.6)

We solve (1.5) for ¥ in preference to solving (1.3) for ¢. If f in (1.1) is sufficiently
smooth on [0, 1], then

Y (@) = 19021 — DRy (1.7)
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with sufficiently smooth % on [0, 1]. Therefore, i is considered to be a sufficiently
smooth periodic function such that ¥’(0) = ¢ 9’(1) =0, 0<j < (¢—1)/2forq
large. We now suggest a numerical method based on the Fourier series approximation
of the density function v and the trapezoidal quadrature approximation with the
subtraction of singularity for the singular integral operator. We therefore do not need
to evaluate computationally costly Jacobi polynomials and this is what distinguishes
our method from traditional polynomial methods [5, 9, 20]. In some cases polynomial
methods may give rise to algorithms which converge more quickly than ours, but our
method will be easier and more flexible to implement, especially in the presence of a
compact perturbation.

In this paper we propose a modified version of the quadrature method introduced
by Prossdorf and Rathsfeld in [15], in which they handle Cauchy singular integral
equations of variable coefficients of index 0. They use the Simpson rule for the
quadrature method, with which they achieve the convergence of O(h™"*@-D/2}) for
the approximation of the density function i in (1.5). The evaluation of ¢ (0) and ¢ (1)
in (1.3) is physically important, and they obtain the convergence of OQ(h?@-D/G4-D)
for ¢ < 8. Moreover, they use the Toeplitz operator analysis for stability analysis that
can be mathematically complicated.

In this paper, we use the trapezoidal rule for the quadrature instead of the Simpson
rule. In applying a quadrature rule to the singular integral operator in (1.5), we use the
subtraction of singularity by the periodic singular operator 5 (see (2.1)). This looks
unconventional for the Cauchy singular operator on the interval [0, 1], but which has
already been considered in [12]. Subsequent application of the perturbation theory
in [10] and [7] yields a complete, concise stability analysis. Moreover, we obtain an
optimal order of convergence, that is, O(h9/?) for the density function ¥. For the
evaluation of ¢ (0) and ¢ (1) we invent a new method, and the convergence of order
O(h?/27), for an arbitrary A > 0, is achieved (in practice, 1/2 < A < 1 is desirable).
As stated above, we theoretically obtain a convergence of arbitrarily high order with
a high order mesh grading. From our observation, g < 5 looks fine for moderately
large mesh points (see Section 7). So far, our analysis does not extend to variable
coefficients, but numerical experiments suggest that our method is promising.

The paper is organized in the following way. In Section 2 we introduce a quadrature
method for (1.5). In Section 3 strong ellipticity for the operator induced from ¥ is
obtained. Interpolatory projection and an induced solution projection on periodic
function spaces are introduced in Section 4. Stability and convergence analysis are
given in Sections 5 and 6. In Section 7 we present numerical results. Experimental
numerical results for a variable coefficient case are also given and a good convergence
is observed even though our analysis does not cover this case.
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2. A quadrature method

Here we introduce a quadrature method for ¥?. We write (1.5) in a symbolic form

as
CY) =ay @)+ bIY @)+ bH V() =g(), (2.1)
where
1
FY() = p.v./ cot(rr (s — )Y (s)ds
0
and

r(s) J/w (@) w'(s)
H@) = f (r(r) 2(5) — wit)

It must be noted that the kernel of ¢ is smooth except for the four corners on
[0, 1] x [0, 1], and it is extensible as an 1-periodic function on R x R except at integer
pairs when the mesh grading is sufficiently large. Using the subtraction of singularity
in the operator ¢, then using the trapezoidal quadrature rule for the operators 5%
and ¢, we have an approximation operator ¢, such that

—mcot(m(s — t))) Y (s)ds.

Gy () == ay (1) + bABGY (1) — Y (O} + bXHY (1)

N-1
=ay(t) ~ by(t) {h > cot(r(ih - t))} (2.2)
j=0
h 3 rh) VW OSOGH
+oo —~ (1) w(h) —w() v,

j

where with N € Zand h = 1/N,

N-1
FEY() = h Zcot(n(jh — )Y (Gh) and

Kb (1) = Z (r(] YNOTONDLD)

70 wih) —w@) —meot(m(jh — t))) v (jh).

j=0

Collocation of (2.2) at nodes {kh};-, cannot be defined, so we consider the mid-point
collocation method.
We now introduce the N -dimensional trigonometric function space 7" such that

T .= span{e; | ex(t) = exp(2mikt), N/2 < k < N/2}.
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The periodic nature and symmetry of the cot function give us
N-1
h) cotm(jh—1) =0 (2.3)
j =0

for t, = kh 4+ h/2 [4,12]. Our mid-point collocation method requires us to find
¥ € T such that

L 1 W) VTSI
) wiih) —wn)

where t, = kh + h/2,0 < k < N — 1. The Dirichlet kernel is then used to evaluate
Va(#e):

h
Ch ¥a(t) = ayn (k) + b;r- YnGh) =g), (2.4)

N-1
Va(x) =h ) E(x, i)V h), (2.5)
j=0

where
cos(m(x —Ay))er,l—(m—_y—)) N : even
sin(w (x — y))

sin(Nm(x — y))

sin(r(x — y))

But the stability of the above collocation method is unknown, and we need to

modify the integral operator £, around the end points to have a complete stability
analysis. Our modified method requires us to find ¥, € T* such that

E(x,y)=
N : odd.

N-1
ay(t) = bh ) cotm(jh — t)Yu( h) (2.6)
j=0 '

Ll NZ [r(ih) VWV wGh)
n r(t) w(Gh) —wn)

cot(j h — tk)] Va(Gh) = g(te),
j=it
O0<k<N-1.

Here the modification appears only for theoretical purposes, and we observe that
i* = 0 is sufficient for stability in numerical experiments. We can rewrite (2.6) in
symbolic form as

Crvn(t) = avn(t) + bIGYL () + b Tinn(t) = g(1), O0<k <N —1,
2.7

where

Ty() = Yx), xelrl-—r] 2.8)

0, otherwise

forO0<r < 1/2.
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3. Strong ellipticity

The Hilbert operator J# has well-known properties such as J#1 = 0 and J#? =
S — 11[14]. Then 2 ¢ = _# 7 = 0 and simple calculation yields

2
(al—-b;%”-i—%/) (al +b3?%) =1,

where _£¢(t) = [, $(s) ds.
Multiplying both sides of (2.1) by (al + b5#)~", we have

(@ +b38) '€ =1+b¥ + &, 3.1
where
&L = (al — biOYKX

and & := b*/a ¢ X is a compact operator. Henceforth we shall assume that & is a
generic compact operator which can be different on each appearance.

In this section we will show that the operator (I + b.%Z + &) is strongly elliptic on
L,[0, 1]. First, we will show by a localization technique that / + 5. is a matrix of
Mellin convolution operators with a compact perturbation.

Define a smooth cut off function x such that x = 1 on [0, ] and support(x) C
[0, 1/2). Let xo(x) := x(x) and x,(x) := x(1 —x). Then

1
= x1Ox1(8)———=

cot(r(s — 1)) = Xo(t)Xo(S)n(s s 2G =Dl s (3.2)
1
- Xo(t)Xl(S)n(E i + Xl(t)XO(s)n_(S 5 |;=H + Ti(t, 5)
and
r(s) mm _ s9-D/2+aq4(g=1/2~aq
T 2 —w() Xo(8) xo(?) pr—r (3.3)
§la=D/2+Bq5(q~1/2-Bq
= x1()x1(®) — + Ty(t, s).
$q9 — 14

Here note that (7, (¢, s) — T>(¢, 5)) is a sufficiently smooth periodic function for large q.
Introducing the Mellin transform on L,[0, o0), we have that

fA(z) = / xz"f(x)dx, 2= % +iy, y € R, (34)
0
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For details of the Mellin transform, see [6] and [19]. We now introduce three Mellin
convolution operators on the half interval [0, 00):

Gu(t) = % p.v. /oo G (2) u_is_) ds,
0

1 00
Ru(t) = — / R (5) ) 45 and 3.5)
T Jo N S
1 e t
Giu(t) = — p.v./ G? (—) Ls) ds,
b4 0 s) s
where
1 1 4 G 1@-D/2—eq
=——, R@)=— )= ——.
e 1—1t ® i+e " «) 1 -1
Then the corresponding symbols are
g (z) = cot(m 2),
- 1
Z(z) = and 3.6)

sin(mz)

%9(z) = —tan (n (Z —q1/2 -—a)) ,

where z = 1/2 + iy, y € R. Note that the Mellin symbol for S?j is defined only for
—1/2 < a < 1/2 and so our analysis does not cover the cases of index —1 and 1.
In view of (3.2) and (3.3), the operators ¢ in (2.1) and J# can be written as

— gaq—g 4 T _

.xf_n[ i _%,W]n +(FH=-F) and @3.7)
— G =R\t

%_n[% _g]n + A,

where IT := (xo, x1) and {x:}i—0,1 are considered to be operators such that yof (x) :=
Xo(x)f (x) and x1f (x) := x1(x)f (1 —x). Here (Z; — ) is compact, where ] and
, are operators with kernels 7, (¢, s) and T5(¢, s) in (3.2) and (3.3), respectively. It is
not difficult to see that &% is compact and

_am [t -9 b2 r
-n “)[ —bR —b(gg—g)]“

is a vector of compact operators (see Appendix B [10]); then

al -b9 bR Mb(gg—g) bR

I+b$=1+”[-m al+b¥|| b2 b -9)

] n"+¢&, @.8)
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where & is a compact operator. To show that (I 4+ b.%’) is strongly elliptic, we only
need to show that the real part of the 2 x 2 complex matrix

a-b9() bAQ) ] & -9 bRQ) ]
—b#() a+b¥4(z) ~b#() -bEG -9}’
at1/2 + iy, y € R, is positive definite uniformly in y. Using that
,_[a-tF@ b2 ] [a +69@) bR ]
T —bZ() a+b¥(2) b#() a—-b¥4@)]|’
simple calculation yields

— _[a—bcot(mz) b/sin(rz)
I+ bLoen) (2) = [ —b/sin(rz) a+ bcot(nz)]

N a—btan(n(%—a)) 0

(I FbZea) (@) :=1+[

0 a+btan(71 (#—ﬂ))
where z ;== 1/2 + iy, y € R.
Note that
cot(srz) = —itanh(my), sin(;rz) = cosh(ry)
and

( z—1/2 ) 1 —sinQRar) + i sinh(2wy/q)
tan —a|=7

2 cosh’(ry/q) — sin?(am)
= Uy (V) + v, (v).

When o = —fB, we have u, = —ug and v, = vg. Then simple calculation with
a=—8=(~1/2ni)log((a + bi)/(a — bi)) gives us

Re((  6Zaca) @)V, v) = (Lv, v),

where

Lo a(a — bu,) + b? tanh(y)v, 0

'_ 0 a(a — bu,) + b*tanh(mry)v, |
Here (-, -) is the usual inner product in C2. Using ar = tan~!(b/a) and a® + b* =1
(see (1.1)),
a*b?
cosh’(ry/q) — b?
, sinh(2ry/q)sinh(wy)
(cosh®(y/q) — b?) cosh(rry)

a(a — buy) + b* tanh(wy)v, = a® +
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Then we have the Garding inequality for the operator (I + £ + &), that is,

(A+Z+ 8¢, ¢) = C(d,9) — (£, 9), (3.9)

where C > 0, ¢ € L,[0, 1] and &” is a compact operator.

4. Projection operators

Let H' be the Sobolev space of periodic functions on an interval [0, 1], and let || - |},
be the norm for H' such that

IF 1 = max(1, [k[}*|f (k)I* < oo, .1

ke

where

f&) =) fke

keZ

with e, (t) = 2", It is worthy of note that H® = L,[0, 1].

Let P, : H'(I > 1/2) = T" be an interpolatory projection such that (P,f )(#%) =
f (&), where t, = kh + &h, 0 < & < 1. Then P, has the standard convergence
property [18] that

WPuf —flls < CHIIf Nl f € HY, 4.2)

for 0 < s <1t,¢t > 1/2. In this paper, we restrict our attention to the mid-point
collocation, that is, P, with § = 1/2.
Since HE Y, — YnIG (1) = HY, for ¥, € T" [10], P,s% (1) = O (that is, (2.3))
and T" is invariant under J#, thus
Poin = Py = S,

Therefore, our modified collocation method (that is, (2.7)) can be rewritten in a
symbolic form as

a\(/h + bjf]/fh + bPh.)tfh I;"h.w-h = Phg (43)
Consider a solution operator R, : H'(L > 1/2) — T" such that

(al + bIE)RyY = Py(a + b)Y 4.4)
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Then R, = (al +bJ#)~! P,(al +bs¥), and it is easily checked that R, is a projection
operator with the approximation property

IRy — ¥ lls < CH™ NIy, 4.5)

forO <s <t,t > 1/2. With Ry, (4.3) can be written as:
(I + bRy A, T )Y = Rig, (4.6)

where A, = (a + b#)~'H#, and § = (a + bs#¥)~'g. Equation (2.1) may also be
rewritten as

I+oM)y =g 4.7
with A = (a + bs)~' X .

5. Stability

In this section we prove the stability of the operator (I + bR, 4, T;y) : T" — T*
for a sufficiently large i* > O independent of h. As a first step, we introduce a stability
result for a finite section operator.

THEOREM 5.1. For any i* > 0, there exists hy > 0 such that
NI +bATn)¥llo = Cliylle, ¥ € L2[0,1], .1
for all 0 < h < hg and C independent of h.

PROOE. Theorem 5.1 follows from the fact that (I + b.#) is strongly elliptic on
HP° (Section 3), T, : Hy — L,[i*h, 1 — i*h] is a bounded projection and from the
bijectiveness of the operator (I + b.#) (from (1.6) and I + b.# = (al + bI#)~'€").
For a detailed proof, see [6, 10].

Before proceeding to our stability analysis, we shall introduce some properties that
are satisfied by the operator ¢ (see (2.1)).

Consider an integer m such that m < q(1/2 —|y|) (see Section 1 for the definitions
of g and y). Then

Pl. K,=K(,)e H™"fort € (0,1) and K, = K(-,5) € H" fors € (0, 1);

P2. Fori,j € Z* U {0}, u,v € R* U {0} such that —(1/2 — |y])g < i—u <
(1/2—|yDgandi+j =u+wv,

1
Huw.ij ¥ (@) =/ [r(1 = )]“Is(1 — 5))* | DIDIK (¢, )| ¥ (s) ds (5.2
0

is a bounded operator in H°.
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Here D! := 9'/9t' and D, := 3'/3s’. For a sketch of proofs for P; and P,, see

Appendix.

REMARK 1. For the proofs of Theorems 5.2,5.3,5.4and 6.1, (1/2—|y|)g > m =1

is sufficient.

For a stability analysis of the operator (I + bR,.#), T;-;), we need some preliminary
theorems 5.2, 5.3 and 5.4. It must be remarked that much of the proofs for these

theorems are simple generalizations of those in [10] and [7].

LEMMA 5.2. Forthe operators # = (al +b3#)"' ¥ and M), = (al +b¥)~!

we have the following estimates. ForO <l <m,

1)

C Ch
I D' (M — M) Tenullo < G Ay wolulle + — @h lully, weH'

)

C h
| D! Ay, Tionutllo < (Thjﬂlldlo, ueT"

PROOF. Since (al + b##)~! and the differential operator D commute,
| D' — M) T, = C | DX = Hp) Tenu] -

Because

1-i*h

\DNH = H) T (0)] < Ch f ID!D,K (1, s)u(s)|ds

i*h

1—i*h
+ Ch/ ID!K (¢, s)Du(s)| ds

i*h

= = (l*h),ﬂ f lwi1(s)D! DK (2, s)u(s)| ds

*h), [ |lwi(s)D'K (¢, ) Du(s)| ds,

where w;(t) = [t(1 — t)]', we have the estimate (5.3).
Since

llello

1—i*h
1D A Tpslo = | [ DIk urds) < s
. 5
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and using (5.3),

C
| D' Ay Tionutllo < W(Ilullo + hljull,). (5.5)

For u € T", the inverse estimate, h|ul; < |u|lo yields (5.4) immediately.

For the rest of this paper, the operators . and ., represent the operators defined
in Lemma 5.2.

THEOREM 5.3. Forarbitrary € > 0 there exists i* > O such that for eachv € T"
(1)
WA — ) T My Topvllo < €llvllo and (5.6)
2
WA — M) Tior(I — Ry A Tienvllo < €l|vllo. 5.7

PROOE. From Lemma 5.2 (1) with! = 0and u = A4, T.1v,
(A — M) Tion My Tionvllo < ’g"u"o + Ch|lull;.
Using the estimate Lemma 5.2 (2), we have
A — A Ter o Terlo < =0l

Taking i* large enough, we have (5.6).
Using Lemma 5.2 (1) with / = Oand u = (f — R,) M, Tipv,

C
(Al — ) Ton(I — Ry ATy vllo < i_*"u"O + Chllull,.

Now, using the error estimate of R, and Lemma 5.2 (2),

lullo < ChllMuTrnvll, < Ch Ilyllo
(i*h)
and
v
Il < Clt Tepoly < 1200
Then

C
(A — A Tien(I — Ri) A Tinvllo < = 2llo.

Now the estimate (5.7) is immediate.
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Now we prove the stability of our approximation operator. The proof is obtained
by simple application of the perturbation theory that in [1] and [3].

THEOREM 5.4. There exists i* > 0 such that
I + bRyAMTn) ¥ llo = Clivrllo, ¥ € T, (5.8

forall h < hy.

PrROOF. Since (I + b.# T;.;,) is invertible from Theorem 5.1, define

B,:=1—-b(+ b/{/n.h)-'Rh///h Tie,.
Then simple calculation yields
By(I + bR, M, To) =1 — S,
where
Sy = b*(I + b Tre) " (RyM, — M) Tioh Ry, Tooy,.

We will now show that [|S,¥llo < gll¥lle, g < 1 for sufficiently large i*. We have
that

ISk llo < ClI(Ry My — A )T;op, Ry My Tien ¥ o
Now

| (Ry Ay — A) Tior Ry My Tin Y llo (59
<Nty — M) Tn ty Tin¥ llo + | — Ry) My Tiopn M Tien ¥ llo
+ (A — A)Tien(I — Ry A, Tior ¥ Mo
+ (I — Ry) A, Tien(I — Ry) A Ton ¥ llo
<P +P+ P+ P,

The estimates for P; and P; are obtained from Theorem 5.3. Using the error estimate
for R,, the estimate (5.5) and Lemma 5.2 (2), we have

P, < Ch|| A, T A Tn Y|l
Ch Ch?
— M Tien V¥ llo + — 1 Ten ¥ |l
i*h i*h
C C
< — .
< 2V lo+ 5 1¥ e

=
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In a manner similar to that used above,

P, < Chll.//{hT'h(I — R)ALT; h1/f||1

S

Ry) A, T

R) ATl
Ch2

=

Tl

*)2 1% llo-
Taking i* sufficiently large, we have || S, ¥ lls < gll¥lle, ¢ < 1. Therefore
(I + bRy M), Toy) ™ = (I — Sp)™' By,

and it is uniformly bounded independently of &.

6. Error analysis

The convergence analysis heavily depends on the Euler-Maclaurin formula [2] for
periodic functions, and we supply here a modified version of it. Assume f®(0) =
f®A)fork =1,...,p — 1, and that f © is integrable, then

i N-1 1
ff(x)dx—hZf(ih) ka"f If P 0l dx. 6.1)
0 j=0 0

A generalized Euler-Maclaurin formula [13] may extend Theorem 6.1 to the case
where p > 1, p € R*.
Introduce a space of functions: forp € Zt,

=YDy :=x(d-x)P7Y;(x), ¥, €Hj=0,...,p}, (62

with the norm defined as
P
¥ lls ==Y 1¥;llo.
j=0

Simple calculation yields an embedding, $¥ C H?.
We now come to the main convergence result of the paper.

THEOREM 6.1. Suppose the mesh grading is of order q > 2p for an integer p > 1.
The solution of (1.5), Y, belongs to SP if f in (1.1) belongs to HP*'[0, 1]. Then the
approximating solution yr, of (2.6) satisfies the convergence property:

1 — ¥allo < CH 1Y lse. (6.3)
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PROOF. Suppose that f € HP*'[0,1]. Then ¢ in (1.3) is in HP*+'-1[0, 1] (see
Section 1), and by Sobolev embedding, ¢ € C?[0, 1]. Then ¥ (¢) = ¢ (w(1))J/w'(¢)
satisfies that ¥ (¢t) = [¢t(1 — ¢)]Ph(¢), where h € L,[0,1] and h € C?(0, 1) if (¢ —
1)/2 > p —1/2. Then r € S*.

Instead of (1.5) and (2.6), we analyze the equivalent equations (4.6) and (4.7).
Using (4.7) for the substitution of g in (4.6),

(I + bRy M, Tn)Yr = R(I + b A )Y
Simple calculation yields
(I + bRy Tien)(Yn — Yn) = —(Yn — Ru¥) + bR (MY — M Tien¥n),
where ¥y € T" and Yy (kh) = ¥ (kh), k=0, ..., N — 1. By Theorem 5.4, we have
1V = ¥wllo < Cliyw — Rutrllo + CllRu (A Y — Ay Tenhn) lo- (6.4)
First, from Section 4
I¥n — Rut¥llo < I¥n — ¥llo+ 1V — R llo < CRPN1¥ 1, (6.5)
Since Yy (kh) = Y (kh), we have A, T,y = A3, T . Now,
|Ru(AY — A Ter V) lo < (M — M Tien) ¥ llo + CRI(A — A Ten) ¥ -
Then we have
IRu (A Y — M Tinyw)llo < CRP 1Y |50, (6.6)
if we show that
1D (MY — AT llo < CRP Y|l so 6.7
for j = 0, 1. Therefore, by (6.5) and (6.6), we have an estimate for (6.4):
N¥n — Yallo < CRP 1Y v (6.8
The triangle inequality yields

¥ — Yullo < ¥ — ¥nllo + 1w — Yullo < CAP (¥ s,

and our theorem is proved.
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Let us now prove the estimate (6.7). Since # = (al + b))~ ' ¥ and the
differential operator D and (al + bs#)~! commute,

|D/ (MY — M Ten)¥llo < CID (K — )Y llo+ CID H# T — Ten)¥rllo
+ CIlD/ (K — ) = Ten)¥ o
== CP] + CP2+ CP3

For Py, by the Euler-Maclaurin formula,

1
P, < Cho~ / \DI DP (K (1, $)¥(s))| ds
0

0

pP=j 1
<Cw > / |D!D K (1, 5)D? 7~y (s)| ds
1=0 11J0 0
AP_j l . .
<cwi Y f ID!DI K (1, $)[s (1 — )V, i(s)] ds
1=0 IJO 0

< CH Y ls.

For wy(x) = [x(1 — x)}, since D/ (X w;) (that is, D/ X w; (¢) := D! X (w; - ¢)) is
bounded in H,

Py < (DY Hw))(w_; (I — Te)¥)llo < Cllw_; (I — Ten)¥llo < CERY 7 |[Y |l

Now,

iho -1
Py < / DiK(t, )W(s)ds —hY | DI K(t, khyy (kh)
0 k=0 0
1 . N ]
+ DIK(t,5)¥(s)ds—h Y DiK(t,khyykh)| ,
1=i*h k=N—i 0
and

it—1

i*h
f DiK(t,5)¥(s)ds —h Y _ DIK(t,kh)y (kh)
0 k=0

0

i*h
< Ch f DI D,(K (1, $)¥(s)) ds
0

P
=0

1
< ChY _llwj(I = To) DP9 llo < CRE R T Y llse < CHP |15,
=0

0

1
/ DI DK (¢, s)wj(s)w_j_i(s)(I — Twp) D' 'Y (s) ds
0

0
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We will have the same bound for

1 N
DIK(t,s)¥(s)ds—h . DiK(t, kh)y(kh)

1—i*h k=N —i*

0

Then P; < Ch*~ ||y »- Adding up P;, P, and P3, we have the estimate (6.7).

Once Theorem 6.1 is proved, we can extend the convergence estimate to an arbitrary
Sobolev space H*, 0 < s < p. Then we can even have a convergence result on the
norm, || - ||, using the Sobolev embedding, H* C C° s > 1/2, where C° is a
continuous periodic function space.

COROLLARY 6.2. Under the same assumptions as in Theorem 6.1, for0 < s < p,
1Y — yulls < CRP Yl s (6.9)
PROOF. In the proof of Theorem 6.1 (see (6.7)), we have

l¥n — Yullo < CRP 1Y |ls»,
where Yy € T" and ¥ (kh) = Yy (kh), (k=0,...,N —1). Then

l¥nw — ¥nlls = CH 1Y llse

by the inverse estimate on T*. Since

Iy — ¥wlls < CRP Y,

we have the corollary.

7. Numerical results

Consider a Cauchy singular integral equation

1
u(x) + l p.v./ “Q) dy = V2. a.1n
b4 0o y—X

Then (7.1) has a solution u(x) = x*(1 — x)""*¢(x) with ¢ = 1. With our mesh
graded equation (1.5), we will have a solution in the form, ¥ (f) := ¢ (w(¢))/w' (7).
The second column of each table shows the convergence of ¥, of (2.4) to ¥ in
L,-norm, and the results show good concordance with Theorem 6.1, that is,

l¥ — ¥ullo < ChP, 7.2)
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TABLE 1. Numerical results with g = 3and n = VN

h Iy =ullo| m ||l —daDI|
1/16 || .109e-2 | 1.53 209¢-1 0.87
1/32 || .396e-3 | 1.46 .100e-1 1.06
1/64 || .143e-3 | 147 448e-2 1.16

1/128 || .509e-4 | 1.49 225e-2 99
1/256 | .18le-4 | 1.49 .103e-2 1.13
1/512 || .642e-5 | 1.50 481e-3 1.10

TABLE 2. Numerical results with g = 5 andn = /N

h |1 =vYulo| n ||t~ | 1
1/16 || .300e-3 | 5.81 351e-3 6.07
1/32 || .456e-5 | 6.04 208e-4 4.08
1/64 || .753e-6 | 2.60 623e-5 1.74

1/128 || .128e-6 | 2.56 .181e-5 1.78
1/256 || .220e-7 | 2.54 420e-6 2.11
1/512 || 397e-8 | 247 743e-7 2.50

where p equals the smallest integer less than g/2, and ¢ is the order of mesh grading.
In Tables 1, 2 and 3 we expect convergence of orders 1, 2 and 2 respectively. But as
mentioned in Section 6 we may have convergence of orders 1.5, 2.5 and 2.5 by the
generalized Euler formula as in the tables.

We are also interested in evaluating the physically important constants ¢ (0) and
¢ (1). Here we describe a way of using ¥, to approximate ¢ (0) and ¢(1).

Consider the Chebyshev polynomial on the interval [0, 1]: thatis, 7,(x) = cos(n8)
with @ = cos™!'(2x — 1). For any ¢ € C[0, 1],

¢(x) = % + ,i:: G T;(x), (7.3)
where
G = 7%' 01 x—fz((x—l)i%dx.
Let |
Pn(x) 1= % +y G T (x). (7.4)

j=1
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TABLE 3. Numerical results withg =5andn =N

h 1 —¥"lo | ]l o) ¢,(0)
1/16 493e-1 | 257 || 8429641 | .0991423
1/32 295e-2 | 4.06 || .8342377 | .09314502
1/64 251e-3 [ 3.55 || .8339479 | 0934511

1/128 A423e-4 2.57 || .8338500 | .0935366
1/256 .730e-5 2.53 || .8338204 | .0935660
1/512 .128e-5 2.52 || .8338114 | .0935759

Then by [2,17],

¢ — @ullc < Cn™"log(n), ¢ € C'[0,1]. (1.5)

Using 7;(1) = 1 and 7; (0) = (—1)/,
¢ = > (1Y, (7.6)
j =0
o)=Y "G,
j=0

where Y_" is the summation obtained by halving the first term. Moreover,

n 1
bn(l) := Z" C = 2 [ _P&)FX) dx (1.7)

T Jo x73(1 — x)112

j=0

_2 [MYOVWEFRM@E)

T o w®RA—w)'2
where

", —inf _ Li(n+1)8
F(x) = Z Ti(x) = % (_6_16_i9_) , O =cos'(2x —1).
i=0 —€

Define

1 /
(1) e S AONTIOTCION 7.8)

T Jo w(s)V2(1 — w(s))/?

Then ¢”(1) approximates ¢ (1), and the fourth column represents the numerical results.
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Now we estimate the convergence of ¢ (1) to ¢(1).

, " (Wn — ¥)($) F(w(s) VW' (s)
o) = (D) = /0 e —we? =
_ f" W = NOF@EVIE)
o wEA — wE)]2
. /"” W — ¥)(5) Fa(w($) VW (5)
A [w(s)(1 — w(s)]"
L (Y — YY) Fp(w ()W (5)

a9

ds

d
T meid—wene
= P, + P, + P;.
Then, since |F,(x)| < n,
" Vw'(s) 1/2—¢
| Py < |y, — ¢||oo/0 o) (0 — oDl — )= [s(1 —s)] ds

< ChPnllYn — Y lloo (7.10)

for arbitrary € > 0, and

P < [ ' | = VO F@E)VTE
T [w(s)(1 — w(s)]?

< Cnl||Y, — ¥llov/log(N)

ds 7.11)

since

1-h wr(s)
/h WO —w() & = Clog)

and h = 1/N. We have the same estimate for P; as that for P,. From the estimates
(7.10) and (7.11) and using Corollary 6.2,

19(1) — $; (D] < CR*~nllyn — Ylloo + Crllgn — ¥ llov/log(N) (7.12)
< Cnk? Y5,

with €’ > €. Then (7.5) and (7.12) yield
l¢(1) — BE(V)| < CRPT (7.13)

forn = N*, ¢ € C[0, 1] with A(r 4+ 1) > p and arbitrary € > 0.
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We will have the same kind of bound for [¢(0) — ¢/(0)| by replacing F, in (7.7)
and (7.8) with

2o R 1 e'i"g + ei(n+l)9
F, = -1YT(x)== <—T_> (7.14)
; / 2 1 + e

with even n. In practice, optimizing A in (7.13) is an important issue, and A should
be chosen appropriately according to the regularity of ¢. In our numerical test we
have used A = 1/2 for Tables 1 and 2 and A = 1 for Table 3. Therefore, we expect
convergence of orders 1, 2 and 2, respectively, and the fourth column of each table
shows the convergence of ¢/ (1) to ¢(1). For the quadrature approximation for the
integral in (7.8), we use the trapezoidal rule with 1024-points, while at points other
than node points we evaluate yr,, using the interpolation formula (2.5).
Let us consider a variable coefficient singular integral equation,

1
(1 +sin(mrx))ulx) + (=1 + £2(1 — t))/ " ! p u(y) dy = sinx), (7.15)
o ¥ —

the analysis of which is not contained in this paper. Then u(x) = x~4(1 — x)"4¢(x)
[16], and Table 3 represents the approximate values of ¢ (0), ¢ (1) and the convergence
of . We can see that the numbers are accurate up to 4 decimal digits with N = 128,
which shows a good convergence.
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A. Appendix

Consider a class of functions Z*™*** for ,m,k € Z+ and 0 < o < 1. The
function K € £ "™kt if K satisfies

0w | iR

K& =55 PG)’

(A1)
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where
Px)=cy+cx+---+c,x", c#0, ¢, #0,

Qx)=dy+dx+--+d,x"",  diy #0,
Rx)=e+ex+- -+ e nx"", e#0, e,_,#0.

LEMMA A.l. If K € Z''"™k*e then

(1) KI = £‘I+l.m,k+a~l;
(2) xK'(x) + 1K (x) € Zrmita 1> 141,

PROOF. (1) Simple calculation yields
_ QWP - QWP'k)

K'(x)
[P(x)]?
+ ghrant k+a)Rx)P(x) + xR (x)P(x) — xR(x)P’(x)'
_ [P(x)]J?
For (Q'(x)P(x) — Q(x)P'(x))/[P(x)]? looking at the coefficient of x**~~! in the
numerator, we have (n — )d,_,c, — d,_inc, = —ld,_;c, # 0.

For ((k + )R(x)P(x) + xR'(x)P(x) — xR(x)P’'(x))/[P(x)]% looking at the
constant term in the numerator, (k 4+ a)egco # 0. Looking at the coefficient of x2*~™
in the numerator, (k+a)e,_nc,+(n—m)e,_ ¢, —ep_mnc, = (k+a—m)e,_,c, # 0.
Then K’ € g+ mkta=l

(2) Simple calculation yields

xQ'(x)P(x) — x Q(x) P'(x) + 1 Q(x) P (x)
(PP
(k+a+DRx)P(x) + xR (x)P(x) — xR(x)P'(x)
[P(x))? '

Looking at the numerator of (x Q' (x) P(x) —x Q(x) P'(x) +1Q(x) P(x)) /[P (x)]?, the
coefficient of x>~ is (n — Dd,_;c, — nd,_;c, + ld,_;c, = 0. Then the numerator is a
polynomial of degree < (2n — [ — 1).

For (k+a+R(x)P(x)+xR'(x) P(x) —xR(x) P'(x))/([ P(x)]?), as in the proof
of (1), the constant term and the coefficient of x>*~™ are nonzero. Now the lemma is
proved.

xK'x)+IK(x) =

+ xk+a

COROLLARY A.2. For K e Z'™** andi+j = u+v,

t“s*D!D! [K (5) 1] =K <5> 1, (A2)
NV s/ S

where K € Zwmive—itu > |4 j4 iy
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PROOF. Note that

and

o[ ()] {< ()t (]

Using Lemma A.1, it is clear that

DiD! [K (5) 1] =D [K“’ (5) —1—] —L (5> L
s 5] s s ) sl s ) si+iti

where L € Zwmkve-i g ¢ grltimkta=i > |4+ j4j.

Then
o 1 5
t's*Di D/ [K (1) —] - <1> L
S ) N s

where R (x) = x*L(x) € @ #mkre-itu > 1 4Li4 iy

Now let us look at the operator £ in (2.1). We will show that J¢ satisfies the
properties (P1) and (P2) in Section 5. We have that

_ 1 [ r(s) VYOV (5)
Fro= 3/ (r(r) w(s) — w(o)

—mcot(m(s — t))) Y(s)ds.

1

Decompose the kernel K (¢, s) of ¢ as follows.

s@—D/2+eq(g-1)/2—q 1
K(1,5) = Xo(?) [ AGT =1 7o t)] Xo(s)
- Xo(t)Xl(S)m + xi (f)Xo(S)m
(1 — 5)@-D/2+Ba(] _ r)la-D/2~pq 1
~xEx@ [ -5y -(-n1  #d-s-0- r)}]
+ E(t,s),

where E (¢, s) is a continuous periodic function for g > 1.

Looking at K (¢, s), it is clear that K, := K(¢,-) € H™ and K, := K(-,s) € H™,
and thus we have (P1). Recall that m is an integer less than g(1/2 — |y|), where
lyl > a.
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According to the above decomposition of the kernel, we may decompose the
operator £ by

Y = xoHooxo¥ + oo x1¥ + xiKHroxo¥ + xiXix ¥ + EY.

For simplicity, let us look only at % o. We have that

o 1
Hoolh = / Koo (5> Loes)ds
o s/)s

with

xW2=0g=172 _ (xa71 4 .o x4 1)

Koolx) = e

where x = 1 is a removable singularity. Then Koo € 2 19(/2-®4-1/2_ By Corol-
lary A.2, since Koo € 2 9 (1/2-®4-1/2,

. 1 ~ [t
t“SvD:D; K()_o(t, s)-=K (‘) ~
S s N

where K € Z1+i+i—ua.(1/2-9-1/2-i+u_Tq have x~V/2K (x) € L,[0, 00), we need that
(/2—a)g—1/2—i4+u>—1/2and (1/2 —a)qg —1/2 — i + u < g — 1/2 since
1+i+j —u>1. Therefore,if —(1/2+a)g <i—u < (1/2 — a)q,
e o 1
/I"S"D:DiKo,o(t,S);d’(S)
0

is a bounded operator on L;[0, 00).
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