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REDUCIBILITY FOR REAL ANALYTIC QUASI-PERIODIC
LINEAR SYSTEMS
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Abstract

In this paper we examine the linear differential equations x’'= Ax + P(¢)x, ¢'=w where
xER"H$ER™ A and w are constant and P(¢) is real analytic and periodic in ¢. We use the
method of accelerated convergence to overcome the small divisors problem and reduce this system to
the system y' = By, ¢’ = w with constant coeflicients.

This problem has already been examined by Mitropolskii and Samoilenko but the calculations
and details in their work are formidable and difficult to follow. Besides being simpler our method
provides more precise estimates at all stages and can be extended to the differentiable case to
provide a significant improvement over previous results.

1.
In this paper we are concerned with the linear differential equations
x'=Ax + P(¢d)x
¢ =w
where x ER", ¢ ER™, A is a constant n X n matrix, @ is a constant vector in
R™ and the n X n matrix P(¢) is holomorphic and periodic in ¢; with period 27
for i =1,---,m. Thus we are considering a quasi-periodic system.
Provided | P(¢)]| is sufficiently small we obtain a quasi-periodic transfor-

mation x = [I + U(wt)]y, where | U(wt)| is small, which transforms (1) into the
system with constants coefficients

(D

y' = By

¢ =w
where | A — B is also small. This entails a sequence of such transformations
and our proof uses the method of accelerated convergence to overcome the
celebrated ““small divisors™ difficulty.

This problem has already been examined by Mitropolskii and Samoilenko
(1969) and (1965) but the calculations and details in their work are formidable
and difficult to follow. Besides being simpler, our method provides more
precise estimates at all stages and corrects a technical difficulty in their proofs.
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Moreover our technique can be extended to the case where P(¢) is [ times
differentiable to obtain a significant improvement over any previous results.
Our estimates have recently been used by Gray (to appear) to illustrate an
application of his implicit function theorem for small divisor problems.

2.

In this course of finding such a reduction of the given system of differential
equations we will be led to consider, at each step, matrix equations of the form

(gg,w)+ UA - AU = C(6)

m

where <é%{ w) represents Z %wa. We will do this by trying to find a solution
a=1 (1

with Fourier series

— S k)
U(¢) .Z Uee ™,

and by equating coefficients we obtain equations of the form

That is, we have the general linear matrix equation
A X+ XB,=C..

This equation has a unique solution if and only if A, and B, do not have any
common eigenvalues.

We define the norm of a column vector x =(x,; -+ -; X ) by
Ix]=2 x|
We define the norm of a row vector k =(k,, -+, k») by

|k|=max |k, |.

Then for the scalar product

k,x)=kx,+- -+ kpxn

we have the obvious inequality
|k, x)|[= k] |x|

Finally, we define the norm of a matrix A = (a;) by
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A]=max 3 [aus |

ve need the following preliminary result.

THEOREM 1.

Suppose
(i) A =diag (A,,---,A,) is a real diagonal matrix with distinct eigen-

salues ;

(ii) P(@) is an n X n matrix function of the m-vector ¢ which is real for real
b, has period 21r in each coordinate ¢ and which is holomorphic and satisfies
‘he inequality

|P(d)|=M

n the strip |Im¢ | <p;
(ili) w is a real m-vector such that for all integral m-vectors k# 0

|k, )= y[k[™

where T >m and y > 0.
Then the partial differential equation

<6U

2) 55,w>+UA—-AU=P(¢)

has a solution which is real for real ¢, has period 2 in each coordinate ¢, and
which is holomorphic and satisfies the inequality

|U(¢)— Us|=cy '8 M,
‘'n the strip |Im¢ |=p — & (8 <1), where

Vo= [+ [T U1 a6 d

is the mean value of U(¢) and ¢ = c(m,7)>0.

Proor. Let
P($)=3 Pe'™®
k

be the Fourier expansion of P(¢), so that

1

Pk = (277),"

[ [ pre s do.

By shifting the lines of integration to Im ¢. = * p., where Zp, = p, we obtain

|P, | = Me ™",
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We look for a solution of (2) with the Fourier expansion
U(¢) = 2 Ukei(k.¢)'
k

Substituting in (2) and equating coefficients we obtain
UA+ik,w)— AU, = P..
Thus if we write P, =(p%), U = (1%, then
(k)

k) _ P ap
Uop =

N - titkw)y B =L

Since P_, = P, it follows that U_, = U.. Also for k#0
lussl = p&llitk,0)|,a,B =1,--,n,
and hence
| U | =[P |l|(k, w)].
It.follows that for [Im¢ |=p — &
U@)-Ui=MY, I(_k]w_)l e,

It remains to establish the convergence of the series on the right and obtain a
sharp estimate for its sum.
Let K; denote the set of all integral vectors k such that

i<k w)| =27 (=0.1,--9)
27 < |k, )| G=-1).

Every non-zero integral vector belongs to one and only one set K;. Hence

1 B = 1
S = Skl _ ~8lk|
Skl T2 ke

1
+ -8k
w2 [w]

2j+2 E e—51k|. .

i KEK;

A
INZE

1
For ke K; and j =0,1,---
Yk 2|k w)|[=27"<27
and hence

|k |z a; = (2ly)"
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For distinct k, k. € K;
'y|k|—k2|ﬂr §l(k,—kz,w)|§|(k|,w)|+l(k2,w)|§27’

hence |k, — k.| Z a;.

For any k € K; let W, denote the open cube with centre k and sides
parallel to the axes of length «;. The cubes are disjoint since y € Wi, N W,,
implies

a =lki— k| =]y —ki|+|y —k:|<:za;+:2a, = a;
Let v; denote the number of k € K; such that
la; =|lk| <+ g (d=1,2,---).

The corresponding cubes W, lie in the set (I —H)a; <|y|< (! +3)a; which has
volume [(2] +3)" — (2] — 1)™]a 7. Since each cube has volume a7} this gives

=L+ -QRI-1)" =4m Q2 +3)"!

by the mean value theorem. Since 2+31=35 it follows that »; =5"mi™"".
Therefore

—a|k| = Z aa,. =5™m 2 Im—le—slal.‘
i= =1

KEK;

Put g = e ™. Since t™'q'? takes its maximum value for 3tlog;=m —1 we
have

2 lm l 1 i(lm 1 IIZ IIZ

(lognI/q> _ 2 (log";/q>m:(q_%— )

2 e's""é(Sm )rn(saj)l—M(eﬁn/Z__ l)_l.

KEK;

A

and hence

The number of k with |k|=r is
=C2r+D)" —Qr-1D)"=4mQr+1)""'=43""'mpm .

Therefore, when j = — 1,

- ~sik| Mot met e e T\ B
S., 2'(k§>2e =8m -3 ‘;r ‘e =8m3 ‘(3) (e -1

It follows from the definition of g, that

S-S, é(Sm)"'lz:;) 2*%(8a;)' " (e~ 1) = (5m )"'fj 2i%2g (211
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where
g(t)=18(yt/2)"" ] " [eP™" — 17,

Since 27" =4(2'"'—2') and g is a decreasing function this implies

S-S, §4(5m)"‘Jmc g(t)dt

=8Gm)"ry '8 gl2v”' by v 'dv
o S\ s
=805m )"'T””S"J' v (e = 1) 'dv
i3

= C]'YHIS_T,

since T > m.
Similarly

LA

Thus, for 8 < 1 it follows that S = ¢y '8 . This proves that U(¢) is holomor-
phic and establishes the estimate for U(¢)— U,.

3.
Consider now the system of ordinary differential equations
x'=Ax + P(¢)x
(3) ¢ =w
where A, P(¢) and o satisfy the hypothesis of Theorem 1. Thus
min |[A, — Az {=r>0.
a®f
Let D(¢) be the diagonal matrix with the same diagonal elements as P(¢) and
let D, be its mean value. As in Theorem 1. we can find a matrix U(¢) such that
( aUu
A’
Its mean value U, must satisfy

U()A _AU0=P0_D0.

w>+UA — AU = P(¢) — Do,

If
P0=(p23), UO (uaﬂ)
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this equation has the solution

fo \
ugﬁz AB_I\" ' a#B
0 for a=p.
Thus
M
|U0'§%|Po|§T.

The remaining Fourier coefficients of U(¢ ) are unchanged and thus we obtain
[U@)=(r"+cy'8)M for |Ime|=p -8

The change of variables x = [I + U(¢)]x transform (3) into a system
4

of the same form, where
A=A+D, P=I+U)"(PU-UD,).
Thus if |U|=3 then
|Pl=[I+U)'[|U|(P|+|Doh=4aM|U|.
Moreover if a# B
| =X | Z[A = Ag | =Pl PRsl Zr —2M.
Let £ be any number such that 0.<e < min(1, p,3r). Choose 8 (0< 8 <1)

so small that if 6 = 6% then

> 6, <ie; D 0/7<< where a =8c/y)";
j=0 i=0 a

> 6, <elp where p =[] (1+}6)).
i=0 =0

p,‘ =p—a(0(',/'+-'-+0,~”.")>0, rj = r—2(00+"'+0,~_,)>0,

and suppose that the system (3) satisfies the above conditions with M,p,r
replaced by 63, p;, r,. We will show that the transformed system (4) satisfies the
same conditions with M, p, r replaced by 8}.., pj+1, 7,+1. Thus we take § = a8}
By the definition of a we have for [Im¢ | = p;.s,
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| U | =(r;' +16;)02 <18,

since r; 286, Thus |U,.,| =4 and hence
[P 1=46%6, =61 =6%,.

Moreover
li;r; [Aa —Ag|Zr—2022 71 —26, =r,...

It follows that if in the original system (3), M =6’ then the above
transformation can be repeated indefinitely. We will now prove the existence of
a limit system. We have

x;j=Ax; + P(d)x;
¢'=w
A =A+D{+---+D{.

where

Since |[Pi(¢)|=6; for |Im@)=p; it is obvious that as j—o, P(¢d)—0
uniformly for |[Im¢ | < p.=p —aZ7_00!". Since | DJ’| = 07 the existence of the
limit, B = lim;_.. A; is also assured and | B — A | < ¢. Finally we have x = T;(¢)x;
where

T,=U+U)--(I+U).

Suppose that for some j

1T =[] (1+16).

With the convention T, = I this is certainly true for j = 0. Since
T =T+ U
it follows that
| T =T U + Ui é[[ (1+56.).
Therefore for |Ime¢ | < p. we have | Tj(¢)| = p for all j. Hence |T;., — Tj| =
| T}l |Uj| =i p8;

Thus the series 2{T;..(¢) — T(¢)} converges uniformly for |Im¢ | < p.. The
sequence {T(¢)} converges uniformly in the same strip. Its limit T(¢) is
holomorphic, is real for real ¢, and has period 27 in each coordinate.
Moreover, the partial derivatives 4T;/d¢. converge uniformly to 3T/d¢.. From

L..-I1=T-1+TU,.
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we obtain
[T- 1|<2 | T| | Ui | =1 §_)
Hence the matrix T(¢) is invertible and

x;—=>y=T"'(¢d)x as j—x.

Differentiating the relation x = Tix; we obtain

’ aT !
x'= <a—d>l w)x,- + Tx).

Hence, letting j —
aT
13 — - + .
X (ad),,w)y TBy
Differentiating the relation x = Ty we obtain
aT
(22 + I'
x ( p d),,w)y Ty

Comparison of these two expressions for x’ gives y’ = By. Thus the change of
variables x = T(¢)y transforms the system (3) into the autonomous system

y' = By
¢' = o
Summarizing the above we have proved
THEOREM 2.
Suppose
(i) A =[A,, -, ] is a real diagonal matrix with

min (A —Ag|Zr>0;
a¥p

(i) P(¢) is an n X n matrix function of the m-vector ¢ which is real for
real ¢, has period 2w in each cordinate ¢., and which is holomorphic and
satisfies the inequality

|P(@)|=M for |Imp|=p  (p>0);
(iii) w is a real m-vector such that for all integral m-vectors k# 0
|k, w)| = y|k|™ (tr>m,y >0).

Then for any & such that 0<<eg <min(l, p,r) there exists an (explicitly
computable) absolute constant M, = My(m,,v,e) with the property that if
M = M, the quasi-periodic linear system
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x'=[A + P(wt))x
has a fundamental matrix of the form
X(t)=[1+U(wt)le™,
where

(i B =[w.," -, pmn]isareal diagonal matrix with |B — A | = £ and hence
min |tha — s |Zr—2€ >0;

(i) U(¢) is an n X n matrix function of the m-vector ¢ which is real for
real ¢, has period 2m in each coordinate ¢., and which is holomorphic and
satisfies the inequality

|U(p)| =€ for |Imep|=p — .

The author thanks W. A. Coppel for his kind assistance in the preparation
of this paper.
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