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A general way to represent stochastic differential equations (SDEs) on smooth
manifolds is based on the Schwartz morphism. In this manuscript, we are interested
in SDEs on a smooth manifold M that are driven by p-dimensional Wiener process
Wi € RP and time ¢. In terms of the Schwartz morphism, such an SDE is represented
by a Schwartz morphism that morphs the semimartingale (¢, W;) € RP*! into a
semimartingale on the manifold M. We show that it is possible to construct such
Schwartz morphisms using special maps that we call diffusion generators. We show
that one of the ways to construct a diffusion generator is by considering the flow of
differential equations. One particular case is the construction of diffusion generators
using Lagrangian vector fields. Using the diffusion generator approach, we also give
the extended It6 formula (also known as generalized It6 formula or It6—Wentzell
formula) for SDEs on manifolds.
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1. Introduction

Stochastic differential equations (SDEs) evolving on linear spaces are well studied,
and some of the popular books in this area are [6, 24]. The area of stochastic analysis
on manifolds originated after K. Ito first described the coordinate transformation
rules in [16]. Since then, the subject has evolved into what is now broadly called
the stochastic differential geometry. However, many research areas in stochastic
differential geometry do not particularly deal with SDEs on manifolds, which is the
central theme of this article.
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In linear spaces, Stratonovich SDE representation and It6 SDE representation are
two popular ways of representing semimartingales in the form of SDEs. Therefore,
it is natural that there will be equivalent ways of describing SDEs on manifolds. In
the case of Stratonovich SDEs on manifolds, one finds that it is enough to consider
sections of the tangent bundle (vector fields) to describe the drift and the noise
coefficients. However, this is not true for Ito-type SDEs due to the additional drift
correction term. To address this problem, L. Schwartz, in [25], introduced the idea
of the second-order tangent bundle. One of the central ideas in Schwartz’s Stochastic
Differential Geometry is the treatment of infinitesimal stochastic increment as an
element of Schwartz’s second-order tangent space. These infinitesimal stochastic
increments are also called Schwartz differentials. A complete account of Schwartz’s
second-order geometry can be found in [2]. In the book [14], It6 SDEs on manifolds
are formulated using the idea of It6 bundle. As per this approach, if a manifold is
equipped with a connection, it is possible to describe an It6 SDE on a manifold
as a section of the Itdé bundle. The book also describes Itd SDEs on manifolds
using the Belopolskya—Daletskii form (Section 7.3 of [14]), which can be exploited
for numerical computations. Yet another approach to describe SDEs on manifolds
is that of stochastic development and anti-development, which can be found in
Chapter 2 of [15] or in [12]. In this article, we are only interested in Schwartz’s
approach to describe the SDEs.

In Schwartz’s approach, an SDE is described using the Schwartz morphism that
morphs a semimartingale from a source manifold into a semimartingale on a target
manifold. If we consider the source manifold as RP and the target manifold as
M, with X; as a semimartingale on RP, then a Schwartz morphism can convert
the semimartingale X; € RP into a semimartingale on the target manifold M.
Moreover, for a map F' : R? — M, there exists a Schwartz morphism that morphs
the semimartingale X; € R? into the semimartingale F'(X;) € M.

In this article, we focus on the Schwartz morphisms that morph the process
(t,W;) € RP*! into a semimartingale on M, which can also be described in terms of
vector fields and a Schwartz’s second-order vector field (also called diffusor field in
this article). In this article, we observe that it is possible to construct diffusor fields
using special maps that we call diffusion generators. Hence, the idea of diffusion
generator serves as an alternative viewpoint for the Schwartz morphism approach
to describe SDEs on manifolds (when the driving process is (t, W;) € RPF1).

A recent approach in [5] uses the idea of 2-jets to describe SDEs on manifolds,
which can be interpreted as constructing the Schwartz morphism using 2-jet of a
function F' : RP — M. Our idea of the diffusion generator and its construction
using the flow of differential equations can be seen as an extension of the 2-jet
formulation for the SDEs on manifolds. Our work in this article is an exploration
in the following three directions.

(i) Construction of Schwartz morphisms and diffusion generators.
In Section 2, we demonstrate that it is possible to construct Schwartz mor-
phisms using a diffusion generator and a set of vector fields. Like Schwartz’s
approach, the diffusion generator approach also generalizes the Stratonovich
representation and the It6 representation of SDEs. This is demonstrated by
constructing diffusion generators using the flow of differential equations.
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We observe that in the case of a diffusion generator obtained by consid-
ering the flow of a first-order vector field, we end up with a Stratonovich
SDE. Similarly, in the case of a manifold with a connection, considering the
geodesic equation, the corresponding SDE is nothing but the It6 SDE.

(ii) Lagrangian mechanics and diffusion generators. Based on the dif-
fusion generator approach, in Section 3, we show that in addition to
Stratonovich representation and the Itd representation of SDEs, it is
possible to have yet another representation of SDEs by defining a canon-
ical diffusion generator using a regular Lagrangian. This is achieved by
constructing a diffusion generator using the flow of the Euler-Lagrange
equation with a regular Lagrangian. We call this canonical diffusion gener-
ator the Lagrangian diffusion generator. We demonstrate that it is possible
to write the equations of motion in mechanics in terms of the Lagrangian
diffusion generator.

(iii) Extended Itd formula on manifolds using diffusion generators.
If F: Rx M — N, such that F(t,z) is a semimartingale for every
x € M and X; is a semimartingale on M, then the SDE representation
for the semimartingale F'(t, X;) is not a straightforward application of the
Schwartz morphism. In Euclidean spaces, the SDE for F(t, X;) is given
by the extended Itd formula [19] (the extended It6 formula is also known
as the generalized Ité6 formula or the It6-Wentzell formula (also spelled
It6—Ventzel)). We give a representation conversion formula to convert the
SDE representation of a stochastic process from one diffusion generator to
another. Finally, using this conversion formula, we derive the extended It
formula on the manifolds in the framework of diffusion generators.

Before giving a detailed overview of the article in Section 1.2, we will present some
pre-existing notions and results from Schwartz’s stochastic differential geometry
and basic Lagrangian mechanics in Section 1.1.

1.1. Review of basic notations and definitions, Schwartz’s stochastic
differential geometry, and basic Lagrangian mechanics

We will denote the set of all sections of any fibre bundle F' by I'(F'). The set of all
smooth vector fields will be denoted by X(M) and the set of all smooth functions
by F(M). The natural pairing between a covector «,, € T*M and a vector v,, € TM
will be simply denoted by the dot product in order «, - v,.

1.1.1. Schwartz's stochastic differential geometry

Schwartz’s second-order tangent space at a point x on an n-manifold M is defined as
a vector space of all differential operators of up to order 2 at point z. We will denote
it by ®,M. Locally, every second-order differential operator is symmetric and is
represented as 83] Therefore, every differential operator up to the second-order is
locally of the form a'd;+ b E)fj The symmetry of second-order differential operators
means that the dimension of the second-order tangent space is n+n(n+1)/2. We
will call the elements of Schwartz’s second-order tangent space D, M as diffusors
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at point x € M. With these definitions, it is clear that a tangent vector is also a
diffusor, i.e., T,M C O, MV z € M.

For any manifolds M and N, consider L € ©,M; if ¢ : M — N, then the push
forward of L by ¢ at a specific point € M is written as D,¢(L), where D,¢ :
DM — DyzyN. Moreover, Vf € F(N), D.¢(L)[f] = L[f(¢)] = L[p*f]. This
push-forward map is linear. The fibre bundle over the manifold M, with Schwartz’s
second-order tangent space ©,M as the fibres, is called Schwartz’s second-order
tangent bundle. For brevity, we will call Schwartz’s second-order tangent bundle
as diffusion bundle, and Schwartz’s second-order tangent space as diffusion
space. A smooth diffusor field ( is defined as a smooth section of the diffusion
bundle ® M. Following our usual symbol for a section of a fibre bundle, we will
denote the set of all smooth diffusor fields by I'(DM). For ¢ : M — N, we will
call the fibre-preserving map over ¢, O¢ : DM — DN as the diffusion map.
Locally in the charts (U,Y) on M and (V,x) on N, for all L € ®M such that
L|U = Cli@,' + b”@fj,

D¢ (L) |v = [a'0;0" + b7 02,0"] O + [b79;070;6'] 0. (1.1)

Given L € ©,M, consider a symmetric contravariant tensor L € TZM such that

L(df (), dg(x)) = %(L[f(ff)g(x)] — f(@)Llg(x)] — g(@)LIf(2)]).  (1.2)

The fact that L is indeed symmetric can be verified locally by considering L =
a'd; + b ij. So, locally

L(df (z),dg(x)) = b0, f0;9. (1.3)

A stochastic process X; on a manifold M is said to be a semimartingale if f(X;)
is a semimartingale V f € §(M). Let X; be a continuous semimartingale on the
manifold M. If X} are the local components of X; in some chart, then the local

Ito differentials dX; and id[XZ,th | can be taken as coefficients to construct an

infinitesimal diffusor

dX, = (dX})0; + <;d[X§,XtJ]> 9. (1.4)
The diffusor dX; is known as the Schwartz differential of X;.

If there are two manifolds M and N with x € M and y € N and there exists
a linear map J(z,y) : D, M — DN such that Img(J|r,») C T,N and JL =
(J|z, a1 ® J|o,a0) L, then this map J(z,y) is called a Schwartz morphism and
J is a section of bundle of linear maps L(DM,DN) on the manifold M x N that
gives a Schwartz morphism at every point (z,y), i.e., J € T(L(DM,DN)) is a field
of Schwartz morphisms. In this article, although sometimes we may refer to J as
the Schwartz morphism, one must remember that J is, in fact, a field of Schwartz
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morphisms. As per Schwartz’s stochastic differential geometric approach, an SDE
for a process X; on a manifold M is defined as

where J is a Schwartz morphism from manifold N to manifold M, and Y; is a given
semimartingale on the manifold N. This equation is known as Schwartz SDE.

In order to represent a semimartingale on M in terms of a Schwartz SDE, we need
a semimartingale on some manifold N and a Schwartz morphism from manifold N
to M. If we consider N as Euclidean with Y; as a semimartingale on N, then the
problem remains to find the Schwartz morphism from N to M. The following well-
known theorem states that if we have a smooth map ¢ : N — M, then the Schwartz
morphism from N to M is given by the diffusion map ®¢. The reader can refer to
[2] for the proof of the theorem.

THEOREM 1.1 ([2]). If ¢ : N — M s a smooth map, then the diffusion map
D:0: DN = D) M is a Schwartz morphism from point x — ¢(x). Moreover,
if Uy is a semimartingale on N, then the semimartingale ¢(Uy) on M is given by
the solution of the Schwartz SDE,

dX, = Dy, ¢(dU,). (1.6)

In other words, the Schwartz differential d(¢(Uy)) is obtained by the push forward
of the Schwartz differential dU, by ¢; i.e., d(¢(U;)) = Dy, ¢(dUy).

According to the following theorem from [2], the Schwartz morphism can be
constructed using the flow of differential equation defined using the linear map
S(y,z) : TyN — T, M. The operator S(y, x), is known as Stratonovich operator.

THEOREM 1.2 ([2]). For every Stratonovich operator S(y,z) : Ty,N — T,M,
there exists a unique Schwartz operator J(y,x) : DyN — D,M, such that the
Stratonovich SDE 6 Xy = S(U, X+)0U; has the same solution as that of the Schwartz
SDE dX; = J(Uy, X;)dAUy; such that, for smooth curves (x(t),y(t)) € M x N, if

(1) = S, w0, then D = y(1),2() A where 24D

e —— for some
de(t d?
curve c(t) is given by () =Dc ( >

ar T T
dt dt?

Let us consider an arbitrary Schwartz morphism ((y,z) from RPT! to M that
does not have an explicit dependence on y. We know that, locally on the chart
(U, x), such a Schwartz morphism is given by

By @)Ll = (fi (x)a + gip (2)6"™) 0 + (fi () f7,(x)b"™) 3,

for every L € ©,RPT! such that L = aloy + blmafm and the indices I,m €
{0,1,2,...,p}. Here, f{, g}, are local coefficients of 3. With this Schwartz morphism
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B, if we consider the SDE

dX; = B(Xy)d(t, Wy),

then we find that

dXilv = lfo(Xt)a +5 (Zgzz (X0)0s + (fH(X0) ] (X1))0; )] dt

=t (1.7)

p
+ > (F(X2)05)dW.
=1

1
Note that the term in parentheses with coefficient 3 transforms as a diffusor if

1o, f;’a,- are local representations of vector fields. Therefore, if we consider vector
fields V,o1,...,0, € X(M), and a diffusor field o € I'(DM); then the following
equation,

1 p
dX, = Vit + jadt + ;olthl, (1.8)

is a co-ordinate invariant representation of equation (1.7) if the diffusor field « is
such that

p
azzm@)dl. (1.9)
=1

REMARK 1.3. Since we consider a Schwartz morphism £(X;) that does not explic-
itly depend on the driving process (t, W), we end up with autonomous deterministic
fields on the right-hand side of equation (1.8). Instead, one can also start with the
Schwartz morphism S((¢, W), X;), which has an explicit dependence on (¢, W;). In
this case, one ends up with non-autonomous and adapted fields. In this article, we
focus only on autonomous deterministic fields.

Based on Theorem 1.2, if we consider the Stratonovich differential equation

p
0X, = V(Xy)dt+ Y 0i(Xy) 0 dWY,
=1

then it is easy to verify that the equivalent Schwartz SDE is

1 P
dx, = [V(Xt) + Qas(Xt)] dt + " oy(X)dW},
=1

where ag is locally given as

P

aS|U—Zdal 0'[ Z ’8zﬂ'
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From [1], we know that the following short exact sequence is valid at every point
zeM.

0 M — s DM —— T,M & T,M — 0.

This implies that there exists an isomorphism J, : ®,. M — T, M ®(T, M T, M).
Moreover, if we represent a linear map from D, M to T, M as @, then

In chapter 7 of [2], it has been demonstrated that such linear maps @, can be
uniquely identified with a connection on the manifold. Therefore, from equation
(1.10), it is possible to construct the isomorphism J, using a connection on the
manifold. Due to the isomorphism J,, a diffusor field A can be obtained from a
vector field V' by considering

where Q, : ©, M — T, M is the linear map corresponding to the given connection.
If T is the Christoffel symbol for the connection, then the diffusor field A is locally
given as

Mo = =I5 VIVEo + VIVIo},.

Therefore, we find that there exists a diffusor field oy such that it is locally given
as

P P

_ ik i ja2

arly = E —Tpolo]0; + g 010 0;;.
1=1 =1

Since a7 = Y.7_, 01 ® oy, the following SDE gives us a special case of equation
(18),

1 p
dX, =Vt + jardt + ;o—ldwg. (1.11)

Such equations are called It6 SDEs on manifolds. This idea of using a connection
to construct a diffusor field « (as given in equation (1.8)) was originally presented
by Meyer in [23] (in French). As English speakers, we find chapters 6 and 7 of [2]
a useful reference. A modern approach that uses the idea of connections and the
It6-bundle can be found in [14].

1.1.2. Basic Lagrangian mechanics
Now we will review some basics of Lagrangian mechanics, which will be used later
in Section 3. For continuity, one may skip this section and return while read-
ing Section 3. The reader may also refer to [3] for a complete introduction to
various concepts in mechanics.

A smooth function L € §(T'M) on the tangent bundle of the manifold M is called
a Lagrangian. For a Lagrangian L € §(TM), the Euler—Lagrange equation for
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c(t) € TM is locally given as

d . .
2 Pal((@(t),2(8)) = Do L((2(t), 2(1))),

where (x(t),#(t)) is the local representation of the curve c(t). Fibre derivative
of a Lagrangian L is defined as a fibre-preserving map FL : TM — T*M from
tangent bundle to cotangent bundle over identity, such that if L, is the restriction
of L to the fibre at € M, then

FL(UJU) = DLI(UCU))

where DL, (v,) is the derivative of L, at point v, € T, M. A Lagrangian L € §(T'M)
whose fibre derivative F'L is regular at all the points in T'M is called a regular
Lagrangian. The canonical symplectic form on the cotangent bundle 7" M is
defined as a non-degenerate and closed differential 2-form wq € Q?(T*M) such that

wo = —db;

where § € Q(T* M) such that

0a(B) = - Ty (B),

Va € T"M and g € T,(T*M). Using the fibre derivative of a Lagrangian, it
is possible for us to define another function on T'M, called energy. The energy
E € F(T'M) is defined as

E(w) = FL(v)-v— L(v) for all v € TM.

The fibre derivative of a Lagrangian L also allows us to take the pullback of the
canonical symplectic form wg. For a regular Lagrangian, this pullback gives us wy, =
F L*wq, which is a non-degenerate and closed differential 2-form on T'M . Therefore,
wr, € Q?(TM) is symplectic and is called the Lagrangian symplectic form. A
vector field X € X(T'M) that satisfies iy, wy, = dF is called a Lagrangian vector
field. In other words, the Lagrangian vector field is given as Xg = wﬂLdE . Moreover,
it 2= Xg(2), then E(2(t)) is constant in time as dE(2(t)) = dE-2 = dE~wﬁLdE =0.
Therefore, the flow of the Lagrangian vector field, Xg, is energy-preserving.

THEOREM 1.4 ([3]). If Xg € X(T'M) is a Lagrangian vector field for a regular
Lagrangian L € F(TM), then Xg is necessarily a second-order vector field (i.e.,
(d/dt)(Tar o ¢)(t) = c(t) for all integral curves ¢ : I — TM of Xg), which further
implies that X g satisfies the Fuler—Lagrange equation for the Lagrangian L.

1.2. Motivation and detailed overview of the article

As seen in Section 1.1.1, there are two ways of constructing the diffusor field «
in equation (1.8). In the first approach, one considers the theorem 1.2 to obtain
the diffusor field ag that gives the Schwartz representation of the Stratonovich
SDE. Another approach is to consider the Itd diffusor field aj, which requires a
connection on the manifold. These two approaches are well known and well studied.
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In this article, our interest is in the general way of constructing the diffusor
field o in the equation (1.8), without using the notion of connection and without
depending on the underlying Stratonovich morphism. To this end, we observe that if
the diffusor field « is considered to be a sum of diffusor fields o (i.e., 0 = > 7, o),
such that for each oy € T(DM)

ap = o Q oy, (1.12)

then equation (1.8) changes to
(1
dX, = Vdt + ;—1 <2aldt + Ulthl> . (1.13)

As each g has the property that a; = 07 ® oy, each diffusor field «; is associated
with the vector field o;.

Due to this property of the diffusor field «;, which requires the noise vector field
o7, it is natural to ask if we can construct a diffusor from a given vector. To achieve
this, we need a function that maps from the tangent space T, M to the diffusion
space ©, M. In other words, we need a fibre-preserving map from T'M to DM over
identity.

Therefore, if we have a fibre-preserving map G : TM — © M over identity, then
a diffusor field oy can be obtained from a vector field o; by considering

() = G(oy(x)) for all z € M.

As we have to ensure that &) = 0; ® 07, we must construct the function G such that

—

Gv)=v®w

for all v € TM. Using such a function G, we can rewrite equation (1.8) as

1 p p
dX; = V(Xt>+§;Goal(Xt> dt+;al(xt>dWé- (1.14)

We have already seen an example of this function G in the case of It6 SDE
representation, where

G(U)|U = aI|U - —F;-kvjvkai + UZUJ@EJ

As discussed in the previous section, this was originally obtained by constructing a
linear map @, : ©,M — T, M that depends on the given connection. However, this
is just a special case of all possible functions G and inevitably requires a connection.

DEFINITION 1.5. We define a diffusion generator (or a type-I diffusion genera-

tor) as a fibre-preserving map G : TM — DM owver identity such that G(Y) = Y QY
VY € TM. The set of all diffusion vector generators on the manifold M will be
denoted by G(M).
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An equivalent definition for a map of fields is given as follows.

DEFINITION 1.6. We define a diffusion field generator (or a type-II diffusion

generator) as a map G : X(M) — T'(DM), such that G(o) = o @0 ¥V o € X(M).
The set of all diffusion field generators on the manifold M will be denoted by &(M).

REMARK 1.7. Let G € G(M) be a smooth diffusion generator. This induces a
map Gt : X(M) — T'(®M) such that G(c) = G oo, for all ¢ € X(M). Since
Gi(o)(z) = (¢ ® o) (v) for all # € M, the map GT is in fact a diffusion field genera-
tor. In this work, as seen in equation (1.14), for SDEs on manifolds, we restrict our
attention to fields as inputs to diffusion generators of both types. Consequently,
as shown above, since a smooth diffusion generator (type-I diffusion generator)
induces a diffusion field generator (type-II diffusion generator), it is not necessary
to distinguish between type-I and type-II diffusion generator. Hence, we shall col-
lectively refer to the maps of both types as diffusion generators, unless explicitly
needed.

If a diffusion field generator is local then it induces a map between the space of
germs of vector fields and the space of germs of diffusor fields.

Diffusion generator should not be confused with the generator of a stochastic
process. However, given a noise vector field o, a diffusion generator can be identified
with a generator of a semimartingale driven by a one-dimensional Wiener process.
This identification is evident if we consider the equation dZ; = [(G o ¢)(Z;)] dt/2+
o(Zy)dWy, wherein the generator for Z; is (G o o)/2.

Some fundamental questions on the existence of a diffusion generator and its
properties remain unanswered. In Section 2, we are mainly interested in explor-
ing the construction of such maps. At the beginning of Section 2, we formally
demonstrate that it is possible to construct a Schwartz morphism using a diffu-
sion generator and a set of vector fields. Like Schwartz’s approach, the diffusion
generator approach also generalizes the Stratonovich representation and the It6
representation of SDEs. This is demonstrated in Section 2.2 by constructing diffu-
sion generators using the flow of differential equations. We observe that when the
diffusion generator is obtained by considering the flow of first-order vector field, we
end up with the Schwartz representation of the Stratonovich SDE. Similarly, when
the diffusion generator is obtained using the geodesic equation, the corresponding
SDE is nothing but the It6 SDE.

In [21], one finds that a Hamiltonian (or a collection of Hamiltonians) allows
one to describe a special type of Stratonovich SDE on the given manifold, and this
equation is termed the stochastic Hamiltonian system. Using the symplectic form
wr, on T'M given by a regular Lagrangian L, one can easily construct a stochas-
tic Lagrangian system on T'M that preserves the energy of the system. However,
exploring stochastic Hamiltonian/Lagrangian systems is not within the scope of
this manuscript. Instead, we construct a canonical diffusion generator that is asso-
ciated with a regular Lagrangian. We call this canonical diffusion generator as the
Lagrangian diffusion generator. This is the second part of the article and can be
found in Section 3.
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An interesting application involving the stochastic Lagrangian system is in
obtaining a stochastically varying vector field on M such that the motion of a
stochastic point X; € M, described on the velocity phase space T'M, is energy
preserving. Let us assume that we are given a regular Lagrangian L € §F(TM)
such that the corresponding energy is given by E € F(TM). We are looking for a
stochastic curve Z; € TM such that E(Z;) is constant in time and X; = 1)y 0 Z;.
Clearly, if the stochastic process Z; € T M is given by

p
07, = i dEdt + Y o1sW,
=1

where 0, € Ker(dE); then §(E(Z;)) = 0, i.e., the energy of the system is constant.
As Xy =1y 0 Zy,

p
0Xy = Tt Zy = TrywhdE(Z)dt + Y Tragoy(Z)SW}
=1

p
= Zydt + Y Traoi(Z)oW.
=1

The question we are interested in answering is that if there exists a stochastically
varying vector field Fy(z) € T, M, then what is the SDE for Fy(x) such that Z, =
Ft(Xt)?

If such a stochastically varying vector field F; were to exist, then it would allow
us to describe the energy preservation in terms of position X; and stochastically
varying vector field Fy(z) € T, M. The existence of such a vector field F; is beyond
the scope of this article, and we are only interested in finding the SDE representa-
tion of such a vector field Fi(x). To answer this question, we need the generalized
1t6 formula that gives the SDE representation for the composition of the stochastic
process X; into the stochastic field F;. In the last part of this article (Section 4),
we give the generalized It6 formula in terms of the diffusion generators.

2. Intrinsic stochastic differential equations using diffusion generators
LEMMA 2.1. For vector fields V € X(M), o, € X(M) fori € {1,2,...,p}, and a dif-

fusion generator G € G(M), there exists a Schwartz morphism [(y, x) : D,RPFL —
.M such that

B W), (1, W) = | V() + 5 3 Glor@) | di+ D o).
=1 =1

Proof. Given vector fields V € X(M), o; € X(M) for ¢ € {1,2, ..., p}, and a diffusion
generator for vector G € G(M) such that

G|y = gi(v)ai + oI 2

759
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we can consider the Schwartz morphism 8(y, x) : @pr-H — ®, M such that locally
it is given as
Bly,2)Llu = (v%m)ao +oi(z)al + Z )50 blm> o

+ (Viaf;l(x)bom + amvjbm0 + ViV 4 O'li( o ( )blm) 2.

15

(2.1)

for every L € ©,RPT! such that L = a9y + 0?92, and the indices k,z €
{0,1,2,....,p} and I, m € {1,2, ..., p}. Clearly, this Schwartz morphism is constructed
using the local components of the vector fields and the diffusion generator. It can
be verified that S((¢t, W), z)d(t, W) is locally given as

ﬁ((tht)v ) (t Wt |U -

Z )i + ot () J(g;)afjl dt

+Vi(x 8dt+Zal )0 dW}

dt + Zol Nudwy;.

1
r)|y + 3 ;G(Ul(z v

Since this is true for all the charts, the proof is complete. O

Before proving the converse of the above lemma, let us consider the following
property of the diffusion generators.

LEMMA 2.2. Consider n diffusion generators G; € G(M) for i € {1,...,n}. The
average of all these diffusion generators (G;), defined as

is also a diffusion generator.

Proof. To prove (G;) € G(M), we need to prove that (m) = X®X
— 1 —
for all X € TM. But this is true because (G;)(X) = =>.I,G;(X) and
n

—

Gi(X)=X®X. O

LEMMA 2.3. Consider a field of Schwartz morphisms 3 from RP*! to M that does
not explicitly depend on the driving process (t,W;) € RPT1. Let (U,x) be a chart
on M. Then there exists a 3-tuple (V,{o;},G) of vector fields V,o1,09,...,0p €
X(U), and a diffusion generator G € G(U) such that for some semimartingale
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X €U C M, given by dX; = 5(X¢)d(t, Wy), we get
dXily = [B(X)d(t, W)l |,

P
dt + Y ou(X;)dW.
=1

1 p
52 O'l Xt

(2.2)

Proof. Following the discussion in Section 1.1, from equation (1.7) we know that
locally,

dXi|lv = lfé(xt)ai + % (Z glil(Xt)ai + (ff(Xfo(XQ)@%)] dt
=1
(2.3)

p
+ > (F (X0)0s)dwy,
=1

where f/,gi =~ are local coefficients of (. Suppose that there exist a 3-tuple
(V,{o:},G) of vector fields V,oq,09,...,0, € X(U), and a diffusion generator
G € G(U) such that the statement of the lemma is satisfied. Then, we find that
locally

o = fliﬁi, and

Y Gor(X0) = Y G (X0)Di + 07, (Xe) oo (X0) 5. (2.4)

Therefore, we need to prove that there exists such a diffusion generator G that
satisfies the above equation (2.4). For this, we first define p diffusion generators
G € G(U) for m € {1,2,...,p} such that they are locally given as

Gn(0) = G © Tar (0)0; + V'O,
Then from the lemma 2.2, we know that the average of these diffusion generators
1 , o
(Gm) (v) = , P 1 (Ghm © T (0)0; + v'07BZ;) is also a diffusion generator. If G =
(Gp), then we find that

Glou(X1)) =

BM—*

<Z i © TM(UZ(Xt))az) + 0} (Xy)o] (X005

m=1

1=

ZG(O’[(Xt)) = Z [; (Z gmm Xt > + o] (Xt)O'l (XQ@Z}
=1 1 =1

p
=3 5 (X0)0; + 01,(X4)0h, (X0) D,
n=1

which is nothing but equation (2.4). O
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With lemma 2.1 and lemma 2.3, we have formally demonstrated that the type-I
diffusion generator serves as an alternative to the idea of Schwartz morphism when
the driving process of the Schwartz SDE is (¢, W;). As discussed in remark 1.7, a
smooth type-I diffusion generator induces a type-II diffusion generator. Therefore,
these results easily extend to the case of type-II diffusion generator as well. This
allows us to formally define what we mean by an Intrinsic SDE obtained using a
diffusion generator.

DEFINITION 2.4. We define an Intrinsic Stochastic Differential Equation
using a diffusion generator as a 3-tuple (V,{o;},G), where V € X(M), 0; € X(M)
fori e {1,2,...,p}, and G € &(M) U G(M). The Intrinsic SDE (V,{0;},G) can
also be written in the form of equation (1.14)

1 p p
dXx, = V(Xt)+§;Goo—l(Xt) dt+;al(Xt)thl. (1.14)

A solution for the SDE (V,{0;},G) is a semimartingale X; € M that satisfies
equation (1.14) in all the charts in the strong sense.

Notice that we allow both type-I and type-II diffusion generators in the above
definition.

2.1. Existence and uniqueness of a local strong solution of an intrinsic
SDE

We would like to see if equation (1.14) has a unique and strong solution that is
adapted to the filtration generated by the Wiener process W, € RP. We already
know that equation (1.14) is just a reformulation of equation (1.8), and that equa-
tion (1.8) has a unique local (local in time) strong solution when the coefficients
are smooth. In case the Intrinsic SDE is defined using a diffusion field generator,
the existence of the local solution for the SDE is guaranteed because by definition,
a diffusion field generator takes a smooth vector field as an input and outputs a
smooth diffusor field. For the Intrinsic SDE with a type-I diffusion generator, we
will need to ensure the smoothness for the existence of the solution.

PROPOSITION 2.5. Given a smooth diffusion generator G € G(M), and smooth
vector fields V, 01,09, ...,0, € X(M), the Intrinsic SDE

=1 =1

has a unique local strong solution, i.e., there exists a semimartingale Xy € M that
satisfies the equation (locally in time) in the strong sense, for any initial condition
Xoe M.

Proof. Suppose for the vector field o; € X(M), locally in the chart (U, x) with coor-
2

dinates (z',2?%,...,2"), oy = G(0y) is given as a4y = G(oy)|y = a}

—i—aiajf.
Pl 9o

ozt
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In the chart (U, x), the left-hand side of equation (1.14) is given by

dX;|y = dX] —— 0 1d[X’ X7] o (2.5)
A I A e '
where X} = x*(X;). Therefore, in chart (U, x), we get the It6 SDEs,
_ 1
dXj=(V'+ 3 > aj)dt + ofdW] (2.6)
1=1
and
d[X}, X{] = 0}(Xe)o] (Xy)dt. (2.7)

The smoothness of the diffusor fields «; follows from the smoothness of the map
G and the smoothness of the vector fields ;. As the It6 SDE (2.6) has a unique
local solution when the coefficients are smooth, we can conclude that if equation
(1.14) is coordinate invariant, then there exists a unique semimartingale X; that
satisfies equation (1.14) locally in time. As we already know that equation (1.14)
is coordinate invariant, the proof is complete. O

The notion of Intrinsic SDE using a diffusion generator can be easily generalized
to the case with multiple diffusion generators G, G?,...,G? € &(M) U G(M), in
which the generic form with vector fields V, 01,09, ...,0, € X(M) is given as

1 p
dx, = 52: o o1(Xy) dt+;al X)dw}. (2.8)

Like in the case of Intrinsic SDEs with a single diffusion generator, in the case
of multiple diffusion generators, we need the diffusion generators of type-I to be
smooth for the existence of a local, strong, and unique solution.

2.2. Construction of diffusion generators using flow of differential
equations

From our review in Section 1.1, we know that

0 "M — s D, M —— T,M & T,M — 0.

This implies that there exists an isomorphism J, : ®, M — T, M ®(T, M T, M).
Therefore, if the isomorphism I, = J_ ! is given, then a diffusion generator G €
&(M)UG(M) can be identified with a map A, : T, M — T, M such that

Gvg) = L ((Az(vg), vz @ 0y)).

Therefore, the isomorphism I, : ©. M — T,M & (T,M ©® T, M) and the map
A, T,M — T, M can be used to define a diffusion generator. An example of a
diffusion generator obtained through such construction is the case of a manifold
with connection, which gives us an Itd6 SDE.
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In this section, we will demonstrate that it is possible to obtain diffusion gener-
ators using the flow of differential equations as well. For this purpose, we consider
the smooth curve ¢(t) with the diffusor

dc d?
E = @C@
We know that in chart (U, x),
dc i (3702
I Uzcﬁi—kccj(?ij. (2.9)

dc
Since d—; = ¢® ¢, any function that maps the vector ¢ to the diffusor de/dt should

give us the diffusion generator. This approach of constructing a diffusion generator
using smooth curves is similar to the 2-jet approach discussed in [5]. This is because
both approaches are fundamentally based on the idea of considering up to second
derivative of the curve. In this section, we will only consider curves obtained through
the flow of first-order and second-order differential equations.

2.2.1. Construction of diffusion generator using flow of first-order differential
equation and its relation to Stratonovich SDEs

Recall from Section 1.1, if the vector field o € X(M) is taken as the noise coefficient

in a Stratonovich SDE on a manifold M, then the associated diffusor field ag €

(D M) is such that locally, in chart (U, x) with coordinates (z!,z2,...,2"),

2
+o'o?

Oxt Oxt0xi’

as =asly =do’ -0 (2.10)
where 0! = dx® - 0. The fact that ag € T'(DM) is indeed a diffusor field can be
easily verified by checking the coordinate invariance. Moreover, the diffusor field
ag € T'(DM) is associated with the vector field o € X(M). This association can
be expressed through a diffusion field generator Gs € (M) such that Gs(V)[f] =
VIV[f]], for all f € F(M) and V € X(M). The map is locally given as

2

Gs(o)|ly =do' - o 4 +olo?

oz’ Oz 0xI” (2.11)

Now, let us consider an alternative viewpoint. To each vector field o € X(M),
we can associate a restricted type-I diffusion generator Gs.o € G(M)|rmg(o) (as a
map Gg, : Img(o) — D(M) such that asﬁ(v) =vuvYwv e Img(o) C TM).
This map is locally given as

2

MR . — R
ox? oxt0x?

Gso(W)|y =do* v Yv € Img(o). (2.12)

Because a point v € I'mg(o) C TM is given as o(x) € TM for x € 7pr(v), the

diffusion field generator induced by the type-I restricted diffusion generator Gg .
(as per remark 1.7) is given as GL’U(U(Z‘)) = Ggs,s(0(z)). But, we observe that
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Gso(o(x)) = Gg(o)(x). Moreover, this is true for every vector field o € X(M).
In other words, Gs(0(z)) = Gg(o)(x) for all o € X(M). Hence, even with the
alternative viewpoint of restricted type-I diffusion generator, we ultimately end up
with the diffusor field given by the diffusion field generator Gg € &(M).

In the proof of the following lemma, we show that the diffusion generator Gg €
®(M) is constructed through the flow of first-order differential equation and is
related to Stratonovich SDEs.

LEMMA 2.6. Let 0 € X(M) be a vector field on the manifold M. There exists
a diffusion field generator Gg € &(M) (given by equation (2.11)), such that the
solution of the ODE & = o(x) is also the solution of the Schwartz differential
equation

dx

dt
Moreover, the Stratonovich SDE, §X, = V(X,)dt + o(X,) o dW; with some drift
vector field V € X(M), has an equivalent Schwartz SDE that is given by

= Ggoo(x). (2.13)

dXt = |:V(Xt) + %Gs o O'(Xt) dt + O'(Xt)th. (214)

Proof. We know that for a curve z(t) € M,

da(t

~

o ]U — #(6)0; + 3 ()37 ()9 (2.15)
Since #(t) = o(x(t)), we get
%’U =do' - 00; + Jioj({‘)fj. (2.16)

From equation (2.11), we know that the right-hand side of equation (2.16) is also
given by Gs(0)|u, where the map Gg € &(M). Since, this is true for any chart, we

get
d
= = Gs(o)(@).
From Section 1.1.1, we know that
0X: =V (Xy)dt + o(Xy) o dWr, (2.17)

has an equivalent Schwartz SDE that is given by
1
dXt = |:V(Xt) + 20[5(Xt):| dt + O'(Xt)th

) (2.18)
= |:V(Xt) + 505 o a(Xt)} dt + o(Xy)dWy.
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Notice that the above lemma is a special case of a more general result given by
theorem 1.2 that allows the conversion of a generalized Stratonovich SDE into a
Schwartz SDE. The above result is in terms of the idea of diffusion generators.

DEFINITION 2.7. The diffusion generator Gg € &(M) that ensures that the solution
of the ODE &(t) = o(x(t)) is also the solution of the Schwartz differential equation

dz(t)
dt

will be called Stratonovich diffusion generator.

= Ggoo(xz(t)), (2.19)

2.2.2. Construction of diffusion generator using flow of second-order differential
equations and its relation to It6 SDEs

We will now construct a diffusion generator using the flow of second-order differen-

tial equation. A second-order differential equation is defined by a vector field Z on

the tangent bundle T'M such that T'7y; o Z = Idyjps. Therefore, every second-order

vector field is locally given as

Z((z,0)) = ((z,v), (v, Zv (2,0)))

for all z = (z,v) € TM, where Zy(z) € VI'M with VI'M = Ker(TTy) as the
vertical bundle. As z(t) = 7ar(2(t)),

2(t) = Trar(2(8)) - 2(¢) = Traa (2(t)) - Z(2(t)) = 2(¢).
Therefore, i'(t) = Zi (2(t)).

LEMMA 2.8. For a given second-order differential equation Z € X(TM), there
exists a diffusion generator Gz € G(M) such that if z(t) is the solution of the
second-order differential equation z = Z(z), then

dz
E = GZ(Z(t))’ (2'20)

where z(t) = Tar(2(1)).

Proof. Since
dx

dt’U z'0; + 'z’ 0

179

&)z o+ 2002,

Therefore, if 2:(t) = 7ar(2(t)), 2 = Z(z), and
Gz()|y = Zi (v)0; + vl 02

17

then
dz

a = Gz(2(1)).
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In terms of the covariant derivative V, a second-order equation is given as V& =
Y (z), for some Y € X(M). A special case is Y = 0, in which the solution curve is
a geodesic and satisfies

(Veid)' =@ +Tha/ " = 0.

Using lemma 2.8, we can construct a diffusion generator associated with the
geodesic equation. Given a connection on the manifold, in local coordinates (U, x),
the diffusion generator for the geodesic equation is given as,

G(d)|y = #'0; + #'270}; = —T', @7 i 0; + '3/ 0. (2.21)

We find that the resulting Intrinsic SDE with the above diffusion generator corre-
sponding to the geodesic equation, is the Schwartz representation of the It6 SDE
on a manifold with a connection, as defined in [14] and [2].

DEFINITION 2.9. Let Gy € G(M) be a diffusion generator on the manifold M such
that the solution of the differential equation Vii = 0 is also the solution of the
Schwartz equation dx/dt = G(&). Then Gy € G(M) will be called Ité diffusion
generator. Locally, in chart (U, x), an Ité diffusion generator for a manifold with
a connection corresponding to the Christoffel form I is given as
. ! 2
Gr(v)|lv = —Tj;(z)v WJ% + '’ TR

for allve TM. We will call an SDE generated by Gy as an Ité SDE.

(2.22)

Since dz/dt = G (&) corresponds to the geodesic equation V2 = 0, the It6 diffu-
sion generator is just another way to look at the geodesic spray. To construct the It6
diffusion generator (or the induced Ité6 SDE), the manifold must be equipped with
a connection. In the following section, we show that if a regular Lagrangian is used
to define a second-order equation, then the lemma 2.8 allows for the construction
of a diffusion generator without using the notion of connection.

3. Construction of diffusion generator using Lagrangian

From theorem 1.4, we know that if we consider a regular Lagrangian L € F(T M),
then it is possible to construct a second-order vector field Xg. In Section 2.2, we
have shown that one can construct a diffusion generator using the flow of both first-
order and second-order vector fields. Therefore, by combining theorem 1.4 with the
construction of the diffusion generator using the flow of a second-order vector field,
we can obtain a diffusion generator using a regular Lagrangian.

The following proposition states the existence of a diffusion generator for every
regular Lagrangian.

PROPOSITION 3.1. For every regular Lagrangian L € §(T'M), there exists a dif-
fusion generator G, € G(M) associated with the Lagrangian L such that if z(t)
is the solution of the Hamiltonian dynamics z = wuLdE (where wy, = FL*wq, wo
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is the canonical symplectic form on T*M, and E € §F(TM) such that E(v) =
FL(v)-v— L(v)), then

dz/dt = Gr(2(t)), (3.1)
where z(t) = Tar(2(t)). Moreover, locally in chart (U, x),

GL(U)|U:|:Aij(x’U)<8L 9’L k>] d 92

oL | i 9 forallv e T,
007 ok’ )| aat TV ggigg for @Y
(3.2)

where A is the inverse of the matrix [DzJLL]

Proof. From theorem 1.4, we know that in the local coordinates, the solution of
the second-order equation Z = wﬁLdE with the initial condition z(0) = (o, vo) is

oL 0L
equivalent to solution of the Euler-Lagrange equation P i with the initial
i xZ
condition z(0) = z¢ and #(0) = vg. Since the Lagrangian is regular, the inverse of
0?L

5007 exists (proposition 3.5.10 in [3]).
r* oz

A (0L 0%
Y2 t :AZJ — — .
- #0) (8363 o(t)  OzhOEI

#0) (33)

z(t)

where A is the inverse of the matrix [Dan j:L} ’ o From lemma 2.8, we know that
’ z(t

it Gi, € G(M), such that locally in the chart (U, x),

__oL
v 8$k8l‘j

GrLv)|lv = [AJ (W

for all v € T, M, then

0 L 02
k i,.]
K )} By +v'v D07’ (34)

dz/dt = Gr(2(1)),
where x(t) = Tas(2(¢)) and z(¢) is the solution of Z = wuLdE. O

DEFINITION 3.2. Let G, € G(M) be a diffusion generator such that the solution
z(t) of the Hamiltonian dynamics 2 = wﬁLdE (where L € F(TM) is a regular
Lagrangian, wy, = FL*wy, wy is the canonical symplectic form on T*M, and E €
F(TM) is the Energy, given as E(v) = FL(v) - v — L(v)), also satisfies dz/dt =
Gpr(2(t)), where x(t) = Tp(2(t)). Then G € G(M) will be called Lagrangian
diffusion generator. We will say that an SDE is generated by a Lagrangian L,
if G is the diffusion generator for the SDE.

In mechanics, one finds several interpretations of the equation of motion, such
as the Symplectic formulation, the Poisson bracket formulation, the geodesic
interpretation, and the interpretation using the calculus of variation [3]. All
these interpretations yield the same equation of motion and usually require the
Lagrangian. From the above definition, it is clear that using the Lagrangian diffu-
sion generator, the solution to the Euler-Lagrange equation is also the solution to
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the Schwartz differential equation

d

= = Gula(). (3.5)
Hence, using the Lagrangian diffusion generator, we have obtained the equation
of motion through the diffusion bundle ® M instead of the second tangent bundle
TTM.

To understand the physical meaning of the Lagrangian diffusion generator in
the context of SDEs, let us consider the general case of the diffusion generator
obtained by using the flow of a second-order vector field Z € X(T'M). For this, we
will consider the idea of the generator of an SDE. We know that for the Intrinsic
SDE

1
dy, = {Q(Gz o 0)(Yt):| dt + o(Y;)dWy,
1
the generator for Y; is §(G z o o). This means that in chart (U, x),

. 1 i i 1 i
5th—>nol+ &E( t+6t — Y/)) = §(GZ oa(Yy))IX'], (3.6)

where Y} = x!(Y;). Moreover, we know that under the limit 6¢ — 07T,

. 1 _ _
Vi = Yi + 5(Gz 0 0) X1t + 0N (0,60),

satisfies the given SDE. Hence, the diffusion generator GGz, when composed with a
vector o € TM, adds a drift in the direction Zi,(0)d;, the vertical part of Z(o).
As the Lagrangian vector field wﬁLdE € X(TM) is also a second-order vector field,
the Lagrangian diffusion generator G, € G(M) adds a drift in the direction of the

2
OL(0:) - O°Llos) k)} i where A is the inverse

Oxt’

acceleration vector [Aij(om)( Da Orkom 0T
T TR 0T

of the matrix [D2 ; L(o,)].
We will now consider some examples of the Lagrangian diffusion generator.

I. Manifold M with a symmetric non-degenerate 72 M tensor-field .
As o € TYM is symmetric and non-degenerate, if L € §(T'M) such that

L(v) = %a(v,v), (3.7)

for all v € TM, then from proposition 3.1 we obtain

_ a2
Gr(v)|lu = {a” <1aalmvlvm - Mﬂnvkvm)] % +v'? 9 (3.8)

2 0z Dk  orio

II. Riemannian manifold, (M,g), with Kinetic energy as the
Lagrangian. A special case of proposition 3.1, is a regular Lagrangian
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L € (T M) such that

L(v) = %gbv v, (3.9)
where g is the Riemannian metric on the manifold M. In Mechanics, such
a Lagrangian is called Kinetic Energy. Moreover, if the initial state of the
mechanical system is v € TM and the solution is given by z(t), then x(¢t) =
7r(2(t)) is a geodesic in the direction of v € T'M, i.e., z(t) = exp,,, (,)(vt) =
€XPy, (O—(x())t) .

From Riemannian geometry, it is known that

d

2| (et = (3.10)
and, locally in chart (U, x),
d2 k k k _ i,7
| (expt () (00) = (0, Vugidi) = ~Th'vds (3.10)

where exp® = x* oexp. Hence, we can say that G € G(M) such that locally

92
+v'?

= Tk il
Gl Lijv' ox? 0x'0zI

(3.12)

Comparing equation (3.12) with equation (2.22), we notice that this is a
special case of diffusion generator constructed using connection obtained
from the Riemannian metric. Hence, this is the Ito diffusion generator on
the Riemannian manifold.

III. Riemannian manifold, (M, g), with Kinetic energy - Potential
Energy as the Lagrangian. Let ® : M — R be the potential energy.
Therefore, the Lagrangian is given by L € F(T'M) such that

L(v) = %gbv v — ®(1pr(v)). (3.13)

Using proposition 3.1 we get

(oL
(z,0) OxJ

0%L
(z,0) OxkOxI

0L
Crloal = Haxax

0
k
(x,a)a )] ozt

2

(]
+o'o oiba (3.14)
Therefore,

y ol dg 0P g, 0

i o m m _ = _ Jm _k_m ) Y

Gulonlo ="(0) (G o @)™ = 55 o) - Fotatom ) o
) (3.15)

+otol
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In other words,

o 0D 0 o 02
— | 1 Jjk _ _ij i 7
Gr(ow)|u < [polo® —g (x)—axj (m)) B +o'o Bt (3.16)

4. Some equivalent representations and the extended It6 formula

The central theme of this section is the conversion of one form of an SDE into
another. The idea of converting Schwartz SDE into It6 SDE/ Stratonovich SDE
and vice versa is well known and has been considered in chapter 1 of [13], where the
author has shown that both It6 SDE and Stratonovich SDE can be reformulated
as Schwartz SDE. In this section, we consider the representation conversion from
the perspective of the diffusion generators.

One of the ways of representing the It6 SDEs is using the Belopolskya—Daletskii
representation. From [14], we know that the Belopolskya—Daletskii form for the It6
SDE (V,{o1,...,0p},Gr) is given by

p
dX; = expy, (V(Xt)dt + ZU;(XQdWZ) , (4.1)
=1

where the exponential map exp, : T,M — M is due to the connection. In this
section, we also show that we can convert an Intrinsic SDE with a diffusion gen-
erator into an equivalent Belopolskya—Daletskii type SDE. In order to obtain the
Belopolskya—Daletskii form for the given Intrinsic SDE, we first convert the given
Intrinsic SDE into an It6 SDE and then consider the Belopolskya—Daletskii form
for the resulting It6 SDE.

In general, we derive a conversion formula to convert an Intrinsic SDE obtained
using a diffusion generator into an Intrinsic SDE obtained using another diffusion
generator. Furthermore, in Section 4.2, we use this conversion formula to derive the
extended It6 formula on manifolds using the diffusion generator approach.

4.1. Equivalent representations of intrinsic SDEs in It6 representation,
Stratonovich representation, and Belopolskya—Daletskii form

Earlier, in Section 3, we have observed that the It6 SDE

(‘/7 {017 "'7Up}) )

is the same as the Intrinsic SDE

(V{or,...,0p}, Gr) .

However, we do not know if an Intrinsic SDE with an arbitrary diffusion generator
G can have an Ito representation. When written in the form of an equality, it is
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apparent that the Intrinsic SDE

(‘/7 {0'1, ...,O'p}, G)

is the same as the Ito SDE

(v + % S (Glor) = Grlon), {01, ap}> .

1=1
However, we need to prove that G(o;) — G(0;) is indeed a vector field.

LEMMA 4.1. For every type-I diffusion generators G,G, € G(M), there exists a
fibre preserving map VS : TM — TM over identity such that VG (X) = G(X) —
Go(X)V X € TM. Similarly, for every type-1I diffusion generators H, H,, € &(M),
there exists a map VH . X(M) — X(M) such that VH(0) = H(c0) — Hu(0) ¥
o€ X(M).

Proof. As per the definition of the type-I diffusion generator, for any G € G(M),
G(X)=XQ®X,VX eTM. Therefore, G(X) — Go(X) =0, i.e., G(X)—Gu(X) €
TMVY X € TM.

Similarly, we observe that for type-II diffusion generators H,H, € &(M),

H(J)(x)i?fa(a)(x) =0 for all 0 € X(M) and x € M. Therefore, H(c) — Hy(0) €

LEMMA 4.2. (V, {01, ...,05},G) is equivalent to

1 p
(V +3 ; VE(a1), {01, 0p}, Ga> )

Proof.
1 p p
dX, =Vt + 5 > Glodt+ > o dW] (4.2)
=1 =1
1 p p
=Vt + 5 > (VS(01) + Galon)) dt + Y ordW} (4.3)
=1 =1

From lemma 4.1, we know that V& (o;) is a vector/vector-field. Hence,

1 p
dx, = |V + §Zv§(al)

=1

1 p p
dt + 5 (; Ga(ol)> dt + > odWy, (4.4)

=1

1
which can be considered as the SDE <V + 3 S V& (o), {01,y op Ga). O
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Due to this lemma, if the manifold is equipped with a connection, then the Intrinsic
SDE (V,{o1, ...,0,}, G) has the Ité representation

1 p
<v+ 2ZV?(JZ),{01,...,UP}>. (4.5)
1=1

Similarly, the Intrinsic SDE (V, {01, ..., 0, }, G) has the Stratonovich representation

<V+;ZV§(01)’{01,-.-7%}> : (4.6)

=1

COROLLARY 4.3. The Intrinsic SDE
(VV, {0'1, veey Up}, G)

has an equivalent Belopolskya—Daletskii form that is given by

l\D\»i

p
dX; = expy, ( (Xy)dt + Z (o0)(Xy dt+Zal X, th> : (4.7)

=1 =1

This statement allows us to take advantage of the underlying exponential map
for numerical computations, e.g., a simple numerical method can be given by,

Xitst = €XPx, (Yirar — Ya), (4.8)

1
where Y a; — Y = [V(Xt) + 3 Sy V?(Ul(Xt))] At+37 o (X)) AW}

Instead of converting Intrinsic SDE into Belopolskya—Daletskii form, one may
also choose to convert the Intrinsic SDE into a Stratonovich SDE and use numerical
methods for Stratonovich SDEs on manifolds from [8, 22]. Alternatively, the option
of numerical computations in a local chart is always available.

4.2. Extended It6 formula on manifolds

Let us consider the probability space (£, F,P) with filtration {F;}. Let F': @ xR x
R™ — R™ be such that for the constant x, F'(¢,x) is a random process given by

Pi(t, m)dYtl,

M=

dF(t,x) =
l

1

with Y; € RP as a driving semimartingale and ®(¢, z) as an adapted process for all
x € R™ with infinite smoothness in z. If X; is a semimartingale on R™, then

p
dF'(t, X;) = DaF'(t, X;)dX, + Y ®j(t, X;)dY,
=1
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n n n

1
+§ZZ xjaxkF’(t Xp)d[x{, X} + Z [F (t, X1), X7 | . (4.9)

j=1k

This formula is known as the extended Ité formula. It is also known by other
names such as the generalized Ito formula or the It6—Wentzell formula (also spelled
It6—Ventzel), credited to A D Ventzel for its discovery in [4]. It is usually derived
by proving the convergences of infinitesimal increments to the corresponding It6
integrals. The reader can refer to [19, 20] for more details on the derivation of
the formula. The generalized It6 formula is used in the area of Partial Differential
Equations [7, 11]. Some of the variants of this formula can be found in [7, 10] for
differential k-forms, [9, 17, 18] for rough paths, and distribution-valued functions
n [18].

On manifolds, the generalized It6 formula is usually considered in terms of the
Stratonovich representation and can be easily found, e.g., in [19]. In this section,
we give an equivalent formula for the Intrinsic SDEs on manifolds from the view-
point of the diffusion generators. For this, we consider the conversion formula from
the previous section to convert the Intrinsic SDE with diffusion generator into
Stratonovich SDE and vice-versa.

To begin with, let us consider the Stratonovich representation on Euclidean
spaces. If

p
SF(t, ) ZV (t,z)dY} (4.10)

such that for every z, v} (l,z) are adapted processes that are C? in x, and F'(¢,z)
is C? smooth in z, then as per the generalized It6 formula,

p
SF*(t, X¢) = Y vj(t, Xe)oY; + DaF'(t, X;)0 X, (4.11)
=1

On manifolds, if X; € M and F; : M — N is a stochastically evolving smooth
function such that it satisfies

p
5Fy(x) = wn(t,x)sY7, (4.12)
=1

with v,(t,x) € TN as adapted processes that are C? smooth in z, 7n(v(t,z)) =
Fi(z), and Y; as a semimartingale on R?; then the generalized It6 formula for
F,(X;) € N is given by

p
SFy(Xe) =Y wilt, Xy)6Y) + TFOX,. (4.13)
=1

The generalized It6 formula on manifolds in the Stratonovich representation, given
by the equation (4.13), is well known and can easily be verified by considering the
local coordinates. The reader can refer to [19] for variants of the generalized It6
formula on manifolds in the Stratonovich sense.
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As a direct extension, in the spirit of the Schwartz—Meyer interpretation of
SDEs on manifolds, the generalized It6 formula can also be expressed in terms
of Stratonovich morphism. Suppose that we have a family of Stratonovich mor-
phisms S, between manifold P and manifold N, which is parametrized by points
x €M, ie, S, =S5(,z) e (L(TP,TN)) is a field of Stratonovich operators for
every x € M. This means that for a semimartingale Y; € P and for a fixed point
x € M, there exits a semimartingale Z¥ = Fy(z) such that

§ZF = Sp(Yy, ZF)6Y. (4.14)

We say that the above equation has a solution, given by Hy € C3(M, N), if Hy is a
stochastically varying smooth function such that, for each point x € M, it satisfies
0H(z) = Sy (Y, Hi(x))dY; in the strong sense in all the charts.

If we assume that F; € C3(M, N) is a solution for the SDE (4.14), then in some
local coordinates on the manifold P and manifold N, we get

S} () = 5.5 (Vi Fi(@))0Y7.
Moreover, Fy(x) is an adapted process for every x € M. This means that if
V;(L iL’) = ST;(Y;H Ft($))a

then by the usual It6’s formula, 1/; (t,z) are also adapted processes that are C?
smooth in 2 (necessary smoothness of S with respect to x is assumed). This allows
us to use the local Stratonovich version of the generalized It6 formula, which is
given by the equation (4.11). Accordingly, we find that if X; is a semimartingale
on M then

SF}(Xy) = Si(Ye, Fu(X0); X1)0Y] + 0, F} (X)) X]. (4.15)
Since this is true for all the charts, we can say that if the SDE
O0F (t,z) = S (Y, F(t,x))0Y; (4.16)
has a solution, then
0F(t,X;) = Sx,(Yi, F(t, Xy))0Y: + To F(t, X4)0X,. (4.17)

Equation (4.17) can also be interpreted as a stochastic process Z; = F(t, X;)
obtained by the driver (¢,Y;, X;) € R x P x M and the Stratonovich morphism
O((t,y,x),z) : R x T,P x T, M — T, N such that in matrix representation

0((t7y,3:),2)=[0 S.(y, 2) TgF(t,x)}. (4.18)

In other words, if 6F(t,x) = S,(Y:, F(t,x))d0Y; for all x € M, then the process
Zy = F(t, X;) can be represented by the Stratonovich SDE

807 = O((t, Y, Xt), Z¢)o(t, Ye, Xt), (4.19)

where the field of Stratonovich morphism O is given by equation (4.18).
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In this section, we are interested in considering the extended It6 formula for the
SDEs given in terms of Schwartz morphisms instead of Stratonovich morphisms.
From theorem 1.2, we know that for every Stratonovich morphism there exists
a Schwartz morphism. However, the converse is not true. Therefore, obtaining
It6—Wentzell formula is a challenging task when the underlying stochastic process
F(t,x) € N is given by a Schwartz SDE with an arbitrary Schwartz morphism. As
the framework of the diffusion generators allows for seamless transition between
the Schwartz SDE representation and the Stratonovich SDE representation, we
can derive It6—Wentzell formula in the framework of the diffusion generators. This
derivation is the main contribution of this section.

Before stating the proposition for the generalized It6’s formula, we introduce
some notations that will be used throughout the remainder of this section.

(i) Manifolds M and N are equipped with the diffusion generators ¥ G and
N@, respectively.

(ii) We will consider «, 8; € X(M) forl € {1,2,...,p}. We will use a(t) and B;(t)
as a short-hand notation for a(X;) and §;(X;), respectively, with X; € M
as a semi-martingale.

(iii) The Stratonovich diffusion generator on the product manifold M x N is
given by Gg. The Stratonovich diffusion generator on the manifold N is
given as GY and as GY on manifold M. Moreover, ng =NG - GY and
Vel =Mg_gM

(iv) IV € X(M x N) splits as V = (V1, V2), i.e., Vi(z,y) € T, M and Va(z,y) €
T,N for all (z,y) € M x N; then the 2"¢ part of the Stratonovich diffusion
generator Gg, denoted by VG, is locally (in chart (U, x) on N) given as

NGs(Va)|ly = dVy - VO; + V3 V3 0. (4.20)

PROPOSITION 4.4. Suppose F : R x M — N is a solution of the equation

p
dt + Y oi(x, F(t,x))dW},
=1

d(F(t,z)) = |V (x, F(t,z)) %Z Gloi(z, F(t,x)))

(4.21)
where V(x,-),01(z,-),...,01(z,-) € X(N) for all x € M such that they are smooth
in x. Let Xy be a semimartingale on M such that

dx, = dt + Z By(t)dW}.

=1

117
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Then,

d(F(t, Xy)) = [V(Xy, F(t, Xt)) + ToF(t, Xy)a(t)] dt

- % > [Vgc(al(xt, F(t, X))+ NGs (01( Xy, F(t, Xy)) + ToF(t, Xt)Bl(t))} dt
=1

4+ ZTQ (t, X,)Vs ¢ (Bi(t) dt+z o1(Xy, F(t, X)) + ToF(t, X¢) By (t)] dW}.

- (4.22)

Proof. In Stratonovich representation,

p
6X, = Z dt+ZBl t) o dW},
and
1 /4 N p
O(F(t, ) = V(m,F(t,x)H§ZVSG(0z(w7F(t,x))) dt+»_oi(w, F(t, 2))5W}.
=1 =1

As we are given that the stochastically varying function F; is smooth enough and
it satisfies the given SDE in the strong sense, the It6—Wentzell formula given by
equation 4.17 gives,

p
SF(t, X;) = |V(X,, F Z G (o(Xy, F(t, )))1 dt
=1 =X
p
+Zo—l Xt7 )| =X, Othl +T2F(t7Xt)5Xt
=1
p
V(X,, F(t, X)) + ToF(t, X;)a Z G o1( Xy, F(t, Xt)))] dt

4 ZTQ (t, X,)Vs %(B(t) dt+Zol X., F(t, X)) + ToF(t, X¢)By(t)] o dW}.
l 1 =1

Considering Z; = F(t, X;), we get

(SZt - d

1 P
V(Xy, Zy) + ToF(t, Xy )a 52; (01(Xe, Z1))

)_x

izp: F(t, X))V (B ())dt+§p:[ol(Xt,Zt)+T2F(t7Xt)Bl(t)]othl.
=1 =1

Using Gg, the Stratonovich diffusion generator on M x N, we can directly
obtain the Intrinsic Schwartz SDE representation for (X, Z;) € M x N from its
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Stratonovich representation. However, it can be verified locally that the Schwartz
SDE for Z; € N can be obtained from its Stratonovich representation using VG'g
from equation (4.20), and it is given as

dZz; = dt

1 p
V(Xy, Zy) + ToF(t, X,)a 52: (o1( Xy, Zy))

- Z[TthXt Vs (B ())+NGS[al(Xt,Zt)+T2F(t,Xt)Bz(t)]] dt

=1

N =

p
+ Y ou(Xe, Zi) + ToF (1, X4) Bi(t)] dWY,
=1

where Z; = F(t, X3). O

Equation (4.22) is the extended It6 formula on manifolds when the semimartin-
gale X; € M is in the Intrinsic representation with the given diffusion generator. If
X; € M is given as a Stratonovich SDE, then the extended It6 formula on manifolds
is given by equation (4.24) in the following statement.

COROLLARY. Let F: R X M — N be the solution of the SDE

d(F(t,x)) = |V(z, F(t,x) Z (o1(z, F(t,x))) dt—&—zp:al(m,F(t,x))de;

=1 =1

(4.23)
where V(x,-),01(x, ), ...,o1(x,-) € X(N) for allx € M. Let X; be a semimartingale
on M, with Stratonovich representation as

p
6X; = a(t)dt+ Y Bi(t) o dW},
=1

where a(t) and Bi(t) is a short-hand notation for a(X;) and Bi(X:), respectively,
for some «, B € X(M). Then,

d(F(t, X)) = [V(Xe, F(t, Xy)) + ToF(t, X¢)a(t)] dt

%Z[vs (01(X1, F(t, X1))) + NG (00( Xy, F(t, Xp)) + ToF(t, X)) By(t)) | dt

p
+ Y [ou(Xe, F(t, X)) + ToF (t, X2) Bi(t)] dW}.
=1
(4.24)

Proof. To convert the Stratonovich SDE for X; € M into its Schwartz represen-
tation, we consider the Stratonovich diffusion generator on M, denoted by ng .
Therefore, in proposition 4.4, we consider the given diffusion generator MG to be
the same as GAf. Then VZG =Mqg - Gg/[ =0. O
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ExAMPLE. Using the generalized 1t6 formula, we can answer the motivational ques-
tion introduced at the end of Section 1.2. To recall, we consider L € F(TM) as a
regular Lagrangian with associated energy FE € §(TM). X; € M satisfies

p
0Xy = Zydt + Y Traro1(Ze)sWY, (4.25)
=1

where 0; € Ker(dE), and Z; € TM such that X; = 7p/(Z;) and it satisfies

p
02y = W dE(Zy)dt + Y o1(Z0)5W]. (4.26)
=1

We are interested in finding an SDE for a stochastically varying vector field F; €
X(M) that satisfies Z, = Fy(Xy).

Using the generalized It6 formula, we immediately observe that if there exists
Fy : M — TM such that Fy(X;) = Z;, then for every x € M,

P
0F(x) = (w%dE(Ft(x)) —TFEFy(x))dt + Z [01(Fi(x)) — TETpr00(Fy(2))] 6WY,
=1

(4.27)
Notice that the horizontal part of the drift and the noise vector fields in the above
equation is zero, which implies that the stochastic curve Fy(x) € T'M is constrained
to be on the tangent space T, M, making the map F; : M — TM a vector field.
Component-wise, the drift vector can also be given as

@B (R(e) - TRE@) = (0.8 F@)] ).

where G, is the Lagrangian diffusion generator, and 0 represents the horizontal
part. Since Z; = Fy(X;) is energy-preserving, the solution of (4.27), if it were to
exist, is enough to describe the energy-preserving motion of the point X, € M
given by equation (4.25).

5. Concluding remarks

We have shown that intrinsic SDEs on manifolds can be described using diffusion
generators that are constructed using the flow of ordinary differential equations.
We have demonstrated that by considering diffusion generators obtained using
first-order differential equations, we end up with the Schwartz representation of
a Stratonovich SDE. We have also demonstrated that it is possible to obtain dif-
fusion generator using a second-order differential equation. We have demonstrated
that if this second-order differential equation is the geodesic equation, then the
corresponding diffusion generator gives us the Schwartz representation of an It
SDE. Another example of the diffusion generator obtained using the second-order
differential equation is that of the Lagrangian dynamics with a regular Lagrangian.

In Section 4, we derived a formula to convert an Intrinsic SDE with a diffusion
generator into an Intrinsic SDE obtained using a different diffusion generator. Using
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this conversion formula, we also derived the extended/generalized Ité formula on
the manifolds. As an application of the extended It6 formula and an attempt to link
the Lagrangian diffusion generator with the generalized It6 formula, we also present
a point-wise SDE for the stochastically varying vector field such that the flow of
a stochastic point along this vector field preserves the energy of the Lagrangian
system.

Overall, we find that the diffusion generator approach makes the coordinate-
invariant analysis of SDEs on manifolds easier.
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