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Abstract

A perturbation model is used to predict the distance jumped by a long-jumper for
a range of tailwinds and headwinds. The zeroth-order approximation is based on
gravity being the only force present, the effects of drag and lift only being included
in the first-order corrections. The difference in predicted distances produced by the
zeroth and first-order approximations is less than 2% for headwinds or tailwinds
up to 4 ms~' . Most increases or decreases due to wind are caused by changes in
the run-up speed, and consequently the take-off angle and speed.

1. Introduction

Wind affects the performance of long-jumpers. The International Athletics
Union acknowledges this by imposing a special rule relating to wind during
long-jump performances. The average wind component parallel to the track
i1s measured near the jumping pit during an interval encompassing the run-
up and the jump. If this measurement exceeds 2ms™', no record-breaking
jump is recognised.

Undoubtedly the wind will affect the aerodynamic forces on the jumper
such as drag, lift and sideways forces, but as pointed out by Frohlich [5] there
is also an effect on the take-off conditions. A number of authors (Brearley [2],
Burghes et al. [3), Ward-Smith [11], [13], [14], Frohlich [5], de Mestre [4])
considered the effects of density change on Bob Beamon’s world record jump
which has now lasted more than 20 years without being surpassed. From
these analyses it appears that in the absence of wind the drag effect during a
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long-jump would reduce the jump by no more than 1%. No analysis on long
jumps has included other aerodynamic forces such as lift.

Previous calculations of wind effects on long-jumpers have been restricted
to numerical solutions of the governing equations. This paper modifies the
perturbation solution in de Mestre [4] for a long-jumper influenced by gravity
and drag to include lift corrections, and then extends this work to analyse
the effects of wind. Representative calculations for a long-jumper assisted by
a tailwind or jumping into a headwind are presented.

2. Wind-free analysis

In the absence of wind, the velocity of the jumper relative to the ground
is the same as the velocity relative to the air. The long-jumper is modelled
as a projectile acted on by constant gravity plus the two components of the
total aerodynamic force (drag and lift), which at jumpers’ speeds are usually
assumed to be proportional to the square of the air speed. With the origin
at the position of the jumper’s centre of mass at take-off, the X direction
chosen as parallel to the run-up track and the ¥ direction chosen as vertically
upwards, the governing equation of motion is

d’r

m—a?i-z- =—-mgk — %pSCDﬁzi +

1
2
Here p denotes the density of the air, § is a typical cross-sectional area
of the jumper, m denotes the jumper’s mass, T denotes the position vector
of the jumper at any time 7 during the jump, v denotes the corresponding
velocity vector, while C,, and C, denote the drag and lift coefficients re-
spectively. The unit vectors k, # and & are respectively in the directions
vertically upwards, parallel to the jumper’s velocity, and perpendicular to the
jumper’s velocity but lying in the vertical plane through the athlete’s centre
of mass.

To include the aerodynamic forces more precisely would require knowl-
edge of the drag and lift coefficients at each stage of the motion of the jumper
through the air. In addition the typical area S is usually chosen as the pro-
jected area of the jumper in a plane normal to the jumper’s velocity. This
also changes during the long jump from a maximum value in the take-off
position to a much smaller value just before landing. In this paper the usual
assumption is made that SC;, and SC,; are each some average constant for
the duration of each long jump.

Equation (1) relates only to the projectile motion part of the long jump—
the aerial phase. The distance calculated for the jump consists of the aerial-
phase distance (X;) travelled forward by the centre of mass from take-off to

pSC, T (1)
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landing plus the distance of the centre of mass ahead of the take-off board
at take-off and the distance of the centre of mass behind the landing point at
landing.

The initial conditions for the projectile motion are taken as

dt

r=0,

when 7= 0. The problem can be solved more generally by including a lateral
component U in the velocity of the jumper at take-off. However, there is
no advantage athletically for a jumper to do this, as the jumping distance
is always measured in the X direction; likewise there is no mathematical
advantage, as the algebra is increased in complexity although the analysis
is essentially the same. Therefore, although this analysis could be extended
to include cross-winds and sideways aerodynamic forces, the advantages in
information gained are marginal.

The solution of (1) subject to conditions (2) produces 7(f) from which X
can be determined when y = —h, the distance of fall of the centre of mass
from take-off to landing.

The variables are nondimensionalised using

v=vV, I=tV/g, Tt=rV/g, (3)

and so the dimensionless forms of equations (1) and (2) are

g.—.v:[Vcosa,Vsina]} (2)

(4)

. s 2, 2,
P=-k-e,v't+evi
with i = [cosa, sina], r=0whent=0

Here ¢, = pSCDVz/(ng), e, =¢&,C;/Cp, and a dot denotes differentia-
tion with respect to ¢. In terms of components in the x, y directions the
equations (4) are
X= —epxv—gyv
J=—-1-¢,pv+e xv (5)
with X = cosa, y=sina, x=y=0whent=0.

For most projectile problems this set of equations would usually have to
be solved numerically, but for the long jump modelled using constant gravity
and variable drag, de Mestre [4] obtained a perturbation solution based on
ep < 1. Since ¢g; is also small compared with unity the analysis is extended
here to include lift effects. In Section 4 it will be shown that this no-wind
analysis is extremely useful in obtaining the distance jumped when a wind is
blowing. Thus with

r=r,+epr, +0(e5), (6)
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the zeroth-order equations become
xo = 0’ y 0 = _l ’
with X, =cosa, y,=sina, x, =y, =0 when ¢ = 0. The solutions are

Xy =tcosa, Y, =tsina — %tz, (7)

Yy = \/x§+y§ ®)

= \/cos2 a+ (sina — 1)?
With g = C,/C,, the first-order equations are therefore

and hence

X, = —vycosa+ f(t —sina)y,,
¥, = (t = sina)y, + By, cosa

with X, =y, = x, =y, = 0 when ¢ = 0, where the results (7) and (8) have
been used. The corresponding solutions are

x, =Bg -/
_ 9)
Zw=B8f+8,
where
1 . 3 1 . 2 23 1.2 2 .3
g (1) = ﬁ(t_ sina)v, + —ﬁsma(sm a+cos a)? — §t(sm a+ cos” a)
1
+ % cos’ a(t — sin a)v, + %cos2 asina(sin® a + cos® )2
1
+ %cos“a £n|t —sina + v,| — %cos“a ¢n(sin’ a + cos’ a)? — sina

and

M=

1 . .
f@) = ft{ cos a sina(sin® a + cos’ a)
3 . 2 2 L
—cos” a £n|(sin” a + cos” a)? - sinal}
1 . 3
+ 2 cos a{vg — (sin® a + cos’ )2}

1
3 .2 2
+ 5 cos” af(sin” a + cos” @) — v,}

— NI |

+ 5 cos’ a(t — sina) £n|t —sina + v,

- N

L
+3 cos’ asin o £n|(sin2a+ cos’a)? — sina|.

The expressions for f, and g, could be further simplified, but they are left
in this form for ease of transference to equivalent results in Section 4.
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The time of flight (z;) for the jumper is obtained by solving ¥y = —h,

which in nondimensional form becomes
—hg/V? =tsina—1*)2 +epy, (1) + 0(eD). (10)

Therefore writing
2
tp = top +ept p +0(ep)
and substituting into (10) yields

tp =tOF+8Dy1(t0F)/\/sin2a+2hg/V2+0(st) (11)

where

top = Sina + sina + 2hg/V?.
The corresponding dimensionless horizontal distance is

Xp = cosa {sina + \/sinza + 2hg/V2}
(12)

+¢&p {yl(tm,)com/\/;in2 a+2hg/Vi+ xl(tof)} +0(ed).

The foregoing analysis applies to any long jump where ¢, « 1. Ward-
Smith [12], [13] considered representative characteristics for a typical long
jump. These included g =9.81 ms"z, p= 1.20kgm_3, m=T70kg,h =0.5m
and SC,, = 0.36. He also included horizontal and vertical take-off veloc-
ity components as 10.1 ms~! and 2.87ms™! respectively. These produce a
take-off speed of 10.5 ms~' which is much too high, since energy is lost at the
take-off board and no jumper is capable of speeds before take-off approach-
ing 11ms™". Consider therefore as typical take-off values ¥ = 8.74ms™",
a = 20° based on a series of measurements made by Lafortune [8] at the
Australian Institute of Sport using force plates.

The value for SC;, has been estimated as 0.36 from measured values on
sprinters, cyclists and speed-skaters quoted in Ward-Smith [11]. A value for
SC, also needs to be estimated. The lift to drag ratio (C,/C,) for ski-
jumpers has been well documented (Krylov and Remizov [7}, Ward-Smith
and Clements [9]), and can be as high as 0.25, but it varies with angle of
incidence and would never be this large for long-jumpers. To obtain some
idea of the effect of lift, a representative value 0.04 is chosen for SC, ,
yielding 8 =1/9.

The calculated value for ¢, is 0.024 which is certainly small enough for
the perturbation expansion to be valid. With the above representative val-
ues, the projectile part of the jump yields Z, = 0.747s and X, = 6.07m.
Without drag and lift, the time of flight is 0.746s and the value of X is
6.13m. When only lift is ignored, the calculations yield 7. = 0.745s and
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X = 6.06m. The inclusion of drag reduces the time of flight by an almost
negligible amount, while the range is reduced by 1%. On the other hand the
inclusion of lift with drag gives a marginally larger flight time than in the
gravity-only case, but adds only a negligibly small amount to the range for
the drag case. Therefore for a no-wind analysis it seems sufficient for most
purposes to use a gravity-only model.

3. Run-up and wind

When the wind blows, not only is the projectile part of the long-jump af-
fected, but also the run-up, and hence the take-off speed and angle. Two
authors have considered the variations to the speed due to wind but no one
has considered the angle variations. Ward-Smith [13] obtains the influence
of wind on maximum sprinting speed by numerically solving a second-order
differential equation, based on the application of the first law of thermody-
namics to the acceleration phase of sprinting. On the other hand, Frohlich
[5] considers the power lost or gained to the wind and has to solve the cubic
equation

lOu(Z)(u0 -u) = (u, — Wx)zul - ug
where u, is the athlete’s speed just before take-off when no wind is blowing,
and u, is the athlete’s speed just before take-off when a wind W, is blowing
parallel to the track. A positive W denotes a tailwind and a negative W, a
headwind.

Measurements by Hay and Miller [6] show that the velocity varies dra-
matically over the last few strides. Over this interval the jumpers must be
preparing for take-off and continually adjusting the length of their strides
so that they do not take-off beyond the take-off board and register a foul
jump. Measurements by Bartlet [1] and also Lafortune [8] show that there
is a small downward component to the jumper’s velocity just before take-off.
Because of these extra complexities it was decided to simplify the analysis,
and so the technique due to Frohlich [5] is used to produce the approach
speed variations due to the wind given in Table 1.

However Frohlich [5], and also Ward-Smith [13], fail to take account of
the decrease in speed during take-off. From the previously mentioned exper-
iments conducted by Bartlet [1] and Lafortune [8] a representative ratio of
speed just after take-off to speed just before take-off is 0.92+0.04 . Therefore,

with ¥ = 0.92u, it is seen that V' = 8.74 ms™! corresponds to an approach

speed u, = 9.5 ms~', which is a typical run-up speed without wind. Val-

ues of V' corresponding to different wind strengths and directions are also
included in Table 1.
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TABLE 1. Approach speed, take-off speed, take-off angle for different winds.

Wms )| -4 | -3 | -2 | -1 0 +1 | +2 | +3 | +4
u;(ms™") | 884 [ 9.01 [ 9.18 | 9.3¢ | 9.50 | 9.65 | 9.79 | 9.92 | 10.04
V(ms™') | 8.13 | 829 | 844 | 860 | 874 | 888 | 9.01 | 9.13 | 9.24

a(®) 21.57 | 21.14 | 20.73 | 20.35 | 20.00 | 19.68 | 19.38 | 19.11 | 18.88

To determine explicitly the change in take-off angle a for different take-
off speeds V', it would be necessary to conduct experiments on long-jumpers
keeping all other conditions fixed except for wind strengths. Then the take-off
speed and take-off angle could be measured, and a graph used to determine
a relationship between these two characteristics. In the absence of such ex-
periments it seems reasonable to postulate that if the wind is blowing in the
X-direction only, then the vertical component of impulse from the spring in
the athlete’s take-off foot is independent of the wind strength. This assump-
tion says that ¥ sina is a constant for the same athlete under different wind
conditions.

Qualitative support for this assumption is provided by a comparison of
the long jump and high jump take-off angles and speeds. In the long jump
the take-off speed is near sprinting speed and the take-off angle is near 20°,
whereas in the high jump the take-off speed is low and the take-off angle
is near 60°. Using this assumption the values of o are calculated for the
values of V' due to different wind strengths, and are also included in Table 1.

Wind analysis

When a wind W is blowing, the air speed of any projectile is given by

V =V-Ww. (13)

The drag and lift effects will depend on V', and only on ¥ in the absence of

wind. Therefore, with the addition of wind, the basic equation (1) for the
projectile part of the long-jumper’s motion becomes

2

r |

m:j? =-mgk— -2-

where % is a unit vector in the direction of ¥°, and #® is a unit vector
perpendicular to #* and lying in the vertical plane. The initial conditions
(2) remain the same as before. Ward-Smith [12], [13], [14], and Frohlich [5]
solved (14) numerically for C; = 0, because they claimed that with wind
present no analytical solution is possible.

- AN 1 - ¥
pSCyI¥'|*# +3PSC,I¥ 14", (14)
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Noone and Mazumdar [9] produced an analytical solution of an approxi-
mate form of (14), again with C; = 0, but they did not use this solution in
any of their calculations. They simply reverted to a Runge-Kutta numerical
solution of the original equations to draw their conclusions.

An analytical perturbation solution of (14) will now be obtained, and used
directly to obtain estimates for the effects of wind.

Now if (13) is integrated, then the transformation

7
f=f‘+/wd?, (15)
0
where V' = df' /d, shifts the origin to a co-ordinate system fixed in the

moving air mass. If the variables ¥, ¥', 7, W are nondimensionalised
according to (3) then the transformed variations of equations (14) and (2)

become
ok f( . . * dw
r =-k—-¢,v 7 +¢v n —E (16)
with v* = [cosa — W, /V, sina—W,/V], andr =0

when ¢ = 0, and the initial wind velocity components are given by W(0) =
W, W]

When (4) and (16) are compared it is seen that they are essentially identical
except for the term %‘t! , the rate of change in wind velocity during the jump.
A perturbation expansion is again used when w is known for all ¢, then r’
and hence r can be calculated. Although the technique is equally applicable
for varying wind the simplest illustration of wind effect is to assume that the
wind acts parallel to the run-up track and is constant for the whole time-
of-flight interval of the long jump; that is to take w = [, 0]. Then the
transformation (15) becomes

F=F +[W,,0]f
and (16) reduces to

o #2 ¥ #2 "
P'=-k-gp” ' +¢v" A (17)
with v' = [cosa - W, /V, sina], andr =0
when t=0.
Equation (17) can be solved by perturbation expansions and yields x*, y*
and ¢* similar to results (7)-(12) but with cosa replaced by cosa — w. |V

everywhere.
Thus corresponding to (11) the time of flight with wind is

tp = top + €Y1 (tp)/\/sin? +2hg [V 4 O(eD) (18)
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where it is noted that

top = sina + /sin’ a + 2hg/V?

is independent of the wind strength. Moreover the zeroth-order dimension-
alised time

Tor = {Vsina+ \/stin2a+2gh}/g

is constant for a particular jumper under different wind conditions because
of the postulate concerning the constancy of Vsina. Therefore, the time
of flight corrections for the presence of wind only emerge in the first-order
approximations.

The expression for the distance jumped due to the projectile part of the
long jump is

| 4 * .
Xp= i [V‘op cosa + ED{yl(IOF)(VCOSa - Wx)/\/smza + 2gh/V2

+ VX (fop) + ¥, (o)W, sin? o + 2gh/V?} + 0(2)|.  (19)

Again it is noted that the zeroth-order approximation is independent of
the wind. This was to be expected since the wind only affects the drag and
lift during the projectile part of the motion, and these are first-order effects
for the typical parameters of a long jump. However, for a particular jumper
the zeroth-order jump distance varies with change in wind strength because
V2cosa varies.

For the representative characteristics in Section 2 applied to expressions
(18) and (19) the results are calculated and displayed in Table 2. Also in-
cluded for comparison are the jump distances for gravity plus drag, in which
lift is neglected.

The addition of drag to the analysis reduces the time of flight for all values
of the wind considered, but only by an amount of the order of 0.1%. The
addition of lift reverses this trend, so that for all headwinds and the lesser
tailwinds the model predicts that the jumper will be held up in the air just
slightly longer than when drag and lift are neglected.

On examination of this aerial phase of the projectile jump distance, it is
noted that the addition of lift has very little effect overall and only increases
the distances slightly for the stronger headwinds and lower tailwinds. The
inclusion of drag reduces the gravity-only distances by 11 cm for the strongest
headwind considered down to 2 cm for the strongest tailwind. Since jumpers
are mainly interested in the tailwind cases (because these give longer jumps)
it appears that even for the presence of winds, a gravity-only analysis will
suffice for the aerial-phase calculations.
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Table 2 shows that the wind has a significant effect mainly because of
changes in take-off values. The difference in jump length from a 4ms™!
tailwind to a 4ms~! headwind can be almost 1 metre. The model predicts
an increase in jump distance of 23 cm from a jump on a still day to a jump
by the same athlete with a 2 ms~! tailwind (the allowable limit for records).
This compares favourably with the 27 cm predicted by Ward-Smith [14] for
a faster take-off speed.

FIGURE 3. Increment in jump distance due to wind effect on run-up.

W(ms™") -4 | =3 | =2 | -1t |0} +1 | 42 { 43 | +4
Distance (m) with | 6.02 | 6.03 | 6.05 | 6.06 |6.07| 6.08 | 6.09 | 6.10 | 6.11
V =874, a=20°
Run-up -0.48|-0.35[-023|-0.11| 0 [+0.11[+0.21]+0.30]+0.39

increment (m)

Finally, calculations were performed to determine the aerial phase dis-
tance if the take-off parameters had not been affected by the wind, and had
remained at V = 8.74, a = 20. Subtracting these from the corresponding
distances with the correct take-off values gives an estimate of the increments
due to wind effects on the run-up and take-off characteristics. These are
shown in Table 3.

It seems clear from the mathematical analysis, as it has been to most
jumpers for many years, that long-jumpers should generally forget about
breaking records (limited to tailwinds less than 2 ms’l) and jump when the
tailwind is strongest.

References

[1] R. M. Bartlett, “A biomechanical evaluation of the long jump take offs of four decath-
letes”, (Div. Sport, Science and Env. Stud., Crewe and Alsager Coll. of Higher Edu.,
1982).

[2] M. N. Brearley, “The long jump at Mexico City”, Function (Monash Univ.) 3 (1979)
16-19.

[3] D. N. Burghes, 1. Huntley and J. McDonald, Applying Mathematics (Ellis Horwood,
Chichester, UK, 1982).

[4] N. de Mestre, “The long jump record revisited”, J. Austral. Soc. Ser. B.28 (1986) 246~
259.

[5]) C. Frohlich, “Effect of wind and altitude on record performances in foot races, pole
vault and long jump”, Amer. J. Phys. 53 (1985) 726-730.

[6] J. G. Hay and J. A. Miller, Jr., “Techniques used in the transition from approach to
takeoff in the long jump”, Intern. J. Sport Biomech 1 (1985) 174-184.

https://doi.org/10.1017/50334270000008626 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000008626

76 Neville de Mestre [12)

[7] L A. Krylov and L. P. Rezimov, “Problem of the optimum ski jump”, P.M.M. 38 (1974)
765-7617.
[8] M. Lafortune, Private communication, 1986.
[9] G. Noone and J. Mazumdar, “A biomechanical study of environmental factors affecting
long jump performance”, Aust. Phys. Eng. Sci. in Medicine 10 (1987) 31-38.
[10] A.J. Ward-Smith and D. Clements, “Numerical evaluation of the flight mechanics and
trajectory of a ski-jumper”, Acta. Appl. Math. 1 (1983) 301-314.
[11] A. J. Ward-Smith, “The influence of aerodynamic and biomechanical factors on long
jump performance”, J. Biomech 16 (1983) 655-658.
[12] A.J. Ward-Smith, “Calculation of long jump performance by numerical integration of
the equations of motion™, J. Biomech. Eng. 106 (1984) 244-248.
[13] A. J. Ward-Smith, “The influence on long jump performance of the aerodynamic drag
experienced during the approach and aerial phases”, J. Biomech. Eng. 107 (1985) 336-
340.
[14] A.J. Ward-Smith, “Altitude and wind effects on long jump performance with particular
reference to the world record established by Bob Beamon™, J. Sports Sci. 4 (1986) 89-99.

https://doi.org/10.1017/50334270000008626 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000008626

