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Abstract. Forany Riemannian foliation F on a closed manifold M with an arbitrary bundle-like
metric, leafwise heat flow of differential forms is proved to preserve smoothness on M at infinite
time. This result and its proof have consequences about the space of bundle-like metrics on
M, about the dimension of the space of leafwise harmonic forms, and mainly about the second
term of the differentiable spectral sequence of F.
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1. Introduction and Main Results

For a smooth foliation F on a closed Riemannian manifold M, leafwise heat flow
means the physical evolution of an initial temperature distribution on M when
the leaves are thermally isolated from each other. This evolution is given by the
usual heat equation involving the Laplacian on the leaves. A more general leafwise
heat flow is given by the usual heat equation involving any leafwise elliptic
differential operator** with symmetric leading symbol. In this paper, these
operators will be induced by leafwise elliptic differential complexes in the usual way.

Let E be a Z-grade Riemannian vector bundle over M, and d a first-order leafwise
elliptic differential complex on C*°(E)—the space of smooth sections of E. Let §
denote the formal adjoint of d on M—it need not be formal adjoint of d on the
leaves. Then D = d + 6 and A = D?> = d§ + dd are symmetric differential operators
on C®(E), and thus essentially selfadjoint in the L’>-completion L*(E) of C*®(E)

* Partially supported by Xunta de Galicia, grant XUGA20701B95.

** A leafwise differential operator is a differential operator on M whose local expressions only
contain derivatives along leaf directions, and thus can be restricted to the leaves. If furthermore
the restriction to the leaves is elliptic, then it is called a leafwise elliptic differential operator. The
definition of leafwise elliptic differential complex is similar. On the other hand, a transversely ellip-
tic differential operator is a differential operator on M whose leading symbol is an isomorphism at
nontrivial covectors normal to the leaves—a covector of M is normal to the leaves if it vanishes on
vectors tangent to the leaves.
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(Theorem 2.2 in [10]). Then the spectral theorem defines the leafwise heat operator
e A on L*(E) for each ¢ > 0.

The leafwise heat operator has a nice behavior on smooth sections at finite time:
According to the work of J. Roe in [28], e * defines a continuous operator on
C*(E) which depends continuously on ¢ € [0, co). But the main objective of this
paper is to study the behavior of e» on C®(E) at the limit when ¢ — oo.

Let IT be the orthogonal projection onto the kernel of the unbounded operator
defined by A in L*(E). Recall that, by the spectral theorem, the heat operator
e~'A strongly converges to IT on L*(E). By setting e~>* =TI, we get a continuous
map [0, oo] x L*>(E) — L*(E) given by (¢, ¢) — e 2, where [0, oo] is the one point
compactification of [0, 00] (see section 2). Observe that IT need not preserve
C®(E) because A is not elliptic on M except in the trivial case where F is of
codimension zero.

Suppose there is a transversely elliptic differential operator 4 on C*°(FE) that com-
mutes with d and 0. It is well known that I preserves C*°(E) in this case, which can be
easily seen as follows. On the one hand, IT obviously commutes with the leafwise
elliptic operator A, and thus IT preserves leafwise smoothness. On the other hand,
A commutes with 4 by our assumption, and thus so does I, yielding that IT preserves
transverse smoothness as well. But the existence of such an 4 commuting with d and
0 1s a too strong condition. Fortunately, ‘exact’ commutation is not needed for IT to
preserve C*°(E), as shown by the following result, which is proved in section 2.

THEOREM A. With the above notation, suppose that, on C>®(E), there is a
transversely elliptic first order differential operator A, and there are morphisms
G, H, K and L such that

Ad+dA = Gd+dH, Ao +04 =K+ L. (1)

Then 11 defines a continuous operator on C®(E), we have the leafwise Hodge
decomposition

C>®(E) =kerA@®imA = (kerd Nkerd) @ imd @ im J,
and (t, p)+— e A defines a continuous map [0, 0o] x C®(E) - C®(E).

In this paper, Theorem A is applied to Riemannian foliations. Such foliations are
characterized by having isometric holonomy for some metric on local transversals.
This property is equivalent to the existence of a bundle-like metric on M—a metric
so that the foliation is locally defined by Riemannian submersions. Let us mention
that Riemannian foliations were introduced by B. Reinhart [27], and certain descrip-
tion of their structure was given by P. Molino [24, 25].
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A leafwise differential complex of F is constructed as follows. Let Q(M) (or simply
Q) be the de Rham algebra of M. Consider the bigrading of Q given by

Qv = C°°</u\ TF+* ®/\ T]-"*), u,ver.

The de Rham derivative and coderivative decompose as sum of bihomogeneous
components,

d=do1+diog+dr_1, 6=00_1+000+021,

where the double subindixes denote the corresponding bidegrees. See [1-3] for the
properties of these components; in particular

each ¢;; is the formal adjoint of d_; _; on M,

dy 1 and d_, are of order zero,

Dy = dy + d,—1 and Ay = D} are leafwise elliptic and symmetric, and
D, =dyp+ d_1, is transversely elliptic and symmetric.

Let L?Q be the L?>-completion of Q, and IT the orthogonal projection onto the kernel
of the unbounded operator defined by A, in L’Q. We prove in section 3
(Proposition 3.1) that, if F is a Riemannian foliation and the metric bundle-like,
(Q, do,1) satisfies the conditions of Theorem A with D as A, obtaining the following
result which solves affirmatively a conjecture of the first author and P. Tondeur [6].

THEOREM B. Let F be a Riemannian foliation on a closed manifold M with a
bundle-like metric. Then Tl defines a continuous operator on Q, we have the leafwise
Hodge decomposition

Q=kerAg ®imAy = (kerdy; Nkerdp_1) ®imdy; ®imdy _1, )

and (t, «) — e "o defines a continuous map [0, 00] x Q — Q.

The so-called basic complex Q(M /F) is the part of the kernel of Ay with zero
tangential degree, i.e. Q(M/F) = Q° Nker Ag. The closure of Q(M/F) in L*Q is
L2Q° N ker Ay, and will be denoted by L*Q(M / F). Observe that Theorem B implies
that the orthogonal projection L?Q — L>Q(M / F) preserves smoothness, i.e. there is
an orthogonal projection Q — Q(M /F). This projection was explicitly constructed
in [3] and [26] by using integration along the leaf closures of F, but such an easy
construction does not seem to be possible for the whole kernel of Ay.

The above bigrading is useful to understand the so-called differentiable spectral
sequence (E;, d;) of F (see, e.g., [1, 2]: There are canonical identities

(Eo, do) = (Q,do1), (E1,di)=(H(Q, do,1), dios). 3)

Moreover, the C* topology induces a topology on each E; so that d; is continuous.
Such topology on E| need not be Hausdorff [15], and so we may define the bigraded
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subcomplex (:)1 C E) as the closure of the trivial subspace. The quotient bigraded
complex E)/0; will be denoted by &;. We get

EM = Q" nkerAy, u,veZ

as a direct consequence of Theorem B, yielding the following dualities where
p =dim F and ¢ = codim F: If M is oriented, then "' = &I7“"™"; if F is oriented,
then &' = &P, and if F is transversely oriented, then &' = &T". These
isomorphisms are respectively induced by the Hodge star operators on A TM*,
ATF* and \ TF*

This fits into a more general setting. First obserse that (Q*',dy;) can be
canonically identified with the leafwise de Rham complex (Q(F),dr), where
Q(F) = C®(/\ TF*) and dr is defined by the de Rham derivative on the leaves. Thus
E? can be identified with the leafwise cohomology, and 5(1)" with the leafwise reduced
cohomology. Furthermore the whole (Q, dy 1) can be considered, up to sign, as the
leafwise de Rham complex of F with coefficients in the vector bundle
AN(TM/TF)" with the flat F-partial Bott connection; i.e. the partial connection
induced by the partial Bott connection on the normal bundle [7, 8]. The condition
that F be Riemannian is equivalent to the existence of a metric on the normal bundle
such that the partial Bott connection is Riemannian. Thus, with more generality, we
can consider the leafwise de Rham complex (Q(F, V), dr) with coefficients in any
Riemannian vector bundle V' with a flat Riemannian F-partial connection. The
leafwise reduced cohomology with coefficients in V" will be denoted by H(F, V).
The operator dx on Q(F, V), defined by the de Rham coderivative on the leaves,
is adjoint to dr. Let Dr =dr + 57 and Ay = D%. Let also L*Q(F, V) be the
L?-completion of Q(F, V), and II the orthogonal projection of L>Q(F, V) onto
the kernel of Ax in L2Q(F, V). The following result easily follows from the case
with coefficients in R (section 4).

COROLLARY C. Let F be a Riemannian foliation on a closed manifold M, and let V'
be any Riemannian vector bundle with a flat Riemannian F-partial connection. Fix
any Riemannian metric on the leaves, smooth on M. Then Il defines a continuous
operator on UF, V), we have the leafwise Hodge decomposition

QF,V)=kerAr @imAr = (kerdr Nkerdz) ®imdr & imdr,
and (t, 0)>e "“7o defines a continuous map [0, 00] x Q(F, V) — Q(F, V). Thus
H(F, V) can be canonically identified with ker Ag, and, if F is oriented, then the
leafwise  Hodge star operator on kerAr induces on isomorphism

H'(F, V) = HP~(F, V*).

If we take coefficients in the normal bundle, then Corollary C helps to understand
infinitesimal deformations of [16]. If we take coefficients in the symmetric tensor
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product S>((TM/TF)*), then Corollary C has the following consequence (section 5)
which solves a problem proposed by E. Macias.*

COROLLARY D. Let F be a Riemannian foliation on a closed manifold M. Then,
with respect to the C* topology, the space of bundle-like metrics on M is a
deformation retract of the space of all metrics on M.

Corollary C also has the following consequence which partially generalizes results
from [4].

COROLLARY E. Let F be a Riemannian foliation on a closed manifold M, and let V'
any Riemannian vector bundle with a flat Riemannian F-partial connection. For any
metric on the leaves, smooth on M, if there is a nontrivial integrable harmonic r-form
on some leaf with coefficients in V, then Q' (F, V) Nker Ar is of infinite dimension.

As suggested in [4], Corollary E may be used to find examples of Riemannian
foliations on closed Riemannian manifolds with dense leaves and infinite
dimensional space of smooth leafwise harmonic forms.

Theorem B and its proof are also useful to get a better understanding of the term
E, in the spectral sequence of any Riemannian foliation F on a closed manifold
M. Let H; = ker Agand H; = im A in Q, and let L*H, and L*H, be the correspond-
ing closures in L?Q. Consider the bigrading of #; induced by the one of Q. If F is
Riemannian and the metric bundle-like, by (3) and Theorem B, the differential
map d; on &; corresponds to the map Ild; o on H;, which will be also denoted
by d,. Hence, H*(&;", d\) =2 H"(H;", di). Consider also the following operators
on Hi:0y =Ilo_10, D1 =d; + 61 and A = D%. Such a ¢, is adjoint of d;, and thus
D, and A, are symmetric in L>H;.

We also define a differential map dy on H; as follows. First we slightly change the
bigrading that Q" induces on H: Set

7:(114," = dO,l(Qu’V_l) &) 50,_1(Q“+1"V), u,vewz.

Let H be the projection of Q into H according to (2), and set dy =1L vd on H Y
We shall see that af2 =0 (section 7); 1ndeed H”(O1 ', dy) = H“(’H1 , dl)—see section
7 for a better understanding of this modified bigrading. Then set (51 .v0 on
H for each v, and let Dy = d1 + 51 and A1 D2 Such 51 is adjoint of dl, and thus
D1 and A, are symmetric in L2H,. By using Theorem B and the role played by
D, in its proof, we prove in section 7 the following result which generalizes the
basic Hodge decompositions of [17] and [18].

*Problem 4.12 of ‘Open Problems’ in: Analysis and Geometry in Foliated Manifolds. X. Masa, E.
Macias Virgds and J. A. Alvarez Lopez (Editors). Proceedings of the VII International Collo-
quium on Differential Geometry, Santiago de Compostela, 26-30 July, 1994. World Scientific,
Singapore, 1995.
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THEOREM F. Let F be a Riemannian foliation on a closed manifold M. For any
bundle-like metric on M, the operators Ay and Ay are essentially self-adjoint on
L*H, and L*H,, respectively. Moreover L*H,y and L*H; have complete orthonormal
systems, {¢,:i=1,2,...}CH and {(Z)i ci=1,2,..) CH,, consisting of
eigenvectors of A and AJ, respectively, so that the corresponding eigenvalues satisfy

OsAhish<s..,0<1 << ..., with ;1 oo if dimH| = o0, and 4; 1 oo if
dimH; = oo, thus all of these eigenvalues have finite multiplicity. In particular
we have

Hy =kerA @ imA;, H; =imA,.
In Theorem F, the fact that ker A} = 0 will follow from the following known result.

THEOREM G (X. Masa [23]; see also [1, 2]). Under the same conditions we have
H(0y) =0and E, = H(E)), whichis of finite dimension and, if M is orientable, satisfies
the duality Ey" = EI"""™" u,v € Z, where p = dim F and q = codim F.

It would be interesting to show that ker A; = 0 without using Theorem G, which
would be a consequence. In contrast with [23], our approach does not use Molino’s
description of Riemannian foliations [24, 25]. Theorem G has important impli-
cations about tautness of Riemannian foliations [3, 23]; a different approach to
the same type of tautness results is also given in [22], where Molino’s theory is
not used either.

Observe that some parts of Theorem G follow from Theorem F and are not sat-
isfied by arbitrary foliations on closed manifolds [29]. So, if there is a version of
Theorem B for more general foliations with the same kind of arguments, then
D, should be replaced in its proof by other transversely elliptic operator and perhaps
more general conditions should be used in Theorem A (see Remarks 2 and 3). There
are related results for non-Riemannian foliations with very different proofs [19, 21].

In possible generalizations of Theorem B, a key role may be played by the fact that
our leafwise elliptic operators are symmetric on M instead of being symmetric on the
leaves. For Riemannian foliations and bundle-like metrics both points of view are
the same. In general, the Laplacian on the leaves acting on functions induces
the physical leafwise heat flow, while Ay induces a modification of the physical
leafwise heat flow by ‘exterior influence’. For non-Riemannian foliations, the physi-
cal leafwise heat flow may ‘break’ continuous functions at infinite time, as can
be easily seen for foliations on the two dimensional torus with several Reeb
components. We hope the modified leafwise heat flow induced by Ay has a better
behavior at infinite time for more general foliations.

Theorems B and F, and the estimates in their proofs, are used in [5] to study
relations between spectral sequences of Riemannian foliations and adiabatic limits;
concretely, the results in section 5 of [14] are proved without the strong hypothesis
that the positive spectrum of Ay is bounded away from zero.
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NOTATION. The kth Sobolev completion of C*°(E), Q and Q(F, V') will be respect-
ively denoted by W*(E), WkQ and W*Q(F, V). Fix a norm || - ||, in any of these kth

Sobolev spaces, and let | - ||; also denote the corresponding norm of bounded
operators on that space. Finally, closure in kth Sobolev spaces will be denoted
by cl.

2. The General Result

This section is devoted to the proof of Theorem A. To do it, a result of J. Roe in [28] is
needed as a first step. We firstly state it in our setting. Let .A be the Fréchet algebra of
those functions f on R that extend to entire functions on C such that for each
compact subset K C R the functions {x+> f(x + iy) : y € K} form a bounded subset
of the Schwartz space S(R). Such an A4 is a module over the polynomial ring
Clz], and contains all functions with compactly supported Fourier transform
and the Gaussians x> ¢, With the notation of Theorem A, without assuming
(1), the same arguments as in Propositions 1.4 and 4.1 in [28] give the following
(see also [20] for a discussion of the action of functions of tangentially elliptic
operators in Sobolev spaces on the ambient manifold).

PROPOSITION 2.1 (J. Roe [28]). The functional calculus map f +— f(D) given by the
spectral theorem restricts to a continuous homomorphism of algebras and
Clz]-modules from A to the space of bounded endomorphisms of each W*(E),
and thus to the space of continuous endomorphisms of C*(E). In particular, e~
defines a bounded operator on each W*(E) and a continuous operator on C*(E), which
depends smoothly on t € [0, 00).

Now assume (1) is satisfied. Then Theorem A clearly follows from the following
six properties, which are proved by induction on k =0,1,2, .. .:

(i) There exists cx; > 0 such that the bounded operator e on W*(E), defined by
Proposition 2.1, satisfies

le™ I <1 forallz> 0

(ii) De~™ defines a bounded operator on W*(E) and there exists ¢, > 0 such that

Ck,2

De ™|, < forallt >0
l Il i >

(iii) Ae™" defines a bounded operator on W*(E) and there exists c;.3 > 0 such that
1A, < %2 forallr> 0

t
(iv) The operator e » is strongly convergent in W*(E) as t — oo. Moreover

(t, ) e "¢ defines a continuous map [0, oo] x WX(E) — WX(E).
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(v) We have

WK(E) = ker(A in WX(E)) & cli(im A)
= ker(D in W*(E)) & cli(im D).

The corresponding projection of W*(E) onto the kernel of A in W*(E) is obvi-
ously defined by IL
(vi) There exists c¢x 4 > 0 such that

ldpllx + 10¢ 1l < crallDPllx
for all peC*°(E). Thus

ker(D in W*(E)) = ker(d in W*(E)) Nker(5 in W*(E))
cly(im D) = cl(im d) & clx(im 9).

For k = 0, properties (i)—(v) follow directly from the spectral theorem.

Proofof property (vi) for k = 0. Since the image of d is orthogonal to the image of
 in LX(E), we get D3 = dpll3 + 15¢13 for any ¢ € C=(E). Thus

ldllo + 15¢llg < V21Dl O

Now suppose properties (i)—(vi) hold for a given k = [ and we shall prove them for
k=1+1.

The direct sum decompositions in properties (v) and (vi) for k=1 define
projections P and Q of W/(E) onto cli(im d) and cl;(im ), respectively. Thus
d=I0+P+0.

LEMMA 2.2. There are bounded operators By, ..., Bs on W'(E) such that

Ad +dA = Bld+de
A5+ 54 = B1d + 6B,
[4,A] = B;A + AB4 + DBsD.

Proof. We clearly have
dll =1ld =01 =116 =dP = P6 =060 = Qd = 0.
So
d=dQ=DQ=Pd=PD, 6=0P=DP=0Q06=0D.

Hence, (1) yields the first two equalities in the statement with B = GP + KQ and
B, = QH + PL. Thus AD + DA = B| D + DB,, yielding the third equality by using
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the equation
[4,A] = (AD £ DA)D F D(AD + DA). ]

LEMMA 2.3. For any bounded operator R: W"YE) — W!XE), we have the
following Duhamel type formula

t
[Re ] =— / e IR, Ale™** ds
0

as a bounded operator W'\(E) — W!(E).
Proof. This follows by arguing as in the proof of the usual Duhamel’s formula (see
Lemma 12.51 in [11]). O

LEMMA 2.4. [A, e A defines a bounded operator on W'(E), and there exists ¢, > 0
such that ||[A,e ]|, < ¢ forall t > 0.
Proof. By Lemmas 2.2 and 2.3 we have [4, e "A] = I, + I,, where

! !
I = —/ e B Ae ™A ds —/ e=IAABe ™A ds,
0 0

t
L=— / e™ADBsDe™ ds.
0

On the one hand, property (ii) for k = [ yields

1Ll <& / s
207 —Y
2 Jo JV(t—s)s

which is bounded independently of ¢ since this integral is easily seen to be 7.
On the other hand,

11 — e—IA/Z(B3 _ B4)e—lA/2 +e—[AB3 +B4e—IA _

1/2
- / e "INA(B; + By)e ™ ds —
0

!
- / e "9N(By — By)Ae ™ ds,
t/2

where we have decomposed the integrals in the definition of 7; as sum of integrals on
the intervals [0, 1/2] and [1/21], and we have used integration by parts with the
equalities

Ae—sA — _ Ee—sA Ae—(r—s)A — ge—(t—s)A'
s ’ s
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Hence, by properties (i) and (iii) for k =/ we get

I, < ¢ B3 = Bally + (Il Bsll; + I1Bally) +

12 s " ds
+ 61,161,3<||B3 +B4||1/ —+||B3 — B4||1/ —>
0o —s /2 S

which is bounded independently of ¢ since both of these integrals are equal to In 2.[]

LEMMA 2.5. ADe ™ + De="2 A4 defines a bounded operator on W'(E) and there

exists ¢;p > 0 such that

[ADe~™ + De~ 4], < "”7; forall t > 0.

Proof. By Lemma 2.2 we have
AD+ DA = B,D+ DB,

yielding
ADe ™™ 4+ De ™ 4 = Ae A2 pe M2 4 e 2 pe=tA2 4
=[A4, eV DA $ VD[4, "] +
+e "Y2(AD + DAye?
=[A4,e 21De A2 £ A2D[A4, e A +
+e 2B De™™? 4 ¢V DBye .

Thus the result follows by Lemma 2.4 and properties (i) and (ii) for k = [. O

Since D is a leafwise elliptic operator of order one and A is transversely elliptic of

order one, there exist e; 1, €2 > 0 such that

erillPllsr < 1@l + 1DDNl; + 14Dl < er2ll Pl “4)

for all ¢ € WIHI(E).
Proof of property (i) for k =1+ 1. For ¢ € W*(E), we have the following:
le™ ¢l < crallplly < crierall @l
IDe~2¢ll; = lle™*Dll; < i1 I1DPll; < crrer2 Pl
lAe™pll; <[4, e ¢l + lle™ 4,
<cilel+cellAol;

< (@1 +eenllolyg,

where we have used property (i) for k =/, Lemma 2.4 and (4).
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Proof of property (ii) for k =1+ 1. For ¢ € W!*!(E) we have the following:

¢l cr2er2

De |, < < == ,
l Pl NG ol NG Pll741
A2, = |De~2Dg|; < <2 Do, < L2502 :
l éll; =1l Pll; i 1D, NG o1
I4De || < |(4De™** £ De~ " A)¢p|; + | De” 4],
1o 1
< —= 4+ == |4
NG Pl NG I41l;
(€12 +cr)ern
< 2)el,
7 Pllisr
where we have used property (ii) for kK =/, Lemma 2.5 and (4). O

Proof of property (iii) for k = [+ 1. This follows directly from property (ii) for
k=1+1 since Ae™™ = De™™® = De="*2De~"/? on C*®(E). O

Let IT = id — I1. Set B = B4I1 — B5I1, which is a bounded operator on W/(E). For
further reference, we point out the following estimates which are similar to (4): There
exist ‘3/1,1» €, e’,:l, e}’,z > 0 such that

e lllier < gl + 1Dl + 11(A + B)dll; < €5l pll )
e/ 1llir < 9l + 1Dl + 11(A = BU)dll; < ez l1dl4- (6)

LEMMA 2.6. The operator [A + B, e~"*] strongly converges to the zero operator on
WU(E) as t — oo. Moreover (t, ) [A + B, e 2|p extends to a continuous map
[0, 00] x WI(E) — W!(E) vanishing on {oo} x W'(E).

Proof. Take any a > 1 that will be fixed later. Let us write [4 + B,e ™| =1, + I,
where

Il — [A 4 B, ef(tfr/a)A]eftA/a’
12 — ef(tft/a)A[A + B, eftA/a].

By Lemma 2.2 and since AIT = 0, we easily get

[4 + B, A] = (A(B; + Bs) + DBsD)II. (7)

Hence, by Lemma 2.3 we have I = | + I>», where

t/a -
L = —e 1A / e (TIAA(Bs + By)e M ds,
0

t/a B
Ly = —e Ut/aA / e~ =92 DBs De M1 ds.
0
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Properties (i), (iii) and (vi) for k =/ yield the following estimate for ¢ € W/(E):

) » t/a ds
Iaall < cheial B+ Baliifigl [
0 _

= a
<612,16‘/,3”33 +B4||,||H¢||[1nm_
Similarly, properties (i), (ii) and (vi) for k=1 yield the following estimate for
¢ € WI(E):

» t/a dS
1200, < crici, [T ||/ —
2201l 17, I, A DT

= 2—a
<CI,IC/2,2||1_I¢>||1<7T-i-arctam - )

Therefore /I, defines a bounded operator on W/(E) whose norm can be made arbi-
trarily small uniformly on ¢ by taking a large enough.
To study I; we shall use the following:

[A+B,e™*I1=0 foralls>0. (8)

This equation holds because it is obvious for s = 0 and moreover

%([A + B, e M) = —[A4 + B, e *2All

= —[A4 + B, e AIl — ¢ 2[4 + B, A]Il,
which vanishes since ATI=0 and by (7). Now (8) yields
Iy =[A + B, e =/@A|[Je="A/
=[4+ B, e T — ).

Furthermore, by Lemma 2.4 and property (i) for k = [, [A 4+ B, e /9] defines a
bounded operator on W/(E) whose norm is uniformly bounded on ¢. Therefore,
by property (iv) for k =1, I; strongly converges to zero in W/(E) as t — oo for
any a> 1, and (¢, ¢)— I, extends to a continuous map [0, c0]x W (E) —
W!(E) vanishing on {oo} x W!(E). O

Proof of property (iv) for k=1[+1. Consider the following bounded com-

positions:
e—rA
wHU(E) = WTY(E)— W!(E), )
e—tA
witi(E) < witiE) 2 wlE), (10)
e—rA
wi\(E) S witiE) 25 wlE). (11)
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By (5), it is enough to prove that the compositions (9), (10) and (11) are strongly
convergent as ¢ — oo and to prove the continuous extension to [0, co] x W/TI(E)
of the maps [0, co] x W*1(E) — W!(E) defined by these time dependent operators.
This holds for (9) and (10) by property (iv) for k = / since these operators are respect-
ively equal to the compositions

WHYE)— W!(E) LN W!(E),
w(E) 2 wiE) S wiE),

On the other hand, (11) is the sum of the bounded compositions

—tA

WH(E)— WI(E) 2 wi), (12)
wH(E) 22 wie) S whE). (13)

Now Lemma 2.6 and property (iv) for k = [ respectively imply the strong conver-
gence of (12) and (13) as ¢z — oo, as well as the continuous extension to
[0, 00] x WHI(E) of the maps [0, 00) x WH(E) — W!(E) defined by both of these
time dependent operators. O

COROLLARY 2.7. I defines a bounded operator on W'+ (E).

Proof. This result is a direct consequence of properties (i) and (iv) for
k = [+ 1—observe that, for each ¢ € W*I(E), the limit of e=¢ in W/*(E) as
t — oo can only be IT¢ since it is so in L*(E). O

COROLLARY 2.8. [4 + B,TI] = 0 : WY(E) - W!(E).

Proof. By Lemma 2.6, [A+B, e~"*] strongly converges to zero on W/(E)ast — oo.
Hence the result follows because, as t — oo and for each ¢ € W/TI(E), (4 + B)e "¢
and e"A(4 + B)¢ converge in W/(E) to (4 + B)I1¢ and I1(4 + B)¢, respectively, by
property (iv) for k =/7/+1, 1. O

Proof of property (v) for k = [+ 1. By Corollary 2.7 and property (v) for k = [, TT
defines a projection of W' *!(E) onto the kernel of A in W/*1(E).
Now, for > 0 and s € R let

L Ja—eysr ifs#£0,
Jis) = {z if s = 0.

It is easy to check that f; is in the algebra A of Proposition 2.1. Thus f,(D) defines a
bounded operator on W/ *!(E) satisfying

id — e ™ = Afy(D).
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So property (iv) for k = [+ 1 yields that, for any ¢ € W/t(E), [1¢ is the limit of
Afi(D)¢ in WIHI(E) as t — oo. Hence
(W(E)) C clipi(im A).
This is really an equality because the reverse inclusion can be easily proved as
follows:
cliyr(im A) € Wl (e) Ncly(im A)
= WHYE) N TI(L*(E))
= [(W"Y(E)).
Here we have used property (v) for k=0 and the fact that IT is a projection. Therefore

we have proved the first direct sum decomposition in property (v) for k =/ + 1.
The second direct sum decomposition follows similarly by using the functions

given by
_oats?
&@z{“ e Vssf&
t s=0
instead of the f;. O

Proof of property (vi) for k =1+ 1. Take any ¢ € C*°(E). Lemma 2.2, property
(vi) for k =1/ and (6) yield

1
ldpllsr + 1011 < Z=lidll + 10¢l; + 1Dl + 1 Do, +
1,1

+ 14 — Br)doll; + (4 — B)odl,)
1

eT(||d¢||l + |0¢ll; + VdD|l; + 16D ll; +
11

+ ld(FA + By)dl; + 16(FA4 + Br)olly)

N

Cl4
< (1Dl + IAPl + 1 DFA + Bl
/1
Cl4
< Dl + IAPl, + (4 = BODI)
/1
61,46”
< =2 1D O

/1

Remark 1. If A is symmetric in Theorem A, then one of the two equations in (1)
can be removed in its statement because both of them are equivalent by taking
adjoints on M.

Remark 2. The following more general condition can be used instead of (1) in

Theorem A to get the same long time behavior of leafwise heat flow with a similar
proof: There is some first order transversely elliptic differential operator 4 and zero
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order operators K, ..., K¢ such that the operators

Fi = Ad +dA — Kid — dK, — K36 — 0Ky,
F, = A0+ 04 — K50 — 0K — K7d — dKy

satisfy

F\0 FOF' + Fod T dF,
= dKod + 6K od + dK110 + K120 + dOK 3 + 0dK 4 + K15dd + Ki6dd.

Nevertheless, so far we did not find any non-Riemannian foliation with a
(non-elliptic) leafwise elliptic differential complex satisfying such a more general
condition.

Corollary 2.8 yields [4, I] = —[B, II] on each W*(E), obtaining the following
consequence that will be used later.

COROLLARY 2.9. [4, IT] defines a bounded operator on each W*(E), and thus a
continuous operator on C*°(E).

3. Case of the Leafwise de Rham Complex for Riemannian Foliations

With the notation introduced in section 1, the objective of this section is to prove the
following result, which implies Theorem B by using Theorem A and Remark 1.

PROPOSITION 3.1. If F is a Riemannian foliation and M is endowed with a
bundle-like metric, there is a zero order differential operator K on Q such that

D 6,1+ 60—1D1 = Ko 1 + o1 K.

To prove Proposition 3.1, choose any open subset U C M of triviality for F. Let
n=dim M, p = dim F and ¢ = codim F. Fix tangential and transverse orientations
for F in U, obtaining the Hodge star operators xx and #, on the restrictions of
A TF* and A\ TF* to U, respectively. Moreover we get an induced orientation
of U so that (1) A x£(1) is a positive volume form. The following lemma can
be easily proved (the statement of Lemma 4.8 in [6] is similar).

LEMMA 3.2. Over U, the Hodge star operator on \ TM* = \ TF** @ \ TF* is
given by

= (=D %, @%p: /M\T]-"J‘* ®/\T.7-"* — q/_\uT]-"L* ®])/_\VT]-"*.

Let X(Fy) C X(U) be the Lie subalgebra of vector fields which are tangent to the
leaves of Fy = Fly, and let X(U, Fy) C X(U) be its normalizer—the Lie algebra
of infinitesimal transformations of F . Let also Q(U/F ) € @*°(U) denote the basic
complex of Fy, and C®(U/Fy) = Q°(U/Fy). For X € X(U) let Ly denote the cor-
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responding Lie derivative on Q(U) and 0y its bihomogeneous (0, 0)-component,
which is easily seen to be also a derivation. By comparing bidegrees on Cartan’s
formula we get that, if X is orthogonal to F, then

BX:l'xdl’() on QO"(U)

yielding
Oy =f0x on Q% (U) forall fe C™®(U) (14)
and
diof = Xq:od AOxip forall peQ(U) (15)
i=1
where X1, ..., X, is any frame of TF* on U with dual coframe o, .. ., o, in Q10(U).

Furthermore, if X € X(U, Fy) is orthogonal to the leaves and Y € X(Fy), then
l'yﬁx = [:Xiy — l.[ny] =0 on Q’O(U)

yielding that the (—1, 1)-bihomogeneous component of £y vanishes on Q, and thus
on Q(U). Therefore

Oxdos = do10y on Q(U) forall X e X(U,Fy) (16)

by comparing bidegrees on the formula Lyd = dLy.

As was pointed out in section 1, the restriction of §y _; to Q" = Q(F) is defined by
the de Rham coderivative on the leaves. This holds whenever the transverse
Riemannian volume element is holonomy invariant, and in particular when the met-
ric is bundle-like: On U, o = *, (1) satisfies dw = 0, and thus, by Lemma 3.2, for
B € Q"'(U) we have

So—1B = (1" dyy % B
= (_l)pv+n+1 * d()J((D AN *]:ﬁ)
= (1" x (o Adyy *5 B)

= (1" sp dyy xp B (17)

LEMMA 3.3. If X € X(U, Fy)isorthogonal to the leaves, then there is a zero order
differential operator Ry y on Q" (U), depending C>*(M | F y)-linearly on X, such that

[0x,80-1] =[Rux,d0-1] on Q.

Moreover the assignment (U, X)— Ry x can be chosen so that the restriction of Ry x
to any open subset U' C U of triviality for F is equal to Ry x, where X' = X|.
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Proof. By using (16) and (17), and since %% = (—=1)?"" id, on Q*"(U) we get

[0, 011 = (=17 [0, %rdo, %]
= (1" (0x, *£ldor *7 + %5 do.1[0x, *£])
= (=DP 0y xp] x5 S0+
+ (=150 1 x5 [0x, #7].

Hence
Rux = (=DP [0y, x7] % on Q"

satisfies the equality in the statement of this result because
0 =[0x., 7] = [Ox. x#] %5 + *7 [Ox, *7].

Observe that Ry y is of order zero since 0y is a derivation on Q% and Ry y is
C*®°(M /F y)-linear on X by (14). Finally, the restriction of Ry xy to U’ C U is clearly
equal to Ry y as in the statement of this result. O

Obviously, dy1 and 6.1 are C®(U/Fy)-linear on Q(U). Indeed we have the
following.

LEMMA 3.4. We have

do1=(—1)"id®dy,, 00,1 = (=1)"id ® dp,
with respect to the canonical decomposition

Q“(U) = QU/Fy) @ Q(U)

as tensor product of C*°(U/F y)-modules.
Proof. The first identity is clear because dj ; vanishes on basic forms. The second
identity holds because the metric is bundle-like on U: This is equivalent to

x (QU/Fu)) CQUU/Fu)
and thus, by Lemma 3.2, for « € Q“U/Fy), f € Q"' (U) and r = u+ v we have

So—1(a A P) = (=D scdy % (a A P)

= (1) g G A ke )

— (_l)nrJrnJrlJr(qfu)(erl) " (*L“ A dO,l *r ﬁ)

= (—1)”0( A dp.—1P. O
The proof of Proposition 3.1 can be completed as follows. Let

Xi,..., X, e X(U, Fy) be a frame of TF' on U, and let Ly ..y 0l € QI(U/}'U)
be the dual coframe. Take any o € Q“(U/Fy) and any f € Q' (U). Then Lemmas
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3.3 and 3.4, and (15) yield

(d1,000,—1 + 60,—1d1,0) (@ A B) = (=1)"dy 0 A So,—1 4+ A dy 900,18 +

+ (=1 dy oo A 280,18 + o A So.1d1 0B
= ia A oi A0y, 00,118
ijl
= Za Ao ARy x,, 60,11
i=1
= (Kydo,—1 + 00,1 Kp)(@ A B),

where

q
Ku@np) = (=1 ano A Ruxp
i=1

for o« and f as above. By the properties of the Ry x., it is clear that K is independent
of the choices of the X;, and moreover the restriction of Ky to any open subset
U’ c U of triviality for F is equal to Ky-. Thus the Ky defines a global operator
K on Q satisfying

dy,000,—1 + 00,—1d1,0 = Kdo,—1 + d0,-1K
which finishes the proof of Proposition 3.1 since (see e.g. [2])

diody1 + dodio =0.

Remark 3. Proposition 3.1 is slightly stronger than (1) in Theorem A. In this case
K = L, and thus
Dy Dy + DoDy = B Dy + DoB>
with
B, = K*P+ KQ, B, = QK* + PK
in Lemma 2.2. In particular B, = B}. Observe that, if K is symmetric, then D, — K
commutes with Ag and thus with e~ Therefore the proof of Theorem B would

follow with a much simpler induction argument. Of course K is not symmetric
in general.

Remark 4. The above proof of Proposition 3.1 gives explicit local descriptions of
K and L. But an alternative proof can be made by using Molino’s description of
Riemannian foliations: It allows to reduce the proof to the case of transversely
parallelizable foliations, where our local arguments can be made globally.

Remark 5. In the setting of this section, Corollary 2.9 states that [D, , I1] defines a
bounded operator on each W*Q.
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4. Case of Leafwise Differential Forms with Appropriate Coefficients

Corollary C is proved in this section. Let thus F, M and V be as in the statement of
that result. Since any metric on the leaves, smooth on M, can be extended to a
bundle-like metric on M, then Corollary C follows directly from Theorem B when
V is any trivial Riemannian vector bundle with the trivial F-partial connection.

In the general case we follow Molino’s idea to describe Riemannian foliations [24,
25]. Let n : F — M be the principal O(k)-bundle of orthonormal frames of V, where
k is the rank of V; observe that such an F'is a closed manifold. The metric F-partial
connection on ¥ can be understood as an O(k)-invariant vector subbundle
H C TF so that m, : Hf — Tyy)F is an isomorphism for every frame f € F. More-
over the flatness of the connection means that H defines a completely integrable
distribution, and let thus F be the corresponding foliation on F. It is clear that
F is also a Riemannian foliation, 7*V has a canonical trivialization as Riemannian
vector bundle, the pull-back of the partial connection on V is the trivial F -partial
connection on n*V, and n* defines an injection Q(F, V) Q(f: , T*V). Moreover
it is easy to check that, for the lift of any given metric on the leaves of F to the
leaves of F, Az is the restriction of A by the above injection. Therefore Corollary
C for F and V follows from the case of F and n*V.

5. The Space of Bundle-like Metrics

We prove Corollary D in this section. First we recall some technicalities from [9]. For
a given foliation F on a manifold M, let v=TM/TF, Q = S*(v*), and Q* C Q the
subbundle given by the positive definite elements in Q. Hence C*(Q") is the space
of metrics on the normal bundle v. Such metrics are the key point to prove Corollary
D because any metric g on M is uniquely determined by fixing three objects: A metric
gron TF,asubbundle N C TM which is complementary of 7F, and a metricg onv.
In fact, g determines a metric gy on N by the canonical isomorphism N =2 v, and g is
determined as the orthogonal sum of gr and gy. Conversely, g determines
g7 = glrr, N = TF* and g as the only metric that corresponds to g|y by the above
isomorphism. According to this notation, the metric g is bundle-like if and only
if the corresponding metric g is parallel with respect to the F-partial Bott connection
on S%(v*); i.e. dr(g) = 0. Thus, by modifying only g for each metric g, it is clear that
Corollary D follows from the following result by using Corollary C with V' = Q.

LEMMA 5.1. Suppose F is Riemannian and M is closed with a fixed bundle-like
metric. Then the corresponding leafwise heat operator e on Q(F, Q) preserves

C(Q") for each ¢ € [0, o0].

Proof. Consider the metric g on v determined as above by the bundle-like metric
on M. Let v' be the sphere bundle over M given by the normal vectors of g-norm
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one. Then the result follows by checking that, for any g € C*°(Q%), we have

milll(e_mfg)(v, v)> ming(v,v) forall € [0, c0).

vey yey

This in turn follows by checking that, for any given T € [0, c0), if the map
vevl (e 77 g)(v,v) € R reaches the minimum at some v, €v. for some

x € M, then

—iAr;
W(VW Vi) = 0.
t =T

This property can be proved as follows. Extend v,, to a local field V' of normal vectors
of g-norm one satisfying drV = 0; this is always possible on some open subset
U C M of triviality for F since drg = 0. Then, if P is the plaque in U containing
x, the restriction f; of (e727g)(V, V) to P satisfies the parabolic equation
df;/0t + Apf; = 0 and f7 reaches the minimum at x; here Ap is the Laplacian on
P. Hence

% (x) =0
CUN P

by the maximum principle and the proof is completed. O

6. Dimension of the Space of Leafwise Harmonic Forms

Corollary E is proved in this section. With the notation of that corollary, let ¢ be a
nontrivial integrable harmonic r-form on some leaf L with coefficients on V. Such
¢ determines a continuous linear functional ¢p on Q*~"(F, V*), p = dim F, given by

<7><w)=/L¢Aw|L

Thus ¢ is a singular element in W*Q'(F, V) for some negative k € Z. Take any
sequence ¢; in Q' (F, V) converging to ¢ in W*Q'(F, V). By Corollary C, I1¢;
is a sequence in Q(F,V)NkerAz converging to the singular ¢ =TI in
WkQ'(F, V), and so the I1¢,; generate a space of infinite dimension.

7. Application to the Second Term of the Spectral Sequence of Riemannian
Foliations

The objective of this section is to prove Theorem F. Consider thus the notation and
conditions introduced to state this result.

LEMMA 7.1. D, and D, are essentially self-adjoint in L*H, and L*H, respectively
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Proof. By Theorem 2.2in[10], D, is essentially self-adjoint in L>Q. Then, by using
e.g. Lemma XII.1.6-(c) in [13], so is IID,IT because IT is a bounded self-adjoint
operator on L>Q. But I1D, IT is equal to D; in L*H; and vanishes in its orthogonal
complement. Hence D, is essentially self-adjoint.

The proof that D, is essentially self-adjoint is similar. O

LEMMA 7.2. We have the following properties:

(i) DI1 —I1D, I defines a bounded operator on L*Q.
(ii) For each v e 7, DI, —I1.,DIl., defines a bounded operator on L*Q.

Proof. Property (i) can be proved as follows. Because DyIl = 0, we get
DIT1 —IIDI1 = (id — II)D I + (da,—1 + 02 ).
which is bounded on L?Q by Remark 5 and the formula
(id —IHD, 11 =[D,, 1.
The proof of property (ii) is slightly more complicated. If p = ¢p; + ¢, € 7:['1’v with
1 € do (@) and ¢, € 00.1(Q7),
then
do1py = 01, =0, o1y, do1¢s € H;
yielding
(DI, — I1., DoIT. )¢ = 0.
Hence, since d» _1 + d_»1 18 of order zero, it is enough to prove that
DI, —T,D,IL,
defines a bounded operator on L*Q. But this operator is clearly equal to
0D, I, + ., DI, + 1., D II,. (18)
Moreover
D, 1., =[I, DI,

which is bounded on L>Q by Remark 5. Therefore the result follows once we have
proved that the last two terms of (18) define bounded operators on L*Q. In fact,
by taking adjoints, it is enough to prove that one of them defines a bounded operator
for arbitrary v.
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Let ¢ = ¢, + ¢, as above. Then obviously IT.,_; D, ¢, = 0. On the other hand, ¢,
is the C* limit of Jy,_;y; for some sequence y; in Q-'. So

D¢, = lilf,n(—5o,—1D¢ + Kdo.—1 + 001 K)Y;
by Proposition 3.1, yielding
I:L,V—IDL(]S = I:[-,v—le)

because l:I.,v_léoq_lQ’v =0 and 1:I.,v_1 i1s continuous on Q. Thus ﬁ.,v_lDll:I.,v is
bounded on L*Q. n

Define the norms || - ||p, x on H; and || - 5, x on H, by setting

Ipllp, & = IGd + DY dllg. Wl , = IGd + D)y,

and let W*H, and W*H; be the corresponding completions of H and ;. Then the
following result follows directly from Lemma 7.2.

COROLLARY 7.3. The restrictions of the kth Sobolev norm | - || to Hy and H, are
respectively equivalent to the norms || - |Ip, ;. and | - %, x- Thus W*H, and W*H, are
the closures of Hy and H; in W*Q, respectively.

The inclusions W*H'H, < W*H, and W*t1"H, < W*H, are compact operators
by Corollary 7.3. Then, by Proposition 2.44 in [6] and Lemma 7.1, the Hilbert spaces
L[*H; and L*H; have complete orthonormal systems, {¢,:i=1,2,...} CH; and
{(}i i=1,2,...})C Hi, consisting of eigenvectors of A; and AI, respectively, so that
the corresponding eigenvalues satisfy 0< 4 <A < ..., 0< 5,1 < iz < ..., with
Ai 1 oo if dimH; = oo and :1,- 1 oo if dim H, = oo. Thus it only remains to check
that 4, > 0 to complete the proof of Theorem F; i.e. to check that ker Al =0

For each v € Z let

Z, =P Q" oker(d, : Q" — Q")

w<vy

B, =P ed @

w<y

The bigrading of Q is used to define these spaces only for the sake of simplicity,
indeed they depend only on F [1, 30]. The de Rham derivative preserves the above
spaces, and the quotient topological complex B,/B, is canonically isomorphic to
(01, di). Moreover we have the following known result whose proof is easy and does
not require that F be Riemannian and M closed.

LEMMA 7.4 (V. Sergiescu [30]; see also [1]). The cohomology of the quotient
complex B,/ Z,_1 is trivial.
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On the other hand, the decomposmon (2) in Theorem B implies that the inclusion
Hl <~ B, induces an 1somorphlsm Hl ~ B, /21 of topological vector spaces
whose inverse is induced by H Moreover d corresponds to differential map
of the quotient complex B,/Z,_;. Hence d =0, and

kerAy = H(F,d1) = H(B,/Z,-1)

as topological vector spaces. Furthermore

H(B,/Z,1) = H(B./B,) = H(0,".dy) =0

as vector spaces by Lemma 7.4, and

H(B,/B,) =~ H((‘);", d1> -0

by Theorem G. This completes the proof of Theorem F.

Remark 6. Observe that the duality stated in Theorem G can be realized as follows.
When M is oriented, the corresponding Hodge star operator commutes with IT and
Ay, and thus induces duality in ker A;.

Remark 7. Let E(1) and E(Z) be the eigenspaces corresponding to eigenvalues 4 of
Ay and /. of A,. This eigenspaces have bigradings induced by the bigradings of H; and
H,. Then, if M is oriented, the Hodge star operator also induces duality
E(A)*" = E(A)1™"P~", and skew duality E(1)"" = E()? 4 »r—r+

Remark 8. 1f we use appropriate zero order modifications of D, , then we get the
Hodge theoretic version of the results of [12], which have important implications
about tenseness.
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