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§ 1. Introduction

The first author and S. Takenaka introduced the structure of a
GeΓfand triplet jf c (L2) c Jf* into Hida's calculus on generalized Brown-
ian functionals [4-7]. They showed that the space Jf of testing random
variables has nice properties. For example, 2tf is closed under multipli-
cation of two elements in f̂7, each element of Jf7 is a continuous functional
on the basic space <?*, in addition it can be considered as an analytic
functional, and moreover exp [tAv] (Δv is Volterra's Laplacian) is real
analytic in 16 R as a one-parameter group of operators on Jtf, etc.

In this paper, we will prove, by a method different from [4-7], that
each element of 2tf is continuous on the basic space £* and by using
this result we will show that the evaluation map δx: φ •-> φ{x) (x e £*)
belongs to f̂*. The norm of δx will also be estimated.

The fact that δx belongs to Jf* is very useful in the argument of
positive functionals [8].

§ 2. GeΓfand triplets

Here we will summarize fundamental facts about three GeΓfand
triplets & c jrw c &*y exp [®i] c exp [®E0] S exp [<&<?*] and JP S (L2)
C Jί?*9 which were introduced and discussed in [4-7, 9], for later use.
Let T be a separable topological space with a topological Borel field 8&
and y be a σ-finite measure on T without atoms. We suppose that there
exists a GeΓfand triplet (or a rigged Hubert space) g c L2(JΓ, V) C £* (cf. [3]).
Namely, the space g of testing functions on T is topologized by the pro-
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j e c t i v e l i m i t of H u b e r t s p a c e s {Ep}pez w i t h i n n e r p r o d u c t s {(£, η)v\ ξ,ηβ £}pez

s u c h t h a t

(G.I) (£, η\ = ί ξ(t)v(t)dp(t),
JT

(G.2) the norms {\\ξ\\p = ((ξ, ξ)p)
1/2}pez are consistent and increasing,

(G.3) E_p is the dual space of Ep (p > 0), and

(G.4) for any p there exists q (>/?) such that the injection mapping

ePtQ: Eq-*EP is of Hilbert-Schmidt type.

The dual space #* of δ is the inductive limit of E_p as p->oo. We

denote by < , •> the canonical bilinear forms between any dual pairs.

Then obviously, <£, rf) = (ξ, η\ holds if ξ, ηe S.

Further let us assume the following [A.I] and [A.2].

[A.I] There exists a constant p e (0, 1) such that

(2.1) ρl l ί lUi> \\ξ\\P for any ξ e ^ and any p e Z .

[A.2] The evaluation map δt: ξ ι-> ξ(t) gives a continuous map t*->δt from

T into £_! with

(2.2) | | β | | 2 - f \\δt\lλdv(t)

Then [A.I] assures suitable analytical properties of nonlinear func-

tionals which appear in these GeΓfand triplets. [A.2] assures that each

testing function ξ(t) e § is continuous and that the injection cOtί is of

Hilbert-Schmidt type.

Since S S EQ = L\T, v) 5 δ* is a Gel'fand triplet, by Bochner-Minlos'

theorem, we can find a probability measure μ on $* such that

(2.3) J^ exp [i<x, ξ})dμ(x) - exp [—|llf llϊ]

Notice that the measure μ is full on E.l9 i.e. μ(E^) = 1 by (2.3). Let us

denote L2(<f *, μ) simply by (L2).

Let Efn be the /z-fold symmetric tensor product of Ep. By virtue of

(G.2), we have natural inclusions E^ 5 Efn. Let £®n denote the projective

limit of Efn and ^*®w the inductive limit of E% as p -• oo. We always

associate ί/ie inductive limit convex topology with the inductive limit space.

Here we remark the following Lemma, which implies the continuity of

the mapping δ* a x H-> x®n e <
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SPACE OF TESTING RANDOM VARIABLES 141

LEMMA 2.1. Fix aye $*, e.g. y e E_q for some q > 0, and a neigh-

bourhood W which is given by the absolutely convex envelope of the sets

{zeE_p; \\z\\_p < rp}, p > q with given rp, 0 < γp < 1. Then for any xe

W + y, there exists a finite number of positive numbers ap, q < p < N,

with Σ ftp < 1 such that x®n is expressed in the form

(2.4) x®« = y®n + Σ vn,p with \\vnJ\EΘn < n(l + \\y\\_pγ-'apγp

for any n > 1.

Proof. Since any x e ^ + y can be written as x = y + Σ ^ Λ with

Σ aP < !> <*v > ° a n d \\zP\\-P <
p,

Vn,p = 2-j I fc I Z_J
fe = l \ Λ / max (pi, . ,max (pi, ,pjfc)=p

p> q, satisfy the requirement. Π

The orthogonal direct sum

(2.5) exp [®EP] = Σ ®(n\y/2Efn

with inner product
oo

(2.6) ((fn)n>0, (gn)n>θ)expt®Ep-] = Σ ^K/n, ^%)^fn

n=0 p

is called a Fock's space. Its dual space is exp [&E_P] with the canonical

bilinear form

(2.7) <(GJ^o, (/»)n>o> = Σ n\(Gn, fn}
71 = 0

for (Gn)n^oeexp[(S)E_p] and (/Jn>0 e exp [®Epl (p>0). Again by virtue

of (G.2), we have natural inclusions exp [®Ep+ί] 5 exp [®EP] for peZ.

We denote by exp [®S] the projective limit of exp [®EP] and by exp [(§)(?*]

the inductive limit of exp [®E_P] as p —> oo, respectively.

PROPOSITION 2.2. (a) The triplet exp[(x)<f| 9 exp[(x)jB0] c exp[(x)(T*]

is α GeVfand triplet.

(b) T%e mapping from $* to exp[(x)^] defined by

^ 9 J C i > exp [®x] = Σ © — - χ ® n e e x P

is continuous.
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(c) For (gn)n>0 e exp [(x)<f|, define a functional Ψ(x) on £* by

Ψ(x) =

Then Ψ(x) is a continuous functional on £.

(d) For (Gn)w>0 e exp [<?*], define a functional U(ξ) on £ by

(2.8) U(ξ) = Σ <Gn, ξ®n>
« = 0

Then U(ξ) is a continuous functional on £.

Proof, (a) is seen in [4] by (2.1). (b) Fix a y e £ and let q be a

natural number such that y e E_q. For a given abso]utely convex neigh-

bourhood V of the origin of exp [£*\ of the form

V = conv(U {z; \\z\\exvί&E_pl < εp}),

put Tp = min{εp exp [—(1 + ||j||_p)2], 1} and let W be the neighbourhood in

Lemma 2.1. Then by (2.4), for xe W + y we have the expression

exp [®x] - exp [®y] = Σ f Σ Θ-Λ-
q<p<N \n = l nl

with norms

1/2

)

Hence exp [®x] e V + exp [®y] for any x e V 7 + y . Thus (b) is proved.

By 0>), (c) i s obvious since (^w)TO>0 is a continuous linear functional on

exp [®ίf*] and since Ψ(x) = <(^)w>0, exp [®x]>, (d) is easier to prove. •

Let ίF (resp, ^ < p ) , J^*) be the image space of exp [®£] (resp.

exp [φEp], expt®^*]) under the mapping (2.8) and introduce a topology

from the original space. Then J Γ ( P ) is the reproducig kernel Hubert space

with the reproducing kernel exp [(ξ, ̂ )_J. The following Propositions are

shown in [4].

PROPOSITION 2.3. (a) & c JΓ ( 0 ) c &* is a GeΓfand triplet

(b) Let ξ, and ζ be in £ and n, m be non-negative integers. Then <£, η)

and (ξ, ζ}n belong to ^(p) and satisfy the equality

«?, η)m> <f> C>n),(,ι = δn,nnl(η, C); /or
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PROPOSITION 2.4. For each fixed ξeS, write

(2.9) f(ξ) = f(ξ x) = exp [<x, f > - 11 | f |

TTien £/&e mapping S? defined by

(2.10) (.S^Xf) = ί φ(x)f(ξ, x)dμ{x) = f 9(x

is an isomorphism from (U) onto ^(0). Especially,

(2.11) (&f(y))(ξ) = e x p [<?, f >] / o r any ξ,ηei

and

(2.12) y7: Hn((x, vy; \\v\\η,—> <f, 9>»,

u Λerβ Hn(z; ϊ) (n = 0, 1, 2, •) are ίΛe Hermite polynomials with parameter

T defined by the generating function exp \ωz — — ω2

(2.13) Σ -^-ω'ff^; r) Ξ exp L^ - L
n = 0 λl! L 2

Put ^p) = Sf-\^^) for p > 0 and Jf7 = &>~\&) and introduce inner
products by

in ^ ^ Let Jf (-p) be the dual of jf™ for p > 1, and ^f (resp. Jf7*) be the

projective (resp. inductive) limit of jf{p). We call jf the space of testing

random variables and jf * the space of generalized random variables.

PROPOSITION 2.5. For any ξei, f(ξ; x) is in Jf and the mapping &*

is extended on 34f* by

(2.14) (<?Ψ)(ξ) = <Ψ(x),f(ξ;x)}.

Then ¥ gives the isomorphism from tf c (L2) 5 tf* to &

Namely, 3/P{p) is isomorphic to ^{p) through £f for any peZ.

PROPOSITION 2.6. For p > 0, the isomorphism

exp [<§> JSJ 9 ( / J ^ o 1 • ̂  e

is given by

(2.15) φ = Σ
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where In(fn) is the multiple Wiener-Itδ integral

(2.16) /„(/„) = J \τJJh, •••, tn)W(dtd • W(dtn)

with respect to the Gaussian white noise W(dt) given by the relation

(2.17) <*, f> = f ξ(t)W(dt,x) a.s. xe£* («).
J T

§ 3. The space ffl of testing ramdom variables

In [4-7], it was shown that the multiplication φ, ψ >^κp ψ is contin-

uous as the mapping from &F X ^ into Jf7. Further each element of φ e tfP

is continuous functional on <£**. More surprising thing is that each U(ξ) e ϊF

can be extended to a continuous functional U(x) on $* and the class

{U(x); U(ξ)e^} coincides with 2/P. Those results were proved in a very

complicated way with the help of Volterra's Laplacian.

Here we prove the continuity in xeg* for every functional ψ(x) e 3tf

and the continuity of the evaluation map:

(3.1) δx: J^Bψ i > φ(x) e R,

directly by using basic results.

Firstly, we prove that the multiple Wiener-Itό integral In(fn) has a

continuous version as a functional on $* if fn is a good function.

THEOREM 3.1. For fn e £®n,

(3.2) In{fn)(x) = ί n f ( - l ) \ n l l u . < * ! * i n - n > , /»,*-»> a.8.
*=o (n — 2k)\k\

where

\O.θ) tn\n-2k\P\i ' ' ' ^n -2k)

J J T

Proof. We denote by Jn(fn) the right hand side of (3.2) for fn e £®n.

Then it is a continuous (non-linear) functional of x e $* because of

Lemma 2.1 and of the following estimation:

(3.4) ||Λ|W-2fe|U®^-2*>

r r
* * *) tn-2k, Uu Ul9 , Uk, Uk)\\E®(n-2k) dv(ut) dv(lik)~ J
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- ί'' ' L H^MHKJI-x II*.JV0"-1'**^ dv{uk)

<\\L\\Ef*m\pv-T •

Consequently, for x e E_p, we have

(3.5) \J ( Λ ^ ) ! t , n ; l | | ^

[n/2] r i t 9 - f c

by 2~fc/&! = (2k - l)!!/(2*)! < Vή!/(2Jfe)! for 2£ < n. Since yn(/n) is linear

in /n, J"n(fiJ)) converges to Sn(fn) uniformly on any bounded set B of <f *,

itf(nj)~*fn in ^ .

First consider the case /n = ^(^) η(tn). Then the equality /,,(/„) =

Hn((x, yf), || ίy Ho) is well known (actually it is shown by Propositions 2.4

and 2.6). Since the equality

9 Jn\n-2k/ — \X 9 I) V Ho ^Vfl/ ' * ' 7)\ln-2k)/

holds, (3.2) is obvious in this case by the formula of the Hermite poly-

nomials;

[Λ/2] nUrl9Y
Hn(z; ϊ) - Σ (-1)* nΛT'ZΊj^-2k (see p. 193 [11]).

fc=o (n — 2k)\k\

For a general /w in S®n, there exists a sequence of the form {f(j} =

= Σ ι c j t ί ( # f } J = i which converges to fn in ^ . Then In(/£») = jr(/"0

holds a.s. x e ^ * and J'nifί^) converges to «/w(/w) for every jce l* . Since

a suitable subsequence of /n(/iJ)) converges to Jn(/n) a.s. This implies

that In(fn) = yn(/n) a.s. ^ e Λ Π

Now we are ready to prove our main theorem:

THEOREM 3.2. For any φ e J4?, φ has a continuous version φ{x) and

it is bounded on each bounded set of $*. Moreover the evaluation map
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δx: φ-^φ(x) is a continuous linear functional on Jf, i.e., δxe<?ί?* for any

xe£*.

Proof. For φ e Jf, let (fn)n>0 be the element of exp [®S] satisfying

(2.15) in Proposition 2.6. Put

f(lY
JC=O mlkl

Then (gm)m>o belongs to exp [(x)^], because

IKίm^ollθxpc^-,] < Σ VmT||^w|U4-
0

f

2fc|m

mlkl

O A 0 V ^

<ΣΣ

-p-rl

for sufficiently large r as (1 + ||<5||V" < 1, by V(2A)! < Vkl and 1

-7 n' . τ ,. By Theorem 3.1 and the definition of J~n(fn), we see that
{n — κ)\kl

(3.6) ψ(x) = £ jf„(/•,)(«) = <(&,)„>„ exp [®x]>
0

and ô(x) = 9(x) a.s. μ. By Proposition 2.2 (c), φ(x) is a continuous func-

tional on <f*. By (3.5),

\Φ(χ)\ < Σ ^ » ( / » ) ( Λ ) < a - (iι*ιi-Pn=0

holds for sufficiently large p as | |#| |_ p + ll̂ ll/o23"1 < 1. This shows that

the evaluation map δx belongs to J^*. •

From now on, φ(x) (for φ e Jf) is always considered as the continuous

version.

§ 4. The evaluation map δx

We have seen that δy belongs to Jf *, if y e g*. Therefore δv must

belong to ^{~v) for some p = p(y) > 0 and its image under £f can be
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observed. By (2.14) in Proposition 2.5, we have

(4.1) (<?δy)(ξ) = (δy, f(ξ )> = f(ξ y) for ξ e $.

Since ^ is an isomorphism from f̂c~p) to 3F^V), we can estimate the

norm of δy by computing \\f(ξ y)IU<-*> directly.

Suppose that y e E_p, p > 1. Since the injection cQιP is of Hilbert-

Schmidt type, there exists a c.o.n.s. {ζ^JLi of EQ such that {ζ^JU C Ep

and Σ ? = i ^ < °° f o r Xj = IICjII-p. For f e ^, we have

f(ξ; y) = , f> ||f IIJ] έ (Σ Λ

2 J i=i \w-o nl

= Σ Σ Π ~
n = 0 n=nχ + "'+nj+ " j=l nΛHence we have, for y any z e E_p,

.(4.2) (/( ;y),/(•;*))„-,.

= Σ Σ Π Λ ^ ^

= ft ( Σ -V^H-«y' c,» ff««*.c,

= Π ( l - ^ ) - 1 / 2

X Π exp Γ- 1 λ'<y> ζ'y ~ 2λ^

M L 2

< Π^l - φ-vexp [|(||3Ί|2_P + 11̂11

by Proposition 2.3 and the formula

(4.3) Σ -£L HMHM = (1 - *2)-1/2 exp f - 1 - ^ ~
n=o n\ L 2 1

with ffn(w) = Ήκ(u; 1) (see [11] p. 194]. In particular,

(4.4) | |/(. ;y)||U. = Π ^ d - ?,)-*» exp

Summarizing the above computations, we have:

THEOREM 4.1. T%β generalized random variable δy has the following
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properties

(a) (<?δv)(ξ) = /(£ y) = exp [<y, f> - 11 | f ||j],

(b) (3,, 3.),<-.. = j j t t - 4)"I/2

x π cip [ 4

(c) | | i , L < - , . [ l ] [ l ]

(d) ί l|3,l

Proo/. The only thing we still have to prove is (d). By (2.2) the

injection cOιί from Ex into Eo is of Hilbert-Schmidt type. By Sazonov's

theorem, the support of the measure μ is E_t. Hence the integral in (d)

is taken over E_t. Since {(y, ζj}; j = 1, 2, •} are independent of each

other with respect to μ, we can easily calculate;

(4.5) f i|3jii..-,,dMy)= π t t - φ - '

The left hand side is equal to the Hilbert-Schmidt operator norm of the

injection c{m>^p) by the proof of Proposition 3.6 in [9]. •

In [7], the renormalization : : has been introduced. By the notation

used in it we may write

(4.6) δv(x) = : exp [<y, *>. - 1 f (x(t). ) 2 d#)l : 1,
2 Jr

because the right hand side is defined by
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