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Abstract

We consider the interior and Dirichlet problems and problems with first order boundary
conditions, for a second order homogeneous elliptic partial differential operator with constant
coefficients. Under natural conditions on the operators, these problems give rise to isomorphisms
between the appropriate spaces with homogeneous norms. From there we obtain a priori
estimates and regularity results for boundary value problems in Sobolev:spaces.

1980 Mathematics subject classification (Amer. Math. Soc.): 35 J 25.

0. Introduction

In Pryde (1979a) we developed the theory of spaces with homogeneous norms.
These spaces were an invaluable tool in the study of elliptic partial differential
equations with mixed boundary conditions in Sobolev spaces. See Pryde (1979a,
1979b). In those papers, certain of the known results in Sobolev spaces for the
interior and Dirichlet problems and those with first order boundary conditions were
converted to analogous results in spaces with homogeneous norms. These results
were in turn used to consider the mixed problem. However, it is more natural to do
things in the reverse order—to prove results in spaces with homogeneous norms,
and then convert them to results in Sobolev spaces.

In place of the usual a priori and dual estimates for boundary value problems in
Sobolev spaces on R? we obtain directly, and fairly simply, isomorphisms between
spaces with homogeneous norms. We also show how the relevant conditions on the
operators are both necessary and sufficient. The estimates in Sobolev spaces can
then be readily obtained, as can regularity results.
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2 A.J. Pryde [2]

For the notation and definitions of the terms used in this paper, the reader should
refer to Pryde (1979a, 1979b). We summarize here the definitions of the spaces with
homogeneous norms. For s3>0, Z3(R") is the completion of CP(R"™) with respect
to the norm [u; R™), = (f| ]| a(&)[2d€)1/2; ZS(R") is the closure of CP(R?) in
Z%R™); and Z*(R%) is the quotient space Zs(R")/Z"(R ). For s<0, Z3(R™) is the
dual of Z—5(R"™); Z5(R?) is the dual of Z~5(R%); and Z%(R?) is the dual of Z~%(R%}).

1. The interior problem

Let A = A(D) = X,_s a, D* be a second order homogeneous partial differential
operator with constant coefficients. In spaces with homogeneous norms, the interior
results take the following simple form.

THEOREM 1.1. For each real s the following are equivalent.
(a) 4: Z3R")—>Z*"%(R"™) is an isomorphism.

(b) A is elliptic.

(©) A: Z3R™)—>Z*2R") is left invertible.

ProoF. The proof is an immediate consequence of the following lemma.

LeMMA 1.2. Let P(€) be a positively homogeneous function on R™ of order m with
constant coefficients and continuous for £#0. Let P: Z3(R™)—~>Z*~™(R") be the
pseudo-differential operator with symbol P(£). The following are equivalent.

(a) P is an isomorphism.

(b) P(§)#0 for ££0.

(¢) P is left invertible.

PROOF. Since |V[*: Z5R™) - L3R™) is an isomorphism for all real s (Pryde
(1979a)) P is an isomorphism if and only if @ =|V[*~™P|V|~*: L3R")->L¥R")
is an isomorphism. But Q has symbol Q(&)=]|&|"™P(£) which is positively
homogeneous of order 0 and continuous for £#0.

If P(£)#£0 for ££0, O(§) is bounded away from 0 and from co. So Q is an iso-
morphism. Hence (b) = (a) = (¢).

If P(n) = O for some 5 €R", 550, consider the functions u, € L*R"), for £>0,
defined by u(£) =((é—n)/e)e"2 where $eCPR?), $ =0 for [£|>1 and

llllz2gmr = 1. Then |2, ||zacgey = 1 and || Qe[| zage) < SUP_y1ce| Q(€)| >0 as &->0.
So Q is not left invertible and it follows that (c) = (b).

COROLLARY 1.3. Let A be elliptic. For each real s, A: Z°S(R")—>Zs‘2(R’_;) is left
invertible.
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31 Elliptic boundary value problems 3

PROOF. Z‘(R_';) is a closed subspace of Z*%(R?).

COROLLARY 1.4. Let A4 be elliptic. For each real s, A: Z*(R%?)—>Z*~%R"T) is right
invertible.

Proor. Apply Corollary 1.3 to A’ = 4'(D) = X,,_.d, D*, the formal adjoint of
A. Then A": Z°2"3(R3‘r)—>Z‘s(R_’;) is left invertible. So (4')*: Z5(R7)—>Z*2(R?) is
right invertible. As (4°)* = A, the corollary is proved.

2. The Dirichlet problem

In Pryde (1979a, 1979b) we showed how the trace map y extends to a bounded
operator on Z%(R?}) for s>% and on Z3_, ,(R?%) for s<}, %} (mod 1), provided 4
is elliptic. For the Dirichlet problem we have the following result.

THEOREM 2.1. If A is elliptic, and s# %, — %, — 3, ..., the following are equivalent
(@) y: Z§o, 4R > Z5HR™Y) is an isomorphism.

(b) A is properly elliptic.

(c) y is left invertible.

PrOOF. Suppose A is properly elliptic. We construct an inverse E of vy as follows.
Let m be a suitably large integer and A(£"), a positively homogeneous function of
& =(&,..., €,y of order 0, to be determined. For ge CPR*»)nZ—R"1),
which is dense in Z5}(R"1), define Qg by

(Q)(&) = W) &' ["(€n+i] € N AE) T (&)

(More precisely, Qg = |V|~%f where f is the L*-function with Fourier transform
| £1%(Qg)™(£).) Then Q extends by continuity to a bounded operator

Q: ZAR" ) > 2} 4 (RY).

(Here, as elsewhere, R: Z*"2(R™)—>Z*%(R?%) is the natural projection.)
Indeed,

| Ogllzemm~ | €1%(Q2) (Ol aemm
~E ™ [ 8(E) e
~|I1€ =28 | aemn-0rs
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if m>s—1, because, for £#£0,
J lfllzml §|2s-2m—2 d%:n — J Igr ‘27"'(& +l gr I2)s—-m—1 d&n
—00 -0

— lf’ |2s——1 fm (1 +t2)s—m—-l dt
—0

— Kl §' lzs—l’
where

K= f T (L +25-m1dr < oo,
—o0
So || 0gllzemm~ | gl ze-1 gn-2-
Further,

w=(D,+i|V’ | )2 AQg e LAR™)
and

W(E) = h(E)| & [ (n+il &) ™28(E).
So (1) w(¢', £,) has an analytic extension to Im £,,>0 and (2)

SUp[| (&', £nt m)llzaiper = 1€, £0)lsiuer <0
L}

Hence weLR™). But (D,+i|V’[)*2: Z*-2R*)>L%R") is an isomorphism
(Pryde (1979a)) and so AQg 623—2(R2). In other words, RAQg=0, or
OgeZs . nsR™. So Q extends by continuity as claimed.

Defining E = RQ: Zs ¥R )25 . ,(R?) it remains to show that yE = I and
Ey=1L

For ge CP(R™ ) nZ*-}R"1), and £'#0,

ERY &) = (vQ2) (&)
- e [© @oreedz
= @m f:oh(f’)l EIm (£, +i] €| Fm A, £)EE) dE,

Moreover, since 4 is properly elliptic, A(£',£,) = ay(é,—7(EN(E—7(£)),
where Im 7+(£)>0 and Im 7—(£’) <0, for ¢ #0. So the integrand is analytic in the
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51 Elliptic boundary value problems 5

upper half complex ¢,-plane apart from one first order pole at £, = 7H(&). If
m>0,

(vEg)"(§') = (2mi)- (residue of (27)#(Qg)"(£', £,) at 7#(£"))
= Qai) Qo) H(E)| & [ (HEY +i €D g (HE) T (€N TE(E)
=&(¢),
provided h(§") = 2mi) 1 Qu| &' |7 (rH(€) +i| &' | )" ay(rH(§) —77(£)). SoyE =1

as required.

Finally, we show Ey = I on Z{ . ,(R?%). Since Hf,. ,(R%)is dense in Zg, (R?)
for all s (Pryde (1979b), Proposition 4.3) it suffices to take s > 2. Let ueZ§ . ,(R?).
Let P be the reflection operator constructed in Pryde (1979b), Section 4. So

: H™R?%)>H™R™) is bounded and satisfies RP = I. Moreover, if 0<s<m,
P Z%R7%)—>Z%R") is bounded and RP =1 So Eyu = RQyu = RQyPu. Setting

= (D,+i|V'|)® (QyPu~— Pu)e L¥R™), it suffices to prove that weL3[R®). For,
then, QyPu—Pu eZ5Rm") and RQyPu = RPu=u.

Now RAPu =0, so APu=veZ*2(R"). Let v;€ CP(R™), v;->v in Z52(R?). So
RA'v;—»u in Z3, ,R?) and w;= D, +i| V') (QyAv;— A v)>w in
L*R™). Also

WO = HENE a1y A o [ ey o nar
—(Eati] €7 4O 540,

Consider then the positively oriented contour C, = [—r,r]uS,, where S, is the
semi-circle | z| = r, Imz>0. For sufficiently large r,

foA(f', 2) 19§, 2)dz = Qmi) ag (H(€) — T(ENT0(E, THE).

But

A(E',2)7 0(&', 2)dz
Sy

< f 7r| A€, re®)| | 5(€,re?®)|rdb
0

$£f"| 5(&',re?)|do
rJjo
for r large enough. But

|vz(§ r ew)l = ‘ J. —1,9:,.1‘560 (f xn) dx

(€', x,) denoting the Fourier transform with respect to the first n—1 variables
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only)
0
< f |5,(&,x,)|dx,, IfO<O<7

(because |exp (—ix,, re®)| = |exp (—ix, r(cos 8 +isin 6))| = exp (rx, sin )< 1)
< o, because v;€ CP(R®).
Therefore
f A(€,2)10,(€,2)dz—>0 asr—>oo,
S,

and so, for &#0,

|7 A ayroag nd = Qaiy gt €) - @) o8 THE,
Hence
5 = () +1] € D508 7€)
(Gt il €8O AD G+ i] €

The expression in square brackets and A(€) each have a zero at £, = 77(£’). Hence
w,(&, £,) Is analytic in Im £, >0, for £'#0. Moreover, since

(D +i| V'm0, € LAR™),
it follows from Lemma 2.2 below that w, e L%R?). Hence w e LA(R")) as required,
and so (b) = (a) = (¢).
To show (c)=(b), suppose A is not properly elliptic. Then n=2 and
A(€) = af(é3— &, 7)) (€3— €, 79) where (Im7y)(Im7,)>0. Suppose Im7;>0 for
i =1,2. Let ge CP(RY) and define v(x,, x,) by
(&1, xg) = g(6) (exp iy €1 Xp) —exp (it §1%9)) if 71 # 7y,
= g(&) xyexp (i) &, X,) if r =,
We show that vekery. Firstly,
o fo 1 1 1 © 2
fo J‘ Iv(fl,xz)lzdfldx2<"§( + )J lg(f1)i dt,
—0

Imm Im7y/ jo 1

<0

so v€LA(R?%). Similarly, D*veL*(R2) for all multi-indices . So ve H*(R?) for all
s and therefore ve Z%(R2) for all s>0. As well, veZ~*(R}) for all s>0. Indeed, if

https://doi.org/10.1017/51446788700020875 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700020875

[7] Elliptic boundary value problems 7

peCP(R2) and v, is v extended arbitrarily to a function in L%RZ) then

{v, ) = f o 2u(x)go_(;)abc satisfies

[d] = [ s

<€l dullzemer 1 €1 ol segen

= c||99||z°°(n+2)~

So {v, > extends by continuity to a bounded form on Zs(Ri). Hence ve Z~5(R2).
Now
(Av)~(§1, x2) = ap(Dy— &, 7)) (Dy— &, 72) 5(£4, Xy)
=0.

Hence veZg, . ,(R2). Finally, (yv)"(£;) = #(£;,0) =0 and so vekery. Hence y
is not left invertible. So (c) = (b).

LEMMA 2.2. If ve LXRL) and w(&) = (6(€) — 0(2o))/(€ — zo) then W(E) is the Fourier
transform of a function w € L3(RL),

Proor. We have to prove
(1) w(£) has an analytic extension to Im £>0.

(2) Sllp" W(f'i‘ l’f]) " L2(RY) < 0.
7>0

But (1) follows from the same property for #(£¢) and (2) follows similarly, using,
near the line n = Imz,, the analyticity of Ww(¢).

COROLLARY 2.3. If A is elliptic and s> 1, the following are equivalent.
@) (4,7): Z°R™) > Z*~¥R7) x Z*HR") is an isomorphism.

(b) A is properly elliptic.

(c) (A,y) is left invertible.

ProOF. By Corollary 1.4, 4: Z3R%)—>Z"%(R7) is right invertible. It follows
from application 4.2 of the five lemmas of Pryde (1977) that (4, y) is an isomorphism
(or left invertible) if and only if y/ker 4 is an isomorphism (or left invertible).

3. Problems with first order boundary conditions

Suppose now that b = b(D) = X%, b; D; is a first order homogeneous operator
with constant coefficients. Using the trace operator y we obtain a bounded operator

B=vyb:Z§, [R})>Z=CDR" D) fors#£4,3 —3,....
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8 A. J. Pryde [8]

If 4 is properly elliptic and B'(£¢') = b(¢', 7H(¢’)) then B satisfies the comple-
menting condition with respect to 4 on the boundary R*~! of R? if and only if
B'(£')#0 for real £#0.

The following result is proved in Pryde (1979b), Lemma 6.1.

LemMMA 3.1. If A is properly elliptic and s#%,%, —%, ... then Bu= B'yu for all
ue Zf(er A(Ri)
For the problems with first order boundary conditions we have the result

THEOREM 3.2. If A is properly elliptic and s#3,%, —1%,... the following are
equivalent.

(a) B: Z§,, JR%)—>Zs=®D(R"1) is an isomorphism.
(b) B satisfies the complementing condition.
(c) B is left invertible.

Proor. By Lemma 3.1 the following diagram commutes

Zi or 4 (R:t_) ___B_> Z8—8/2 (Rn—l)

NI

Zs-1/2 (Rn-1)

By Theorem 2.1, y is an isomorphism. Hence B is left invertible or an isomorphism
if and only if B’ is left invertible or an isomorphism. But, by Lemma 1.2, each of
these last properties is equivalent to the complementing condition holding.

COROLLARY 3.3. If A is properly elliptic and s> % the following are equivalent.
(a) (4, B): Z3R7)—~Z53R%) x Z*~®D(R"1L) is an isomorphism.

(b) B satisfies the complementing condition.

(c) (A, B) is left invertible.

Proor. The proof is the same as that of Corollary 2.3.

4. Related results in Sobolev spaces

Here we use the results of the previous sections to obtain known estimates for
various boundary value problems in Sobolev spaces. Similar estimates (for integer
s) were originally found by Agmon et al. (1959), Browder (1959) and Schechter
(1959).
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91 Elliptic boundary value problems 9

Let A= A(D) = X 2a, D* be a second order operator with constant
coefficients and B = B(D) = X%, b; D;+ b, be a first order boundary operator with
constant coefficients. Let Q = {xeR”: |x|<1} and Q, = {x€Q: x,>0}.

THEOREM 4.1. Let s be real. The estimate

4.1 |4l gz egem < || || zre-2eqem H| | zro-2gm)  Sor all ue H¥(Q),
holds if and only if A is elliptic.
ProOOF. We may suppose that 4(£) is homogeneous of order 2, since lower order
terms can be asborbed into the remainder term || #||z.-1gs) in estimate (4.1).
Suppose then (4.1) holds. Let ue CP(R")nZ3(R™) which is dense in ZS(R™).
Then u, defined by u,(x) = &5~ u(x/e) is in CP(Q) provided 0<e<¢g,, say.

Moreover, |4 ||g-1gm~>|#llze@n and ||, ]|gi-1gm >0 as e->0, as in Pryde
(1979a). So, from (4.1) applied to u,, we obtain

(41’) " u||z.(R,.) < C" Au“z._a(R..) for all ue CSO(R"’) nZs(R‘n).

Hence A is left invertible, and, by Theorem 1.1, 4 is elliptic.

Conversely, suppose A4 is elliptic. Then in particular (4.1') holds for all
ue CP(Q)nZ4R"). By Pryde (1979a) the Sobolev and homogeneous norms are
equivalent on this last space and so

4.17) lllzemm < cll Au||gi-sgm  for all ue CP(Q) N ZER™).

But the closure of CP(Q)nZR™) in ﬁs(Q) has finite codimension. On any
complement of that closure, ||#||gsgm~ || #|lze-1mn) and so estimate (4.1) follows.

In analogous fashion we obtain the following results from Theorems 2.1 and 3.2
and their corollaries.

THEOREM 4.2, Let A be homogeneous and elliptic with s#1, —%, —3,.... The
estimate

“4.2) I ”||H'm+n) <ol vullge-vega-n +|| u"H'—l(R+"))
for all ue H,,, ((R™) with support in Q,

holds if and only if A is properly elliptic.

THEOREM 4.3. Let A be elliptic with s> %. The estimate
“4.3) ]l e, m < Ul Aullzz-2er o my + 1| Y2l pro- arms a—sy + el re-3 g )

Sfor all ue H¥R?%) with support in _Q_+,
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holds if and only if A is properly elliptic.

[10]

THEOREM 4.4. Let A be homogeneous and properly elliptic with s+%,4, —1, ....

The estimate
(4.4) ” u”H‘(R o) < C(” Bu||H‘—(3/z)m+n) +” ullH"l(R+”))
Sor all ue H§, ,(RT) with support in 0.

holds if and only if B satisfies the complementing condition.

THEOREM 4.5. Let A be properly elliptic with s> $. The estimate

(45) " u||H,(R+,.) < C( " Au "H“z(R+") + " Bll"H:—(alz)(Rn—l) + “ uIIH._x(R+~))

Sor all ue H¥(RY%) with support in 0,

holds if and only if B satisfies the complementing condition.

5. Regularity results

Let A4 and B be constant coefficient operators, not necessarily homogeneous, as

in the previous section.

THEOREM 5.1. Let A be elliptic with s real.

(a) If A is homogeneous, with uc LA(R™) and AucZ* % (R") then uc H*R™).

(b) In general, if ue LAR™) and Aue H~*(R") then uc H3(R"™).
PROOF.
(@) [|ullzewe~ I €1 2] L2rey
~ [ €FF2(Au) | L2reny
(since A is homogeneous and elliptic)
~|| Au||zo-s(gny-

So ueZ*R™)n LAR"™) and hence uc H(R™).

(b) Let A = A,+ A,, where A, is the (homogeneous and elliptic) highest order
part of 4. We prove the theorem by induction on s. Firstly, the result is trivial for
s<0. Suppose then it is true for s <k, where k>0, and take k<s<k-+1. By part
(a) it suffices to prove that 4,ucZ*~2(R"®). Now Auc H*2(R®)< H*%R™) and so,
by the induction hypothesis, uc H*R™). So 4,ue H*Y(R")< H*"%(R"). Hence
Aqu= Au— A uc H*-3(R"). If s>2, A,ucZ**R") as required. If 0<s<2 then
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Ayue HS 3R nZ7%(R"). So (1+| £)P/2(4,u)" and | £|-2(4,u)" are both L?
functions. It follows readily that | £[*~%(4,u)" € L%(R™) and so A,ucZ*"%(R").

THEOREM 5.2. Let A be homogeneous and properly elliptic with s#1%, —%, —
If ue LAR?) with Au = 0 and yueZ*~}(R"?) then ue H%(R™).

3
2y ene s

PrOOF. Let g =yu and, in the notation of the proof of Theorem 2.1, let

(Q8)"(§) = h(&)| &' " (§n+i] €)™ A(§) 71 &(£). Since
gEZIR™Y), QgeLXR™.

But also geZ5-}¥R* 1) and so QgeZ5(R"). Therefore Qg e H¥(R™). But RQg = u,
as proved before. So ue€ H(R™).

THEOREM 5.3. Let A be properly elliptic with s real and r>}.

@) If A is homogeneous, with ue H'(R%), AucZ**R?7) and yueZ*}R"),
then ue HR?).

(b) In general, if uc H'(R%), Aue H*~*R?) and yuec H*~}(R"2), then uc H¥R?).

PrOOF. (a) If s<r there is nothing to prove, so take s>r. Then s>} and by
Corollary 2.3 the operator (4,y): ZS(R%})—>ZsHR?)x Z*~}R*1) is an iso-
morphism. We construct an inverse G = G, of (4, y) as follows.

First, recall that y/ker A is an isomorphism with inverse E = RQ. Next, let
P: Zs~%R7)~>Z**R™) be the reflection operator constructed in Pryde (1979b),
Section 4. In particular, RP = 1. (If s—2<0, P and R were denoted j* and i*
respectively.) By Corollary 1.4, 4: Z5(R7%)—>Z*"%R?%) is right invertible, and, in
fact, a right inverse is F = RA~1P. Take

G = [(I-Ey)F,E] = R[(I-Qy)47' P, Q].
[$o- 000 1145,

G[ i ]=(I—Ey)FA+Ey

Then

and

= (I-Ey)(I—(I—~FA)+Ey
= I—(I—Ey)(I- FA)
=]

because /— FA maps into ker 4.
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Now let ue H"(R?) with AueZ*%(R?%) and yueZ*}(R"*1). Set w = (Au, yu).
Then u = G, w. Since ue H'(R%), (Au)” and (yu)” are functions, and so therefore
is (Gw)”™. Hence

G, w =|V|7(| £FGw))”
and
Gyw =|V|=*(| £[«(Gw)")".

It follows that u = G,w = G,weZR?%). But ue H'(R}) and so ue HR?) as
required.

(b) Let 4 = A4,+ A, as before. Again we prove the theorem by induction on s,
the result being trivial for s <r. Suppose then it is true for s<r+k where k>0 and
take r+k <s<r+k+ 1. By the induction hypothesis, ue H"*¥(R%). So

Ayuc H" +"—1(R_"t) < H*"}R7%)
and therefore
Asu = Au— A ue H*¥R?7).

If s>2, A,ueZ*%(R") and the result follows from part (a). If r<s<2 then
PA,uc H*R™")NZ™2R"). So (1+|&P)s272(PAyu)™ and |€|"2(PA,u)” are
both L? functions. Hence |&|*~%(PA,u)”€L*R") and PA,ucZ**R". So
A,ueZ5~*R?%) and the result follows from part (a).

Using the isomorphism B’, when B is homogeneous, or B; otherwise (B, denoting
the highest order part of B), we obtain from Theorem 5.2 and a simple modification
of the proof of Theorem 5.3.

THEOREM 5.4. Let A be homogeneous and properly elliptic, B homogeneous and
satisfying the complementing condition, and 5#3%,%, —4%,.... If ucL*R?%) with
Au = 0 and BueZs-®D(R"1) then ue H¥RT).

THEOREM 5.5. Let A be properly elliptic, B satisfy the complementing condition,
s be real and r> 3.

(@) If A and B are homogeneous, with uec H'(R%), AucZ**R%) and
BueZ*®(R"1Y), then ue HYR?).

(b) In general, if ue H'(R?), Auc H*"%(R%) and BueH*~®/DR"™1), then
ue H3R?%).
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