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ABSTRACT

We establish a derived geometric Satake equivalence for the quaternionic general
linear group GL,(H). By applying the real-symmetric correspondence for affine
Grassmannians, we obtain a derived geometric Satake equivalence for the symmetric
variety GLay, /Spsy,,. We explain how these equivalences fit into the general framework
of a geometric Langlands correspondence for real groups and the relative Langlands
duality conjecture. As an application, we compute the stalks of the IC-complexes for
spherical orbit closures in the quaternionic affine Grassmannian and the loop space of
GLay,/Sps,- We show that the stalks are given by the Kostka—Foulkes polynomials for
GL,, but with all degrees doubled.
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1. Introduction

1.1 Real-symmetric correspondence

Let Gg be a real form of a connected complex reductive group G. Let X = G/K be the associ-
ated symmetric variety under Cartan’s bijection, where K is the complexification of a maximal
compact subgroup Kr C Gg.

A fundamental feature of the representation theory of the real group Gr is that many results
of an analytic nature have equivalent purely algebraic formulations in terms of the corresponding
symmetric variety X. We will call this broad phenomenon the real-symmetric correspondence.
It allows one to use algebraic tools on the symmetric side to study questions on the real side
and, conversely, to use analytic tools on the real side to study questions on the symmetric
side. Famous examples include Harish-Chandra’s reformulation of admissible representations of
real groups in terms of (g, K)-modules, the Kostant—Sekiguchi correspondence between real and
symmetric nilpotent orbits, and the Matsuki correspondence between Ggr- and K-orbits on the
flag manifold of G.

In [CN18], the first and third authors established a real-symmetric correspondence relating
the dg derived category of spherical constructible sheaves on the real affine Grassmannian Grg,
of Gr and the dg derived category of spherical constructible sheaves on the loop space £X of
X. We are interested in applying this real-symmetric correspondence to study questions in the
real and relative geometric Langlands programs.

In the present paper, we consider the question of a geometric Satake equivalence for real
groups and symmetric varieties. We focus on the case where the real group is the quaternionic
group Gr = GL,(H) with associated symmetric variety X = GLg,,/Sp,,,- We prove the derived
geometric Satake equivalence for GL, (H) relating the dg constructible derived category of the
quaternionic affine Grassmannian with the dg coherent derived category of a quotient stack
associated to the Gaitsgory Nadler dual group Gx of X (which is Gx = GL, in this case). Via
the real-symmetric correspondence, we obtain a derived geometric Satake equivalence for the
symmetric variety GLay, /Sp,,,. As an application, we compute the stalks of the IC-complexes for
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spherical orbit closures in the quaternionic affine Grassmannian and the loop space of GLg,, /Spy,, -
We show that the stalks are given by the Kostka—Foulkes polynomials for GL,, but with all
degrees doubled.

We explain how these equivalences fit into the general framework of a geometric Langlands
correspondence for real groups, due to Ben-Zvi and the third author, and of the relative
Langlands duality conjecture, due to Ben-Zvi, Sakellaridis, and Venkatesh.

From the point of view of real groups, the quaternionic group GL,(H) offers in some
sense the simplest possible geometry: just as complex Grassmannians are simpler than real
Grassmannians (Schubert cells are 2d versus d real-dimensional), quaternionic Grassmannians
are simpler still than complex Grassmannians (Schubert cells are 4d versus 2d real-dimensional).
On the other hand, the geometry of the symmetric variety GLay/Sp,y,, is more complicated
than that of GLso,. The real-symmetric correspondence allows us to use the simpler quater-
nionic geometry of GL,(H) to answer questions about the more complicated geometry of
GL2,/Spy,,-

We now describe the paper in more detail. We work throughout over the complex numbers,
except where we specifically consider real forms. All topological sheaves are with respect to the
classical topology with complex coefficients.

1.2 Reminder on derived Satake for GLs,

Let £GLsg, and £7GLy, be the Laurent loop group and Taylor arc group of GLo,. The affine
Grassmannian Gray, = £GLo, /LT GLy, for GLy, is the ind-variety classifying C[[t]]-lattices in
C((t))™. The arc group £+ GLy, acts naturally on Gra,, and we denote by D?(£*GLa,\Gray,)
the monoidal dg-category of £ GLs,-equivariant constructible complexes on Gr,, with monoidal
structure given by convolution.

Let gly, be the Lie algebra of GLg,. Write Sym(gla,[—2]) for the symmetric algebra of
gl [—2] viewed as a dg-algebra with trivial differential. The group GLs, acts on Sym(gla,[—2])
via the adjoint action, and we denote by Dse];?'(Sym(glgn[—Z])) the monoidal dg-category of
perfect GLgy-equivariant dg-modules over Sym(gla,[—2])) with monoidal structure given by the
(derived) tensor product of dg-modules.

One of the versions of the derived Satake equivalence in [BF08| says that there is an
equivalence of monoidal dg-categories

U : D*(£F GLyy \Grap) ~ Dy (Sym(glan[—2]))

extending the geometric Satake equivalence Perv(Grs,)~ Rep(GLg,), where Perv(Gry,) C
DP(£¥GLy,\Gra,) is the subcategory of £tGLa,-equivariant perverse sheaves on Gra, and

Rep(GLay,) C Dsel;f" (Sym(gla,[—2])) is the subcategory of representations of GLagy,.!

1.3 Derived Satake for the quaternionic group GL, (H)

Let GL,,(H) C GLa, be the real form given by the rank n quaternionic group. Let £GL,,(H) and
£7GL, (H) be the real Laurent loop group and Taylor arc group for GL,,(H). By the real affine
Grassmannian for the quaternionic group GL,,(H), we will mean the ind semi-analytic variety
Grpm = £GL,(H)/£TGL,(H) classifying H[[t]]-lattices in H((¢))".?

!The embedding Rep(GLz,) C DEM27 Sym(gla,[—2]) is given by V — Sym(glan[—2]) ®c V.

perf

2By definition, a HJ[[t]]-lattice A in H((¢))™ is a finitely generated right H[[t]]-submodule of H((t))™ such that
A @y H((2)) = H((£))"-
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The real arc group £7GL,(H) acts naturally on Gr,g, and we denote by
Db(£+GL,,(H)\Gry, 1) the monoidal dg-category of £+GL,(H)-equivariant constructible com-
plexes on Gr,, g with monoidal structure given by convolution. The £+ GL,, (H)-orbits on Gry, g
are all even real-dimensional (in fact, 4d real-dimensional; see §4.4), and hence middle perver-
sity makes sense. We denote by Perv(Gr, ) the category of £+GL, (H)-equivariant perverse
sheaves on Gry, . In [Nad05], the third author established a real geometric Satake equivalence,
giving an equivalence of monoidal abelian categories Perv(Gr,m) >~ Rep(GLj,) in the case at
hand.

The first main result of this paper is the following equivalence of monoidal dg derived
categories, to be called derived Satake for GL,,(H).

THEOREM 1.1 (See Theorem 5.5). There is an equivalence of monoidal dg-categories

Uy : DY(L1GL, (H)\Gry, ) ~ Dt (Sym(gla[—4]))

extending the real geometric Satake equivalence Perv(Gr, m) ~ Rep(GLy,).

A key ingredient in the proof of Theorem 1.1 (as in the proof of the abelian quaternionic
geometric Satake) is a nearby cycles functor

R: D(£+GLy,\Gry,) — DY(£FGL, (H)\Gryp i) (1.1)

associated to a real form of the Beilinson-Drinfeld Grassmannian with generic fibers isomorphic
to the complex affine Grassimannian Grs, and special fiber isomorphic to the quaternionic affine
Grassimannian Gry, g (see §4.5). Note that, unlike in the complex algebraic setting, the nearby
cycles functor R is not t-exact: it maps perverse sheaves to direct sums of shifts of perverse
sheaves (see Proposition 4.5). As a corollary of the proof, we obtain the following spectral
description of the nearby cycles functor.

Consider the graded scheme

b { (2 2 emcoce)

We have the natural embedding of (even graded) schemes

regli) > a2 = () (12

where Id,, is the rank n identity matrix. Note that the map 7 is GL,, adjoint-equivariant, where
GL,, acts on gl,,[2] via the diagonal embedding GL,, — GLg,. Hence pullback along 7 provides
a functor

7" Dy (Sym(gly,[~2])) — DSikp (Sym(gly[4])-

Here we view the rings of functions on gl,[4] and gly,[2] as the dg symmetric algebras
Sym(gla,[—4]) and Sym(gly,[—2]) with trivial differential. Introduce the functor

® : DS (Sym(glan[—2])) — DS (Sym(gly,[2])) > DS (Sym(gla[4]))

where the first functor is the sheared forgetful functor associated to the G,,-action on gla,[—2]
via the co-character 2py : G, — GLa, (see (5.17)). Here L is the complexification of the Levi
subgroup of the minimal parabolic subgroup of GL,,(H).
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THEOREM 1.2 (See Theorem 5.7). The following square is naturally commutative

Db(£+GLy, \Gray) —— > D¥(£+GL, (H)\Gr,z)

- l-

Dy (Sym(aly, [~2))) =" Dyt (Sym(al, [-4))

perf perf

where ¥ and ¥y are the complex and quaternionic derived Satake equivalences, respectively.

Later, in § 1.6, we will discuss how Theorem 1.2 fits into the general framework of duality for
Hamiltonian spaces.

1.4 Derived Satake for the symmetric variety GL2,/Sps,

Let £Sp,, be the Laurent loop group of the symmetric subgroup Sp,,, C GLg,. There is a
natural action of £ Sp,,, on Gra,, and we denote by D°(£ Sp,,,\Gra,) the dg-category of £ Spy,,-
equivariant constructible complexes on Gray,.

In [CN18, Theorem 8.1] it is shown that there is an equivalence of dg-categories

DP(£Sps,,\Grap,) =~ DY(LTGL,, (H)\Gr,, ). (1.3)

In [CN18, Theorem 9.1] it is shown that the equivalence is compatible with the natural monoidal
actions of D°(£+GLa,\Gra,), where the action on the right-hand side is through the nearby
cycles functor (1.1). One can view the above equivalence as an example of the real-symmetric
correspondence for the affine Grassmannian Gro,. Combining this with Theorem 1.1, we obtain
a derived Satake equivalence for GLa,,/Sps,,.

THEOREM 1.3. There is an equivalence of dg-categories

\PX : Db(£ szn\Gr2n) = DGLH (Sym(g[n[_4]))

perf

compatible with the monoidal actions of D°(£*GLa,\Gra,) ~ DSeI;g(Sym(glgn[—ﬂ)).

Remark 1.4. In general, the £ Sp,,-orbits on Grg, are neither finite-dimensional nor finite-
codimensional. Thus there is not a naive approach to sheaves on £ Sp,,,\Gra, with traditional
methods. To overcome this, we use the observation in [CN18| that the based loop group QSp(n)
of the compact real form Sp(n) of Sp,, acts freely on Gry, and the quotient QSp(n)\Gra, is
a semi-analytic space of ind-finite type, i.e. an inductive limit of real analytic schemes of finite
type. We define D(£ Sp,,,\Gra2,) to be the category of sheaves on QSp(n)\Gra, constructible
with respect to the stratification coming from the descent of the £ Sp,,-orbits stratification on
Grap; see [CN18] Definition 1.3] and also Remark 1.10.

1.5 Geometric Langlands correspondence for real groups

We discuss here how one might interpret our results in terms of geometric Langlands for real
groups [BZN15]. Our results specifically relate to the curve P! with its standard real structure
with real points RP! (whereas connections to Langlands parameters have been explored [BZN13]
for P! with its antipodal real structure with no real points).

For complex reductive groups, it is known that the derived Satake equivalence implies the
geometric Langlands correspondence over the projective line P! via a Radon transform. To state
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a version of this in the setting at hand, let Bungp,, (P!) be the moduli stack of GLa,-bundles
over P!, and let Locgr,, (S?) be the moduli stack of Betti GLg,-local systems on the 2-sphere
S2. Let Dy(Bungg,, (P')) be the dg-category of constructible complexes on Bungr,, (P!) that are
extensions by zero off of a finite-type substack, and let Coh(Locqr,, (S?)) be the dg-category of
coherent complexes on Locqr,, (S?) with bounded cohomology.

In this setting, the geometric Langlands correspondence for P! constructed in [Laf09] takes
the form of an equivalence

D!(BIIHGL271 (Pl)) /= COh(LOCGL271 (82)) (14)
Moreover, it fits into a commutative diagram of equivalences

Dy(Bungt,, (P')) —— Coh(Locgr,, (S?))

|- |~ (1.5)

D¥(£+GLa, \Gra,) —— DS (Sym(gly,[—2]))

perf

where the left vertical equivalence
Dy(Bungr,, (P)) ~ D*(£+GLy,\Gray) (1.6)

is given by the Radon transform (see [Laf09, Proposition 2.1]) and the right vertical equivalence
is given by the the Koszul duality equivalence

Coh(glan[—1]/GLap) ~ Dy (Sym(glan[—2])) (L.7)

perf

under the isomorphisms Locgr,, (S?) ~ pt/GLa, X glyn /GLa, Pt/GLa2n = gl2n[—1]/GLay,.
As a special case of the affine Matsuki correspondence established in [CN18], we have a real
group version of the equivalence (1.6) taking the form

Dy(Bung,,, (e (RP')) ~ D(£ Spy,,\Gray). (1.8)

Here Bungp,, ) (RP!) is the real form of Bungy,, (P') classifying GL,,(H)-bundles on the real
projective line RP'. Combining this with the derived Satake equivalence for GLa,/Spy, in
Theorem 1.3, we obtain the following geometric Langlands correspondence for GL,, (H).

Let Locgr, (S?) be the moduli stack of Betti GLj,-local systems on the 4-sphere S*. Note
that the presentation S*=D*Ugs D* (where D* is the four-dimensional disk in R?*) gives an
isomorphism of dg-stacks:

Locgr, (84) = pt/GLn Xgl,[-2]/GL, pt/GLn = g[n[_3]/GLn-

From the Koszul duality Coh(gl,[—3]/GL,) ~ DSBI;; (Sym(gl,[—4])), we obtain

Coh(Locer, (S*)) ~ Coh(gly[~3]/GL,) ~ DS (Sym(gl,[~4])). (L9)

perf

THEOREM 1.5. There is an equivalence

Dy(Bungt,, ) (RP')) ~ Coh(Locqar, (S%))
1620
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that fits into a commutative diagram of equivalences as follows.

Dy(Bungr,, () (RP")) Coh(Locgr,, (S1))

|- |~ (1.10)

D*(£Spy, \Gran) ——= Dpt (Sym(gl, [~4])

perf

Here the left and right vertical equivalence are the affine Matsuki correspondence (1.8) and
Koszul duality (1.9), respectively, and the bottom equivalence is the derived Satake equivalence
for GLa,,/Spa,,-

Remark 1.6. On the one hand, the appearance of the 4-sphere S? in the above version of geo-
metric Langlands for GL,, (H) is perhaps not so surprising owing to the identification HP' ~ 5%,
Moreover, the twistor fibration CP? — HP' ~ $* arises naturally in the proof of Theorem 1.1
(see §4.1). On the other hand, the appearance of connections on S* is quite mysterious (at
least to the authors). From the perspective of geometric Langlands for real groups, we expect
the spectral side to be expressible in terms of GLoj,-connections on a disk with a partial oper
structure along the boundary. This should reflect the usual Satake GLs,-Hecke operators in the
bulk and the real Satake GL,-Hecke operators along the boundary.

Remark 1.7. More generally, the real-symmetric correspondence (1.3) and affine Matsuki corre-
spondence (1.8) hold for any real group Gg. It follows that a derived Satake equivalence for real
groups or symmetric varieties will imply a version of geometric Langlands correspondence over
RP! for real groups and vice versa.

1.6 Relative Langlands duality conjectures

A far-reaching program of Ben-Zvi, Sakellaridis, and Venkatesh proposes relative Langlands
duality conjectures between periods and L-functions (see e.g. [BZSV24]). A fundamental con-
jecture in the program predicts that given a complex reductive group G, with dual group G,
and a homogeneous spherical G- varlety X, there exists a (graded) Hamiltonian G-variety M
together with a moment map p: M — §* equipped with a commuting G,,-action of weight 2,
and an equivalence

DP(£X/£%@G) ~ Coh(M/G) (1.11)

where Cohv(]\Zf / G’) is the dg-category of G-equivariant perfect dg-modules over the ring of func-
tions on M viewed as a dg-algebra with trivial differential and grading given by the above
G,-action. Moreover, this equivalence should be compatible with the derived Satake equivalence
Db(£+G\Grg) ~ perf(Sym( [—2])) ~ Coh(§*[2]/G), in the sense that the right convolution

action of DP(£¥G\Grg) on DP(£X/£*G) should correspond to the tensor product action of
Coh(§*[2]/G) on Coh(M /G) through the moment map pu.

We now explain how the derived Satake equivalence for the symmetric variety X = GLo,,/Sp,,,
fits into the general setting of relative Langlands duality. On the one hand, by [CN24, Proposition
8.1], there are an isomorphism of stacks

£X/L£7GLay, =2 £Spy, \LGLa, /L1 GLy, = £ Spy,, \Gray,
and hence equivalences of categories

DY(£X /£t GLay,) ~ D®(£ Sp,,, \Gray,) (1.12)
1621
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where D?(£X/£+GLy,) is the dg-category of £+GLa,-equivariant constuctible complexes on
the loop space £X of X.

On the other hand, it is expected that the Hamiltonian G-space M associated to the
symmetric variety X = GLa,/Sp,,, (note that symmetric varieties are spherical) is given by
M =T*(GLg,/GL,, x U, 1), the partial Whittaker reduction of T*GLsy, with respect to the
generic homomorphism ¢ of the Shalika subgroup GL,, x U of GLa,:

A Id,, A Id,
GLnxU:{<O D(C Igﬂ)’AeGLn,Cegln}, w((o 3)(0 Ign>>:—tr<0)

(1.13)
(see the list of examples of relative duality in [Wan]).

By Lemma 3.2, there is an isomorphism M ~ GLg, x5 gl, such that the induced
isomorphism M /GLg,, ~ gl,,/GL,, fits into a commutative diagram as follows.

M /GLy,, —— gl,/GL,

| l

Here p is the moment map, 7 is the embedding in (1.2) (disregarding the cohomological grad-
ing), and we identify gl5,,/GLay, >~ gla,/GL2, via the trace form. Thus, in view of (1.12), the
equivalence of Theorem 1.3 gives an instance of (1.11) of the form?

DP(£X/£"GLa,) ~ Coh(M/GLay,).

Remark 1.8. Our work suggests an interesting relationship between real groups and periods of
automorphic forms associated to the corresponding symmetric varieties, and we plan to investi-
gate this relationship in more detail. The case of the quaternionic group GL,,(H) is related to
the so-called symplectic periods and Jacquet—Shalika periods [JR92, JS90].

1.7 IC-stalks and Kostka—Foulkes polynomials

As an application of the proof of Theorem 1.1, we determine the stalk cohomology of the 1C-
complexes for the £7GL,, (H)-orbit closures in the quaternionic affine Grassmannian Gry, i and
the £ Spsy,,-orbit closures in the complex affine Grassmannian Gra,.

The £ GL,-orbits (respectively, £7GL,,(H) and £ Sp,,,-orbits) on Gr,, (respectively, Gr, g
and Gry,) are in bijection with the set of dominant coweights A" of GL,; see §4.4. For any
A€ A} we denote by Gr) (respectively, Gr;\lyH and Gr%‘mX) the corresponding orbit and by

IC(Gr)) (respectively, IC(Gr;\%H) and IC(Gr%,m y)) the intersection cohomology complex on the
orbit closure. We will write s#(F) for the ith cohomology sheaf of a complex F and #(F) for
its stalk at a point x.

For any pair of dominant coweights X, u € A}, we denote by K ,(g) the associated Kostka—
Foulkes polynomial with variable g. Denote by p, the half-sum of positive roots of GLi,.
A well-known result of Lusztig [Lus81] says that we have #*~2An)(IC(Gr))) =0 for 2ti and

S dim A2 (1C(GrY)) gt = ¢ AP K (g Y for e Grt,

3Here we have not been precise about cohomological degrees on the right-hand side.
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We have the following real and symmetric analogue.

THEOREM 1.9 (See Corollary 4.14 and Theorem 4.22). Let A\, u€ A}, For any x € Grﬁ,H and
Yy E Grgn y the following hold:

(1) 420 (IC(Gr) ) = A7 40P (IC(Cr3, ) = 0 for 41i;
(2) Sdim o IC(Gr) 1))g' = Sdim s T (IC(Gr), )t = gD P Ky (g

In other words, the theorem says that the IC-complex for th(ﬁJrGLn(H) and £K-orbit

closures Gr;\hH and Gré\n’ « have the same stalk cohomology as the Gr} ones for GL,,, but with
all degrees doubled.

Remark 1.10. To define the IC-stalk %’g}iIC(Gr%mX) at y € Gr’;n’X, we use the observation that

Grgn y has finite codimension in Gr%‘m y and hence the IC-stalk makes sense. This can be made

precise using the observation in [CN18] that the image £ SpQH\Gr%m y of the £ Sp,,,-orbits Gré\m x
in the quotient QSp(n)\Gray, is finite-dimensional with even real dimension and the collection
{£ San\Grémx})\eM forms a nice stratification of QSp(n)\Gra,. This allows us to define the

IC-complex IC(Grg‘m x) of Gré\m y (and hence the IC-stalks) as the IC-complex for the orbit
closure QSp(n)\Gr%n,X of QSp(n)\Gré\n’X inside Q2Sp(n)\Gray,.

Remark 1.11. We first prove Theorem 1.9 in the real case using the nice geometry of the
quaternionic Grassmannian Gr, i and then deduce the symmetric case via the real-symmetric
correspondence. At the moment, we do not know a direct argument in the symmetric case.

1.8 Outline of the proof

We briefly explain the proof of Theorem 1.1. Similar to the proof of the derived Satake for com-
plex reductive groups [BF08], the desired equivalence follows from the following two statements:
(1) the de-equivariantized extension algebra Exth aiq, ,\ar, ) (IC0, 1Co* O(Gr)) is isomor-
phic to the dg symmetric algebra Sym(gl,[—4]) (see Proposition 4.21) and (2) the dg algebra
RHompe(g+@, 1\Gr,x) (IC0, ICo x O(G},)) is formal (see Proposition 5.3).

We deduce (1) from a fully-faithfulness property of the equivariant cohomology functor. In
[BF08], this was proved using a general result of Ginzburg [Gin91], whose proof uses Hodge theory
and hence does not apply directly to the real analytic setting. We observe that in the situation of
the quaternionic affine Grassmannian, the stalks of the IC-complexes satisfy a parity vanishing
property and, as observed in [AR15], one can use parity considerations in place of Hodge theory.
To prove the parity vanishing result of the IC-stalks, we show that fibers of certain convolution
Grassmannians (which are basically quaternionic Springer fibers) admit pavings by quaternionic
affine spaces.

The proof of (2) in [BF08] also relies on Hodge theory (or theory of weights) and hence must be
modified in the real setting. We observe that the nearby cycles functor (1.1) induces a surjective
homomorphism from the dg-algebra RHompe g+, \Gr,,)(ICo, ICo x O(Gay)) associated to the
complex affine Grassimannian Gra, to the dg-algebra RHomps e+, .\Gr, ) (ICo, ICo x O(GR)).
Since the former dg-algebra is formal, thanks to [BF08], the desired claim follows from a general
criterion of formality; see Lemma 5.4.

Remark 1.12. We expect that the proof strategy outlined above is applicable to general real
groups: the parity vanishing, fully-faithfulness, and formality results should hold in general.
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1.9 Organization

We briefly summarize the main goals of each section. In §2, we recall some notation and results
on constructible sheaves on a semi-analytic stack. In §3, we study the spectral side of the
quaternionic Satake equivalence, including results on quaternionic groups, symplectic groups,
regular centralizers group schemes, and Whittaker reduction. In §4, we study the constructible
side of the equivalence, including the study of nearby cycles functors, parity vanishing results,
fully-faithfulness of the equivariant cohomology functor, and the computation of the IC-stalks
and the de-equivariantized extension algebra. Finally, in §5, we prove the formality result and
deduce the derived Satake equivalence for quaternionic groups, including a version involving
nilpotent singular supports (Theorem 5.5), and also the spectral description of the nearby cycles
functor (Theorem 5.7).

2. Constructible sheaves on a semi-analytic stack

We will work with C-linear dg-categories (see e.g. [GR17, Chapter 1, § 10] for a concise summary
of the theory of dg-categories). Unless specified otherwise, all dg-categories will be assumed to
be cocomplete, i.e. containing all small colimits, and all functors between dg-categories will be
assumed to be continuous, i.e. preserving all small colimits.

We collect some facts about constructible sheaves on a semi-analytic stack. Recall that a
subset Y of a real analytic manifold M is said to be semi-analytic if any point y € Y has a open
neighbourhood U such that the intersection Y NU is a finite union of sets of the form

veUlfily)=--=f(y)=0,01(y) >0,...,a(y) >0},

where the f; and g; are real analytic functions on U. A map f:Y — Y’ between two semi-analytic
sets is said to be semi-analytic if it is continuous and its graph is a semi-analytic set.

Let Grpd be the oco-category of spaces or, equivalently, oo-groupoids. Let RSp be the site
of semi-analytic sets where the coverings are étale (i.e. locally bi-analytic) maps {S; — S}ticr
such that the map | | S; — S is surjective. A semi-analytic pre-stack is a functor Y : RSp — Grpd,
and a semi-analytic stack is a pre-stack that is a sheaf. We will view any semi-analytic set as a
semi-analytic stack via the Yoneda embedding.

For any semi-analytic set Y, we define D(Y)=1Ind(D%(Y)) to be the ind-completion of the
bounded dg-category D?(Y) of C-constructible sheaves on Y. For any semi-analytic stack Y

we define D(Y) :=1im;D(Y’), where the index category is that of semi-analytic sets equipped
with a semi-analytic map to Y and the transition functors are given by !-pullback. Since we

are in the constructible context, l-pullback admits a left adjoint, given by !-pushforward, and it

follows that D(Y) = colim;D(Y). In particular, D(Y) is compactly generated. We let D(Y)¢ be
the full subcategory of compact objects and D*(Y) C D(Y) the full subcategory of objects that

pull back to an object of D*(Y") for any Y mapping to Y. Note that we have the natural inclusion
D(Y)¢ c D*(Y), but the inclusion is in general not an equality. For example, the constant sheaf
Cy € D(Y) for the classifying stack Y = B(GL;(C)) is not compact.

Let f:Y — Y be amap between semi-analytic stacks. We have the usual six-functor formalism
fes f'5 fe, f1, ®, Hom.

For a semi-analytic stack Y, with projection map p:Y — pt, and Fe€ D(Y), we will write
H*(Y, ) :=p.(F) for the cohomology of F. If Y is isomorphic to the quotient stack Y ~G\Y,
where Y is a semi-analytic set acted on real analytically by a Lie group G, we will write
H{E(Y,T) = (pBa)«(F) for the equivariant cohomology of F, where ppg:Y=G\Y — BG is the
projection map. When it is clear from the context we will abbreviate H*(Y, F) and H (Y, F) by
H*(F) and HE(F).
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For an ind semi-analytic stack Y = colim;Y; we define D(Y) =1im;D(Y;), where the limit is
taken with respect to the !-pull-back along the closed embedding ¢; i+ : Y; — Y, 0,4 € 1.

3. Spectral side

3.1 Quaternionic group

For any positive integer n, we denote by G,, = GL,,(C) the complex Lie group of n x n invertible
matrices and g,, = gl,,(C) its Lie algebra of n x n matrices. We write B,,, Ny, and T,, for the
subgroups of G, consisting of upper triangular matrices, upper triangular unipotent matrices,
and diagonal matrices, respectively, and write b,,, n,, and t,, for their Lie algebras. We denote
by W,, the Weyl group of G,, acting on t,, by the permutation action. We let ¢, =t,//W,,. We
will identify ¢,, with the space of degree n monic polynomials in such a way that under the above
identification, the Chevalley map x,, : g,, — 9,,//Gn =~ ¢, becomes the map sending a matrix to its
characteristic polynomial. We will fix the coordinates (cy, ..., ¢,) on ¢, given by the coefficients
of a degree n monic polynomial listed in increasing degree. We will identify g,, ~ g;, using the
trace paring g,, X g,, = C, (A, B) — tr(AB).

Let H={a+ib+ jc+ kd} denote the quaternions. Consider the quaternionic vector space
H™ where H acts via right multiplication. Let G, m be the Lie group of H-linear invertible endo-
morphisms of H", which can be identified with the space GL, (H) of n x n invertible quaternionic
matrices, and let g,, i be the Lie algebra of H-linear endomorphisms of H", which can be identified
with the space gl,(H) of n x n quaternionic matrices.

Using the identification C?" ~H" sending (z,w) — ¢ =z + jw for z,w € C", one can realize
Gnm as a real form of G,,. Specifically, the endomorphism of H" sending ¢ — ¢j corresponds to
the endomorphism of C?" sending

(z,w) = (—w, 2), (3.1)

and we can identify g, y and G as the subsets of g,, and Gy, consisting of C-linear endo-
morphisms of C?" that commute with the map (3.1). Equivalently, consider the 2n x 2n matrix

0 -Id,
S"_<Idn 0 >

where Id,, is the n x n identity matrix. Then the endomorphism 7 of g,, (respectively, Gay,)
sending X € g,,, (respectively, X € Gay,) to

U(X) = SnYSgl

defines a real form of g, (respectively, Ga,), that is, an anti-holomorphic conjugation on g,,,
(respectively, Gay), and g,y and G, are the n-fixed points in gy, and Ga,. Concretely, g,y
(respectively, G, i) consists of 2n x 2n matrices (respectively, invertible matrices) of the form

A B
-B A
where A, Beg,.

We denote by t,m C g, (respectively, T, m C Gpm) the Cartan subalgebra (respectively,
Cartan subgroup) consisting of matrices (respectively, invertible matrices)

A 0
0 4
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where A € t,,.

We denote by P, mw= My, uAnuN,u the standard minimal parabolic subgroup of G, i con-
sisting of invertible upper triangular quaternionic matrices and Pr = Mpu © apm BNy g its Lie
algebra.

3.2 Symplectic group

According to the Cartan classification of real forms, the conjugation 7 corresponds to a holo-
morphic involution 6 on Gy, (respectively, C-linear involution of g,,) characterized by the
property that 7o 6 =0 o7 is a compact real form, that is, the fixed-point subgroup (respectively,
subalgebra) of n,:=no6,

Ge=(Gan)™ (respectively, g, = (92,)™),
is compact. In our case, we will take 6 to be
0(X)=S,(X")"1S 1 (respectively, (X)=—S,(X")S1),
where X € Gy, (respectively, X € g,,,), and we have
Ne(X) = (Yt)_1 (respectively, 0(X) = —Yt),

and the corresponding compact subgroup G, = (Ga,)" is the group of 2n X 2n unitary matrices.
The f-fixed-point subgroup K = (G2,)? =Sp,,, is the symplectic group of rank n, and the
intersection
K.:=Spy, NG.=Sp(n)

is the compact symplectic group. The Lie algebras £ and €. consist of matrices

A B
c —At)”

where A, B, C € g, satisfy B= B! and C = C" for £ and the additional conditions A = —A? and
C = —B for ..

Recall the Cartan decompostion of the Lie algebra g, =€ @ p where p is the (—1)-eigenspace
of 6. The Cartan decompostion induces a decomposition tg, =t@® s where t=t5, Nt is a Cartan
subalgebra of £ consisting of diagonal matrices of the form

diag(hl, ey hn, —hl, ey —hn)
and s =19, NP C p is a maximal abelian subspace of p consisting of diagonal matrices of the
form
diag(s1, ... Sny S1y- -+, Sn)-

We denote by W the Weyl group of K and W = N (s)/Zk(s) the little Weyl group. We have
Wa~W, x {£1}" and Ws~W,,. We let ¢ =1t//W. Then the natural inclusion t — to,, gives rise
to an embedding
c=t//W —t3,//Wap, = cop, (3.2)
whose image consists of monic polynomials of degree 2n with vanishing odd terms.
Finally, we denote by X =G9,/K and X.=G./K. the symmetric space and compact
symmetric space associated to K and K..

3.3 Notation related to root structure

Let A, = Hom(C*, T,,) be the coweight lattice of T, and let A} be the set of dominant coweights
with respect to Bj,. Let 2p,, be the sum of the positive roots of G, and let (), 2p,,) € Z be the
natural paring for a coweight A € A,,.
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Let S C T be the maximal split torus corresponding to the maximal abelian subspace s C p,
let Ag =Hom(C*, S) be the set of real coweights, and let A; =AgnN A;n be the set of dominant
real coweights. There is a natural identification S ~T,, sending diag(si,...Sn,S1,...,58n) to
diag(s1, . .., s,) and hence natural identifications Ag ~ A, and AL ~ A,

3.4 Regular centralizers

3.4.1. Recall the group scheme of centralizers I,, — g,, whose fiber over x € g,, is the cen-
tralizer (G,,)* ={g € Gy |Ady(x) =2} of z in G,. Let gn® Cg, be the open subset of regular
elements in g,,. It is shown in [Ng606, § 3] that the base-change I, |gres — gn° is a smooth group
scheme over gy, ® which descends to a smooth group scheme .J,, — ¢,, over c,, known as the group
scheme of regular centralizers.

3.4.2. Consider the embedding

0 Id,
T 9n — Jon> T(C) = (O 0 > . (33)

Note that the map 7 is G-equivariant, where GG, acts on g,,, via diagonal embedding ¢ : G,, —
Gay. Thus it induces an embedding on the invariant quotients (denoted again by 1),

Titn=0,//Gn = Gon//Gon >=con, T(c1,...,¢n)=1(0,¢1,0,¢c2,...,0,¢,), (3.4)

whose image consists of monic polynomials of degree 2n with vanishing odd terms. Note that
the image of 7 is equal to the image of the map ¢ =1t//W — cap, = ta,/ /W2, in (3.2), and hence
there is a natural identification

c~cy (3.5)

such that 7: ¢, ~¢— cop.
Recall the group scheme of centralizers I,, (respectively, I2,) over g, (respectively, g,,) and
the group scheme of regular centralizers J,, (respectively, Jo,) over ¢, (respectively, ¢ay,).

LEMMA 3.1. There is a natural closed embedding of group schemes, J, — Jo,, that fits into a
commutative diagram

Jn - J2n

l L (3.6)

Cn > Con

where the bottom arrow is the map in (3.4).

C 0
the centralizer (G, )" of x in Gy, is abelian. By direct calculation, the inclusion G,, — G, takes
the centralizer (G,)¢ of C' in G,, into the centralizer (Ga,)*, and hence (G,)¢ is also abelian.
Hence the characterization of regular elements for g,, implies that C € g, ®. On the other hand,
if C' € g, 2, then without loss of generality we can assume that C is a companion matrix, and an
easy computation shows that z is in gy (see (3.8)). The claim follows.

Proof. We first claim that 7(gn®) =gy N7(g,). Let z=7(C) = <0 Id"). If 2 is in g5, then
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Let In® = In|gys and I* = Ion
diagram as follows.

Then the claim implies that we have a commutative

reg ,
G2n

reg reg
I n I 2n

j l (3.7)

reg T reg
n Yon

Since Joy, > 5,8/ /Gay is the descent of I ¢ along the map gs,° — oy, the restriction Jop |, is

n
the descent of Iy ?| = along the map gn® — ¢p:

Jonle, = (Igig//Gzn)hn = ;Zg

g%eg//Gn.

Since the maps in (3.7) are compatible with the natural G,,-action and the desired map is the
map on the GIT quotients,

Jn =18 |Gy, — I8

gﬁfg//GnZJQn’cn-

3.4.3 Kostant sections. We give an alternative construction of the map J,, = Jop, in (3.6)
using Kostant sections.
Consider the following two ordered bases of C?": the standard basis {e; = (1,0,...,0),...,

e =1(0,...,0,1)} and the Dbasis {w;=ej,wa=e¢€3,..., Wy ==€ap_1,Wnt1 = €2, Wnt2=
€4,..., Wy =e€2,}. Let P € Gy, be the matrix associated to the linear map w;+ e; in
the basis wq, ..., wy,.

For any positive integer s, consider the Kostant section kg :¢s — g, for G given by

0 1
: 0 "
rs(c)=| ~ , c=(c1,...,C5) ECs.
' 1
—Cg —Cs—1 e —C1
A direct computation shows that
0 1
0 R . 0 Idn -1
. =P <C D ) P
—Cpn —Cp-1 ... —C
where
0 1 0 0 0
C= 0 , D= : 0
1 0 0 0
—Cop —Con—2 —Co —Cp—-1 —Cp-3 ... —C
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It follows that for any ¢=(c1,...,¢,) € ¢, with 7(¢) = (0, ¢1,0,¢2,...,0,¢,) € ¢y, we have
0 1 . e e 0
0
B 0 Id,\ 1
—p (Hn(c) . )P . (3.8)
1
—c, 0 —cpnq 0 0 —C

Thus there is the following commutative diagram.

reg T reg
9,0 — 9o

Kn T ]Ad;l OKan (39)

Cp —C2p

In particular, we have
TOKp ity — gy
The pullback of the group scheme I, ¢ along the map above 7 o £, is isomorphic to
(0 )" (155) 2 ((k30)* A+ (2, = () (L5, = oo
and the desired map is given by pullback of (3.7) along the map 7 o k,,:

In 2 K (I%%) — i, (I | gree) = (7 0 in) " (13,°) == Jan

. (3.10)

3.4.4. The identification ¢~ ¢, in (3.5) gives rise to a map
t—=cx~e,

sending (t1,...,tn, —t1,..., —ty) € t to the coefficients (c1, ..., ¢,) € ¢y, of the monic polynomial
f(z) =TI, (x —t?) of degree n. We shall give a description of the pullback

In X, t— Jop, X, t (3.11)

of (3.6) along t — ¢,,. Consider the map

t1 1

T T 0 t2 . .

e ity = G, € (1) = ,  t=diag(ty, ..., tay). (3.12)
; |
0 ... 0 to,

Note that the image of e’ consists of regular elements. We have a commutative diagram

eTon
t2n > Jon

Con — C2p
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where the vertical arrows are the natural adjoint quotient maps. If follows that there is a canonical
isomorphism

Jon X eom to, ~ (eT)*IQn = (G2n X t2n)eT2n

where (Gap, X t2,)¢"" = {(g,t) € G2y X ta, | Ady(e™> (t)) = ™2 (t)} denotes the subgroup scheme
of the constant group scheme Go,, X to, over to, of centralizers of the section elan,

Consider the restriction e’ = e’ | : t = gs,,. Concretely, we have
11 1 0 e 0
0
Titosgy, =) W " |, t=diag(ty, .t —t1 .. —ton).
. T _tl t. . 0
- .
0 0 *tn
(3.13)
It is clear that
Jon X ey, £t (€7 Inp = (Gan X ).
Consider the map
21
T T Do
ex t—g,, ex(t)= 2 : (3.14)
0 0 2

The image of e;@ consists of regular elements, and we have the following commutative diagram.

%
t—>gn

e

¢ n c’!l,

It follows that we have a canonical isomorphism
Jn X, t (€X) L = (Gn x )%

of group schemes over t. For any ¢ € t, we have

21
. 2 .
Toeﬁxt)==<g, I%”>, C=|" € N : (3.15)
: o1
0o 0 ... ¢

Note that the elements 7oek(t) and e’(t) are regular and have the same characteristic

polynomial and hence lie in the same Ga,-orbit. Pick an element g; € G, such that

' (t) = gi(To ek (t))g; -
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Then the conjugation map Ad,, :ng%ng,g%gtggt_l restricts to a map between the
centralizers,

(Gp)ex® LA (Gan)®" Aigt (Gan)®™ @,

Since centralizers of a regular element form a commutative group, the map above is independent
of the choice of the element ¢g; and hence is canonical. Then, as ¢ varies over t, we obtain a map
between the corresponding centralizer group schemes,

T Xe t22 (G X 0% = (Gap X 1) = Jop Xe 4, (3.16)
which is the map in (3.11).
Alternatively, the assignment t — g; gives rise to an element

T

where we set Rp=0(t). If we regard the maps e’ and T06§ as elements in g, ® Rr,

we have
el =d(roek)dteg,, ® Ry (3.17)
(we will give a canonical construction of the element ®; see Remark 5.2). Then the
composition
Adgod:Gy x t—Gap xt, (g,t) = ®()(6(9))d (1)

restricts to the map (3.16) between the corresponding centralizer group schemes.

3.5 Dual group

In [Nad05], the author associated to each real form Ggr of a complex reductive group G, or
equivalently a symmetric space X of G, a complex reductive group Gx together with a homo-
morphism 6 : Gx — G. In the case of G = Ga, and Gg = Gnm, or equivalently X = G2, /Sp,,,
we have G = G, and Gx = G,,, and the homomorphism is the diagonal embedding

51 G Gony 5(A) = (6‘ g) . (3.18)

Let P = LN be the complexification of the minimal parabolic P, i. The Levi subgroup L consists
of matrices of the form

A B
Consider the principal SLs of L given by
a b A B
sston w(® )=(4 7).

where A = ald,,, B = bld,,, etc. The restriction of ¢ to the torus G,, C SLs is the co-character
201 : G — L, 2pp(h)=diag(h,...,h,h™t, ... h7Y)

A, B,C,and D are diagonal matrices}.

corresponding to the sum of the positive roots of the Levi factor L. A direct computation shows
that the image 1 (SLg) C Ga, centralizes the subgroup 0(G,) C G2, and hence we obtain a
homomorphism

Yx :Gx x SLa = Gan,  ¥x(g,y) = 3(9)¥(y). (3.19)
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3.6 The partial Whittaker reduction

Consider the identification T*Gyy, >~ Ga, X g3, by considering g5, as left-invariant differential
forms on Ga;,. The group G, X G, acts on Go,, via left and right multiplication, and the induced
action on T*Gay, =~ Gay, X g3, is given by (g, h)(z,v) = (gxh~1, Adjv). The moment map (p, ) :
T*Gayn — g5, X g5, with respect to the G, X Gap-action is given by (p, pr)(z, v) = (Adgv, —v).

Consider the Shalika subgroup G,, X U and the generic morphism % in (1.13). Let g,, X u be
the Lie algebra of G,, X U. Then one can view 1 as an element ¢ = (0, —tr) in g x u*:

(¢ - 9)-vo

The moment map for the right G,, x U-action on T*Gy, is given by
pT*Gon B g5, — g xu*

where p, is the right moment map above and the second map is the natural restriction map.
The partial Whittaker reduction M of T*Gs, with respect to the right G,, x U-action is given
by

M =T*(Gopn/Gp x U, 9) := (1) /Gy x U.

LEMMA 3.2. There is an isomorphism M ~ Gy, x% g, fitting into a commutative diagram

M—Z> G2n XGn On

L]

M ~
Yon 9on

where the left vertical arrow is the left moment map p;, the bottom arrow is induced by the
trace pairing (A, B) — tr(AB), and the right vertical map is given by

0 Id,
(z,C)— Ad, (C O>'

Proof. We will identify g3, with g,,, via the trace pairing. The pre-image of ¢ = (0, —tr) € g} x u*
in g5, ~ g9, is given by
. A —1d
g2n,w:_{<c _An>‘A,C€gn},
and it follows that

M =t () /G < U = iy (g5, G ) U 22 G XY (= g3, )
(recall that u,(x,v) = —v). On the other hand, a direct computation shows that the action of
U on —gzrw is free and any U-orbit on — ggmw contains a unique element of the form <g I%")
with C € g,,.# Thus there is an isomorphism

M =~ Gy, xG*V (—83n.0) = G2n xGn g

n

such that the left moment map is given by u;(z, C) = Ad, (g I%"). The lemma follows. 0
4 . Id,, 0 A Id, Id,, 0\ A-X 1d,
Indeed, this follows from (X Idn> (C’ —A) (—X Idn)_(C’—&—XA—i—AX—XQ X—A)'
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4. Constructible side
4.1 Twistor fibration

Consider the complex projective space P?*~! and the quaternionic projective space HP" ! Recall
the identification C?" ~H" sending

(Zaw):(zlw-wzmwl?-‘-awn)_>z+jw:((h:Zl+jw1w-an:Zn+jwn)-

If to each complex line in C?" ~H" we associate the quaternionic line it generates, we get
a map

foPmt S P [zow] = g, - Gl (4.1)

between the corresponding complex and quaternionic projective spaces, called the twistor fibra-
tion for HIP"~1. The fiber of f over a quaternionic line (a copy of H ~ C?) consists of all complex
lines generating that quaternionic line, which is a copy of P! ~ S§2. Thus the twistor fibration f
is a fiber bundle with fiber P!. In the n =2 case, we have HP" ! = HP' ~ S* and the map (4.1)
is the well-known twistor fibration

f:P3 54

for S*.
Consider the standard action of the complex torus Th, (respectively, T;,) on P?n—1
(respectively, HP"1):

T2y, 200 = [1121, - - o, Tonzon], = (21,...,72,) € Ton
(respectively, x-[q1,...,qn]=[T1q1,- .-, Tngn), x=(x1,...,2) €ETy).

Then the twistor map f : P2*~1 — HP" ! is T),-equivariant, where T}, acts on P2"~1 through the

embedding
Tn;TmHCTQn, (.Tl,.. .,xn)—> ($1,.. R N 7S P ,fn)
(recall that T, i is the Cartan subgroup of Gy, ). Indeed, for any x = (z1, ..., z,) € T, we have
flx-[z,w]) = f([z121, . . ., Tp2p, Trw, . .., Tpwy]) = [T121 4+ JT1w1, - ., T2y + JZnwy]
=[r121 + T1jwi, ..., Tp2Zn + TpJwp] =2 [q1, - - -, Gn)-

4.2 Equivariant cohomology of quaternionic projective spaces

Consider the inverse action of Ty, on P?"~1 .5 Recall the following well known description of the
Th,-equivariant cohomology of P21

Hy, (P71 = Clty, ..., t2n][€]/ H(f — i) (4.2)

where
£=cl(0(1) € H, (B )

is the first equivariant Chern class of the line bundle O(1) over P?"~! and Hy, (pt) =~ O(ton) ~
Cltyy ..., top]-

5The reason to consider the inverse of the standard action will become clear later; see the proof of Lemma 4.9.
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The imbedding T}, ~ T}, g C Toy, gives rise to a map Hy, (pt) — H7, (pt), and a direct compu-

n

tation show that under the isomorphism C[ty,. .., t2,] ~ H}, (pt) and C[ty, ..., t,] ~ H7 (pt),
the map is given by

C[tl, e ,tgn] — C[tl, S ,tgn]/(tl +tnt1,t2 +tnt2, -, tn + tgn) ~ (C[tl, R ,tn].
It follows that

n

Hj, (B Y Hpy, (") @y Hi, (08) = Cltr, .. )16/ [ (2 8). (43)
=1

Similarly, we consider the inverse Tj,-action on HP" 1. Let O (—1) be the tautological H-line
bundle Oy(—1) over HP" L. It is canonically T},-equivariant, and we denote by

n=—e""(0p(-1)) € Hy, (HP" )

the negative of the equivariant Euler class of Og(—1).

LEMMA 4.1. There is an isomorphism

n

Hi, (HP" ") = Clta, ... ta)m)/ [ [ (=)
i=1

making a diagram commute

H, (HP"™Y) H;, (P*1)

- -

Cltr, -l )/ TTizy (n = £8) — Clta, Ll [€]/ TH (€2 = £)

where the bottom arrow is the natural C[ty, . . .t,]-linear embedding sending n to &2, that is, we
have f*(n)=¢&2.

Proof. The T,-fixed points on HP" ! are py=][1,0,...,0lm, p2=1[0,1,0,...,0]g,...,pn=
[0,0,...,0,1]g. Write s;:{p;} — HP"! for the inclusion map. Then equivariant localization
says that we have an injective map of rings

Loc=@P s : Hy, (HP"') — RE™.

The fiber of Og(—1)|,, over p; is the H-line spanned by the ith coordinate vector of H", and hence
the action of T}, factors though the ith projection T;, — Gy, (z1, ..., z,) — x;. It follows that,
in terms of the coordinate C? ~ Oy(—1)|p,, (2i, w;) = 2; + jw; (and hence a chosen orientation),
the (inverse) action is given by x;(z;, w;) = (x; '2;, Z; 'w;)) and hence

s{ () = 57 (=" (0 (=1))) = —e™ (Ou(-1)|p,) = 1t7.

Thus we have
Loc(n) = Loc(—el" (Op(—1))) = (£3,...,t2) € R%l,

and it follows that Loc( ], (n —t2)) = 0; as Loc is injective, this implies [}, (n — t?) =0.
To see that f*(n) =£2, we observe that the pre-image f~!(p;) is isomorphic to the projec-

tion line P! = [2;, w;] CP*"~1. The T,-action preserves P! and is given by (x1, ..., xy)[zi, wi] =

[2; 12, #;'w;]. The localization map Loc : H; (P~ 1) — @ Hj, (P}) =Clt][&]/ (6 —t7) is
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injective and we have Loc/(£2) = (€2,...,£2). On the other hand, we have
Loc/(f*n) = f*(Loc(n)) = f* (. ..., ) = (1. ..., 1) = (&.- ... &) e D H, (B))
as £ =t7 in Hj, (P}). We conclude that Loc’(£?) = Loc(f*n) and hence &2 = f*1. 0

Remark 4.2. Here is an alternative argument. One can show that there is an isomorphism of
T,-equivariant complex vector bundles

from(=1)=0(-1)®0(-1)

over P?"~1 Here O(—1) is the complex conjugate of O(—1) (note that a choice of a hermi-
tian metric on O(—1) induces an isomorphism O(—1)~0(—1)¥ ~0O(1)). Since e’ (O(-1)) =
—eT'(0(—1)) = —¢, it follows that

Frm)=—F("(0r(-1)) = —e"(0(-1) ® O(-1)) = " (0(~1))* = .
Now the lemma follows from the fact that f*:Hr (HP" 1) — Hr (P27=1) is injective and
Pl =) =TTis (fn —£7) =TT, (€2 —13) =0 in Hy, (P**71).
Consider the pushforward functor f; : Dan (P2r—1) — Dan (HP™ 1),
LEMMA 4.3. We have that f.(Cpza-1) >~ Cypn—1 @ Cypn-1][—2].

Proof. Since f is a P!-fibration, we have a distinguished triangle
CHPnfl % f* ((CIPZn—l) % CHPH71 [—2} % (CHIPWL71 [1]
and we need to show that it splits. But this follows from

HOm(CH]mel [—2]7 CH]mel [1]) ~ Eth (CHIPML—17 CH]Pm—l) ~ H%n (H]P)TL*].) — O D

4.3 Two bases

Consider the subvarieties P! ={[z1,...,2;,0,...,0]} CP?"! for i=1,...,2n. If we write
[Pi-1] € H]2», (P2n1) :H%Zn_zi(}}”%_l) for the corresponding fundamental class in the equi-
variant Borel-Moore homology, then the collection {[P'~!]};,—1 2, forms a basis of the free
Rr,,-module Hf, (P27=1). Moreover, one can check that the image of the fundamental class
[P“~1] under the identification (4.3) is given by

Y:Hy, (P ~=Cltr, . .., tan] €]/ T [ (€ — 1),
) 2n
TP 'h=1, TP =[] ¢—t) fori=1,...,2n-1.
s=i+1
Consider the subvarieties HP' ™' = {[q1,...,¢,0,...,0]} CHP" ! for i=1,...,n. If we write
[HP' ) € Hy g7, (HP" )~ 1 42 4(P2n—1) for the corresponding fundamental class in the
equivariant Borel-Moore homology, then the collection {[HPi_l]}izlw,n forms a basis of the
free Ry, -module Hy. (HP™1). Moreover, one can check that the image of the fundamental class
[HP'~!] under the identification in (4.1) is given by

n

Yu: Hf, (HP"')=Clty, .. ,tn][n]/H(n—t?),

Ta([HP ') =1, Ya(HP )= ] h-12) fori=1,...,n—1.

s
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The isomorphism f,Cpzn-1 >~ Cypn—1 & Cypn—1[—2] gives rise to a decomposition
Y Hy, (HP") @ Hy 2(HP" ) ~ Hy, (P ~Clty, ..., t /H €2 —12),

and one can check that the image of the basis {[HP'~']} U {[HP'~1][2]} of H}n(HPn_l)@
H;:Q(]HHP”_l) under the map above is given by

n

Y(HP ') =1, Y(HP )= ] (-t) fori=1,...,n—1,

s=i+1 (44)
T(HP™ 2] =¢, TY/(HP L2 =¢ H —t2) fori=1,...,n—1.
s=i+1
LEMMA 4.4.
(1) In terms of the ordered basis {[P°], [P'],...,[P?"]}, the cup product action ¢'*"(O(1))U
(—) € Endg,, (Hj (P?""1)) is given by the e]ement el in (3.12):
t1 1
Lo | 0 t2
; o1
0 ... 0 o
(2) In terms of the ordered basis {[HPY][2], ..., [HP"!][2], [HPY], ..., [HP" ']}, the cup product
action ¢1*(O(1)) U (—) € Endg,, (H7, (P?n=1)) is given by the element 7o ek in (3.14):
21
0 Id, Dt}
: -1
0o 0 ... ¢

Proof. The cup product action is given by mutiplication by £ and the claim is a straightforward
computation. O

4.4 Complex and quaternionic affine Grassmannians

We denote by Gra, = £G9,/£1Ga, the complex affine Grassmannian for Gs,, where £Gs, =
G2,(C((t))) and £1Ga, = Ga,(C[[t]]) are the Laurent loop group and Taylor arc group for
Gon, respectively. We denote by D?(£+Ga,\Gra,) the dg-category of £ Gay,-equivariant con-
structible complexes on Grs, and by Perv(Grs,) the abelian category of £ Go,-equivariant
perverse sheaves on Gra,.

We denote by Gry, g = £G),u/ LT Gy, m the real affine Grassmannian for the quaternionic group
Gyu, where £G, m=Gru(R((t))) and £G, u=Gnu(R[[t]]) are the real Laurent loop group
and real Taylor arc group for Gy, . The £ G,, g-orbits on Gr,, g are of the form Gr;\LH =L Ghm-
t* where (A : G,,, — S) € AL is a dominant real coweight. By [Nad05, Proposition 3.6.1], each orbit
GrnH is a real vector bundle over the quaternionic flag manifold G, /P o Of real dimension

2(X, pan). We denote by Db(£+Gn,H\GrmH) the dg-category of £7G,, g-equivariant constructible
complexes on Gry, . Since (A, pan) =4(\, pn) € 2Z for all A € AL (in the second paring we regard
A as an element in A,,), all the orbits Grz,H have real even dimension, and hence middle perversity
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makes sense and we denote by Perv(Gr, m) the category of £+Gn7H—equivariant perverse sheaves
on Gry, g. Note also that, as Pg"H is connected, all the G, g-equivariant local systems on Gr;\%H are
trivial and hence the irreducible objects in Perv(Gr,, i) are intersection cohomology complexes
IC), =1C(Gr) ), A€ A, for the closure Gr)) i C Gry .

Like in the case of complex reductive groups, there is a natural monoidal structure on
Db(£*G,1\Gry, 1) given by the convolution product: consider the convolution diagram

q ~ +
Gl“n’]H[ X GI"mH & SGn’H X GrmH — GTH,HXGFH,H = SGTL,H ><2 Gna GrmH ﬂ) GI‘n,H

where p and ¢ are the natural quotient maps and m(z,y mod £¥G,n)=2zy mod £tG, u.
For any JF1, ¥, € Db(2+Gn7H\Grn7H), the convolution is defined as

F1x Fy = my(F1XT)

where FXF, € Db():*Gn,H\Grn’H X Gry, i) is the unique complex such that ¢* (fr"l@?g) ~p*(F1 K
F).

4.5 Real nearby cycles functor

We shall recall the construction of the real nearby cycles functor in [Nad05]. Consider the

Beilinson—Drinfeld Grassmannian Grgi) — C over the complex line C classifying a Ga,-bundle

€ —C, a point x €C, and a section v:C\ {£z} = €|\ {44 It is well known that there are
canonical isomorphisms

Grgi) |10y = Gron,

It is shown in [Nad05, Proposition 4.3.1] that the real form G, u of Ga, together with real form
(2)

iR of C (corresponding to the complex conjugation x — — on C) defines a real form Gr, i — iR
of Grgi) such that there are canonical isomorphisms
Grg%ﬂ{o} ~ Grn7H
2 .
Gr2hlie (o) = Gr2n x (IR {0})

Consider the following diagram.

Gy, x iR —== G2k [im., —= Grlhlim., =— Gil|(o) <= G

| | |

i]R>O iREO {O}

Note that the maps in the above diagram are all K.-equivariant, and we define the functor
R': DY(K.\Gra,) — D (K \Grp, 1)
by the formula
R'(F) =i"j.(F R Cig.,)- (4.5)

By [Nad05, Proposition 4.5.1], the functor R’ takes £1Ga,-constructible complexes to
£+ @G, g-constructible complexes. Introduce the subcategory D({’ P GH,H}(KC\GYH’H) (respectively,
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Dl{’£+G2n}(GC\Gr2n) and Dl{’yG%}(KC\Gr%)) of Db(KC\Grn,H) (respectively, D°(G.\Gra,) and
DY(K.\Gra,)) consisting £1 G, mg-constructible complexes (respectively, £%Gay,-constructible
complexes). Since the quotients £1Ga,/G. and £7G, u/K. are contractible, we have
natural equivalences Dl{’ﬁGn‘H}(Kc\Grn’H) :Db(S“'Gn,H\GrmH) and D?MG%}(GC\GrQn) ~
D?(£% G4, \CGray,), and the nearby cycles functor R’ above induces a functor

R': Digig, 3 (K\Gran) = Digi g, 3 (K\Gr ) ~ DY (€7 G\ Gro ). (4.6)
Finally, the real nearby cycles functor is defined as

R : D*(£7Gay\Cran) = Dl o, 1(Ge\Cran) = Digig, y(K\Gray) B D&+ Ghp\Grng) (4.7)

where the middle arrow is the natural forgetful functor.
The following properties of Perv(Gr, ) and R can be deduced from [Nad05].

PROPOSITION 4.5.
(1) There is a tensor equivalence Rep(Gy,) ~ Perv(Gry, i) sending the irreducible representation

V) of G,, with highest weight \ € Ag to IC,.
(2) The real nearby cycle functor R preserves semisimplicity, that is, we have

R(F) ~ @ PH"R(F)[—n]
neEL

for any semisimple complex F in D?(£¥ Gy, \Gray,).

(3) Consider the monoidal subcategory
Perv(Grpm)z == @ Perv(Gry, m)[n] C D)b:+Gn,H(Grn,H)-
neL
The real nearby cycle functor restricts to a monoidal functor
"R=EPPH"R(F) : Perv(Gra,) — Perv(Grnu)z
neL

such that there is a commutative diagram

Perv(Gra,) R Perv(Gr,m)z

)

Rep(Gan) — Rep(G,, x Gp,)

where the vertical tensor equivalences come from the complex and quaternionic Satake
isomorphisms (part (1)) and the bottom arrow is the restriction map to the subgroup G, X
G, C Goyp, as in §3.5.

Proof. Part (1) is proved in [Nad05, Theorem 1.2.2], and part (3) is proved in [Nad05, §10.3].
To prove part (2), it suffices to show that R(IC,) is semisimple for all dominant A. It is
shown in [Nad05, Corollary 1.2.1 and §6.4] that R is monoidal and that given two semisim-
ple objects F1 and F9 in the essential image of R, the convolution F1 x Fo is again semisimple.
Let wy and e (respectively, w] and €’) be the highest weights of the standard representation
and determinant character of G,, (respectively, Gay,), respectively. Since Rep(Ga,) is tensor-
generated by the standard representation V, and the determinant character V., it suffices to
show that R(IC,;) and R(IC.) are semisimple. It follows from part (3) that PR(IC. ) ~ICy,
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and PR(IC,;) ~1C,, ®1C,, where IC,, is the IC-complex of Grsz:HIP’T“l. Since the Gy,-
weights of deta, and V,,, with respect to the co-character G,, ~ {e} x G,, C G, X G, C G2, in
part (3) are equal to 0 and {1, —1}, respectively, this implies that R(IC. ) ~PR(IC. ) ~ICy,
is a simple perverse sheaf, and R(IC,;) admits a filtration with associated graded given
by 1Cy, [1] ® IC,, [—1]. Since Ext!(IC,,[1],ICy, [1]) = Ext*(Cgpn-1, Cygpn—) ~ HE _(HP" ') C
H3 (HP™ ') =0, it follows that the filtration splits and hence that R(IC,;) ~IC,, [1] & IC,,, [~1]
is semisimple. [l

In the course of the proof, together with Lemma 4.3, we have shown the following.
COROLLARY 4.6. There is an isomorphism R(IC,,) ~ f.(ICp2n-1) >~ ICypn-1[1] & ICypn-1[—1].

Remark 4.7. In Theorem 5.7, we will give a spectral description of the nearby cycle functor R on
the whole derived category (not just its restriction PR to the subcategory of perverse sheaves).

Recall the nearby cycles functor R’: Dl{’ﬁG%}(KC\Grgn) _>Dl{)£+Gn,H}(KC\GrmH) in (4.6).
It extends to the ind-completion (denoted again by R’)

R':Ind Dy ¢, (Kc\Gran) = Ind D 3 (Kc\Grpm)-
LEMMA 4.8. The functor R’ admits the left adjoint

LR’ :Ind D?MGHYH}(KC\Grn,H) —Ind Dg£+G2n}(Kc\Gr2n).
Moreover, we have 'R/(Cqy, ) ~ Car,, -

Proof. By [Nad05, Proposition 4.5.1], the ind-proper family Grr%%I — iR> is a Thom stratified

map with respect to a Whitney stratification T on Grfﬁﬁ_ﬂ and the stratification iR~o U {0} on
iR>o such that T restricts to the LT Gy -orbits stratification on the generic fiber Gra, and to
the £7G,, g-orbits stratification on the special fiber Gr, . The construction in [GMS83, §6],
together with the results in [PW19, Theorem 1.1] (extending Mather’s theory of control data to
the equivariant setting), implies that the nearby cycles functor R’ is isomorphic to the functor
given by s-pushforward along a K -equivariant specialization map v : Gra,, = Gry, m, and hence
admits a left adjoint given by the s-pullback ¢*. It is clear that ¥* sends constant sheaf to
constant sheaf. The lemma follows. O

4.6 Equivariant homology and cohomology of affine Grassmannians

4.6.1 We reviewed the description of the equivariant homologies H1*"(Gra,,) and Hl*(Gr,, 1)
of Grg, and Grpp in [O’Br23, YZ11]. Recall that for an ind-proper semi-analytic set ¥ =
colim;Y; acting real analytically by a Lie group G, the G-equivariant homology HS(Y) of Y
is defined as HY(Y) :=colim;H}(Y;, w;), where w; € D(G\Y;) is the dualizing sheaf of G\Y;
and the colimit is induced by the natural adjunction map (¢4 )«w; = (4ii)1iw; — wir, and the
G-equivariant cohomology H(Y') of YV is defined as H(Y) :=1lim;H (Y;, C), where the limit
is induced by the natural restriction map H (Y, C) — Hf(Y;, C).

Let £ be the determinant line bundle on Gra, and let ¢12*(£) € H3 (Gry,) be its equivariant
first Chern class. It is shown in [YZ11, Lemma 2.2] that there is an isomorphism of functors

Hf, (Gran, —) ~ H*(Gra,, —) ® Ry, : Perv(Gra,) — Rr,,-mod (4.8)

induced by the canonical splitting of the MV-filtration associated to the semi-infinite orbits
Sé\n, the £Ng,-orbits through A € Ag,. (Recall that N, C Go, denotes the subgroup of upper
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triangular unipotent matrices.) Moreover, the isomorphism respects the natural monoidal struc-
tures on Hy, (Grap, —) coming from fusion and the one on H*(Gra,, —) ® Rr,, induced from

H*(Gra,,, —). The cup product action Acl*"(£) on Hf, (Grap, F) for F € Perv(Gra,) gives rise

n

to a tensor endomorphism of Hr, (Grap, —) and hence, by the Tannakian formalism, gives rise

n

to an element ¢’ € gy, ® Rr,, . One can regard the element ¢’ as a map
sty = g (4.9)

The equivariant homology HI*"(Gra,) is a commutative and cocommutative Hopf algebra over
R, , and there is an isomorphism of group schemes

Spec(H 2" (Grap)) ~ (Gan X ta,)¢ " (4.10)

where (Gay, X tgn)cTQ" is the centralizer of ¢’2n in Go,, X ton,.

We have a similar result for quaternionic Grassmannians. Let Ly be the quaternionic deter-
minant line bundle on Gr, g and let p’ (Ly) € H%C(Grn,H) be its equivariant Pontryagin class. It
is shown in [O’Br23, Theorem 3] that there is an isomorphism of functors

Hi (Grpm, —) ~ H*(Grym, —) ®c Ry : Perv(Gr, m) — Rr-mod (4.11)

induced by the canonical splitting of the real MV-filtration associated to the real semi-infinite
orbits Sf{,m the £V, g-orbits through A € Ag. Moreover, the isomorphism above respects the nat-
ural monoidal structures on Hy, (Gry, m, —) coming from fusion and the one on H*(Grym, —) ® Rr
induced from H*(Gryp, —). The cup product action of p?(Ly) on Hr (Grpm, ) for Fe
Perv(Gry, m) ~Rep(G),) gives rise to a tensor endomorphism of H7(Gr,m, —) and hence an
element p§ €9, ® Rr. Let

pkt—g, (4.12)

be the corresponding map. The main result in [O’Br23, Theorem 9 and Corollary 1] says that
there an isomorphism of group schemes

Spec(HT (Gryp)) = (Gy x t)PX (4.13)

where (G, X t)p§ is the centralizer of p§ in G, x t.
Recall the maps e>» and €% introduced in (3.13) and (3.14), respectively.

LEMMA 4.9. We have ¢'>» =eT>» and p§ = —e% Thus there are isomorphisms of group schemes

Spec(HfZ” (Gr2n)) = (G2n X t2n)6T2n = J2n Xeom t2na

Spec(HI (Grpm)) ~ (G, x t)e)Tf ~ Jp X, t
over ta, and t, respectively, and isomorphisms of group schemes

HE(Grap) o H (Grapn)Vor o (Jon X ey, ton) V2" = Jop,

HE(Grpp) ~ H (Crpm)V ~ (J, xo, OV ~J,
over cop, = to,//Way, and t/ /W ~ ¢, respectively.

Proof. The result follows from the computations in [YZ11, §5] and [O’Br23]. We give an
alternative (and more direct) proof using the computation in §4.3.
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It suffices to show that the element
cPor = e (L) U (=) € End(H}, (Grag, ICy;)) ~ End(H*(Grag, ICy;) ® Rr,,)
~End(V,; ® Rr,,) ~ g9, ® Ry
(respectively, pk =p? (Lg)U (—) € End(H7 (Grpm, ICy,)) ~ End(H* (Grpm, ICy, ) ® Ry)
~End(V,, ® Rr)~g, ® Rr)

is given by e’ (respectively, —e§). We have the following observations:

(1) there is a Ty,-equivariant (respectively, T.-equivariant) isomorphism Gr;% ~ p2n—l
(respectively, Gr‘;jH:HIP’”_l), where Ty, (respectively, T.) acts on P?"~! (respectively,
HP" 1) via the inverse of the natural action;’

(2) the restriction L|er{ (respectively, LH|Gr‘;}H) is isomorphic to O(1) (respectively, Om(1), the

H-dual of the Og(—1));

(3) the composed isomorphism

Ry, ® Vi ~ Ry, @ H*(Grap, ICy) =~ Hy, (Grop, IC,) ~ Hy, (P*" 71, 1Cp2n-1)

(respectively, Ry ® V,,, ~ Ry ® H*(Grym, 1Cy, ) ~ Hi(Gry, 1, ICy, ) =~ HF(HP" ™ ICypn-1))
sends the vectors 1®e;, i=1,...,2n, to the fundamental class
P e H%:lefm(l?%_l, [Cpan1) = H%?n*%(lf"%_l)
(respectively, 1 ®e;, i=1,...,n, to the fundamental class
[HP'~'] € H7" P2~ 4(HP" !, ICgp-— ) = Hy"~* (HP"')).

From the above observations, we see that ¢*» € g,,, ® Ry, (respectively, pk € g,, ® Rr) is the
matrix presentation of the cup product action ¢T2"(O(1)) U (=) (respectively, e (Og(1)) U (—))7

in the basis {[P""!]};1. 2 (vespectively, {[HP*'};=1_ ), and the desired claim follows from
Lemma 4.4. g

4.6.2 Recall that for any Lie group G and any ind-proper G-variety Y we have a paring
H(Y) x HE(Y) — Hi(pt) ~ Rg

induced by the action of cohomology on homology and then the pushforward map in the Borel—-
Moore homology HE(Y) — H, &(pt). On the other hand, for any commutative affine group scheme
H over S there is a canonical paring

U(LieH) x O(H) = 0(5), (&, /) = &(f)le

between the relative universal enveloping algebra U(LieH) and the ring of functions on H. Here
e: S — H is the unity map.
According to [BFMO05, Remark 2.13], there are isomorphisms

H¢ (Gra,) ~U(Liedy,) and Hp (Grpm)~ U(LieJ,) (4.14)

5This is because the isomorphism Gr‘;;ll ~P?"~! i5 given by the composition of the canonical Tb,-equivariant
isomorphism Gry! ~ Gr(2n — 1, C*™), where Gr(2n — 1, C*") is the Grassmannian variety of (2n — 1)-dimensional
subspaces of C", with the duality Gr(2n — 1, C*") ~ Gr(1, (C*")*) ~P?" "1,

"Note that the underlying complex rank 2 bundles of Om(—1) and Om(1) are complex conjugate to each other and
hence ¥ (Oy(1)) ~ (—=1)2eT (Og(-1)) = T (Ou(-1)).
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such that the paring above between the cohomology and homology of Y = Grg, (respectively,
Gry, i) becomes the paring between the universal enveloping algebra and ring of functions for
the group scheme H = Jy, (respectively, J,).

4.7 Fully-faithfulness

A key ingredient in the proof of the (complex) derived Satake theorem is the fully-faithfulness of
the equivariant cohomology functor Hg, ;- (Grap, —) into the category of modules over the global
cohomology HE+G2H(Gr2n, C). In [BF08], this was established using general results of Ginzburg
[Gin91]. Ginzburg’s arguments appeal to Hodge theory and therefore must be modified in the
real setting. As in [AR15], we can use parity considerations in place of Hodge theory. More
precisely, we will make use of the theory of parity sheaves [JMW14]. Our first step, therefore, is
to establish that the complexes IC, (for A € A{) are even.

Remark 4.10. In fact, our situation is simpler than the modular setting considered in [JMW14]
owing to the fact that the tensor category Perv(Gry, m) of spherical perverse sheaves on Gry, i is
semisimple (see Proposition 4.5).

4.7.1 Recall that if a coweight pu € A; is minuscule, the orbit GrZ’H is closed. Such an orbit
is necessarily smooth.

LEMMA 4.11. Let ,ul,...,ukEA;r denote minuscule coweights. Consider the convolution
morphism

. He . __ Hnr o ok
m: GrnﬁH = Grn’Hx .. XGrn’H — Gy 1.

Then the non-empty fibers of m are paved by quaternionic affine spaces.

Proof. In the complex setting, this result is due to [Hai06]. We proceed by induction on k. When
k =1, there is nothing to prove. In general, we factor m as follows.

q ~ ‘
GrZTH — Gr, ¥ Griy

b

Grn,H

Here, ¢ is induced by multiplying the first k£ — 1 factors of Gr’;:H. Since m is £ G, g-equivariant,
it suffices to show that each fiber m~1(#*) (for A € A}) is paved by quaternionic affine spaces.
By the above diagram, we have

m () = ¢ (7 (1Y),

Let pul, = (p1,- .., tr—1). Observe that we have the following commutative diagram.

mTL ()¢ Griy GrZ:'H
ql ql l
p 1t — Gr,pm ¥ Gy = Gr,n
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Here, 7 is the projection to the first factor and a is the convolution map. Observe that both
horizontal compositions are closed embeddings. Hence, we obtain a Cartesian diagram as follows.

() G

. | }

(p~H ()~ Grop

By induction, the fibers of a are paved by quaternionic affine spaces. Hence, the same is true
of mogq. It therefore suffices to show that w(p~'(t})) is paved by quaternionic affine spaces
over which a is a trivial fibration. Since £7G,, i acts transitively on the fiber p~1(¢°), we have

m(p~ (1Y) = LT Gt = Gr woltk) and hence
W(p_l(t)‘)) — t)\ﬂ'(p_l(to)) _ t)\G wo(,uk)

where wy is the longest element of the Weyl group. Multiplication by ¢} is an isomorphism
commuting with a, so it suffices to show that Gr,, "(” 2 i paved by quaternionic affine spaces
over which a is a trivial fibration. Let p= —wo(u}g). The coweight p is once again minuscule.
Recall that GrZ’H is a vector bundle over a partial flag variety of G,, . On the other hand, Gr”' H
is closed, so it is a partial flag variety of G, m. We claim that the orbits of P/’ . OLL Grn g are the
desired affine spaces.
Each such orbit has the form P’ w0 for w € W, an element of the Weyl group. Let VP =
(P“ ). Then, by the real Bruhat decomposition, there exists a unipotent subgroup WNKH of
Y P’y which acts freely and transitively on the orbit P} gt Hence Py gt = NF o),
By the LGy, m equivariance of a, we have the following commutatlve dlagram ’

wN;:,]HI % a*l(t’w(lt)) a*l(ril:YHtu;(p))

ml l

w N\TH wATH  gw(
Nn,H N, ]HIIL

As the diagram is Cartesian and the bottom arrow is an isomorphism, the top arrow is an
isomorphism as well. By induction, a_l(t“’(“)) is paved by quaternionic affine spaces. Therefore,
it suffices to show that the unipotent subgroup “’ij’H is a quaternionic affine space, which is
clear. O

We now recall the terminology of [JMW14] that we will use. For A € AL, let
iy Grfl"H — Grpm
denote the inclusion.

DEFINITION 4.12. Let J € D2+G . (Grp ). We say that J is x-even (respectively, !-even) if for all

AE AS, the £t G,, g-equivariant sheaf ixJ (respectively, ’L')\ff) is a direct sum of constant sheaves
appearing in even degrees. If F is both #-even and !-even, we simply say that it is even.

We say that F is x-odd (respectively, l-odd) if F[1] is *-even (respectively, l-even). If F is both
x-0dd and !-odd, we simply say that it is odd.

PROPOSITION 4.13. For A € A;, the complex IC)y is even.
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Proof. Since IC), is self-dual, it suffices to show that it is *-even. Recall from Proposition 4.5(1)
that we have an equivalence Perv(Gr, m) ~ Rep(G,,) taking IC, to the highest-weight module
V). Then V) is a direct summand of a tensor product V& Vu‘?ik for some 7,k > 0. Hence 1C)
is a direct summand of the convolution IC % ICZ’Y. It therefore suffices to show that IC/ *ICL’T
is *-even. We now apply Lemma 4.11 with p1,...,puj=€cand pjy1=...= pjyp =wi. Let

™m: GrZ:H — Grpm
denote the convolution map. We have
ICH % ICK ~ ) (ICRIRICER)
Now let v € Ag and let i, : Gr;, iy < Gr, m denote the inclusion. Firstly, we have
HE+Gn,H(i;(IC:j * ICO*J’f)) ~ Hr}(zi(IC:ﬂ * ICZ’T))W.
Next, by proper base change,
H, (i (1G5 % 1C2F)) ~ Hy, (m™ Y (GrY,52), ICRIRICER).

Since € and w; are minuscule, the orbits Gry’y and Gry, iy are smooth. Therefore, IC,, ~ C[2(n —
1)] and IC, ~ C. Hence,

Hi, (m™ (Gt ), ICIRICER) ~ Hj, (m~}(Gr?] ), ©)[2k(n — 1)),

By Lemma 4.11, the ordinary cohomology H*(m™!(Gr}, ), C) is concentrated in even degrees
(in fact, in degrees divisible by 4). Hence, m™!(Gr}, ) is equivariantly formal with respect to
the action of T¢. Therefore, H, (m~'(Gr}, ), C) is concentrated in even degrees.

Now we may express i (IC* x ICU*JIf) as a direct sum of constant sheaves. We have
i (ICY < 1ICH) ~V
for a complex V € D°(Vectc). Hence,
Hi. (i (1C) ~ H}C(Grﬁﬂ, C)aV.

We have shown that Hr, (i, (IC¥) is concentrated in even degrees. Since H%(Grf‘hH, C) #0, we
conclude that V' is concentrated in even degrees. The result follows. O

As a corollary of the proof we obtain the following parity vanishing result.
COROLLARY 4.14. We have s~ A»2)(1Cy) =0 for it4.

Proof. We have shown that any direct summand IC, of IC¥ « ICfff satisfies
A2k =1)(1C)Z = 0 for i14. Since kw; — \ is a non-negative integral sum of positive coroots,
we have (kwj — A, pn) €Z, and hence 2k(n — 1) — (X, pan) = (kw1 — A, pan) =4(kw1 — A, pp) is
divisible by four. The desired claim follows. O

4.7.2 Our goal is now to apply the parity vanishing result above to deduce the following
faithfulness result.

PROPOSITION 4.15. For any A, u € A'g, the natural map
Eth?:Jan,H(GTn,H) (IC, IC,) = Hom;IE+Gn,H(Grn,H) (HE+Gn,H (ICy), H;+Gn,H (ICu))

is an isomorphism of graded modules.
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We will deduce Proposition 4.15 as a consequence of the following more general result.

PROPOSITION 4.16. Let F,G € D%+Gn H(Gr”’H)' Assume that F and G are even. Then the natural
map

Extb;+ (F,9) — Hom;IEm (Grow) (Her, o (9), Heg, 1 (9))

G
Gnyﬂ{( Tn.K) nH

is an isomorphism of graded modules.

Proof of Proposition 4.15. By Proposition 4.13, we know that ICy and IC,, are even complexes.
The claim now follows from Proposition 4.16. O

4.7.3 In the proof of Proposition 4.16, we will make use of the following terminology.
Consider a triangulated functor

Q: Dg+Gn,H(Grn,H) — DP(Vecte).

We say that Q is x-parity preserving (respectively, l-parity preserving) if it takes x-even (respec-
tively, !-even) complexes of sheaves to even complexes of vector spaces. If Q is both s-parity
preserving and !-parity preserving, we will simply say that it is parity preserving. We use the
same terminology for functors

Q: D, , (Grpm)®® — D°(Vectc).

To check that functors are parity preserving, we will use the following criterion.

LEMMA 4.17. Let
Q: D, ,(Grpm) — D"(Vectc)

be a triangulated functor. Then §2 is x-even if and only if for each \ € Ag the complex Q(jnC)
is even. Here, j) : GriH — Gry,m is the natural inclusion.

Proof. We assume that the latter condition holds and prove that €2 is x-parity preserving. Let
Je D%+Gn (Grpm) be x-even. We must show that Q(5) is even, which we do by induction on

the support of F (which is a finite union of £+ G,, g-orbits). Let
J: Grf‘l,H — Grpm
denote the inclusion of a £7G,, g-orbit open in the support of F. Let
i: GT{H\ GT?{,H — Grpm
denote the complementary closed embedding. We have a triangle
G5 F o F i F .

Applying ) yields

Q1 F) = UF) = Qi7" F) — .

By induction, we may assume that Q(i.i*F) is even. On the other hand, J is £7G,, g equivariant
and *-even. Hence, j'J is a direct sum of complexes of the form C[m] for m even. Therefore,
Q(517'F) is *-even, Q(F) is *-even, and Q is *-parity preserving.

For the converse, observe that each jC is *-even, as its only non-trivial stalk is isomorphic
to H@G,'L,H(pt). Hence Q(j\C) is *-even. O
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COROLLARY 4.18.

(i) The functor T'¢+q, ,,(Grym, —) is *-parity preserving.
(ii) Let G 6D%+G,I,H(Grn:H) be !-even. Then the functor Hompy H(Grn,w)(_’ G) is *-parity

n,

preserving.
Proof.

(i) We claim that the cohomology Hg, . _ (j1nC) is even. By the long exact sequence, it suffices

to show that each Hg, Gn,H(Grz,Hv C) is even. The non-equivariant cohomology H *(Gr,’i,H, C)

is even because Grf‘%H is paved by quaternionic affine spaces. Therefore j\C is £ G, g-

equivariantly formal, and so HE+GHH(Gr,’§7H,C) QH*(GT»,)\L7H7C) ® Hgi g . (pt, C) is even.
By Lemma 4.17, we conclude that ¢+, , (Grpm, —) is *-parity preserving.
(ii) By Lemma 4.17, we must check that

EX%{’HG (Gro) (jnC,9)~0

",

for each \ € XX and 7 odd. By adjunction,
i . i ] i ]
EXtZngn,H(Grn,H)(JA!Q §) ~ Ex%hcnvm(ernﬂ)(g In9) = Heiq, ,(739)-
The claim follows from the assumption that G is !-even. O

LEMMA 4.19. Let F € D%+Gn H(Grn,H) be x-even. Suppose that X C Gr, i is a closed finite union

of £7Gy, m-orbits such that X contains the support of F. Let Z C X denote a £+G,, y-stable
closed subset, and U =X \ Z its open complement. Let j:U — X and i:Z < X denote the
natural inclusions. We have a triangle

G F = F it F—.
Now let Q: Db, G”,H(Grn,H) — D*(Vectc) denote a x-parity preserving functor. Then the triangle
Q>j1j'F) = UF) = Qi F) —
is split.

Proof. We must show that the boundary map & : Q(i.i*F) — Q(jij'F)[1] is zero. Observe that
the functors jij' and i,i* take %-even sheaves to x-even sheaves. Since (Q is x-parity preserving,
the complexes Q(i,i*F) and Q(jij'F) are even. Hence, Q(j15'F)[1] is odd. Therefore, § induces
the zero map in cohomology and so is zero. O

LEmMMA 4.20. Let J,G € D%Jan,H(Grn,H). We make the following assumptions:
(1) F is x-even;
(2) G is !-even;
(3) for any p € Af, the map
Hyig, (F) = Hgvg, , (5,9)
is surjective;

(4) for any p € qu', the map

|
HE+Gn,H (]M!]ﬂg) - HZ+G"*H(9)
is injective.
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Then the natural map

EXt*D§:+G (GP,L,H) (3’7 9) — HOHl?I::#»GmH (Grn,]HI) (HE+G71,,IH[ (9"), H§+Gn,,ﬂ(9))

n,H

is an isomorphism of graded modules.

Proof. Let Z denote the union of the supports of F and §. We proceed by induction on Z.
Certainly there exists an orbit Grf‘l,H openin Z. Let Y =2\ GriH, and let 7 : Y — Z denote
the inclusion. We claim that the pair i5F and 7} § satisfies the assumptions (1)—(4).

That i}JF is *-even and that 2'!/\9 is l-even is evident. We verify (3) for I If Grﬁ’H does not
lie in the support of i}JF, then there is nothing to prove. So we may assume that GrZ’H cY.
Therefore, we have the composition of maps

erG,u(F) = Heeg, (3F) = Hovg, (70 F) ~ Hovg, L (5,F)-
The composite is surjective by assumption. Hence, the map
Hgiq, . (3F) = Herg, , (5,09)

is surjective, as needed. The proof that i} G satisfies (4) is similar.
Now we proceed with the induction. To avoid overly cumbersone notation, we will suppress

the subscripts on Ext*bbg o (Gram) and Homj{;m (Gron)" Similarly, we will make use of the
n,H n,H

isomorphism Hg,, =~ H¢ to simplify notation. Lastly, we let H = HE+Gan(Grn,H).
Consider the triangle '

AT = F =iyl T — . (4.15)
By Lemma 4.19, Corollary 4.18, and adjunction, we have an exact sequence
0 — Ext*(i3F,1,9) = Ext*(F, §) — Ext*(j)F, j33) = 0. (4.16)
We can also apply the functor H* to (4.15) to obtain the exact sequence
0— HE(jninF) = HE(F) = HE(i3F) — 0.
Similarly, we have the exact sequence
0— HE(NG) — HE(S) — HE(539) — 0. (4.17)
These two exact sequences induce a sequence
0 — Hom"(HE (i3F), HE(i)G)) — Hom™ (HE(F), HE(S)) — Hom™ (HE(F), HE(G39))-

The second map is clearly an injection. We claim that the sequence is also exact in the middle.
It suffices to show that any H-linear map

o HE(F) — H5(i39)

factors through H¢,(i35). Consider the compactly supported cohomology H, c(G‘rrq)‘%H). Let ¢y €

H <G2 'ZQ"’M(GL"?L’H) denote a lift of a generator to G-equivariant cohomology; it maps to an element

¢\ € H. Since ¢y maps to 0 € H5(Y), it acts trivially on H*(#}G). Since « is H-linear, it suffices
to show that H*(jxj\F) lies in the image of

x: HEy() = HEy (T (200, N)).
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To do so, we note that by Poincaré duality for the smooth manifold Grﬁ}H, cupping with ¢y
induces an isomorphism

ot HE(ndaF) = HE (a3 F 1= (2020, N))).

Thus we obtain the following commutative diagram.

HE(F) ——= HE(F[— (2020, N)])

T |

HE(jngyF) —> HE(jrediF 1= (2020, N)])

As the bottom arrow is an isomorphism, it suffices to show that the right vertical map is
surjective. But this is assumed in (3).
Next, we observe that any H-linear map 3 : H5:(F) — HZ (53 9) factors through HE(53F). The
proof is similar to that of the previous step, using (4) in place of (3), and is therefore omitted.
Hence, we have an exact sequence

0 — Hom™ (HE (i39), HE(i4,9)) = Hom™ (HE(F), HE(S)) — Hom* (HE(739), HE(GX9))-
To conclude, we observe that this exact sequence fits into the following commutative diagram

with (4.16).

Ext*(i3F,\9) Ext*(F,9) Ext* (535, j39)

fl ﬂl :

Homy, (HE(i3), HE(i39)) — Homy (HE(F), HE(S)) — Homiy (HE(13F), HE(539))

The map f is an isomorphism by induction, and h is easily seen to be an isomorphism. Hence ¢
is an isomorphism, as claimed. [l

Proof of Proposition 4.16. It suffices to verify that F and G satisfy the hypotheses of Lemma
4.20. The properties (1) and (2) are assumed. We will show that (3) holds; the proof of (4) is
similar. We must show that for each A € A’SL, the map

Hg(F) = He(53F)
is surjective. It identifies with
* * -3k Wn
HTC(?)W" — Hp (F) .

Since the coefficient field has characteristic zero, the functor of W,,-invariants is exact, and it
suffices to show that the restriction map H7, (F) — H7, (j3F) is surjective. We let

ky: (Gr27H)T6 — Grpm
denote the inclusion of the T.-fixed locus in Gr,)l‘yH. Now, consider the composition
Ht (F) = Hy (j3F) = Hy (k) TF). (4.18)

Observe that j1J is a constant sheaf and that Grf‘%H is an equivariantly formal T,-manifold.
Hence, the second map above is injective by the localization theorem. The surjectivity of the
first map is then reduced to that of the composition. Now, k) is a closed inclusion, so ky,k}F
is #-even. The proof of Lemma 4.19, applied in the T.-equivariant derived category, shows that
the restriction map Hy. (F) — Hy, (k3F) is indeed surjective. O
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4.8 Ext algebras

The tensor equivalence Rep(G,,) ~ Perv(Gr, ) gives rise to a monoidal action of Rep(Gy,) on
Db(£+Gn,H\Grn7H). We compute the de-equivariantized extension algebra

EXt*Db(/Q/Jan,H\GI'n,H) (ICO, ICO * O(Gn))

Strictly speaking, O(G),) is not an object of Rep(G,), but by the Peter—Weyl theorem, it is
an increasing direct sum of objects. We understand the above extension algebra to mean the
increasing direct sum of extensions.

PRrROPOSITION 4.21. There is a Gy-equivariant isomorphism of graded algebras
Ext*DngG (Gr”,H)(ICO’ ICo*x O(Gp)) ~0O(g,[4]) ~Sym(g, [—4]).
n,H )

Proof. By Proposition 4.15, taking equivariant cohomology induces a G,-equivariant isomor-
phism of graded algebras

EXtDb(£+G H\GI‘ H)(ICQ,ICO*O( )) HomH GI‘,, H—H)(HT (pt) HT (Grn H,ICO*O(G ))W

Homy, (Gr, ,)(O(t), 0(Gr x 1))
(O(Gyp f)SpeC(H*TC(GrnTH)))W

(
(

12

12

)

where O(G,, x t)SPec(H*(Gram)) « 9(G,, x t) is the subspace consisting of functions that are
invariant (relative over t) with respect to the left action of the group scheme Spec(HZI<(Gry, p)) =~
(Gp X £)°% on Gy, x t. Since O(gi® % t) = O(g,, X, t) and the map

v:Gy X t— gfeg Xeo t, (g,t) = (Adg-1ek (1), 1) (4.19)
realizes G, X t as a (G, X t)ex ~torsor over gn ° X, t, we obtain an isomorphism of algebras
Exthu (et i\ Gr ) (1C0, 100 % O(Gln)) 2= (O(Ghy x £)3PectH (Gres)y W

~ O(gi® Xe, 1) = 0(g, xe, )" = 0(g,)-

It remains to check that the isomorphism above is compatible with the desired gradings. By
[Nad05, Theorem 8.5.1], for any A € Ag and F € Perv(Gr,, i), the compactly supported cohomol-
ogy H} (Sﬁ\,m F) along the real semi-infinite orbit SQ"H is non-zero only in degree (A, p2,,). Note
that (A, pan) =4(\, pn), where in the second paring we regard A as an element in A,,. Thus the
grading on H*(Gr,,m, IC)) corresponds, under the geometric Satake equivalence, to the grading
on V) given by co-character 4p,, and it follows that the grading on H7, (Gry,m, ICox O(Gy)) =~
O(G,, x t) is induced by the G,,-action on G,, x t given by z(g,t) = (4p,(x)g, ~2t) (note that
the generators of O(t) are in degree 2). We claim that the map v in (4.19) is G,,-equivariant with
respect to the above action on Gy, x t and the action on gn® X, t given by x(v, t) = (™ *v, 272t).
Indeed, we have

x4 1
—442
Ad4pn(w_1)e§ (xiQt) = Ad4ﬁn(w_1) v t2
: . ].
0 0 R
e
_ x4t
-,
0 0 x4
=x ek (t),
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and hence
v((g, 1) = v(4pn(2)g, 27°t) = (Adg-1Adyy, () 1€k (27%1), 27%)
= (v Ad ek (t), 27 %) = 2(Ady-rek (1), 1) = zv(g, t).
Thus the pullback along the map v induces an isomorphism of graded algebras
(O(G x (eI e W o 0(gresla] 1y /c:, 42" = O(g,[4)).

This finishes the proof of the theorem. O

4.9 IC-stalks, g-analogue of weight multiplicity, and Kostka—Foulkes polynomials

In this section we shall prove Theorem 1.9(2). We will follow Ginzburg’s approach [Gin95] (see
also [Zhul5, §5]) using techniques of equivariant cohomology.

Let V € Rep(G,,). Consider the Brylinski-Kostant filtration F;V :=ker e i >0 on V asso-
ciated to the regular nilpotent element e,. For any p € A,, we denote by V(u) the u-weight
space of V' (since G,, is self-dual, we can view A,, as the weight lattice of G,,). The filtration F;V
induces a filtration on the weight space:

FV (1) = BV OV (3).
Let

Pu(V,q) = Z dim(EBV () /Fi-1V (1))d'

be the g-analogue of the weight multiplicity polynomial.
From now on we will identify A,, with the set Ag of real coweights and denote by s, : {u} —
A, ~ Ag C Gry, g the inclusion map.

THEOREM 4.22. Let F € Perv(Gry, m) and let V = H*(Gr, u, F) be the corresponding represen-
tation of G,. We have

P,(V,q) = Z dim H 4= 4#pn) (s/’;ff")qi = Z dim H A+ men) (Siﬂ’)qi.

The theorem above implies Theorem 1.9(2) in the case of the quaternionic affine
Grassmannian. Indeed, if u, A € A" and V' = V), is the irreducible representation of highest weight
A, then it is known that P,(V),q)= K) ,(q) is the Kostka—Foulkes polynomial associated to
A and p (see e.g. [Bry89]). Thus, for any x € Grgﬂ, we have

Kyu(q) =) dim H=4=40en) (g% F)gh = " dim 2,4~ 40re) (1C ),

)

and it follows that

q“_“’p'”)KA,u(q_l) — Z dim %@6—41'—4(#%) (ICA)q—i—<u7pn>+</\7pn> — Z dim %42'—4(&9”) (IC,\)qi.

The case of £K-orbits on Gry, follows from the fact [CN24, Theorem 7.5] that there is
a stratified K -equivariant homeomorphism between QK.\Grz, and Gr, g (where QK. is the
based loop group of K.) with stratifications given by images of £K-orbits on Gra, in the quotient
QK:\Grgy, and the £7G,, g-orbits on Gr,, .
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4.9.1 Proof of Theorem 4.22. We follow closely the presentation in [Zhul5, §5]. For any
t € t we denote by x(t) the residue field of ¢. The specialized cohomology
Hy(Grpm, ) := Hy (Grpm, F) ®r, k(t)

carries a canonical filtration

Htﬁi(Grn’H, F):= Im( Z H%C(Grn,H, F) = Hy(Grp m, 3")) )
J<i
Let us identify Hy(Grym, F) ~ (H*(Grym, F) @ Rr) @r,. £(t) =V via the canonical splitting in
(4.11). As explained in the proof of Proposition 4.21, the cohomological grading on H*(Gry, g, F)
corresponds to the grading on the representation V' given by the eigenvalues of 4p,. It follows
that the filtration H?(GrmH,S") corresponds to the increasing filtration on V' given by the
eigenvalues of 4p,, (see e.g. [Gin95, Theorem 5.2.1]).

Fix a generic element ¢ = (t1,...,t,) €t away from the root hyperplanes. The localization
theorem implies that there is an isomorphism
P Hi(s,5) ~ H(Grnm, F). (4.20)

Recall the description of the equivariant homology Spec(HI“(Gr,m)) =~ (Gy x t)°* in Lemma
4.9. The fiber of the group scheme (G,, x t)°X over t is the centralizer subgroup (G,)x®) c G,
of the element ek (t) €g, in (3.14) . Let B, — T, be the natural projection. It is shown in
[O’Br23, Lemma 4] (generalizing [YZ11, Remark 3.4]) that the composition

Spec(HT*(Grpp)) ~ (Gn X )% C B, x t—= T}, x t
can be identified with the map coming from equivariant localization,
Spec(Loc,) : Spec(H}*(Gry,m)) — Spec(Rr[An)) = T, x t.

Over t, this is an isomorphism and therefore we obtain a canonical isomorphism (Gn)e;((t) ~
T, x {t} ~T,,. In addition, the action of (G,)**® on Hy(S), g, F) via (Gn)ex® ~ T, is identi-
fied with the natural action of (G,)**® on Hy(S), F) =~ Ht(stf). Thus we conclude that the
decomposition in (4.20) corresponds to the weight decomposition under (G,,)*®) (generalizing
[Zhulb5, Proposition 5.2]).

LEMMA 4.23. The decomposition in (4.20) corresponds, under the canonical isomorphism
Hy(Grpm, F) >V, to the weight decomposition V =@®,ecn, V(1) with respect to the action
of the maximal torus (G,)*®). Here V(u;) is the weight space associated to the character

T (Gn)e§(t) ~T, % Cx.

Choose t et such that eﬁ(t) =e, +2p,. Let u be the unique element in N, such that
Ady(en + 2pn) = 2pp.

LEMMA 4.24. We have
HE 2™ (Grym, )N @ HH=FEVo P Viw).

BEAL2(p,pr) =m0 BEAL,2{p1,pp)=m

Proof. Let V=@ V(i) and V =@ V?(i) be two gradings on V given by the cocharacters 2p,,
and Ad,-12p,, respectively. Let F!V and F?V be the two filtrations on V given by F1V =
®j<iV1(j) and F?V =ker(e’ ). We have

EVN ay) Vi) =FV V2 (m)
REAL,2(p,pp)=m
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and
HE 2 (Grpr, ) 0 b Hy(5,9) = F3; 1, (V) N VE(m),
BPEAL,2(p,pr)=m
and the desired claim follows from [Zhul5, Lemma 5.5]. O

Note that we have shown in (4.18) that the natural map H7p (Grpm, F) — Hr (s,5) is a
surjective map of free Rp-modules, and it implies that the dual map Hr}(s;ﬁ") — HF (Grpm, F)
is a splitting injective map of free Rp-modules. Thus we have

H' (Grop, 9) N Hy(sL,F) = H' (s, 9).

On the other hand, the element u € IV, above maps V(ut) to V(u) and preserves the filtra-
tion F;V, and hence dim(F;V (u)/Fi—1V (1)) = dim(F;V () / Fi—1V (). Now the lemma above
implies

Zdlm (FV(n)/FiaV(n)g' =Y dim(FV (1) /FiaV())g'

- Z dim(H; P (G e, F) 0 Hy (s, F) /HE OO0 (G, ) 0V H (5L,9)) o

_ Z dim(H 000 (5], ) O (o)) g

To conclude the proof, we observe that under the canonical isomorphism Ht(siﬁ‘) ~H *(siﬁ‘),
the canonical filtration on the left-hand side corresponds to the cohomological degree filtration
on the right—hand side, and hence we obtain

Z dim <4z+4 (5P ( L?)/Ht§4(i_1)+4<mpn>(Si;f))qi — Z dim H4i+4<u’p">(8i13~)qi

7

5. Main results

5.1 Formality
The goal of this section is to show that the dg-algebra

RHompe(¢+@, x\Gr, ) (IC0, ICo * O(Gr))

is formal.
The proof is based on the following key proposition. The existence of the left adjoint of the
nearby cycles functor in Lemma 4.8 gives rise to a map between K -equivariant cohomology

Hje (Gry) ~ Bxt® (Ca, vy Car, ) — Ext™(Cany, » Cainy, ) ~ Hi (Gran). (5.1)
By taking the graded dual (see §4.6.2), we get a map between equivariant homology
HE<(Groy,) — HE(Grp ). (5.2)

ProproSITION 5.1. We have the commutative diagram

Spec(HE<(Gr, i) — Spec(HE<(Gry,))

- ;

Jn J2n|cn

where the bottom arrow Jy, — Jap|c, is the morphism introduced in (3.6).
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Proof. We shall verify the statement for T.-equivariant homology, that is, we have a commutative
diagram

Spec(HX(Gr, 1)) Spec(HZe(Gry,))

. .

(Gn X t)e;( ~J, X, t (G2n X t)ET ~ Jon Xean t

where the bottom arrow is the map (3.16). All the maps above are compatible with the natural
W-actions, and upon taking W-invariants we get the desired claim.
Let V,, and V., be the standard representations of G, and Ga,, respectively. Recall the

isomorphisms
H%C (Grgn, ICwi) ~ H*(GIQn, ICwi) ® R~ Vwi ® R, (53)
H;:U(Grn,H7 R(ICwi )) ~ H*(Grm]}ﬂ, R(ICwi )) & Ry~ Vw{ ® R (5.4)

induced by the complex and real MV-filtrations. Together with the canonical isomorphism

H (Grpm, R(ICy,)) ~ Hf: (Gra,, IC. ), (5.5)
we get an automorphism
Vi ® R ~ Hf (Grpm, R(IC,;)) >~ HT, (Gray,, IC,, ) ~ Vi, ® Ry (5.6)
and hence an element
®" € GL(V,;) ® Ry ~ Gan ® Ry (5.7)

Note that the isomorphisms (5.3) and (5.4) map the standard basis {e; ®1,...,e9, ® 1} of
Vi @ Ry to the basis

{b1,... ban} ={[PY],..., [P>""1]}

of Hy. (Gray, IC,,) ~ Hr, (P27=1) (up to a constant degree shift) and the basis

{e1,. .-y can} = {[HPY][2], [HPY), [HP'][2], [HPY), ..., [HP"Y)[2], [HP"~']}
r4.
of H.(Grpm, R(IC,,)) Cog-6 Hf (HP" ) @ H}C—Q(HIP’“_I) (up to a constant degree shift), respec-
tively, and the element @' is the matrix for the linear map sending ¢; — b; in the basis cy, . . ., cap,

(which is not the identity element).
By Lemma 4.9, there is a commutative diagram

(Gn X t)e§ = Spec H;C(Grn,]}]l) —_— GL(H%C(GI‘H,H, R(ICW/I)))(% ng Xt

(S.S)l: Adgs |~ (58)
GL(H;C (GI‘Qn, ]:Cu’l)) %)) ng X t

(G x t)eT = Spec H}C(szn) 5

where the upper and lower middle arrows are given by the co-action of H¢(Gr,, 1) and Hl*(Gray,)
on Hi, (Grpm, R(ICy;)) and H7, (Gran, ICy; ), and the right vertical isomorphism is given by the
conjugation action

Adgr : Gan X t— Gop x t, (g,) = (Adgi(1)9, t).
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Note that in the above diagram the lower composed map (Ga,, ¥ t)eT — Gy, X tis the natural
embedding and the upper composed map (G, X t)e§ — G9p, X t s the restriction of the map

Adpod:Gpxt—Gop xt—Gap xt, (g,t) = (PS(g)P7 1, 1)

to (Gp X t)e)T(, where P € (), is the permutation matrix which sends the the ordered basis
{e1,€e3,...,€am_1,€2,€4,...,€2,} to the ordered basis {ei, ..., ea,} (see §3.4.3).

Thus, in view of the description of the map (G, x t)* — (Go, x £)¢" in (3.16), we need to
show that the element

O:=d" o PcGoy ® Ry
satisfies
el =d(roel)d eg,, ®Ry. (5.9)
To this end, we observe that, by Lemma 4.4, the elements T06§ and e in g, ® Ry are
the matrices of the cup product map ¢l (£)U(-) : H (Grap, ICy;) — Hf (Grap, IC,;) in the
bases {di,...,do,} = {[HP][2],..., [HP"1][2], [HPO],..., [HP" ']} and {by,...,bs,}, respec-
tively. On the other hand, the element ® = ® o P is the matrix for the linear map sending

d; — ¢; — b; in the basis dy, ..., ds,, and hence (5.9) holds. This completes the proof of the
proposition. [l

Remark 5.2. The proof gives a canonical construction of the element ® in (3.17).

In the statement and proof of the next results, we continue with the following conven-
tion: the corresponding objects O(G,,) <> ICy(@,) and their variants may not lie in Rep(Gy,) ~
Perv(Gry, ), but they are an increasing direct sum of objects, and we understand all calculations
to mean the increasing direct sum of calculations.

PROPOSITION 5.3. The dg-algebra RHompu(¢+a, w\Gr, ) (ICo, ICo x O(Gy,)) is formal.

Proof. Consider the dg-algebras

A= RHome(£+G2"\Gr2n) (ICO, ICO * O(Gzn)),

B= RHomD”(Q‘*'Gn,H\Grn,H) (ICO, ICU * O(Gn X Gm))
Here we consider O(Gy x Gm) ~ €D ;7 1Co(q,)li] via the monoidal functor Rep(Gn x Gp,) ~
D, cz Perv(Grnm)[j] C Db(&*G, 1\Grypm). Proposition 4.5(3) implies that the nearby cycle
functor gives rise to a map of dg-algebras

(f) A= RHome(£+G2n\Gr2n) (IC(), IC() * O(Gzn))

LY RHompes(e+a, 1\Grom) (ICy, IC * (ResginxGmO(G2")))
—B= R’Home(£+le,H\Grn,H) (ICO, 1Cy O(Gn X Gm)),

where the last arrow is induced by the quotient map Resgi"/xGmO(Gzn) — O(Gp, X Gyy,) (in
the category of Rep(G, X G,,)). The right regular representations of G, on G, x G, induce
natural Go,- and G, X Gp-actions on A and B, and their restrictions to the subgroup
Gm C Gy x Gy, CGoy, give rise to Gy,-weight decompositions A= @jezA; and B = @jezB;.
Note that the zero-weight spaces Ag and By are dg-subalgebras of A and B and that Bg=
RHome(EJan,H\Grn,H) (ICO, ICO * O(Gn))

According to [BF08], the dg-algebra A is formal; moreover, we have A~ H*(A) ~ 0(g,,[2]).
Note that the map ¢: A— B above respects the G,,-action and hence restricts to a map ¢ :
Ap — By fitting into the following diagram.
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A()*)BD

|, |

A——B

We claim that the map H*(¢o): H*(Ag) = H*(Bp) between cohomology is surjective. Since
Ay is formal with generators in even degree and H*(By) ~ H*(RHompe e+, .\ Gr, ) (ICo, ICo *
O(Gr))) ~ O(g,[4]), which is a polynomial ring with generators in even degree (see Lemma 4.21),
Lemma 5.4 below implies that By is formal. The proposition follows.

To proof the claim and show the surjectivity of H*(¢g) : H*(Ag) — H*(By), we can ignore the
grading and view H*(¢g) as maps between ungraded algebras. We have a commutative diagram

H*(4) = Homj, (ay,,,(Hz,, (IC0), Hz,, (ICo * 0(G2,))

- |

H*(B) = Homjy, (ar, . (Hi, (IC0), Hy, (1Co x O(Gy x Gyn)))

where the horizontal isomorphisms are given by the functor of equivariant cohomology; see
Proposition 4.15. Note that ICo x O(Gy x Gm) ~ €D ;<7 ICo(q,)lj] is a direct sum of shifts of IC-
complexes and hence Proposition 4.15 is applicable. On the other hand, using Proposition 5.1,
we can identify the right vertical arrow as

Homiy., (Gra) (Hé,, (1C0), He,, (ICo x O(Gan))) O(Glan X ) "n

|

Hom;[f( (Grn,m)(H;(c (ICo), H;(C (ICo % O(Gy x Gpn))) — O(Gy X Gy, ¥ Cn)']n

where the right vertical map above is induced by the embeddings 7:¢, — co, in (3.4) and
0 x2pr:Gp X Gy, — Gay, in (3.19). The group schemes Jy, and J, act on O(Gay, X c2,) and
O(Gy, x Gy, X ¢p,) via the identifications Jo, ~ (G, X ch)Ad;1°“2" and J,, ~ (G, X ¢,)7%"" where

—1 . K2p _reg P reg X Ky _reg T. _reg
Adp o Kop i tan =5 gy — oy and T O Ky 1 Gy =3 gn ' —> Go,

a commutative diagram

are the maps in (3.9). Thus we have

O(GQn X cn)hn — O(gg;zg) = O(QQn)

| |

O(Gp X Gy X ¢)7" —= O(g'*8 x G,,) =~ O(g, x Gy,)

where the right vertical arrow is given by pullback of functions along the map

92
0 1 Id“). (5.10)

g, X Gy — Yon» (Ca t) — AdQPL(t)flT(C) - <t20 0

All together we can identify H*(¢): H*(A) — H*(B) with the map O(gs,) — 0(g,, X G,,) (as
map between non-graded algebras), and we need to show that the induced map

0(820)0 = O(g,, X Gy )o = O(g,) (5.11)
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between the zero-G,,-weight spaces is surjective. For this we observe that the map

92y, — Ons <é g) — BC (5.12)

. .. . .. 5.10 5.12 .
is Gy,-equivariant (G, acts trivially on g,,) and the composition g, x G, (530 Oon 642) g, is

the projection map (C,t) — C. Thus the pullback map O(g,,) = O(gs,)o along (5.12) defines a
section of (5.11). We are done. O

LEMMA 5.4. Let ¢: Ay — As be a map of dg-algebras. Assume that (1) H*(A;) is commutative,
(2) H*(Ay) is isomorphic to a polynomial ring with generators in even degree, and (3) the map
H*(¢): H* (A1) — H*(Ag) is surjective. Then A; being formal implies that Ay is formal.

Proof. Let x1, ...,z be the set of generators of H*(Az) in even degree such that Clxy, ..., x;] ~
H*(As). Since H*(¢): H*(A1) - H*(Az) is surjective, one can find homogeneous elements
Yty ...,y € H*(Ay) such that H*(¢)(y;) =x; for i=1,... 1. Assume that H*(A;)~ A, is for-
mal; then we have map of dg-algebras C|zi,..., 2] — H*(A1) ~ A; sending z; to y;. Then

the composition v: Clzy, ..., 2] = H*(A1) ~ A; LA Ag defines a dg-algebra morphism such that
H*(v):Clz1,...,2]~Clzy,...,x;) >~ H*(Ay) is the isomorphism sending z; to x;. The lemma
follows. O

5.2 Derived geometric Satake equivalence for the quaternionic groups

Denote by D% (Sym(g,,[—4])) the dg-category of G,,-equivariant dg-modules over the dg-algebra
Sym(g,,[~4]) (equipped with trivial differential). It is known that D%~ (Sym(g,,[~4])) is com-
pactly generated and the full subcategory D% (Sym(g,,[—4]))¢ of compact objects coincides
with the full subcategory D (Sym(g,,[—4]))¢ = D" (Sym(g,[—4])) consisting of perfect mod-

- “perf
ules. Denote by DG’L(Sym(gn[_4]))Nilp(

g,) and Dgeﬁf(Sym(gn[—4]))Nﬂp(gn) the full subcategories
of D% (Sym(g,[-4])) and Dgezf(Sym(gn[—él])), respectively, consisting of modules that are

set-theoretically supported on the nilpotent cone Nilp(g,,) of g,,.
Note that the category D& (Sym(g,[—4])) (respectively, Dizf(Sym(gn[—él])), D% (Sym

(8[—4]))Nilp(g, )» OF Dli”r'f(Sym(gn[—ll]))Nﬂp(gn)) has a natural monoidal structure given by the

(derived) tensor product: (F1, Fa) = F1 @ Fo:=F; ®§ym(gn —4)) Fs.
THEOREM 5.5.
(1) There is a canonical equivalence of monoidal categories
Ind(DY(£+ G\ G ) = DO (Sym (g,,[~4]))
which induces a monoidal equivalence
D (£ G \Gram) = Dyie(Sym(g,[~4]))
between the corresponding (non-cocomplete) full subcategory of compact objects.

(2) There is a canonical equivalence of monoidal categories

D(£+GH,H\Grn,H) = DGn (Sym(gn[_4]))Nilp(gn)

which induces a monoidal equivalence

D('ngGn,H\Grn,H)c = Dge?f(sym(gn[_4}))Nilp(gn)

between the corresponding (non-cocomplete) full subcategory of compact objects.
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Proof. To prove (1), write C:=Ind(D®(£+Gyu\Grpm)). The dg-category € is a module cat-
egory for the dg-category D(QCoh(BG,)) of quasi-coherent sheaves on BG,, and we can
form the de-equivariantized category Cgeeq := C X pg {pt} with objects Ob(Cgeeq) = Ob(€) and
(dg-)morphisms

HOHI@deeq (?1, Stz) = HOme (971, ?2 * O(Gn)) = RHomInd(Db(2+G”,H\Gr",H)) (?1, 972 * O(Gn))

Every object J € Cgeeq carries a natural action of G, and we can recover € by taking G-
equivariant objects in Cgeeq- The fact that ICy is compact and generates € under the action
of DQCoh(BG,,) implies that ICy, viewed as an object in Cgeeq, iS @ compact generator.
Hence the Barr-Beck-Lurie theorem [Lurl7, Theorem 4.7.3.5] implies that the assignment
F — Home,,,, (ICo, J) defines an equivalence of categories

Cdeeq = D(Home,,,, (ICo,1Co)P)  (respectively, € ~ D (Home,,,, (ICo,ICo)?)),

where Home,,  (ICo,ICo) is the opposite of the dg-algebra of endomorphisms of ICy and
D(Home,,,, (ICo,1Co)°P) (respectively, D (Home,,,, (ICo,1Co)°P)) are the corresponding dg-
categories of dg-modules (respectively, G,-equivariant dg-modules). Now Proposition 4.21
and Proposition 5.3 imply that the dg-algebra Home,,, (ICo,1Co)° is formal and there is a
G p-equivariant isomorphism®

Home,,,, (ICo, ICo)?? ~ RHomy, gt e+ @, 4\Gr, ) (LC0, ICo x O(GR))*P
=~ EXtia(0 (84, \Gr, ) (1C0, 1C0 % O(G))
~ Sym(g,,[—4])°P =~ Sym(g, [4])*,
and hence we conclude that there is an equivalence

Ind(D*(£¥ Gy \Grp ) = D (Sym(g,,[—4])),
F — RHomy,q(p(e+6, 5\Gr, 1)) 1C0, Fx O(Gr)).

The monoidal structure on the constructed equivalence will be proved in §5.4. This finishes the
proof of part (1).

Part (2) follows from the general discussion in [AG15, §12] on derived geometric Satake for
complex reductive groups. Let f(io =p(Cpt) € D(LT Gy m\Grym) where p:pt — £7G,, m\pt ~
£+Gn,H\Gr27H—>£+Gn,H\Grn’H. By [AG15, §12.6.6], ICy is in fact a compact object ICq €
D(L£7Gpm\Grym)¢ and the category D(L1G, u\Gr,m) is compactly generated by objects of
the form ICq* V for V € Rep(Gy). We claim that under the fully faithful embedding

D(£+ G \Grpp) ~Ind(D(£1 Gy \Grpp)) — Ind(DP(L7 G\ Crm)) = DY (Sym(g,, [—4])),

(5.13)
the compact generator 1Cy goes to Sym(g,,[—4]) ®sym(g, [~4])c» C, where C is the augmenta-
tion module of Sym(g,[—4])". Since Sym(g,) ®sym(g o« C~O(Nilp(g,,)), we conclude that
D(£tGnm\Gryp) is equivalent to the full subcategory of D% (Sym(g,[—4])) generated by
objects of the form O(Nilp(g,,)) ® V for V € Rep(Gy,). It is clear that this subcategory is exactly
DG (Sym(g,,[—4]))niip(g, )- To prove the claim, we observe that Proposition 4.15 implies that the

image of ICy under (5.13) is given by
RHOMIug( D (04 \ G, ) (IC0, 1C0 % O(Gla)) = Homiy, (p, oy (7, (ICo), H, (ICo) @ 0(G)™.

8The last isomorphism follows from the fact that Sym(g, [~4]) is commutative with grading in even degree.
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Note that Hy (ICq) ~ C is isomorphic to the augmented module of HF (ICo) =~ O(t[2]), and the
same computation as in Proposition 4.21 shows that

Homiy, (. .y (Hi (ICo), Hi, (ICo) © 0(Ga))™ = O(g5[4] x40, 0D
~ 0(g,[4] X4 14)//c. 10})
~ Sym(g,,[—4]) @sym(g, [-4])e» C-
The claim follows. O

5.3 Spectral description of nearby cycles functors

5.3.1 Shift of grading. Let (A= @A’ d) be a dg-algebra equipped with an action of G =
H X Gp,. We will write A" = @A’ where the lower index j refers to the Gy,-weights coming from
the Gp,-action. Assume that the Gp,-weights are even, that is, we have A% =0 if j€2Z + 1.
Following [AG15, Appendix A.2], one can introduce a new dg-algebra (A =P A}, d) where

i it
A=A,
such that the map sending a G-equivariant dg-module (M =& M ]’f, d) over A to the dg-module
(M= M;, d) over A with
“ri o6 ritg
M ]’ =M f
induces an equivalence of triangulated categories

DE(A) = DE(A) (respectively, DS, (A) = DG, (A)).

Ezample 5.6. Consider the dg-algebra (A = Sym(g,, ), d=0). The subgroup G, x G, C Gay, as
in §3.5 acts on the generators g,, of A via the adjoint action, and if we write the elements in

g9, in the form
A B
an_{<C D)‘Aanc7D€gn}7

then A and D are of weight zero, B is of weight 2, and C is of weight —2. It follows that
A = Sym(g2n)

where g,,, consists of elements of the form
- [ (A]0] B[-2]
g2n_{<c[2] D[O] A7ByCaD€gn :

5.3.2 It follows from Example 5.6 that we have an equivalence of categories
D> (Sym(gy,[~2])) = D> (Sym(ga,[-2])).- (5.14)

On the other hand, the natural G,-equivariant map g,,[4] — §9,[2] sending

C4] — (0?4] I‘é”) for Ceg,

gives rise to a map of dg-algebras

Sym(@2y,[—2]) ~ 0(82,[2]) — O(g,,[4]) ~ Sym(g,,[—4]) (5.15)
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(here we identify the graded duals of g,,[—2] and g,,[4] with g,,[2] and g, [—4] via the trace
form) and hence a functor
D (Sym(go,[~2])) = DP (Sym(g,[—4])), M — Sym(g,[—4]) ©F,

Finally, let us consider the functor

3., [=2]) M. (5.16)

(5.14) .
® : D% (Sym(ga,[—2])) = DE*Cr (Sym(gy, [-2])) = DEEr (Sym gy, [-2]))
3 5.16)
55 DO (Sym(@sn[-20) " DO (Symg, 1), (5.17)
where F' are the natural forgetful functors.

THEOREM 5.7. The following square is commutative

Ind Db(£+ Gy, \Grap) —> Ind DY(L+ G 1\ G,

|- va =

D% (Sym(gza[—2])) —— D (Sym(g,[~4]))

where ¥ and Wy are the complex and quaternionic Satake equivalences, respectively. It induces
a similar commutative diagram for the subcategories of compact objects.

Proof. We shall construct a natural transformation ® oW — ¥y oR. Write A =RHom(ICy,
ICo(a,,)) = Sym(ge,[—2]), B=RHom(ICy,ICy,)) ~ Sym(g,[—4]), and A" =RHom(ICy,
R(ICy(G,,)))- Since R(ICo(q,,)) is an algebra object in Ind(D(£* Gy i\Grym)), the (dg) Hom
space A’ is naturally a dg-algebra.

For any &, we have a map of dg-modules for the dg-algebra A,

¥(F) ~ RHom(ICy, F+ ICo(q,.,)) — RHom(ICo, R(F) * R(ICo(q,.)) = ¥(F),
where A acts on ¥(F)’ via the dg-algebra map
A=RHom(ICy, ICqg,.)) —+ A’ = RHom(ICo, RICo (c,.)))-

The right regular G,,-action on G, via the co-character 2py, : G, = Gy, X Gy, C Ga,, induces
a Gp,-action on the dg-algebras A and A’ (with even weights) and also the dg-modules ¥(J)
and U(F). Thus we can perform the shift of grading operation in §5.3.1 and obtain a map of
dg-modules for the dg-algebra A,

U(F) - W (T, (5.18)

where A acts on U (F)" via the map A— A'. By Example 5.6, we have
‘Zl = Sym<g2n[_2])
On the other hand, by Proposition 4.5(3) we have”
R(ICo (¢ @ICRESG%O G, 1]
JEZ
where

Resg2 (Gan)) @ Resgz’;@ (Gan)j
JEZ

9We have the shift [j] instead of [—j] because we consider right regular action of G,,.

1659

https://doi.org/10.1112/S0010437X25007146 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007146

T.-H. CHEN ET AL.

is the G,,-weight decomposition of ResGZ”(O(ng)), and it follows that

A’ = RHom(ICo, ICq, e (0(,.)))»  ¥(F) = RHom(ICo, R(F) ¥ ICk 020 (.-

Since the natural algebra map ResGQ" (O(Gan)) = O(Gy) of algebra objects in Rep(G,,) coming
from the embedding G,, — G, X Gm, g — (g, e) induces a map

0110 . (0(@nn)) — TC0(GN)

between the corresponding algebra objects in Perv(Gry, i), we obtain a map of dg-algebras,

A — A’ ~ RHom(ICy, IChesn (0(Gan)) -~ RHom(ICy, ICo(q,)) = B, (5.19)
and a map of dg-modules over the dg-algebra A,
¥(5) "5 W(F) ~ RHom(ICo, R(F) # ICp, 60 (s, )) ~+ RHOm(ICo, R(F) ¥ 1Co(c;,))

~ W o R(), (520)

where A acts on Wy o R(F) via the morphism (5.19). Moreover, the proof of Proposition 5.3
implies that the map (5.19) is equal to the map in (5.15). Thus, by the universal property of the
tensor product, the map (5.20) gives rise to a map of dg-modules over the dg-algebra B,

® o W(F) = B U(F) » Uy o R(F). (5.21)

This finishes the construction of the desired natural transformation map.

Now, to finish the proof, it suffices to check that (5.21) is an isomorphism when F is of
the form F ~ICy with V € Rep(Ga,). For this we observe that if V=&,czV; is the G,,-weight
decomposition, then we have

Uy o R(ICY) ~ P Yu(ICy,) [l ~ P B®c V)| (5.22)
JEL JEZ
On the other hand, we have

U(ICy) ~ (A®c V)~ P Awc V)[-

JEL

and hence

o U(ICy)~ B ; ¥(ICy) ~ B®A<@A®Cv ) P BacVi[- (5.23)

JEZ JEZ
It follows from the construction that the map (5.21) is given by
(IDO\I’ICV EBB ®c V,[— (:) Ty o R(ICY)
JEZ

and hence is an isomorphism. This completes the proof of the proposition. O

5.4 Monoidal structures

We construct a monoidal structure on the equivalence Wy :Ind(D°(£*G,u\Grom))~
D%~ (Sym(g,,[—4])) in Theorem 5.5. Consider the monoidal structure on D% (Sym(g,,[—4])),

My @ My := Uy (Vg (M)« gt (Ms)),

induced from the monoidal structure on Ind(D’(£*G,, 1\Gr,x)) via the equivalence Wy. We
would like to show that ®’ is isomorphic to the natural tensor monoidal structure. The square
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in Theorem 5.7, together with the fact that the derived Satake equivalence ¥ is monoidal,
implies that the functor ®: D% (Sym(gy,[—2])) — D% (Sym(g,[—4])) in loc. cit. is monoidal
with respect to the natural tensor monoidal structure on D& (Sym(gs,[—2]) and the above
monoidal structure @ on D% (Sym(g,,[—4])). Now the desired claim follows from the following
lemma.

LEMMA 5.8. Equip D%~ (Sym(g,,[—4])) with its natural tensor monoidal structure.
Then the natural tensor monoidal structure on D% (Sym(g,[—4])) is the unique (up to
equivalence) monoidal structure on D% (Sym(g,,[—4])) such that the Rep(G2,)-module functor

@ : D (Sym(ga,[—2])) —= D% (Sym(g,,[—4]))

may be compatibly lifted to a monoidal functor. Moreover, the compatible monoidal structure
on ® is unique (up to equivalence).

Proof. Returning to its construction in (5.17), recall that ® factors into the sheared forgetful
functor

D (Sym(ga,[-2])) — D (Sym(83,[-2]))
followed by the restriction
DY (Sym(gan[~2])) = D (Sym(g,[-4])), M = Sym(g,[-4]) @&y, (-2 M-

First, Sym(QQn[_2D) is the unit of DG%(Sym(g2n[_2D)7 80 Sym(gn[_4]) = (I)(Sym(g2n[_2]))
must be the unit of D% (Sym(g,,[—4])).

Next, recall that D% (Sym(g,,[—4])) is compactly generated by V ® Sym(g,,[—4]), where V'
is a finite-dimensional representation of GG,. Note that every such V is a direct summand in the
restriction of a finite-dimensional representation of Ga,. Since ® is a Rep(Gay)-module map,
this determines the monoidal product on D% (Sym(g,,[—4])) as well as its coherent associativity
structure.

Finally, since the monoidal structures on ® must be compatible with its Rep(Ga,)-module
structure, it is determined by its restriction to the unit Sym(gs,[—2])) where there are no
choices. O

ACKNOWLEDGMENTS

We would like to thank David Ben-Zvi, Jonathan Wang, and Geordie Williamson for useful
discussions. We also would like to thank the anonymous referee for their thoughtful and detailed
suggestions. T-H Chen would also like to thank the Institute for Advanced Study in Princeton
for support, hospitality, and a nice research environment.

CONFLICTS OF INTEREST

None.

FINANCIAL SUPPORT

T-H Chen is supported by NSF grant DMS-2001257 and the S. S. Chern Foundation. D. Nadler
is supported by NSF grant DMS-2101466. MM is supported by an NSF Graduate Research
Fellowship.

1661

https://doi.org/10.1112/S0010437X25007146 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007146

T.-H. CHEN ET AL.

JOURNAL INFORMATION

Compositio Mathematica is owned by the Foundation Compositio Mathematica and published by
the London Mathematical Society in partnership with Cambridge University Press. All surplus
income from the publication of Compositio Mathematica is returned to mathematics and higher
education through the charitable activities of the Foundation, the London Mathematical Society
and Cambridge University Press.

REFERENCES

AR15 P. Achar and L. Rider, Parity sheaves on the affine Grassmannian and the Mirkovic- Vilonen
congecture, Acta Math. 215 (2015), 183-216.

AG15 D. Arinkin and D. Gaitsgory, Singular support of coherent sheaves and the geometric Langlands
conjecture, Selecta Math. (N.S.) 21 (2015), 1-199.

BZN13 D. Ben-Zvi and D. Nadler, Loop spaces and representations, Duke Math. J. 162 (2013), 1587—
1619.

BZN15  D. Ben-Zvi and D. Nadler, Betti geometric Langlands, in Algebraic geometry: Salt Lake City
2015, Proceedings of Symposia in Pure Mathematics, vol. 97, part 2 (American Mathematical
Society, Providence, RI, 2015).

BZSV24 D. Ben-Zvi, Y. Sakellaridis and A. Venkatesh, Relative Langlands duality, Preprint (2024),
arXiv:2409.04677.

BF08 R. Bezrukavnikov and M. Finkelberg, Fquivariant Satake category and Kostan- Whittaker
reduction, Mosc. Math. J. 8 (2008), 39-72.

BFMO05  R. Bezrukavnikov, M. Finkelberg and I. Mirkovic, Fquivariant homology and K-theory of affine
Grassmannians and Toda lattices, Compositio Math. 141 (2005), 746-768.

Bry89 R. K. Brylinski, Limits of weight spaces, Lusztig’s q-analogs, and fiberings of adjoint orbits,
J. Amer. Math. Soc. 2 (1989), 517-533.

CN18 T.-H. Chen and D. Nadler, Affine Matsuki correspondence for sheaves, Preprint (2018),
arXiv:1805.06514.

CN24 T.-H. Chen and D. Nadler, Real groups, symmetric varieties and Langlands duality, Preprint
(2024), arXiv:2403.13995.

GR17 D. Gaitsgory and N. Rozenblyum, A study in derived algebraic geometry. Volume I:
Correspondences and duality, Mathematical Surveys and Monographs, vol. 221 (American
Mathematical Society, Providence, RI, 2017).

Gin91 V. Ginzburg, Perverse sheaves and C*-actions, J. Amer. Math. Soc. 4 (1991), 483-490.

Gin95 V. Ginzburg, Perverse sheaves on a loop group and Langlands’ duality, Preprint (1995),
arXiv:alg-geom/9511007.

GMS83 M. Goresky and R. MacPherson, Morse theory and intersection homology theory, in Analyse
et topologie sur les espaces singuliers (II-III) — 6-10 juillet 1981, Astérisque, vol. 101-102
(Société Mathématique de France, 1983), 135-192.

Hai06 T. Haines, Equidimensionality of convolution morphisms and applications to saturation
problems, Adv. Math. 207 (2006), 297-327.

JS90 H. Jacquet and J. Shalika, FExterior square L-functions, in Automorphic forms, Shimura
varieties, and L-functions. Volume II: Proceedings of a conference held at the University of
Michigan, Ann Arbor, July 616, 1988, Perspectives in Mathematics, vol. 11 (Academic Press,
Boston, MA, 1990), 143-226.

JR92 H. Jacquet and S. Rallis, Symplectic periods, J. Reine Angew. Math. 423 (1992), 175-197.

JMW14 D. Juteau, C. Mautner and G. Williamson, Parity sheaves, J. Amer. Math. Soc. 27 (2014),
1169-1212.

Laf09 V. Lafforgue, Quelques calculs reliés & la correspondance de Langlands geometrique sur P!,
Preprint (2009), https://vlafforg.perso.math.cnrs.fr/files/geom.pdf.

Lurl7 J. Lurie, Higher algebra (2017), https://www.math.ias.edu/~lurie/papers/HA.pdf.

1662

https://doi.org/10.1112/S0010437X25007146 Published online by Cambridge University Press


https://arxiv.org/abs/2409.04677
https://arxiv.org/abs/1805.06514
https://arxiv.org/abs/2403.13995
https://arxiv.org/abs/alg-geom/9511007
https://vlafforg.perso.math.cnrs.fr/files/geom.pdf
https://www.math.ias.edu/~lurie/papers/HA.pdf
https://doi.org/10.1112/S0010437X25007146

QUATERNIONIC SATAKE EQUIVALENCE

Lus81 G. Lusztig, Green polynomials and singularities of unipotent classes, Adv. Math. 42 (1981),
169-178.

Nad05 D. Nadler, Perverse heaves on real loop Grassmannians, Invent. Math. 159 (2005), 1-73.

NY21 D. Nadler and Z. Yun, Automorphic gluing functor in Betti geometric Langlands, Preprint
(2021), arXiv:2105.12318.

Ngo06 B. C. Ngd, Fibration de Hitchin et endoscopie, Invent. Math. 164 (2006), 399-453.

O’Br23  J. O’Brien, Homology of loops on a splitting-rank symmetric space via the geometric Satake
for real groups, Preprint (2023), arXiv:2309.09935.

PW19 M. Pflaum and G. Wilkin, Fquivariant control data and neighborhood deformation retractions,
Methods Appl. Anal. 26 (2019), 13-36.

Wan J. Wang, FEzamples of relative duality, https://www.jonathanpwang.com/notes/Relative
Dualitydb.html.

YZ11 Z. Yun and X. Zhu, Integral homology of loop groups via Langlands dual groups, Contemp.
Math. 15 (2011), 347-369.

Zhulb X. Zhu, The geometric Satake correspondence for ramified groups, Ann. Sci. Ec. Norm. Supér.
48 (2015), 409-451.

Tsao-Hsien Chen chenth@umn.edu
School of Mathematics, University of Minnesota, Vincent Hall, Minneapolis, MN 55455, USA

Mark Macerato macerato@berkeley.edu
Department of Mathematics, UC Berkeley, Evans Hall, Berkeley, CA 94720, USA

David Nadler nadler@math.berkeley.edu
Department of Mathematics, UC Berkeley, Evans Hall, Berkeley, CA 94720, USA

John O’Brien obri0741@umn.edu
School of Mathematics, University of Minnesota, Vincent Hall, Minneapolis, MN 55455, USA

1663

https://doi.org/10.1112/S0010437X25007146 Published online by Cambridge University Press


https://arxiv.org/abs/2105.12318
https://arxiv.org/abs/2309.09935
https://www.jonathanpwang.com/notes/RelativeDualitydb.html
https://www.jonathanpwang.com/notes/RelativeDualitydb.html
mailto:chenth@umn.edu
mailto:macerato@berkeley.edu
mailto:nadler@math.berkeley.edu
mailto:obri0741@umn.edu
https://doi.org/10.1112/S0010437X25007146

	
	Introduction
	Real"2013`symmetric correspondence
	Reminder on derived Satake for
	Derived Satake for the quaternionic group
	Derived Satake for the symmetric variety
	Geometric Langlands correspondence for real groups
	Relative Langlands duality conjectures
	IC-stalks and Kostka"2013`Foulkes polynomials
	Outline of the proof
	Organization

	Constructible sheaves on a semi-analytic stack
	Spectral side
	Quaternionic group
	Symplectic group
	Notation related to root structure
	Regular centralizers
	
	
	Kostant sections
	

	Dual group
	The partial Whittaker reduction

	Constructible side
	Twistor fibration
	Equivariant cohomology of quaternionic projective spaces
	Two bases
	Complex and quaternionic affine Grassmannians
	Real nearby cycles functor
	Equivariant homology and cohomology of affine Grassmannians
	
	

	Fully-faithfulness
	
	
	

	Ext algebras
	IC-stalks, q-analogue of weight multiplicity, and Kostka-Foulkes polynomials
	Proof of Theorem 4.22


	Main results
	Formality
	Derived geometric Satake equivalence for the quaternionic groups
	Spectral description of nearby cycles functors
	Shift of grading
	

	Monoidal structures



