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1. Introduction

Let p be a prime number and @p be an algebraic closure of the p-adic numbers Q,.
The goal of this article is to determine the reductions of certain 2-dimensional p-adic
representations of Gg, = Gal (Q,/Q,) that are semistable and not crystalline in the sense
of Fontaine [15]. Examples of such representations arise from local p-adic representations
associated with eigenforms with T'o(p)-level.

1.1. Main result

Write v, for the p-adic valuation on @p, normalized so that v,(p) = 1. Choose w € @p
such that w? = p. Then for each integer k > 2 and each £ € @p, there is a 2-dimensional
filtered (¢, N)-module Dy, = @pel @@peg where, in the basis (e1,e2), we have

Dy if i <0,
w” 0 0 0 ; —
@:(O wk2>7 N:<1 0), Fille7£: Qp-(61+£€2) if1<i<k-1,
{O} if k <i.

(1.1)

Each Dy, » is weakly admissible, so a theorem of Colmez and Fontaine implies there is a
unique 2-dimensional Q,-linear representation Vi, o of Gg, such that Dy = D% (Vi z).
Up to a twist by a crystalline character, the representations Vi o enumerate all Q,-linear
2-dimensional semistable and non-crystalline representations of G, . They are irreducible
except if k= 2.

We aim to determine the semisimple mod p reductions Vk’ ¢ of Vi o. Twenty years
ago, Breuil and Mézard determined Vi, ¢ for even k < p and any £ [7, Théoreme 4.2.4.7].
Guerberoff and Park recently studied odd k < p [17, Theorem 5.0.5]. The reader who
takes a moment to examine the cited theorems should be left with an impression of the
complicated dependence of V;@ £ on L, and that is just for k < p.

Prior results are limited by their ambition to determine V', ~ for all £. Here, we focus on
determining Vi, . for any k while restricting to £ that place Vi  in a p-adic neighborhood
of a crystalline representation (see §1.2). Write Q,2 for the unramified quadratic extension
of Qp, x for its quadratic character modulo p, and w, for a niveau 2 fundamental character
on GQp2'

Theorem 1.1 (Theorem 4.1). Assume k>4 and p # 2. Then, if

0p(L) <2 & —uy((k—2)),

we have Vi, o = Indgi; (wl;*lx),

To be accurate, our method proves Theorem 1.1 when k> 5 or p=3 and k =4. The
theorem holds for k =4 and p > 5 by the work of Breuil and Mézard, and it is consistent
with their work and the work of Guerberoff and Park for 5 < k < p. Our method also
directly obtains a result for £ = 3 and k =4 with a weaker bound (see Remark 4.8 for a
more detailed discussion). Our exclusion of p =2 is more fundamental (see Remark 1.4).
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Remark 1.2. When k£ < p and k is even, the bound in Theorem 1.1 is optimal by the
results of Breuil and Mézard. The same can be said if 5 <k < p and k is odd, by the work
of Guerberoff and Park. We do not know to what extent the bound is optimal for higher
weights (see §1.3).

Theorem 1.1 is a natural analogue of widely studied theorems that determine
reductions of 2-dimensional, irreducible, crystalline representations of Gig,. For instance,
Buzzard and Gee [9] developed a strategy to determine reductions of certain crystalline
representations, with unbounded Hodge—Tate weights, using the p-adic local Langlands
correspondence. We do not know whether a direct analogue for semistable but non-
crystalline representations has been tried, or even whether such an approach would be
feasible.

Another approach in the crystalline case is via integral p-adic Hodge theory. Berger [4]
and Berger, Li, and Zhu [5] proved local constancy results for reductions of crystalline
representations using Wach modules. Recently, the first two authors of this article
improved the Berger-Li-Zhu result using Kisin modules [3]. Those are what we will use
here also. One incentive to write the previous article was as training to conduct the current
research.

Finally, an indirect approach to calculating V, o is explained in a recent preprint by
Chitrao, Ghate, and Yasuda [10], though their investigation heads in a interesting separate
direction from ours.

1.2. Overview of strategy

We now describe our strategy, first recontextualizing Theorem 1.1 through the lens of
local constancy of reductions as in [3, 4, 5].

The parametrization of semistable and non-crystalline representations by L € @p
extends to a P! (@p)—parametrization with a crystalline representation at co. Namely,
for £ # 0 we consider Dy, » with basis (e},e5) = (e1,Lez) — in which case, rather than
equation (1.1), we have

- 0o Dic if i <0,
90:(7) wH)’ N:(ﬁ_1 0), Fil' Dy = Q,- (¢, +¢5) if1<i<k—1,
{0} if k<.

(1.2)

Thus, Dz — Dy o as L£71 = 0, where Dy, « is the filtered (¢, N)-module with the
same ¢ and filtration as equation (1.2) but with N = 0. In fact, Dk oo = Dy (Vi,00)s
where Vi o is a 2-dimensional crystalline representation of Gg, whose Frobenius trace
is a, = w2 + w®. Replacing the filtered (¢, N)-modules with Galois representations,
we have Vi r — Vi oo as L71 — 0 (see the description in [12, §§4.5, 4.6] in terms of
the space of trianguline representations, for instance). Thus, Vy o = Vhoo for £L71 —0.

Furthermore, v, (a,) = %52 and so {%J < vp(ap), except if p=2 or k is small, and
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S0 Vi oo & Imdgg”2 (w]gflx) by [3, Corollary 5.2.3]. We have reduced the theorem to the

question: At which point as £~ — 0 do we have Vh = V;moo?

We now recall the relationship between reductions and Kisin modules. To ease notation,
assume for the remainder of this subsection that k is even and £ € Qp, so Vi o and
Vi, 00 are defined over Q. Let & =Z,[u], and write ¢ : & — & for the Frobenius map
¢(u) =uP. Then consider the category ModZ <=1 of o-modules over & with height < k—1
[18]. Objects in this category, which are called Kisin modules, are finite free G-modules
M equipped with a p-semilinear operator ¢ : 9T — 90 such that the cokernel of the
linearization *M — M is annihilated by E(u)*~1, where E(u) =u+p. When 97 satisfies
the monodromy condition, Kisin’s theory constructs a canonical semistable representation
Vom such that D (Vo) =20 /ud[1/p], for a certain filtration and monodromy on the right-
hand side. Furthermore, Voy is determined by 901/p9t [u™!] as a ¢-module over F,((u)).
The challenge in calculating Vgy this way is determining 9t from Voy or, equivalently,
D7, (Vor). That task was carried out for Vi o in [3, Theorem 5.2.1].

The heart of this article is a two-step argument to do the same for Vi o as L=
0. The difficulty presented by nontrivial monodromy on Dy » requires us to develop a
new technique to pass from filtered (¢, N)-modules to Kisin modules. We make use of a
category intermediate between filtered (¢, NV)-modules and Kisin modules. Namely, write

Mod?’@gk*1 for the category of p-modules over Sq, = Z, Hu, —Eppﬂ [ﬂ with height <k —1.
P
This category is close to certain filtered (p, N)-modules considered by Breuil [6]. Adapting

Breuil’s work, we explicitly construct a canonical object My, o € Modfv&fk_l such that if
D

M € ModZ =" and My, =M@ Sg,, then Vay =2V, 2. ‘Explicit’ means that for any
(nonzero) L, we determine a basis of My, » and an exact formula for ¢ in that basis. This
is where we overcome the difficulty of nontrivial monodromy on Dy, ..

The second step is to descend My, » from Sg, to & when L£~' — 0, thus producing
an M for Vi o. Here we view Sg, as a subring of Ry, where Ry is the ring of p-adic
rigid analytic functions on |u| < p~1/2 (using p # 2). In [3, §4], a row-reduction algorithm
is presented for semilinear operators that, under certain conditions, can descend from
Rs to 6. Specifically, the main theorem there gives a sufficient condition to descend
M. e ®sq, R5 to &. Saving the details for later, we use the explicit calculation of My, ¢

to check that those conditions are met when v,(£) < 2— & +v,((k—2)!).

Remark 1.3. As already discussed, our approach in the first step is more general
than [3], as it applies in the semistable, non-crystalline case. In fact, the method is
quite general and can be used (with a suitable descent process) to compute reductions
for higher-dimensional semistable representations. For example, the third author has
used the strategy here to compute reductions of irreducible 3-dimensional crystalline
representations of Gg, with Hodge-Tate weights {0,r,s} satisfying 2 <7 <p—2 and
p+2<s<r+4+p-2][22].

Remark 1.4. We exclude p = 2 twice. The second time, when we embed Sg, into Ra, is
likely technical. However, we also exclude p = 2 when referencing the calculation of V,
in [3], and that seems crucial: our strategy is based on knowing not just Vi » but also
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how to construct a Kisin module for Vj . Including p = 2 here would necessarily require

_ — G
calculating V', o when p =2 as well. We note that the formula V', o =2 Inng”z (wéflx)
P

should still be true, but we cannot justify it.

1.3. Global context

We end this introduction with a discussion of the global situation. Suppose N > 1 and
f=>"an(f)g™ is a cuspidal (normalized) eigenform of level T'y (IV), weight k& > 2, and
nebentype character 9. Eichler, Shimura, and Deligne famously associated with f a 2-
dimensional, irreducible, continuous representation Vy of Gal (@/ Q). We normalize Vy so
that for £{ Np the restriction V¢|p, to Dy, a decomposition group at ¢, is unramified and
the characteristic polynomial of a geometric Frobenius element is 2 — a,(f)t 417 ()¢5~
The representation Vy|p, is semistable when p?t N and the conductor of 1 ¢ is prime-to-p;
it is crystalline when p4 N [24].

We assume now that V¢|p, is semistable and non-crystalline, in which case we define
the L-invariant of f to be the unique £y € Q, such that Vy|p, = Vi ;. The L-invariant
defined this way is called the Fontaine-Mazur L-invariant (it agrees with [23, §12] up to
a sign). It is a local quantity, but it famously arises in global situations. Examining how
it arises allows us to provide global examples where Theorem 1.1 applies and to connect
L-invariants to global phenomena on p-adic families.

Theorem 1.1 determines (Vf\ Dp)ss in arbitrary weights k > p as long as v, (Ly) is
sufficiently negative, but it is not immediately obvious that eigenforms exist with v, (L)
so negative. Recent research, however, sheds light on the situation. For instance, Graf
[16] and Anni, Béckle, Graf, and Troya (see [1], which builds on [11]) have developed the
theory and practice needed to calculate the multiset of valuations of L-invariants in a fixed
weight and level. Pollack has also developed computer code to calculate L-invariants. His
method, which dates to the early 2000s, uses the appearance of L-invariants in exceptional
zero phenomena for p-adic L-functions. That method is being written up as part of a joint
investigation by Pollack and the first author.

Using their works, both Pollack and Graf kindly calculated some L-invariants for us.
In Table 1, we partially list the p-adic valuations found when p =3 and N =51 =3-17.
Note that the bound in Theorem 1.1 is v3(Lf) <0 in weight k=4 and v3 (L) < =2 in
weight k =6, so Table 1 provides two examples of Theorem 1.1 in weight k =4 and one
example in weight k = 6, though none in weight k£ =8.

Let us look further at p =3 and k = 6 and the boundary case v3(£) = —2 in Theorem 1.1.
Pollack’s code, in fact, reports not just vz (L) for each newform f but also V. This
refined data shows that the eigenforms with weight k=6 and vs (Ls) equal to —3 and

TABLE 1. 3-adic valuations of some L-invariants.

k v3 (L) for newforms f € Si(To(51))
1 —2,-1,0,0,...
6 —3,-2,-1,-1,—1,...
3 3 3 3
8 _37_37_57_57_§a_§7_1a"'
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—2 have isomorphic global Galois representations modulo 3. Since Theorem 1.1 applies to
v3(L) = —3, we see that there exist L-invariants with v3(L£) = —2 for which the conclusion
of Theorem 1.1 continues to hold. More numerical data is required before we can theorize
about the sharpness of the bound in Theorem 1.1.

The L-invariants also arise, globally, from p-adic families. Namely, f lives in a p- adic

family of eigenforms parametrized by weights k € Z, and Ly = —2dloga, (k) = 2“ Ek;

[13, Corollaire 0.7]. This appearance reveals an obstruction to the ‘radius’ of the largest
‘constant slope’ family through f. Indeed, for p # 2, [2, Theorem 4.3] implies v, (ﬁ;l) <
m(f), where m(f) is the least positive integer such that f lives in a p-adic family of
eigenforms f’ with v, (a,(f')) = v, (a,(f)) and weight k' = k mod (p— 1)p™/).

So, ruling out exceptions to Theorem 1.1, v, (L) < 2— % —v,((k—2)!) implies

- ss G
e (V¢lp,) gIndGQP (w5™"'x) an

o m(f)> 7—2+v,,((1€ 2)!) %+p—ﬁl.

To connect these, if k£ %% 1modp+ 1, then Vf|Dp is irreducible. On the other
hand, the second implication generically implies m(f) > £52 = v, (a,(f)). The fact
that m(f) > vp(ap(f)) occurs in a situation where Vy|p, is irreducible is not
a coincidence. It follows a pattern of counter examples found by Buzzard and
Calegari, to a conjecture of Gouvéa and Mazur, which is related to the m(f). The
counter-examples were found by Buzzard and Calegari [8]. See [2, §9] for more

discussion.

2. Theoretical background

In this section, we recall filtered (p,N)-modules and Breuil and Kisin modules. We
explain, in theory, how to calculate a finite-height p-module, over a ring larger than
G, associated with a filtered (¢, N)-module (Theorem 2.7). In §3 we carry this out in
practice in a special case.

2.1. Notations

Let k be a finite field and W (k) be the Witt vectors over k. Set Ko =W (k)[1/p] and
assume K/Kj is a totally ramified extension of degree e. Let Ax be the ring of integers
of K, m € Ak a uniformizer, and E = E(u) € W(k)[u] its Eisenstein polynomial. Choosing
mo =7 and m,ma,... a sequence in K such that WfH =m;, we let G4, be the absolute
Galois group of lim K (7). Let O C Kp[u]] be the rigid analytic functions on |u| < 1 and
S =W (k)[u]] € O. The action of ¢ on Ko[u], by the Frobenius on Ky and ¢(u) = u?,
preserves & C O C Ky[u].

We also choose F'/Q, a finite extension, which will play the role of linear coefficients.
In §2.4 we assume that I’ contains a subfield isomorphic the Galois closure of K. We
write A C F' for the ring of integers, mp C A for the maximal ideal, and FF for the residue
field. Define 65 = & ®z, A and O = O ®k, F. Extending ¢ linearly, we have ¢-stable

subrings of &5 C Sp C (Ko Rq, F) [u], where Sp =& [[ETPH ®q, F.
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2.2. Kisin modules

Let R C (Ko®q, F)[[u] be a @-stable subring containing E. A ¢-module over R is a
finite free R-module M equipped with an injective yp-semilinear operator pp; : M — M.
Let Mod{, be the category of ¢-modules over R with morphisms being R-linear maps
that commute with ¢. For a p-module M, write ¢*M = R®, r M, so 1® @ defines an
R-linear map ¢*M — M called the linearization of ¢. For h >0, an element M € Mod%,
has (E)-height < h if its linearization has cokernel annihilated by E". The subcategory
of p-modules over R with height < h is denoted Modﬁ’gh. A Kisin module over &, with
height < h is an object in Mod‘é’fh.

Let MF?’N be the category of positive filtered (p, N, K, F')-modules, which we shorten to
just filtered (¢, N)-modules over F (see [7, §3.1.1]). For D € MY set Dx = K @, D;
here, ‘positive’ means Fil® D = D Let Repiﬁ"h be the category of F-linear semistable
representations V of G whose Hodge—Tate weights lie in {0,...,h}. Then there exists a
fully faithful, contravariant functor

D, - RepSt" — MFEY

whose image is the subcategory of weakly admissible filtered (¢, N)-modules over F (see
[14, 15] and [7, Corollaire 3.1.1.3]). For V € RepSt” and T'C V a Gao-stable and A-
linear lattice, there exists, by [20, Theorem 5.4.1], a canonical Kisin module 9t = (7T
over G with height < h. Naturally, we say a Kisin module 91 is associated with V if
M = M(T) for some T. By [3, Corollary 2.3.2], the semisimple mod p representation V'
can be determined from any associated Kisin module.

One category that intervenes in determining an 901 associated with V € Repif’h is
the category of (p, Ny)-modules over O [18]. Let A =[],~c¢™(E(u)/E(0)) € Op. An
object Mo, € Mod&i\[V is a finite-height ¢-module over O equipped with a differential
operator Ny lying over fu)\ﬁ on O and satisfying Ny :p%cpNv. By [18, Theorem
1.2.15], we have quasi-inverse equivalences of categories

N & N
MF?% Mod& MY . (2.1)

For s > 0, write Oy for the Op-algebra of rigid analytic functions converging on
S

lul <p~.
Proposition 2.1. Suppose M € Mod‘g’fh’, Ve Repjﬁ’h, and s is such that 1/pe < s <1/e
and M@s, Os = Mo, (D5(V)) @0, Os in ModS=". Then, M =M(T) for some T CV

as before.

Proof. Since s < 1/e, 7 lies in the disc [u| <p~™*. Since M®e, Os = M, (D5 (V)) o,
O, [3, Corollary 2.2.5] implies that Mo, = M Rs, Op is canonically an object in
Modg’gv. Then [20, Theorem 5.4.1] implies that there exists a V' € Repslﬁ’h such that
M= M(T) for a lattice T C V' for some T. We claim that V = V’. Indeed, since
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1/pe < s < 1/e, the definition of Dy, (Mo,.) in [18, §§1.2.5-1.2.7] depends on only the
finite-height ¢-module My, ®0, Os over O;. Thus we have

D4 (V') = Do, (Mo,) = Do, (Mo, (D4(V))) = D4 (V).
Since D2 is fully faithful, we have V 2 V', completing the proof. O

Remark 2.2. To be accurate, the equivalence (2.1) is constructed in [18] only when
F =Q,. We use multiple references with the same technical limitation. We pause to
detail one approach to resolving the issue. Later, we omit details for other functors.
First, we may define the functors D, and M, using the same formulas as (2.1), or
equivalently, we can define them by forcing the diagram
D

Hop
o, N & », Ny
MF%; N ModoF

Mo,
forget forget
DO

MFEN < Mod5 ™™
Qp ————— o
Mo
to commute. Here, the vertical arrows are the natural forgetful functors and the bottom
arrows are as in [18], where they are proved to be quasi-inverses. If Mp, € Modé’;vv,
we thus have a natural isomorphism o: My, (Do, (Mo,)) = Mo, in Mod$ Nv Since
multiplication by x € F' defines an endomorphism of Me,. in Modg’Nv and « is natural,

we see that « is an isomorphism in Modgévv. Thus, M, is a left quasi-inverse to Dy,
Proving that D, . is a right quasi-inverse to M, is analogous.

2.3. Breuil modules
Let Sg; be the p-adic completion of the divided power envelope of W (k)[u] with respect
to the ideal generated by E. Breuil [6] classically identified MF&S’pN with a category of

filtered (¢, N)-modules over Sp, [ﬂ We recall this, replacing S, with a simpler ring.

One extends the Frobenius ¢ to Ko[[u] via ¢(u) = uP. We define N = —u-L on Ko[u]].
Let Sg be the E-completion of W (k)[u] [ﬂ . For a subring R C Sg and j >0, set Fil/ R =

RN EJSg. In particular, we can take R =S := W (k) [[u,%pﬂ. As a subring of Ko[u], S
is closed under ¢ and N. We define Sy = S®z, A and Sp = S®z, F, extending ¢, N, and
Fil® linearly.

Clearly S C Sp, C S £, which are compatible with the (u7 %)—topology on S, the p-adic
topology on Sg,, and the (E)-topology on §E One advantage S enjoys over Sp, is that

Fil! Sp = E7Sk. To see this, note that any element f € Fil/ Sg can be uniquely written
in the form f=73", ai(u)Ep—T, with a;(u) € Ko[u] a polynomial of degree strictly less than

i—j . l
ep (e is the degree of F). Then, when j < pi, we have E; > = ﬁEm*pl (ETP) , with

= L%J . In this situation, s — depends only on j, so factoring E7 out of the expression
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for f and examining the leftover summation, one sees at once that f € E/Sp. Note as
well: Sp is an Op-algebra, and ¢(FE) = pc with ¢ € S*. In particular, ¢(\) € $* C Sj.

The category MF?FN of filtered (¢, N)-modules over S, or Breuil modules over S,
are objects (D,¢p) € Mod§  such that the linearization of ¢p is an isomorphism, and D
is equipped with the following;:

e a decreasing filtration Fil® D by Sp-submodules such that FilD =D and
Fil'Sp-Fi/ D CFil't D
for all 4,5 > 0;

e an operator Np : D — D that acts as a derivation over N, with
— Npyp = pppNp and
~ Np (Fil'D) CFil'" ' D for all i > 1.

A morphism in MF?;N is an Sp-linear map equivariant for ¢, N, and Fil®.
We define a functor D : MF}?’N — MF?’FN as follows:

D:=D(D)=Sr QKo@q, F D as an Sp-module,

[%255) :SD®QDD7
Np=N®14+1® Np,
Fil’(D) = D, and

Fil'(D) = {z € D | Np(z) € Fil' ' D and (ev,®1)(z) € Fil' Dx }

for i > 1.

Here, ev, : Sp — F ®q, K is the scalar extension of evy : W (k)[u] — A, the evaluation-at-
7T map.

Theorem 2.3 (Breuil). The functorQ:MFﬁ’N — MF?’FN 18 an equivalence of categories.

Breuil proves in [6, §6] that D is an equivalence of categories when F' = Q, and S
is replaced by Sp;. That one can replace Sg; by S is known to some, but there does
not appear to be a reference. The only step in Breuil’s proof that requires honestly new
justification is the following analogue of [6, Proposition 6.2.1.1] (this version is even easier
to prove):

Lemma 2.4. SetDe MF?;N and D =D/uD. Then there exists a unique F ®q, Ko-linear

p-equivariant section s: D — D of the reduction map.

Proof. First, suppose F = Q, and let (é1,...,64) be an S{H—basis of D. Write
©op (€1,-..,6a) = (€1,...,84) X and set Xo = X mod u. Then X € p*Matq(S), X' €
p’ Matg(W(k)), and X X' € I +up™Matq(S) for some k,f;m € Z. As in the proof of
[6, Proposition 6.2.1.1], we need to show that

Yo = Xp(X) (X" (Xo 1) o (X5 1) X !

converges in Maty (S BD as n — co. But, in the notation already used,

Yy, = Y1 € " (u)p"F O™ Maty(S).
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Since ¢"(u)p™ —0in S [ﬂ for any fixed r, we see that Y,, —Y,_1 — 0 in Maty (S [ﬂ ),
as needed.

If F # Q,, the proof already given implies that there exists a unique Ky-linear -
equivariant section s: D — D. If x € F¥, then z~'sx is also Ky-linear and (p-equivariant,

and thus s is F-linear. O

Proof of Theorem 2.3. Define Dg_ : MFE’FN — MF%" as follows. Set D= Dg, (D) =
D/uD with its induced action of ¢ and N. For s in Lemma 2.4, (ev,®1)os: D — D/ED
induces a canonical isomorphism Dy = D/ED. The filtration Fil'(D) is the pullback of
the filtration on D/ED defined as the image Fil’(D) — D/ED. The arguments in [6], with

Lemma 2.4 replacing its Proposition 6.2.1.1, show that D S[1] and D are quasi-inverses
P

when F' = Q,. In general, see Remark 2.2.

2.4. Comparison

We now assume that F' contains a subfield isomorphic to the Galois closure of K (see
Lemma 2.5). In practice, as in §§3 and 4, we take K = @Q,, so this is no hindrance.
In the prior sections, we have described equivalences

Mod§ N —— MF§N —=— MFZ. (2.2)

An analog of [21, Corollary 3.2.3] allows for a description of the composition that,
unfortunately, is not practical for calculations. In the following, though, we explain how to
determine M, (D)®o, Sr as a p-module over Sr from D, up to determining D =D(D).
A key technical point, which follows from the next lemma, is that filtrations on Breuil
modules over Sp are always free, in contrast to the filtrations on objects in MF?N
(compare with [7, Exemple 3.1.1.4]).

Lemma 2.5. Suppose that N is a finite free Sp-module and H C N is an Sp-submodule
such that EIN CH for some j > 0. Then H is finite free over Sp.

Proof. We may assume j = 1. Indeed, consider the nested sequence H; = H + E'N of
Sp-modules, which satisfy EH; C H;y1 C H;. By the j =1 case we deduce that H; C N
is free, and then Hs, and so on until H; = H is free. We may also assume N = Sp. Indeed,
0= N =N 5 A7 2 0is an exact sequence of finite free Sp-modules, then H' = f(H)
and H" = ker(f)NH satisty EN"” CH"” and EN’ CH'. So if both H" and H' are free,
then H 2 H" ®H’ is free as well.

We have reduced to proving that if I C Sg is an ideal containing F, then [ is free. Since
F' contains a subfield isomorphic to the Galois closure of K, we may decompose Sp =

HaeHom(Ko,F) Sk o where Sp, =A [[u,'j(?%)p ﬂ is a domain. The ideal I decomposes

as a product of ideals I, such that o(E)Sp , C I,. Since o(FE) is nonzero, it suffices to
show that each I, is principal. Write Hom, (K,F’) for the embeddings 7 : K — F lifting
0. Then we have a canonical isomorphism

Sr.o/0(E)Sp.e 2 K Q.o F = FHome (K1),
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So I, /o(E)SF,o = FT for some subset T' C Hom, (K,F). But Jp =[] cp(u—7(7))- Sk
also contains o(E)Sr , and Jr/o(E)Sr , = FT. Thus I, = Jr is principal, completing
the proof. O

We now consider an ad hoc category of ‘Breuil modules without monodromy’. Let
MF?: denote the category whose objects are (D,pp) € ModﬁF such that the linearization
of wp is an isomorphism, and D is equipped with a finite free Sp-submodule Fil"DcCD
such that Fil” Sr-DC Fil" D. By Lemma 2.5 there is a natural forgetful functor MF?’FN —
MF%".

Sr

Now define D’ : Modg’FSh — MF‘Sp;h by declaring D' (M) = Sp®,, s, M as an Sp-module,

and

® Yp(m)=PRpam and
o Fil"D'(M)= {x €D (M) | (1@ pp)(x) € Fil" S .M}.

Since E"D'(M) C Fil" D'(M), Lemma 2.5 implies that Fil" D'(M) is finite free over Sp.
Proposition 2.6. The functor D' is an equivalence.

Proof. We first show that D’ is fully faithful. Suppose M and M’ are in Modgfh. Write
D:=D'(M) and D’ :=D’'(M’). Choose a basis (e, ...,eq) of M and write p(e1,...,eq4) =
(e1,...,eq)A with A € Maty(Sp). Since M has height < h, there exists a matrix B €
Matq(SF) such that AB = BA = E"I;. By assumption, Fil” D has basis (a1,...,aq) =
(€1,...,6q4) B where ¢; = 1®e; € D compose a basis of D. Similarly, we get A’,B’, and €,
from a basis (ef,...,e/,) of M’

Now suppose [ : D — D’ is a morphism in MFglvh. We write f (€1,...,6q) = (€],...,6) X
for X € Maty(SF). Since f is p-equivariant, we have Xp(A) = ¢(A")p(X), and since
f (Filh D) C Fil" D, we have XB = B'Y for some Y € Maty(Sp). Using AB = BA =
E"Ig and A'B' = B'A' = E"ly, we see that ¢(Y)p (E") = X (E"), and so X = ¢(Y)
because p(E) € Si. It follows that YA = A’o(Y). Define f: M — M’ by f(eq,...,eq) =
(€},...,e,)Y. Then § is p-equivariant and f = D'(f) since X = (Y’). This shows that D’
is full, and since Y determines X, we also see that D’ is faithful.

Now we prove that D’ is essentially surjective. Given a D € MF?’Fh, choose bases
(e1,...,eq) of D and (a,...,cq) of Fil"D. Write (ai,...,aq) = (e1,...,eq)B and
op(er,...,eqd) = (e1,...,eq)X with det(X) € Si. Since E"D C Fil"D, there exists
A € Matq(SFp) such that AB = BA = E"I,. Since ¢(E) = pc € S5, we see that
Xp(B) € GL4(Sp), whereas pp(ai,...,aq) = (e1,...,eq)Xp(B). Thus (f1,...,fqs) =
(e1,...,ea) Xp(B)p~"¢" is a basis of D and ¢p(ai,...,aq) = (fi,...,fs)p"c". Finally,
(a1,...,aq) = (f1,---,fa)B’ where B =YB and Y = (X@(B)p*hc’h)fl, so there
exists an A’ such that A’B’ = B’A’ = E"I;. Now define M = @?:1 Srf; and set
om(fi,---sfa) = (F1,---,fa)A’. Then M € Modg’FSh and D'(M) =D (set f; =1®f;). O

We now reach the main theorem of this section, which provides a mechanism to calculate
a finite-height p-module over Sg explicitly from D € MF?’N. We write ¢(E) = pc with
¢ € .S* as before.
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Theorem 2.7. Suppose D € MF?’N. Write D' € MFg’Fh for the image of D(D) under the
natural forgetful functor and M= Mg (D) ®o, Sp. Then there is a natural isomorphism
D'(M)=D'.

In particular, M is recovered from D wvia the following steps:

(1) Select Sp-bases (eq,...,eq) of D=D(D) and (ay,...,aq) of Fil" D.

(2) Let op(er,...,eq) = (e1,...,eq)X and (ai,...,aq) = (e1,...,eq)B with X,B €
Matgy(SF).

(3) Then M has an Sg-basis (f1,...,fa) in which o r(F1,-. . fa) = (F1,-..,fa) A, where
A=FE"B 1 Xp(B)p~ .

Proof. To start, once the isomorphism D’(M) =D’ is justified, the ‘in particular’ follows
by tracing through the second half of the proof of Proposition 2.6.

For Mo, € Modf)’;\[v we define D =Dy, (Mo, ) = Sr @0, Mo, which is a finite
free Sp-module, and equip it with the following structure of a Breuil module over Sg:

YD =PRI PM,
. ND:N®1+ﬁ®Nw

e Fil'(D)={zeD|(1®pm)(z)€Fil'Sr®0, Mo, }.

Following the proof of [20, Proposition 3.2.1], replacing S by Sg;, and adding linear F-
coefficients, we see that D, : Modé’livv — MF‘g’FN defines a functor. Moreover, if Mo,
has height < h, then

QOF (MOF) ng (MOF Qor SF)

in the category MFg’Fh. Thus it remains to show that D,  makes the diagram of functors

D
MF§Y ——— MFEY (2.3)
D
OFT 2OF
Mod v

commute as well. (In particular, Dy, = is an equivalence.) It is enough to check this when
F =Q, (by Remark 2.2). In that case, if S is replaced by Sg,, this is the statement
of [20, Corollary 3.2.3]. The proof there goes through here with only one adjustment.
Namely, the isomorphism SBr[%] ®Kk, Do(Mo) = SBr[%] ®y,0 Mo implicit in the first
two displayed equations there needs to have Sp; replaced by S. To make this adjustment,
consider the map £ : O ®k, D(Mp) = Me constructed in [18, Lemma 1.2.6]. Thus &
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is a -equivariant injection with cokernel annihilated by A" for some h > 0. From the
diagram in the middle of the proof of [18, Lemma 1.2.6], we have ¢ factors

0@k, D(Mo) —— Mo. (2.4)
(@) Ry, 0 Mo.
We deduce that the vertical arrow has cokernel annihilated by ()", Since p(\) € S,
we have
1®¢
S[1/p]©K, D(Mo) = S[1/p]@p.0 Mo.
This completes the proof. O

Remark 2.8. The previous proof makes it clear to see that for D € MF?’N and
D=D(D)c MF?FN , the map ev, induces an isomorphism Fil"*** D/EFil' D = Fil' ™ Dy.
Indeed, since ev, (Fil"™' D) = Fil""! Dy, it suffices to show that EDNFil'*™' D = EFil' D.
Pick y = Ez € Fil'™' D with 2 € D. The proof of the theorem, especially the fact that
diagram (2.3) commutes, shows that

Fil''' (D) ={z €D | (1®pm)(z) € FiI'"' Sp @0, Mo, } .

Thus, we see that (1@ pm)(Ex) = E(1@pm)(z) € Fil't Sp @0, Mo, Since Fil" Sp =
E"Sp, it is clear that (1® ¢ )(x) € Fil' S ®0, Mo,., and hence x € Fil' D as required.
(Compare with the end of the proof of [21, Proposition 3.2.1].)

Example 2.9. Suppose K =Q, and V is crystalline. By [19], D = D% (V) admits a
strongly divisible lattice (M ,Fil* M, <pi). More precisely, there exist an F-basis (eq,...,eq)
of D and integers 0 = ng < ny < --- < mnp < d such that Fil'D := ®j>m Fe;, and
p(er,...,eq) = (e1,...,eq) X P where X € GL4(A) and P is a diagonal matrix whose iith
entry is p%, where s; = max{j|n; <i} = max{j|e; € FiV D}. Since N =0 on D, we
easily compute that Fil" D admits a basis (e1,...,eq)B where B is the diagonal matrix
with (4,4)th entry E"~* (compare §3.1). By the steps outlined in Theorem 2.7, using the
basis 1 ®e; € D, we see that the matrix of ¢ on M is given by A= E" B~ X Po(B)p~ "¢,
where A= DXC, D is a diagonal matrix with (¢,3)th entry F*®', and C is a diagonal matrix
with (4,4)th entry ¢ 5.

3. An explicit determination of a Breuil module

In this section, we assume K = Q,. We choose m = —p, so E(u) = u+p. We keep F/Q,
as a linear coeflicient field and recall that A is its ring of integers. In §3.2, we explain the
definition of the filtered (¢, N)-module D11 . € MF?’N7 for h > 1 and £ € F, discussed
in the introduction. Let My 41,0 = Mo, (Dhy1,c)®o, S € Modg’fh. The ultimate goal
(Theorem 3.7) is to describe the matrix of ¢ in a certain trivialization My, 41 o = SE?, at
least if £ # 0. We begin by describing the Breuil module Dp41, 2 =D (Dpy1,z)-
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3.1. The filtration on some rank 2 Breuil modules

In order to minimize notation, in this subsection we let D € MF?’N be any 2-dimensional
filtered (¢, N)-module with Hodge-Tate weights 0 < h. We also choose any basis (f1, f2)
for D such that Fil" D = F f,. We write Np(f1,f2) = (f1,f2) (‘; S) with (‘Z g) € Mato (F).
(Compare with Lemma 3.6.)

Set D=D(D)=Srp®r D. For f €D we write f: 1® f € D. In particular, D is a free

Sp-module with basis (ﬁﬁ) Recall that Fil' D is defined by Fil®D = D and, for i > 1,
Fil'D={z €D | Np(z) € Fil' ' D and ev.(z) € FiI' D}.
When i = 1, the condition Np(z) € Fil°D =D is a tautology. So Fil' D = Spfg + SFEE.

Proposition 3.1. There exist x1,...,xp_1 € F such that, if 0 <i<h,
i—1
Fil'D=Sp- | ot | D ;B | i | +Sp-E'Ji.
j=1
Proof. Assume by induction on 0 <4 < h that there exist x1,...,z;_1 € F such that for
each 0 < j <i we have Fi! D = Sp- AQ(j) +SF~]?1, where ;(j) = ]?2+ <Zf{ilmem) fl
Setting AQ(O) = fz(l) = fg handles the cases i =0 and ¢ = 1. So suppose 1 <i < h.
For the (i + 1)th case, we first define z; € F. By induction, Np (f;)) €Fil''D =

SF]?QU_U +SpEi~1f;. Since gi_l) = ]"’\(Qi) — 2,1 B F,, we can write
No (J?z(i)> =dif)) + 0B
for some d;,b; € Sp (compare Lemma 3.2). Set x; = b;(m)/im, and then set ﬁ(iﬂ) = ]?Q(i) +
2, E' fy. Since 2 <i+1 < h, we have Fil'*! D = F f,. Thus, ev, (}"“)) — f, e Fill*1 D.
Further,
Np (]?2““)) — Np (f;’) — 2;iuB ) + 2, B Np (fl) (3.1)
=d; AQ(i) +(b; — xiiu)Ei_lfl +2,E'Np (fl) )
Note that the last summand in equation (3.1) lies in Fil' Sr- D C Fil' D, whereas the first
lies in Fil' D. By definition we have ev,(b; — x;iu) = 0, and so the middle summand also
lies in Fil’ Sz -D C Fil' D. Thus fy' Y e Fil' T D.
For a moment, define F**t1D = SFfQ(ZH) + SpEHf C Fil'™ D, We want to show
equality. Since Eﬁ(l) = Efz(zﬂ) — ;BT f, we in fact have
EFil'D C F'H'D C Fil't' D.
Since ev, gives an isomorphism Fil**t! D/E Fil'D ~ Ffy by Remark 2.8, and

evy (F1D) # 0, we conclude that the natural map F*1D/EFil'D — Fil'"' D/EFil' D
is an isomorphism. Thus, F*1D = Fil'™ D. O
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The proof of Proposition 3.1 allows for explicit control of the scalars x; in terms of the
monodromy matrix (‘c1 2). For the next two results, we explain this by reexamining the
proof.

Lemma 3.2. For1<i<h—1, let d;,b; € Sy be such that Np (ﬁ;) =d; f{" + b, BV
Then dy =d, by =b, xlzg, and for 1 <i<h—1,

di+1 = dl + CiEZ'Ei
bi+1 = xi(a —CZ; — dz) + (b, - leu)/E

o b ()
TG D

i ,
where z; =3 x;E7.

Proof. The values of dy, b1, and x; follow immediately from fz(l) = fg and Np (fg) =

bfl +df2. Next, by equation (3.1) and because Np (ﬁ) = afl +cf2, we have

Np (fz(”'l)) = difz(i) +(b; — xiiu)Ei_lfl + a2, F (afl —I—cfg) . (3.2)

We can write ]?2(1) = EH_U f:viE’fl and, separately, ]?2 = AQ(HU — zlfl Thus equation

(3.2) becomes

Np (;(H'l)) = (di + ch-Ei) Aéﬂ'l) + (—dixiEi + (b — z4iu) B 4 2, B (a — czz)) ]?1
Factoring E? out of the fl—coefﬁcient, the result is clear. O
Example 3.3. In Lemma 4.4, we will need an explicit calculation of the x; and z. This

can be done using the recursive formulas already given. The calculations we need, both
of which are straightforward, are

xg = %(afdfl)
b
22(0) = i(afdf?)).

(See also Example 3.9.)
Lemma 3.4. Assume that a—d € A and bc € A. Then for 1 <i<h—1, we have
vpl:) + () i > v, 0.

Remark 3.5. The lemma is consistent with b =0, since in that case x; =0 for all .

https://doi.org/10.1017/51474748022000081 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000081

2634 J. Bergdall et al.

Proof of Lemma 3.4. Given v € R, we write

Ay = Zijj € Flu)[vp (y;) +vp() +7 2 v
Jj=0

Note that A, is a subgroup of F[u]. Since v,((j+k)!) > v, (j!) +vp(k!) for all nonnegative
integers j,k (because binomial coefficients are integers), we have A, A, C Ay4 as well.
In particular, Ag is a ring containing A as a subring, and each A, is an Ag-module.

The lemma is equivalent to z;E’ € Ay, for all 1 <i < h—1, but to show B €
A, ) it suffices to show b; E*~! € A, ). Indeed, b;E*~! € b;(m)E'~! 4+ E'F[u], and so if
biE'~l € A, (for any v), then v, (b;(7)) +v,((i — 1)!) +i—1 > v. Since b;(m) = z;im, by
definition, we would clearly have v, (z;) +v,(il) +i > v as well.

We have reduced to showing b;E'~ € A, () for 1 <i <h—1. For i =1, by Lemma 3.2
we have by = b, and so the claim is clear. Now assume that b; £/~ € Ay, for all j <i.
By the previous paragraph, we have z;E7 € A, ) for all j <4, and so z; € A, ) for all
j < (including zg, which we define to be 0). By Lemma 3.2, we have

bi+1Ei = (CL —CZ; — dl)"EzEl + (bz - .’Eﬂu)Ei_l

=(a—d—c(zi+2i1)) B + b, B —ain BT — a0 B
(3.3)

It is clear by induction that the final three summands are in A, (3. For the first summand,
we know z; +z;_1 € A, (). Since v,(c) +v,(b) >0 and a—d € A, we see that a—d —c(z; +
zi—1) € Ag. Since 7;E* € A, (1), by induction, the first summand also lies in A, ). Thus,
biv1E' € Ay, (1)-

3.2. Explicit filtered (¢, N)-modules

Now assume F contains an element w such that w? =p. For £ € F and h > 1, we define
Dpy1,c=Fe1®Feq € MFfJN7 where, in the basis (eg,ez),

@ 00 g Dria,e =0
= 0 1) N = 1 o) FilI'Dpy1,c = F-(e1+Lea) if 1 <i<h,
{0} if h<i

(see [7, Exemple 3.1.2.2(iv)]). It is useful make a change of basis. Set a, = w1 + " 1.

Lemma 3.6. If L #0, then (f1,f2) = (—p(e1+ Lea),e1 + Lea) is a basis of Dpi1,c in
which

a, —1 D 1 oh-l » Dp1,c Zfl < Q,
Y = h O 5 Nzi_ wh_l,_l -1 B Fll Dh+1,£: Ff2 2f1§1Sh7
{0} if h <.
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Proof. If £ #0, then ey + Les is not an eigenvector of ¢, so (f1,f2) is a basis. We leave
calculating the matrices for the reader. O

Now let D11, =D (Dpi1,2) and My, = Mo, (Dhi1,c) ®0, Sp € ModZ =", Recall
that ¢ = @(E)/p € Sir. Let A =[1],,50¢*" T (E)/p and A1 = p(A-).

Theorem 3.7. If L # 0, there exists a basis of Mpy1,c in which the matriz of ¢ is

given by
A [ (=) (fi)h ~1+(2) (a *p:Z)
B Bl (32) )
where z = Y"1 x; B € F|E]. Moreover, if v, (C™') > —1, then
vp () 2 vp (£71) = % — (i) —J (3-4)

foreach1<j<h-—1.

Proof. Let (f1,f2) be the basis as in Lemma 3.6. Set fl =1® f; and fg =1® f2, elements
of D41, , as before. Then the matrix of ¢ in the basis (ﬁ,fg) of Dpy1,cis X = (Zﬁ 701>.
Moreover, Proposition 3.1 implies that Fil” Dhi1,c = Spo1 ® Spog, where

= (i) (5 1) = (h)s

for z = Z;l;ll z;E7 and some x; € F. Theorem 2.7 implies that M1 . has a basis in
which the matrix of ¢ is given by

h —h.—h h
I phop—1 —h.—n_ [a—Dp"z p ¢ (—1+<P(Z) (ap—p Z))
A'=E"B" XeB)p "« " = < Ehph phehElpho(z) : (3.5)
hyh
Since A_ and A4 are units in Sg, we can replace A’ by CA’p (C~1) for C = <p é" )\,? >
o+

A short calculation shows A= CA’p (C‘l), completing the general proof.
Finally, if v, (L‘_l) > —1, then the matrix of N in Lemma 3.6 satisfies the hypotheses
of Lemma 3.4, so the estimates (3.4) follow from the b-entry of the monodromy matrix:
P S —
CwhtiL(1-p) whlL(1-p)
This completes the proof. ]

Remark 3.8. An analogous calculation in the crystalline case, where z =0 (see Remark
3.5), was made in [3, §3]. The technique here, passing through the category MF;@;N, is
different, but the descriptions are the same (compare Example 2.9).

Example 3.9. We need one ad hoc calculation in Lemma 4.4. Let h = 3. By Example 3.3,
the element z in Theorem 3.7 satisfies 2(0) = &(a —d —3), where (¢ }4) is the monodromy
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matrix in Lemma 3.6. For p = h = 3, plugging in the explicit matrix, we see z(0) =
11

iz (z+1):

4. Descent and reductions

The goal in this section is to prove the main theorem of the article. Given h > 1 and
L e F, we write V11,0 for the unique 2-dimensional representation of Gg, such that
D} (Vig1,2) = Dhya,c, where Dy ¢ is as in §3.2. Write V' for the semisimple reduction
modulo mg of V. Let Qg2 be the unramified quadratic extension of Q,, x the unramified
quadratic character of GQPQ, and wy a niveau 2 fundamental character of Q2. Note that

G . . . . L
Indgi" (w% X) has determinant w”, where w is the cyclotomic character, and its restriction
2
p
to inertia is wj @ wh".

Theorem 4.1. Assume h >3 and p # 2. Then if L satisfies

o (€)= " (-1,

— G
we have V41,0 = Indcgp (w%x).
2
P

Remark 4.2. Our contribution toward Theorem 4.1 is limited to h >4 and p = h = 3.
The case of h =3 and p > 5 follows from the work of Breuil and Mézard. If we were to use
the weaker bound v, (E_l) > % +v,((h—1)!), then our calculation would also cover
the cases of h =2 and h = 3. See Remark 4.8 for further explanations.

We plan to take the matrix of ¢ acting on Mp11,r =My, (Dhi1,c) ®or SF as in
Theorem 3.7 and replace it with a ¢-conjugate defined over &5 when v, ([fl) satisfies
the bound in the theorem. This defines a Kisin module 9t for V4, that allows us
to calculate the reduction Vthl, c- Despite our theorem being limited to h > 3, we will
present many calculations assuming only A > 2, in order to later justify Remark 4.2. So
we assume without further comment that

p#2and h > 2; (4.1)

Up ('C_l) > ? —1+uvp((h=1)).

We will clarify result by result where we need to limit to h >3 or h > 4. Also, fix z =
Z;:ll x;E7 as in Theorem 3.7. Note that by formula (4.1), we have v, (£L7') > —1, so the
estimates (3.4) in Theorem 3.7 hold.

4.1. Preparing for descent

Consider the ring
Ry = {f:Zaiui € Fllul] | i +2vp(a;) = 0o as i—>oo}.

Thus R» is the F-Banach algebra of series converging on |u| < p~ /2. We equip R, with the
valuation vg, (3" a;u’) =inf; {i +2v,(a;)}. The canonical map Op < R; factors through
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Sr, since vg, (EP/p) =p—2> 0. Finally, given v € R, we define additive subgroups H; C

H, C Ry by
Hy, ={f € Ry | v, (f) = v}, Hy ={f € Rz |vr,(f) > v}.
For any v, H, and H; are stable under . In fact, for any j > 0 we have

@(HvﬁujRg) - Hvﬂ-(p,l)ﬁuijg, (4.2)

and the same for HY replacing H, (see, e.g., [3, Lemma 4.1.1]).
Our first lemma, concerning some entries of the matrix in Theorem 3.7, is straightfor-
ward, so we omit the proof (compare with [3, Lemma 5.1.1]).

Lemma 4.3. Let A\_ =], 5, Y (E)/p and Ay = p(\_) be as in Theorem 3.7. Then
(a) A\ €1+ Hp o and Ay €1+ Hp2 o,
(b) A_,M\y+ € RS, and
() vry (AE') =0 =g, (A1)
We also prepare estimates for z. Note that by formula (4.1), the estimate (3.4) becomes

vp () > vp((h=1)H) —vp(d) —j—1>—j— 1. (4.3)

h—1
3 -

h+1

Recall that we write a, = @w"~! +@"*1. Thus, v, (a,) =

Lemma 4.4. For z = Z;Z;ll z;E7 as before and v = —1+¢(2) (ap —p"z), we have the

following:
(a) phz e HY ;. (c)ve—-1+H; ..
(b) w(2) € H,. (d) If h>3, thenv € R}

Furthermore, if p=3 and h=3, then ¢(z) € H>; andv e -1+ H; _,=—-1+HjJ.
Proof. First, vg, (Ej ) = j. By the ultrametric inequality and formula (4.3), we see
iy (2) > inf{2(—j—1)+j[1<j<h—1}=—1—h.

Part (a) follows because vg, (p") = 2h. For (b), note that vg, (¢(E)7) = 2j. Thus, using
formula (4.3),

VR, (p(2)) >nf{2(—j—1)+2j|1<j<h—-1}=-2.

Continuing, ¢(2)p"z € Hy_, by parts (a) and (b), and since vg, (a,) = h—1, we have
¢(z)ap € Hy 5. This proves (c). Finally, part (d) follows from the geometric series and
part (c).

Finally, suppose p = h = 3. By the argument for (c), it suffices to show that ¢(z) € H?;.
We note that vg, (¢(E)? — E(0)7) > p+2j —2 for any j. Thus, by formula (4.3),

v, (0(2) —(2)(0)) >p+2j-2-2(j+1)=p—4=-1 (4.4)
But by Example 3.9 we have ¢(2)(0) = z(0) = ;= (£ +1). Since v, (£7') > 0, formula
(4.4) implies vg,(p(z)) > —1, as we wanted. O
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We now write My = My11,2 ®s, B2 = Mo, (Dps1,c) ®0, Re. Thus, Ms € Mod5=".
We also introduce some notation. Given A € Maty(R2) and C € GL4(R2), we write C *,
A=C-A-¢o(C)~t. Thus, if (e1,ez) is a basis of My and A is the matrix of ppy, in that
basis, C'x, A is the matrix of ¢, in the basis (e,e}) given by (e},e5) = (e1,e2)C L.

Proposition 4.5. Assume h >4 or p=h=3. Then there exists a basis of My in which
h
the matriz of o, s (bi Bl), where G € (ap—phz) (A;> +Hp.

Apt

Proof. By Theorem 3.7, there is a basis (e1,e2) of My such that paq,(e1,e2) = (e1,e2) A,
where

A:

h
A
(ap—1"2) (3=) —1+9(2) (a,—9"2) | ( " )
h =\ gn )
B Bho(z) (3=) B
with v as in Lemma 4.4 and p and n defined by the equality. Assume for now just that

h > 3. Then, by Lemma 4.4(d), v € RS. Making a change of basis on Mo, we replace A
(note that un = (1+v)E") by

, (1 0 e+ ”(:’((V")) v
4= (—n/v 1) "o A= (—Ehu—l 0)
Since vg,(r+1) > 0 by Lemma 4.4(c), we have v(0) € A*. Thus vy = v/v(0) € 1+

(Hg_?)ﬂuRg). By formula (4.2), we have ¢©*(1p) € 14+ Hp_31.m,, Where m; — oo as
k — oo. Thus, the infinite product v4 =[],,5, ©?"(119) converges in Ry. Set v_ = ¢(vy),

sovy €1+ Hj_, C RY. We now change basis on M» again to get a matrix A” for ¢,
given by
A = fé)zi 0 A= G -1
Lo w )t T e o)

G= (u+ W(")> = (4.5)

(V) ) vevis

where

and vy = p(v-).
To complete the argument, we justify G € u+ Hy. We already know v2 /v v, € 1+
Hp_5. The same is true for v/¢(v). So

v, (j((”))) > vy (p() = v, (9(E)' (=), (4.6)

where we used Lemma 4.3 to remove A_ and A;; from the estimate. We note that
v, (P(E)") =2h and vg, (¢*(2)) > vR,(¢(2)) > —2, by formula (4.2) and Lemma 4.4(b).
Thus from formula (4.6) we deduce that vg,(ve(n)/e(v)) >2h—2=2(h—1). We also
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note that a, —p"z € Hj,_1. Thus, u € Hj,_1, and so returning to the definition (4.5) of u
and G, we see

Ge (U+H§(h—l)) L+ Hp_s) St Hyy g+ Hg, 1y = pt+ Hgp_y.

Now, if h > 4, then 2h—4 > h and so G € u+ Hy. This completes the proof except if
p=h=3. In that case, Lemma 4.4 shows that v € —14 H7, rather than —1+ Hj, from
which we deduce

Ge(p+H;) (14+H])Cp+Hs=p+Hy,

anyway. This completes the proof. O

4.2. Descent

To descend to G4, we use the algorithm from [3, §4]. Write T<q : Ry — F'[u] for the
‘truncation’ operation T<q (3 a;u’) =3, a;u’ and Tsq(f) = f —T<q(f). In the next
two proofs, we will use the following principle: if f € Ry and vg, (T<q(f)) > d (for instance,
if VR, (f) > d), then ng(f) S mF[u]

Proposition 4.6. Suppose that G € Ry such that

(a) G € Hy_1,
(b) Ts1,(G) € Hy_,, and
(c) T<n(G) € mplul.

Then, given A = (EG;L _01>, there exist C € GLa(R2) and P € mp[u] such that C*, A=
P -1
EM 0 )"

Proof. Since E" € u" + Hy, 11, (a) implies that

0 -1 Hp 1 O
re o)+ (i o)

In the notation of [3, §4.3], set a=0,b=h, a’ = %— %, b= %—I—%, and (cg,cp) = (—=1,1).

Since h—1—ad' = % -1+ p51 > 1, we see that A is y-allowable with v =1 in the sense of
[3, Definition 4.3.1]. The error of A, in the same definition, is € = vg, (T>1(G)) —a’. By
[3, Theorem 4.3.7], with R = Ry, there exists C' € GLa(R2) such that A’ = C'*,, A satisfies

the following:

(i) Evaluating at v =0, we have A’|,—¢ = Alu—0-

(ii) The matrix A’ is of the form A’ = (1; _01), with P and f polynomials of degree at

most h.
(iii) We have an estimate vg, (P —T<p(G)) > e+a' + 1.

(For the reader checking references, note that the role of 4 versus C is reversed in [3].)
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We claim P € mp[u] and f = E", which would finish the proof of the proposition. To
see P € mp[u], we start by combining the estimate (iii) and the assumption (b) in order
to see that

VR, (P—Tgh(G)) > eta +1= VR, (T>h(G))+1 > h.

On the other hand, P —T<;,(G) has degree at most h, by (ii), and so P —T<;,(G) € mp[u],
which implies P € mp[u] by assumption (c).

To see f = E", we evidently have f =det(A’) = rE" for some r € Ry. In particular,
f has a root of multiplicity h at u = —p. But f is a polynomial of degree at most h, by
point (ii), and by point (i) we have f(0) = E(0)". It now follows quickly that f = E",
since F[[u] is a unique factorization domain. O

We now verify that the G from Proposition 4.5 satisfies the hypothesis of Proposi-

tion 4.6.
h

Lemma 4.7. Set G € (ap—phz) (ﬁ) +Hy. Then

(a) G e Hh—l;

(b) T>1(G) € Hy 4, and

(c) T<n (G) € mp(u].
Proof. First, the conclusions depend only on G mod Hj, so we suppose G =

h
(ap—p"z) (/\/\Ji) . Part (a) follows from Lemmas 4.3 and 4.4. For part (b), we first have,

h h
by Lemma 4.3(a), that a, (ﬁ—;) €ap+apHp_2, so Tsg (ap (/\);—:r) ) € Hyyp—3 C Hy.

On the other hand, by Lemma 4.4(a) we have p"z € Hy ;. Thus we have shown in fact
that T>0(G) S Hﬁ,fl'
Finally, we consider part (c). Since E =u+p, any f € Sy can be written as f =

> an [LZJ with «, € A. Let f = += € Sp in particular. Since v, (a,) = %1 > {%J
n=0 pLp
unless p=h =3 (or p = 2, which we have excluded in formula (4.1)), we see immediately

that T<p, (ap ") € mp[u] except when h =p=3. When h = p, however,

P
_ uP
TSP( =T<p ((Zanu +ap— ) ) Gp.aé’ 10@; + Afu] C Alul.
Since vy, (a,) > 0, we see that T<p, (a, ™) € mp[u] in every case.

By the prior paragraph, to show (c) it remains to show that T<j (phth) € mp|u]
as well. By definition, we can write f" = Z B; L& Li ] with 8; € A, and we recall that
z= Z?;ll z;E7. Thus

oo

Pt =SS prase | B (4.7)

n=1 \i+j=n
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Using the binomial expansion of E™ = (u+p)", we see that the u™-term of equation (4.7)
is exactly equal to

S (X st ) (D)

n=m \i+j=n

We must show that this has positive p-adic valuation for m < h. Since 8; € A and binomial
coefficients are integers, it is enough to show that for all m < h and j < h, if n > m,j,
then
n—j
vp(x;)+h+n—m— > > 0. (4.8)

By formula (4.3) we have v, (x;) > —j —1, and so

Up(xj)—l-h—kn—m—{n_]J>h—m—1—|—n—j—{n_3J. (4.9)
p p

But the right-hand side of this inequality is nonnegative. Indeed, when h > m, this is clear
because n > j. When h =m, on the other hand, we have n >m =h > j. So the right-hand
side in that case has the form z — [z/p| —1 with « > 1, which is also nonnegative. O

4.3. Proof of Theorem 4.1
Finally, we give the proof of the main theorem:
Assume that h >3 and p#£ 2. Then if L satisfies

v (£71) > % —14u,((h—1)),

— G
we have V1 o = IndGz;’ (ng).
P

Proof. First, if h =3 and p > 5, then the assumption is that v,(£) < 0. The verification
that Vy o Indgfz (ng) is the first bullet point of [7, Theorem 4.2.4.7(iii)], where the

reader should take k =4 < p and £ =v,(L) < 0.
Now we assume that either h >4 or p = h = 3. Then, applying Proposition 4.5, Lemma
4.7, and Proposition 4.6, we deduce that there exists a basis of My in which the matrix

th _01) and P € mp[u]. Define 9 = 6?\92 with the matrix of ¢

being given by A. Clearly 9 is a Kisin module over &, of height < h, and

of Y, is given by A = (

MR, Ro=ZMa= My, (Dhi1,c)Ro, Ra
as p-modules over Ry. Thus, by Proposition 2.1 we deduce 9t = 9(T) for some lattice
T C Vigr, 2. Furthermore, M®e, F [u™] is a p-module over F((u)) with Frobenius given
by (uoh _01). This shows, in particular, that V4 . is the same for any £ satisfying

formula (4.1) (see [3, Corollary 2.3.2]).
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Let Vh41,00 be as in the introduction. By [3, Corollary 5.2.2], for Vj41 o there
exists a Kisin module 2 such that M’ := 9’ ®e, F[u"!] has Frobenius also given

_ R G — —
by (uoh 01) and M’ determines V41 00 = Indazg (ng). Therefore, V11,2 =2 Viht1,00 =
P

G D
IndGE% (ng). O
Remark 4.8. We return to Remark 4.2. Suppose we replace formula (4.1) with
4 h—1
v, (L71) > T—H}p((h—l)!). (4.10)

This has the impact of scaling z by a p-adic unit multiple of p, thus increasing vg,(z)
by 2 throughout our estimates in §4.1. The reader may check that Proposition 4.5 holds
with these new estimates, and so the proof goes through for all A > 2 and p > 3 under
the assumption (4.10). Of course, this bound is not the sharpest possible when h =2 or
h = 3. For instance, we have already noted that for h =3 and p > 5, Breuil and Mézard
confirmed Theorem 4.1 with the stronger bound (4.1).

The situation is more complicated when h = 2. In that case, for p > 5, Guerberoff and

Park showed that V3, = Indgiz (w3x) exactly on v,(L£—1) < 1 [17, Theorem 5.0.5].

Thus, the bound v,(£) < & from Theorem 4.1 produces too large a region of L-invariants,
whereas formula (4.10) produces a region too small. For the interested reader, Guerberoff
and Park also determined, for any £, the restriction of 737 ¢ to the inertia subgroup.
The restriction to inertia was recently removed by Chitrao, Ghate, and Yasuda using a
completely different method [10, Theorem 1.3]. Thus we have a complete picture of V3 ..
It would be amusing to understand if that picture can be recovered from the method here.
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