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EXTENSION OF A RESULT OF
S. MANDELBROJT

BY
T. PHAM-GIA®

ABSTRACT. We extend the following result to several variables:
For any sequence {N;}, we have C{N;}=C{M;}, with {M;} logarith-
mically convex i.e. M7 =M, M, j=1,2,....

Let {N;}j~o be a sequence of positive numbers and C{N,} the class of
complex-valued infinitely differentiable functions on R, verifying ||D"f|=
aBfN,, n=0,1,2,... where D"f=d"fldx", |f|=sup.cr|f(x)| and a; and B,
are positive constants depending only on f.

It is known that C{Nj}=C{N,~} where {N,—} is the largest logarithmically,
convex minorant of {N;} ({log N,-} is then convex or I\_ff Sﬁj_,ﬁiﬂ, i=1,2,...,
see e.g. [3])).

We wish to extend the above result to several variables.

Let m =1 be a positive integer, (j) = (1, Jas - - - 5 Jm)> 0=Ji <, 1=k =m, be
a multi-index and C{N;} be the class of complex-valued functions in C*(R™)
S.t.

ID9f|| < aBI'N;, where [()= Y. jo

k=1

4 Sl
W —
DVf=—

PR ||f||=x5:1£m|f(x)| and o, B;>0

depend only on f.
We define N;, to be log-convex if it is so componentwise i.e.

V(j),Vk 1=k=m, N}

To a multisequence Nj;,, we associate the m marginal sequences {N; ;}7_o=
{N¢os....0¥e=0n - - » {Nme}e=0=1{Noo,... ef¢—o and the product marginal multi-
sequence

N@ =Ny ;N - - Nowji, V0.
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) The author wishes to thank the referee for helpful comments and for remarks on the same
problem on a bounded interval.
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We prove the following

TueOREM. Let Ni;, be a multisequence s.t. N =Ng,, V(j). Then C{N}
contains an algebra C{M;} with {M,;} log-convex. Moreover C{N;} = C{M;}
if Ngy= N, V().

Proof. As for the one-dimensional case, the proof relies on the

Kolmogoroff-Gorny inequality on successive derivatives. For m =1, this in-
equality can be written as:

(1) D=2 D feee |Drplfeere
for feC'(R) and O=p=n<r.

(This is rather a simplified form of the inequality, where 2 has replaced a
constant ¢(p, n, r) with 1=t=2 (see e.g. [1] p. 216)))

We need to extend this inequality to several variables first.

Let (i) and (j) be multi-indices. We write (j)=<(i) if j, <i, 1=k=m. By
(1)~ (j) we mean the multi-index (i; —j;, i—Js, - - - » im — Jm) and by |(i) —(j)| the
product [Te, li —jil, V@), (7).

Let (p), (n) and (r) be s.t. (0)=(p)=(n)<(r). We associate to these multi-
indices 2™ couples {(&)e, (0)c}, €=1,2,...,2™, defined as follows: (&), =
(5(,1, Eeas - 'ff,m), (6)= (0&1’ 02,y ).

& and 0., being either p, or n, 1=k=m but &, #0,,. (There are
obviously 2™ such couples).

If C”(R™) denotes the class of functions f defined on R™ s.t. D®f is
continuous for any (i)=<(r) and D'f the partial derivative 3*f/ox}, we have the
following

Lemma. Let (0)=<(p)=<(n)<(r) and let fe C”(R™) be such that |[DVf|| <o,
(j)=(r). Then we have:

om
@ ID™fl|=2m[] [D@ifjjer-©),1m -
i=1

Proof. Suppose we have inequality (2) for m and let’s prove it for m+1,
m=1.

If (n)=(ny, ny,...,n,, n,.1), we denote by (n’) the restriction of (n) to its
first m components. Similarly, (£'); and (8'); are restrictions of (¢); and (), to
their first m components.

By (1), we have

Sllp |Dn+l(D(n’)f)I = 2 Sup Ime+l(D("’)f)|('m+17"m+1)/(rm+l—pm+l)

Xm+1 Xm

X sup ‘Drm+1(D("’)f)|("m+1‘pm+1)/('m+17pm+1)
Xm+1
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Hence,
e el
|ID'm+1(D(n’)f)"("m*‘l_pm-fl)/(rm+l_pm+l)

By (2),
2m
" D‘"')( DPess f)|| <om l‘[ “ D® (DPrt f)w(n')-(e')i ="
ji=1
Hence,

(rm+1_nm+'l)/(rm+l_pm+l)

2m
”D(n)f" <= 2(2"1 H ”D(é’)i (DP,,,ﬂf)"l(n’)—(O’)i l/I(r’)—(p’)l>
i=1

o
<2m l‘[ [DE% (D fI =@M~

)("m+1_pm+1)/('m+1’pm+1)
i=1

and

2m+1

|ID™f||<2m+ H "D(g),ﬂ||(n)—(e),.i/l(r)—<p)|

ji=1
This completes the proof of the lemma.

Proof of the theorem. For each marginal sequence {N; ;}7—¢, 1=k =m, we
consider lim inf, _,..(N, »)"/¢ and call that sequence an a, 8 or y- sequence if the
value of this limit is respectively finite, zero or infinite. The proof then follows
Mandelbrojt ([1], p. 226) using properties of the convex regularized sequences
{Ni.do=0 of {N¢}o—0, 1=k =m and inequality (2) of the lemma.

Distinguishing between different cases, we show that if one of the marginal
sequences is B, then C{Nf} = C{0} while for other cases C{N¢}= C{M,;} with
M = M1,1M2 -+ M, , where M,; is either 1 or Ny;, dependmg on whether
{NreYe=0 18 @ or y, 1=k=m. Without loss of generality, we can suppose
M, ,=1Vk.

To see that C{M;} is an algebra let f and g be in C{M,;)}. By Leibniz’s rule

D(])(fg)__ Z Z Z < )( ) .. (::‘)D(n)f . D(j)—(n)g
n;=0 ny= n, m
where n=(nq, n,,...,n,). Hence,
B \(J Im \ i H—(n
|DO)(fg)”<BfBg< ZO Z ZO (nl) (ni) T (nm)Bg( )“Mm)BLU) ( )"Ma)—(n)
n,=0 L

or by commutativity,

J1

] ] n i,—n
IDoeN=8( L (1 )BrBY MMy )

n;=0
Jm .
Im -
><< ( )B"mB’m "M, M, . _ )
Z n, f g T T

n,=0
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The convexity of {log M, ,}v—, combined with M, ,=1 shows that
M, .M, ;. =M, ;, 1=k=m. Hence, we have:

IDO(f)ll = BiB (B; + B,)'"'M;,

which shows that C{M,;,} is an algebra under pointwise addition and multiplica-
tion.

If N, =Ng V(j), we see immediately that C{N;)} = C{M;,}. This completes
the proof of the theorem.
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