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Abstract. Let f be a C° circle map of degree one with precisely one local minimum
and one local maximum, and let [p_(f), p.(f)] be the interval of rotation numbers
of £ We study the structure of the function p(A)=p,(R, o f), where R, is the
rotation through the angle A.

0. Introduction

The rotation interval for a degree one circle map was first defined by Newhouse,
Palis and Takens in [9] and was subsequently shown by Ito ([6]) to be closed.
Newhouse, Palis and Takens also showed that if f varies continuously in the C°
topology then p_(f) and p.(f) vary continuously also. In another paper ([7]), Ito
showed that if p,(f) e R\Q, then p, (R, o f)> p.(f) for all A >0.

In this paper we study the behaviour of the function p,(R, °f) near rational
values. There are four main theorems, Theorems 2.5, 3.5, 3.7, and 3.8. The first deals
with the persistence of p,(f,) at rational values in any C°-continuous family of
continuous circle maps of degree one. On the assumption that f, is never a homeo-
morphism it is shown that if p.(f,)eQ then there is an £>0 such that either
p+(f.)=p+(f,) for all pe(r—gAr+e) or else p.(f.)=p.(fi) for all pe
(A —¢, A +¢). This theorem is a slight generalization of results obtained by Bamon,
Malta and Pacifico in [2], and it serves to set the stage for the other two main
theorems.

Theorems 3.5, 3.7, and 3.8 deal with a more specific family R, °f In addition
they require that we impose several differentiability conditions on f. Specifically we
assume that f is C* with precisely two critical points, a quadratic local minimum
and a quadratic local maximum, and that f has a negative Schwarzian derivative.
If b>37 all these conditions are satisfied, for example, by the function family
x+ b sin (27x) (mod 1). One further condition, also required for these theorems,
ensures that p_(R, o f) <p.(R, ¢ f) for all A. The function x+ b sin (27x) (mod 1)
satisfies this last condition at least when b>}.

To state the theorems we need a little number theory. For any rational number
p/q with (p, q) =1 there is an associated rational number defined as follows: s is
the smallest positive integer such that

sp+1l=rq
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for some reZ. Then
p, 1 r

q gs s
and so r/s> p/q. In fact it is easy to show that r/s is the smallest rational greater
than p/q whose denominator satisfies s < q. This immediately puts the relationship
between p/q and r/s into the context of Farey sequences (see [5]).
We now use the numbers p/q and r/s to construct a decreasing sequence of

rationals, each the mediant of p/q and its predecessor:
r+k
b (2) = 2 .
q s+kq

Thus ¢.(p/q) is always p/g’s nearest neighbour to the right in the Farey sequence
of appropriately high order, and every such nearest neighbour is of that form.

Theorem 3.8 may be summarized as follows. Suppose f satisfies the differentiability
conditions indicated above, and that p,(f)=p/q with p.(R,°f)>p/q if A>0.
Let p, > 0 be the smallest value of A at which p.(R, °f)=¢,.(p/q). Then

exists. In fact we show that this limit is equal to the derivative of the gqth iterate of
[ at a certain periodic orbit.

For Theorem 3.5 we suppose A, >0 is the value at which the local maximum is
periodic, and that its rotation number is ¢,(p/q)=p.(R, °f). The theorem con-
cludes that lim,, ., A,/ A4, exists and is equal to the limit of Theorem 3.8.

For Theorem 3.7 we let v, be the greatest parameter value for which

p+(R, °f)=¢.(p/q).

This theorem concludes once again that v,/v,,, has the same limit as n-> 0. In
addition, however, the theorem shows that

. V, - An
lim =2+t g
n-> An - An+l
This indicates that for small positive A, p.(R, o f) is nearly always rational.
The author would like to express his appreciation to the referee, who suggested

several improvements in the proofs, as well as the inclusion of Theorem 3.7.

The author would like to thank the Natural Sciences and Engineering Research
Council (NSERC) of Canada for its financial support.

1. Preliminaries

When studying a continuous degree one circle map f it is convenient to lift it to R
giving a function F:R-R satisfying F(x+1)= F(x)+1. In other words, we let
e:R-> S' be the map x—> e>™™, and choose F so that e F=foe. F is unique up
to an integer, and all the properties of f may be studied by examining F. We will
let End](R) denote the space of all C" functions F:R->R with the property
F(x+1)=F(x)+1.
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For F e End{(R) the rotation interval is defined as follows: For x e R we let
1
p(x) = lim sup - F"(x).

p(x) is the rotation number of x. The set
p(F)={p(x)|xeR}

is a closed interval ([9, 6]) called the rotation interval of F. We will write p_(F)
and p.(F) for the left and right endpoints of this interval. We also call p(F) the
rotation interval of f, writing p(f), but then we should keep in mind that p(f) is
unique only up to addition of an integer. However, once a lift F is chosen for one
member f in a continuous family of circle maps, the family lifts uniquely to a
continuous family in End{ (R). This makes it possible to discuss the variation of
the rotation interval of a continuous family.

When e(x) is periodic under f with period gq, then x is periodic under F in the
following sense:

Fi(x)=x+p
for some p € Z. The rotation number of x is then p/q. We may assume that (p, g) =1
here. When we say that x is periodic under F with rotation number p/q we shall
always mean it in this sense. We shall also abuse language slightly when speaking
of the F-orbit of a periodic point x,. We shall mean by it the preimage under e of
the f-orbit of e(x,), and we shall always index the points of e '{f*(e(x,))|keZ.}
in increasing order:
A PR L O FRE SE SR

Then x;.,=x;+1 for all ieZ, and {x;};7 is the union of p disjoint invariant sets,
{F*(xo)}, {F*(xo+1)},...,{F*(xo+p—1)}, each of them a lift of the f-orbit of
e(x,). In other words, when we speak of a periodic F-orbit it will in actual fact be
a set of disjoint periodic orbits.

An F-orbit of period q and rotation number p/q is called a twist periodic orbit
(TPO, see [1]) if F(x;) = x,,, for all i. Geometrically this means that the effect of f
on the points of the orbit is that of an orientation preserving homeomorphism.

If F7(x)<x+p for all x e R, then clearly p(x) < p/q for all x and so p.(F)<p/g.
Similarly p_(F)> p/q if F?(x)> x+p for all x. Thus, if p/q€ p(F) then F has a
periodic orbit of period g and rotation number p/q. In fact, F will have a TPO of
period ¢ and rotation number p/q, and if p/geint (p(F)) it will have infinitely
many others of that rotation number ([8], see also [3]).

2. Persistence of p,(F) at rational values

If FeEnd] (R), then p.(F) is said to be C'-persistent if p.(G)=p,(F) for all
GeEnd] (R) in a neighbourhood of F in the C’-topology. In their paper [2],
Bamon, Malta and Pacifico obtained necessary and sufficient conditions for the
C'-persistence of p,(F). One of their results is that p.(F) is not persistent if p.(F)
is irrational. This also follows from an earlier paper of Ito ([7]) who shows that if
p+(F)eR\Q then p,(R, e F) > p,(F) for any rotation A with A > 0. Much of [2] is
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devoted to finding the precise conditions on F with p.(F) € Q under which p,(F)
is C'-persistent, and showing that p.(F) is C'-persistent for generic F. They obtain
the following result (Theorem B, (iv)). Letting

Apg ={xeR|F"(x)>x+p},
and
B,,={xeR|Fi(x)<x+p},

they prove that if p.(F)=p/q then p.(F) is C'-persistent if and only if A,, and
B, , are non-empty and there exists b€ dB,, such that F/(x)<b+p for all x<b.
Bamon et al. did not indicate that this persistence of p,(F) at rational values
must occur in every one parameter family of degree one circle maps. We will show
that it does if the functions in the family are not homeomorphisms. Prior to that
we will also present simple necessary and sufficient conditions for C°persistence
of p,(F) at rational values. ‘
Following Misiurewicz ([8]) we associate with F € End? (R) the following non-

decreasing continuous functions:
F,(x)=sup F(u)

u=x

F (x)= ilef F(u).

F. may be characterized as the smallest non-decreasing function greater than or
equal to F. Similarly F_ may be characterized as the largest non-decreasing function
less than or equal to F. It is easy to see that F and F, are identical if F is already
non-decreasing. Otherwise there will be intervals on which F,(x) is constant and
strictly greater than F(x). Similar comments apply to F_. Since F, and F_ are
non-decreasing, they have unique rotation numbers.

LeEMMA 2.1. (Misiurewicz [8], Remark (B)). p.(F)=p(F,) and p_(F)=p(F_).
Proof. F,(x)= F(x) for all x. Since F, is non-decreasing this implies that F*(x)=
F*(x) for all xeR and for all keZ.. Thus p(F,)=p.(F).

Onthe other hand, if p/ q > p.(F) then F(x) < x + p for all x. Choose x, arbitrarily
and define

x=x—q+l’x—q+2, cees Xy, Xo

inductively by x,_,=inf (F~'(x;)). Then F.(x;_,)=F(x;,_;)=x; for all i Thus
Fi(x)<x+p for this particular x. Since p(F,) is a single number it follows that
p(F.)=p/q. By choosing a sequence of rationals to converge to p.(F) from above
it follows that p(F,)=< p,(F).

The proof that p_(F) = p(F_) is similar.

LEMMA 2.2. (F,)*=(F*), and (F_)*=(F")_.

Proof. First note that F, = F if F is already non-decreasing. In particular ((F)%), =
(F.,)*. But then F(x)=< F,(x) for all x implies F*(x)=<(F,)*(x) for all x. Hence
(Fk)+5 ((F+)k)+ = (F+)k-
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We prove the reverse inequality by induction. Suppose (F,)* = (F*),. Then
(F.)*"!(x) = F.((F,)*(x)) = sup {F(u)|u =< (F,)*(x)}.

Since F is continuous, sup {F(u)|u = (F.)*(x)}= F(u) for some u < (F,)*(x). But
then u =(F,)*(v)=(F*).(v) for some v=x That is, u=F*(w) for some w=2x.
Thus (F,)**'(x) = F**'(w) for some w = x. In particular, (F,)*"!(x) = (F*""),(x).

The proof that (F_)* = (F*)_ is similar. O

LEMMA 2.3. If Fi(x)—p=x for all x, then p (F+A)>p/q for all A>0. If Fi(x) -
p=x for all x, then p,(F—A)<p/q for all A >0.

Proof. Suppose A >0 and assume F%(x)—p=x for all x. Then
(Fi2)7(x)=(F)* (%)
because F, is non-decreasing. Therefore, for all x,
(Fi+2)(x)—p=(F.+A)F)* ' (x)-p
>Fi(x)-p==x
Since (F,+A)7? satisfies (F,.+A)I(x+1)=(F,.+A)%(x)+1, therefore there is an

>0 such that (F,+A)%(x)—p>x+¢ for all x. It now follows immediately that
p(F.+A)>p/q. The second assertion is proved similarly. (]

ProposITION 2.4. If Fe End} (R), and p.(F)=p/q, then p.(F) is C’-persistent if
and only if p(F.) is C°-persistent in the sense that for every Ge End{(R) in a
C°-neighbourhood of F, we have p/q € p(G).

Proof. The transformations End{ (R) > End? (R) given by F~>F, and F—>Fi—p
are clearly continuous in the C° topology.

If p(F,) is C’persistent in the sense defined above, then for G in a C’-
neighbourhood of F, G, will be near F and so p(G,) = p/q. This proves that p(F)
is then C°-persistent.

To prove the converse, note that if there exist x,;, x, such that Fi(x,)—p<x,
and Fi(x,) — p > x,, then these conditions hold on a C%neighbourhood of F,, and
so p(F,) is C°-persistent. Thus, if p(F.) = p/q but is not C°-persistent, then either
Fi(x)—p=x for all x or Fi(x)—p=x for all x. Lemma 2.3 implies that p(F,)
fails to be C°-persistent in either case. O

The conditions obtained in [2] for C'-persistence of p.( F) are necessary but not
quite sufficient for C°persistence. We have instead the following parallel result.

ProPOSITION 2.5. If Fe End! (R) and p.(F)=p/q, then p,.(F) is C°-persistent if
and only if A, , and B, , are non-empty and there exists a point b on the boundary of
a connected component of B, , such that F*(x)<b+p for all x<b.

Proof. First note that A, ,(F) = if and only if A, ,(F,)= and that B, ,(F,) =
if B, ,(F)=.For B,, this follows immediately from the fact that F{(x)= F(x)
for all x. The proof that A, ,(F,)=( implies A, ,(F)=( is similar. On the other
hand, if A, ,(F) = then the function F? - p is less than or equal to the increasing
function i(x) = x. Therefore (F*—p),=F{—p<i. Thus A, (F,)=0.
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Suppose p.(F) is C’persistent. Then by Proposition 2.4, p(F.) is C°-persistent
and so by Lemma 2.3, A, ,(F.)# and B, (F.)#J. Hence A, (F)#< and
B, ,(F)# . Furthermore, if Fi(x,)—p<x, and Fi(x,)—p> x; let J be the con-
nected component of B, ,(F,) containing x, and let b=sup J. Then Fi(b)—p=b,
and Fi(x)—p<b for x <b. Therefore F(x)—p<b for x<b. But Fi(b)—p=0»
implies F?(u)~p = b for some u < b. Since F(u)—p =< F3(u)— p this implies u = b.
Thus F?(b)—p=b. Since also F¥(x)~p= Fi(x)—p<x for x € J we conclude that
b is on the boundary of a connected component of B, ,(F).

Now for the converse suppose A, ,(F) and B, ,(F) are non-empty and that there
is a point b on the boundary of a connected component J of B, ,(F) such that
Fi(x)<b+p for all x<b. The latter condition implies Fi(b)=b+p. Also,
A, (F.)# . It remains only to show that B, ,(F.)# ), for then p.(F) will be
C°-persistent by Proposition 2.4. But if B, ,(F.,) is empty, then for x> b, Fi(x)—p=
x and so for each such x there is a number u =< x at which F(u) —p = x> b. Since
F(u)= b+ p for u=< b, therefore u € (b, x). In particular J cannot lie above b. Thus
J =(a, b) for some a <b. Let C =sup {F?(x) — p|x < a}. Then ¢ < b by our assump-
tions. Let

a,=sup{xeJ|Fi(x)—p=c}.

Then a, <b. Now suppose x€(a,, b). Then Fi(x)—p= F%(u)—p for some u=<x.
If u <a, this means Fi(x)—p=c<x, and if u=a, then

Fi(x)-p=F(u)—-p<u=x.
Thus (a,, b)< B, ,(F,). O

FIGURE 1
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Although the differences between the conditions presented in Proposition 2.5 and
those presented in [2] are very slight, the latter are not in fact sufficient for
C°-persistence, as the following example will show.

ExAMPLE 2.6. We will define a function F on [0, 1] with F(0)+ 1= F(1), and then
extend it to R using the identity F(x+1)= F(x)+ 1. First we define a function a(x)
on [3, 1] with the graph shown in figure 1.

We only require the following of @: « is continuous, a(x)=<1 on [}, 1], a(x)>x
on [1,1], a@d) =41, a®)=1, a(x)<x on (3,1) and a(1)=1. We now define F on

[0, 1] as follows: x if xe[},1] and if x=0
F(x)=1¢1 1 1

(x) Fa(4"x) ifxe[in—ﬂ,;] and n=1.

It is easy to see that if this F is extended to R then p,(F) =0 is not C"-persistent,

even though A,, and B,, are non-empty, and 1€49B,; with F(x)<1 for x<1.
The main theorem of this section proves that the persistence of p,(F) at rational

values occurs in every continuous one-parameter family, provided the members of

the family are not homeomorphisms.

THEOREM 2.7. Let F,, A €[a, B] be a.family of functions in End (R), none of which
are homeomorphisms. We assume that A — F, is continuous in the C° topology on
End} (R). Then for every A € (a, B) with p.(F,)cQ one of the following is true, and
possibly both:

(i) There is an € >0 such that p,(F,)=p.(F,) for all u with |u—A|<e.

(ii) There is an £ >0 such that p.(F,)=<p.(F,) for all u with |u —A|<e.

In particular, if p.(F,) <p/qand p,(F,)> p/q, then there is a non-trivial parameter
interval J between u and v such that p,.(F,)=p/q for all A € J.

Proof. If (i) and (ii) are true the rest of the theorem clearly follows. Suppose
p+(F\)=p/q.

In the C° topology (F,.) depends continuously on A, as does (F{,). Suppose
(ii) is false. Thus there is a sequence A; > A such that p,(F, )> p.(F,). That is, for
each i (F,+ )¥(x)— p> x for all x e R. Therefore, by continuity, (F,,)?(x)—p=x for
all x e R. Now by hypothesis there is at least one interval (x,, x,) on which (F,.)?—p
is locally constant. Thus

(FD+(x)—p=(F{)i(x) - p=x,>x,.
But then, again by continuity, there is an £ >0 such that (F}).(x,)—p> x, for all
w with |u —A|<e. Thus p.(F,)=p/q for all u with |u—2A|<e. O

We end this section with two further results about the relationship between F
and F,.
LEMMA 2.8. If {x;} is a periodic orbit of F, then {x;} is a TPO (of F.).
Proof. Suppose Fi(x;)—p=x; for all ieZ. Since F. is non-decreasing it follows
that F,(x;,,) > F.(x;) forall i. Say F.(x;) = Xi+o(:), o(i + 1) = o (i). Since x;.., = x; + 1,
therefore o (i+ ¢q) = o(i). From this it follows immediately that o (i) is independent

https://doi.org/10.1017/50143385700004533 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004533

402 L. B. Jonker

of i. Say o(i) = m. But then F?(x;} = X;1 4. On the other hand F(x;) = x;+p = X;1gp.
This shows that m = p, and thus that {x;} is a TPO. O

CoROLLARY 2.9. If {x;} is a periodic orbit of F at which F and F, agree, then {x;}
is a TPO.

3. Rate of increase of p.(F) from rational values
In this section we will assume that p,.(F)=p/q and p,(F+A)>p/q for A>0. To
obtain our main results about the function p,(F+A) we have to make certain
differentiability assumptions about F. We let € be the subset of End} (R) consisting
of all functions F which on each unit interval have precisely one local maximum
and one local minimum and for which |F’(x)|> 0 everywhere else. In this section
we assume that F belongs to €. We let C and D be a pair of adjacent critical points
with C a local maximum and D a local minimum and C < D. Note that F and F,
are identical except on the integer translates of an interval (C, C’), with D<C’'<
C+1, on which F, is constant. Similarly F and F_ differ only on the integer
translates of an interval (D', D) with D—-1<D'<C < D.

In addition to Fe € we shall also assume that SF<0 where SF(x) is the

Schwarzian derivative ,
Fm(x) _é (F"(x))
F'(x) 2\F(x)] "

We will make use of the following subclasses & and I of 6. & consists of all
functions F € € satisfying the following conditions:

SF(x)=

S1. SF(x)<O0if x is not a critical point;
S2. p_(F)<p.(F).
T consists of all functions F € € satisfying these conditions:

T1. SF(x)<O0if x is not a critical point;
T2. F'(x)>1if xe (D, C")+Z.

Conditions S2 and T2 serve to prevent bifurcations of F? from interfering with
bifurcations of Fi. T2 is satisfied, for example, by F(x)=x+ b sin (27x) provided
b> 3. Clearly, if F satisfies T2 then so does F+ A. The disadvantage of condition
S2 is that it seems hard to verify.

For background information on the properties of functions with negative Schwar-
zian derivative the reader should consult [4] or [10]. Let us simply note that these
functions constitute an open subset in the class of C* functions, and that if F has
negative Schwarzian derivative then so does F?—p for any qeZ, and peZ. It
follows that the derivative of F?—p does not have a negative local maximum or a
positive local minimum. Consider the following two lemmas as applications of this
property. We let G, =(F.+A)?—p.

LEMMA 3.1. If FePor Fe T and if p.(F)=p/q and p,(F+A)>p/q forall A >0,
then Go(C')=C" and Gy(C')> 1.

Proof. Suppose Go(C’)# C'. Then Gy(C')> C’, because otherwise p.(F+A)=<p/q
for small A. Let B =inf {x> C': Gy(x)=x}. We claim that G, is strictly increasing
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between C’ and B. Otherwise there would exist k, €€ Z such that FX(C")< C'+¢=<
F%(B) and 0<k=g—1. Then C’'=< F{(B)—¢. Since Fi(B)—¢ is a fixed point of
G,, we have FX(B)—¢= B, which together with FX(C’)=< C'+¢ gives {/k=p/q.
This is a contradiction, since (p, q) = 1.

Note that Go( B) = 1 and Gg(B) =0, for otherwise p,.(F+ A) =< p/q for small A. Let

E =sup {x<C": (F7)'(x)=0}.

Then because SF? <0 we have that (F? - p)(x) > x on [E, B). Either F*(E)—¢=C
or F¥(E)—¢=Dforsomek, £€Z,k=0,1,2,..., q—1. Since G, is strictly increas-
ing between C' and B we know that F*(E)~ ¢ = D. Since B is the smallest element
larger than D in the TPO {B;} generated by B = B, therefore if k> 0 there must
be a point E,€[E, B) such that F*(E,)—¢=B,._,— ¢ But then FI[E,,B]-p>
[B_,, B], contradicting the fact that (F? —p)(x)> xon[E, B). Thusk=0and E = D.
That is, F?(x)—p> x on the whole interval [ D', B).

We now show that this is also the case if Gy(C')=C’ and G{(C’')=<1. Then
Gy(C") =1, for otherwise p.(F+A)=<p/q for small A. Again, because SF <0, it
follows that F¥(x)—p>x on [D’, C’). In this case we put B=C".

If Fe ¥, then F?—p has a fixed point on (C, C’). If Fe J, the fact that G{(B) =1
implies that some point of the form F%(B)— ¢ lies inside (D', C'). But F*(B)-¢
is fixed under G, while Gy(x)>x on [D’, B). O

It follows from Lemma 3.1 and Corollary 2.9 that the orbit of C'is a TPO under
F. We let C{,=C' and index the orbit {C/} as usual. Note that C_, < C <D< C},
so that F is strictly increasing on each interval [C]_,, C}], i#0 (mod q).

LemMMA 3.2. Under the assumptions of Lemma 3.1, Gy(x)> x for all xe (C_,, C’).

Proof. Let A=sup {x<C’: Go(x)=x}. Then A<C because G, is constant on
[C, C']. Therefore, if C., <A then F? is strictly increasing on [C’,, A]. On the
other hand, F? then has slope less than 1 at a point between C_; and A even
though (F?)(A)=1 and (F)(C.,)>1. This is impossible since SF<0. Thus
A=C_,. ]

The first theorem in this section deals with parameter values A at which C is
periodic under F+ A with rotation number ¢,(p/q). We begin with the following
observation.

LemMA 3.3. Suppose F € € and suppose p.(F)=p/q with p.(F+A)>p/q for any
A >0, If A, is the smallest parameter value at which C is periodic of period nq+ s and
rotation number ¢,(p/q) under F.+ A, then it is also the smallest value at which this
happens under F + A.

Proof. If (F+A)""*(C)—np—r=C then (F,+X)""*(C)—np—r=C. Thus A, is
no greater than the first parameter value at which C is periodic under F+A with
rotation number ¢,(p/q).

Suppose k is the smallest integer greater than 0 such that

(Fo+A1)5(C)=(F+A)*(C)elC, C']+2.
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Say E=(F,+X,)*(C)e[C,C")+1. If E>C +1, then k<ng+s and
(Fo+A,)""(C)=(F,+A,)" " (E-1)=E—-1+np+r>C+np+r,
which is false. Thus E=C+1 and k=ng+s. O

The following technical result provides the estimate required for the proof of
Theorem 3.5 below.

PropPosITION 3.4. Let H:[0,a]x[0,0]>R be a C*> map and let H,=H(-, ).
Suppose that Hy(x)>1 for all x€[0, a], (3H/3A)(0,0)>0, and H(0,0)=0. Let
c:{0,0]1->R be a C' map with c(0)e (0, a). Then for n large enough and T small
enough there is a unique A, € (0, 7) such that H (0) = c(A,). Moreover,

An
lim = H4(0).

n—->oo n+1

Proof. Let
oH
=—=(0,0) / Hy(0)—1
u aA<,)/ §0)

and suppose 0 < £ <3u. We will consider the curves x = H,"(c(A)) and identify the
parameters A, as their A-intercepts. Define H:[0, a]x[0, 8]>R?> by H(x,A)=
(H,(x), A). Note that

Al (x, A)___(Hf\(x) dH /aA(x, /\)).

0 1
In particular,

A aH T
dH(x,A)(a,, a)" = (alHHang—, az) .

We may assume that H}(x)> b> 1 throughout [0, a] x[0, 8]. Let L= dﬁ(O, 0) and
let w be the eigenvector of L with eigenvalue 1, given by w=(—u, 1)". Now let

b
k=2|wl=
and choose & so small that for all x€[0, §] we have
Ho(x)
l-e<———<1l+g (1
H(0)

and such that for all (x, A) €[0, 8]> we have
|dA™ =L <=.
K
Now suppose I:I"‘(x, A)e[0,8  fork=0,1,2,..., n Then for any tangent vector

v of the form (v,,1)” we have
|dA 'v—w| = ||dA "o~ L 'w|| < |dA (v —w)||+ |dH 'w— L 'w|

A

1

S lo=wl+=wl.
Applying this n times, we get

b

A n 1 £
|dA 0= wl| =57 lo=wl+= wl 3= @
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Now choose m so large that H,™(c(0)) <8, and choose 7€ (0, 8) so small that
0<H;™(c(A))< 8 for all A€[0, 7]. Let c(A)=Hy*(c(1)) (where defined), and
choose K’ so that K'=|c’,(A)| for all A €0, 7'] Now choose n so large that

S K+ Wl o <e

Suppose v=(v;, 1) is a tangent at (¢,(A), A) to the graph of ¢,(A) and suppose
H ™ (cm(A), A) is defined for k=0, 1,2, . . . n. Then by (2) we have |dH v — w| <e.
Consequently, the graph of c,,+,(A) on [0, 7] has negative slope for n large, and
lies between the lines 1, and 1, through (c¢,,+,(0), 0) of slopes dx/dA = —u + ¢. Note
that both these slopes are less than —ju. Let k= m+ n. Since ¢, (0) = Hg*(c(0))~>0
as k- oo, therefore for k sufficiently large the graph of ¢,(A) intercepts the A-axis
just once in [0, 7], at A = A,. Furthermore, the A-intercepts of 1, and 1, are given
by A = ¢ (0)/ux¢. Thus

a(0) a(0)

SASE
u+t+e u—¢e’

Therefore,
Ck(O) . U"ES Ax = Ck(O) . u+£.
+1(0) ute Ay €ia(0) u—ce

Finally, from (1) we see that

c(0)

(1-e) - H{O) <7005

<(1+e) - Hy(0),

whence,

u—c¢ Ak
—g) ——- Hy0)=
(1-e)- 2= Hy0) =+

k+1

+
s(1+s)-iu‘—_—z-H(',(0)

for sufficiently large k. Since ¢ is arbitrary, this proves that

. k ,

‘chrg Y H(0). O

THEOREM 3.5. Suppose that Fe $orFe J andthatp,(F)=p/qandp. (F+\A)>p/q

for all A > 0. Suppose as well that s is the smallest positive integer such that sp+1=rq

for some re Z. Then for sufficiently large n there is a unique A, >0 such that under

F+ A, the critical point C is periodic with period q + ns and rotation number ¢,(p/q)
and p, (F+A,) = ¢,(p/q). Furthermore,

lim

n
=0,
n—»oo A

n+1

where o = (F?)'(C’).

Proof. Notethat C|[g[C, C'1+Zif i# 0 (mod q). Furthermore, a simple calculation
reveals that

d

— G(C)|ro0= (Fk)(Fq “(C))>o.
dx k 0
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It follows that for small positive a and 6, the function

H(x,\)=G,(x+C")-C’

is C? on [0, a] x[0, #]. Furthermore, -
d

oH
;; (0,0) =a GA(C,)|A=0>O'

Also, H(0,0)=Gy,(C')—C’'=0, and
H
97240,0)= Gy(C) > 1.
0x

We may choose a so small that Hy(x)> 1 for all x€[0, a].

To apply Proposition 3.4 to the function H, we must now identify the curve c(A).
If a is sufficiently small, then F*—r is a C' diffeomorphism of [C’, C'+a] into
[C.,, C)with (F°’—r)(C)=C",,(F°—r)(x)=(F%—r)(x),and (F°'—r)(x)>K,>
0 for some K, and for all xe{C’, C'+a]. We let a, = (F° —r)(C’+ a). Furthermore,
by Lemma 3.2, the sequence {G¢&(a,)} is such that for some k,

a, < Go(a,) < G¥(a)) <+ <G§ Ya))<C< Gi(ay).
Therefore G& = F* —pk on [C",, a,] and G§(7y,)= C for some y,€(C",, a,), and
(F%* —pk)'(x)> K,>0 for some K, and for all x€[0,qa,]. Now define ye
(C', C'+a) by (F°=r)(y)=1v,. Then {(F+A)\(y)}, 1=0,1,2,...,s+kg—1, is
disjoint from [C, C']+Z if A =0. By continuity this will be true for all A €[0, 6] if
6 is sufficiently smail. In particular, (F+ )37 (x)=(F+A)***!(x) for all x in
a neighbourhood of y. That is, the function
(%, A)=> Gy (F+A)i—r)(x)
is C? on a neighbourhood of (y, 0), with
{Gs o (Fi—n)}(y)>K,K,>0.
It follows, therefore, by the Implicit Function Theorem that there is a C? curve
c(A) with ¢(0) € (0, a) such that
(Gre ((F+A)5—n)C'+c(A)=C,
for all A €[0, 8], if >0 is sufficiently small. Furthermore, by continuity we may
assume that
(GXe((F+A)5=1))(C'+c(A))>0
for all A €[0, 8] (two-sided derivative), from which it follows immediately that
C’'+c(A) is the unique preimage of C under GXo((F+A)5 —r) for all A€[0, 6].
Thus C is periodic under (F+ A), with rotation number ¢,(p/q), n> k, if and
only if
Gl ((F+A)i—-r)(C)=C,
which is true if and only if
Gio((F+A)i-r)(C)=C.
That is,
G M CY=C"+c(r),
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or
H;74(0)=c(a).

Since A, is a solution of this equation, then Proposition 3.4 asserts that A, is unique

for large n, and that

An
=g. 0

We will now study the largest parameter values at which p,(F+A)=¢,(p/q).
The main resultis contained in Theorem 3.7 below. First we must extend the estimates
of Proposition 3.4 a little.

ProposiTION 3.6. Let H and c(A) be as in Proposition 3.4, and suppose that 1 <b <
Hy(0) as in the proof of Proposition 3.4. Suppose moreover that c¢"(A) is a sequence
of C' curves [0, 8] R which converges to c(A) from below, uniformly on [0, 8], with
le—c"l|<A/ Nrg Sfor some constant A. Then for n large enough and v small enough
the equation H;, _(0) = c¢"(v,+,) has a solution v, ,€(0, 7), and

Vr+1

A= Vper<B/b"Jb"
for some B> 0.
Proof. Letting ci(A) = H*(c"(A)), where defined, we have
R 1 A
0< ck()\)—ck()t)<; . Nk
Clearly, x = c,(A) will have a A-intercept if x = ¢,(A) does. Furthermore, it follows
directly from the proof of Proposition 3.4 that if ¢,(»,,,) =0, then

1 A
0<C,,(V,, )<—— —
+1 b" b"

and x =c,(A) lies below the line through

1 A
(F : \/? > Vn+1)
with slope dx/dA = —u+¢ for A > v,,,. Therefore,

I
(u—¢€) b" Vb’
THEOREM 3.7. Suppose F is as in Theorem 3.5 with the added assumption that
F"(C)<0. Let A = v, be the largest parameter value for which p . (F+A)= ¢,(p/q)-

O

An— Vp1=

Then
1 Vn+l—An+1___1,
n>o Ay =~ Apg
and consequently
lim —2 = (F7)'(C").
n—+oo .
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Proof. Note that G§(C)=—p <0 because F"(C)<0. In the proof of Theorem 3.5
we noted that

d
a GA(C’)|A=0= a>0,

and by Lemma 3.1 we have that Go(C’)=0c>1. Suppose a,>a, 0<B,<p,
and 0<o0,<0<0,, with (0,/0,)<Vo,. Then there are & 6>0 such that for
C-e=sx=Cand0=r=<6 '

ﬁl(C_x)2< G\(C) -G, (x),
and
(;A((j)'— (jl<:(¥1A.

Note that (F,+v,) °c G; (C')=C'+r. Clearly A,>v,.,>0,50 G, , (C)>C"' and
lim, . v,+1=0. For large n, therefore, there is a unique C, <C such that
‘G, . (C7)=C'. The above inequalities give

Vn+1

(C—c::)2<-g—‘- Vper
1

To complete the proof we define H(x, A) and c(A) as in the proof of Theorem
3.5 and we let

c"(AY={(F+A) = G5} (Ca+r)-C".

To apply Proposition 3.6 we must show that ¢"(A) is C' and that

le—c"l<a/Vor
for some A. We saw in the proof of Theorem 3.5 that for some a>0 and for
sufficiently small A

((F+A)°—r)° G
is a C' diffeomorphism of [C’, C’'+ a] onto an interval containing C in its interior,
with

((F+A)°—=1r)eGY)'(x)> K,K,>0

throughout that interval. It follows immediately that ¢"(A) is C' and that

I "" < 1 a, < 1 a, N

c—¢ '\/—v,, ——-\/— -
KK, B " TKK, B

Since A, < A,/o] for some A,>0 by Theorem 3.5, we have

le—c"|<A/Var.
Thus, by Proposition 3.6 A,, —v,,, < B/o{vo}. But then

. Vn _An . An_Vn
i (212 g (1),
n—>o An_An-H >0 An'_An+l

since
A= Vass _B/oiVol
An—Apiy B,/ o3
and (o,/0,) <+Vo,. The result follows. a
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The final theorem now follows as an easy corollary:

THEOREM 3.8. Suppose F is as in Theorem 3.7. Let A = p,, be the smallest parameter
value at which p . (F+\)=¢,(p/q). Then

. Mon
lim
n—>oo “n+1

Proof. Clearly A,., <v,4; <u, <A,. Therefore by Theorem 3.7

=(F9)'(C).

n —An
lim Bn "2ty
n->co An - An~0—1
Therefore
n . n _A,, A,l An

lim £ = lim {(u—ﬂ)(l ——H) +—"—L—l} =1.

n~>o0 An n—> An - An+l An An
Hence

n n A’"
lim 22 = lim (-—i—/—i——-—)=a 0

n=>0 Myt n=> f"n+l/An+l An+1
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