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1. Introduction

Let f be a cusp form of weight k for SL,(Z). The period polynomial of f is defined by
0
) = [ foe - 20

In [Z], D. Zagier gives a formula describing the action of Hecke operators on period
polynomials which generalizes an earlier result of Manin (cf. [M]). The proofs given
there are based on a theorem (cf. [CZ]) that algebraically describes certain Hecke
operators acting on rational period functions as they have been defined by Knopp
in [K].

At the same time, it is possible to generalize the notion of the period polynomial to
the case that the cusp form has level higher than one (cf. [A] or [Sk].) Specifically, for
a cusp form of (even) weight k for I'g(N) we can define a map p, from I' = SLy(Z) to
the space P;_»(C) of polynomials in C[X] with degree < k — 2 such that:

py() = /0 @) — X2z,

Here, |, is the usual ‘stroke’ operator such that

(e i=faaez + . fory= (%)

In [A], Antoniadis has proved a formula giving the values of p 7@ IN) in terms of
values of p,. (Here, 7,/ denotes the image of / under the usual Hecke operator 7,.)
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In this paper, we first give (Theorem 1) a simpler expression for the action of the
Hecke operators on p;, by applying Choie and Zagier’s theorem. In fact, the result-
ing formula is similar to the one proved in [Z] for level 1.

Coming back to the case of level 1, one of the possible interpretations of the period
polynomial of a cusp form f of (even) weight k on I' = SL,(7Z) is via the values of the
corresponding L-function L(s) at s =1,...,k — 1. In this case, the period poly-
nomial can be written in the form:

k=2

Z(k ; 2)n!(i/2n)"+1Lf(n + DX

m=0

Another viewpoint exploits the fact that the period polynomial, in this case, satisfies
an 1-cocycle relation with respect to the action |,_; of I" on Px_,(C). Combining these
two interpretations of the period polynomial, we can then obtain a relation between
values of Ly(s) and certain cocycles.

On the other hand, D. Goldfeld and I (cf. [G], [D]) have shown that it is possible to
construct maps which are related in an similar manner to values of derivatives of
Ls(s) and which satisfy higher cocycle relations. Motivated by this analogy and
the interest of the properties of the usual period polynomial, here we study closer
such a map g7 : I' x I' > P;_»(C) (somewhat different from the one in [D],[G])
which is associated to Ljiv(s) and satisfies a two-cocycle condition.

It turns out, that by identifying elements of P;_,(C) differing by an element of the
Q-vector space My of Pi_,(K)-linear combinations of the periods [;°f(z)7dz
(G=0,...,k—2), (where K is the space of QQ-linear combinations of i, logn
(n=2,3,...)) or induces a map by defined on I',,\I" = Pl(Q). Here, I', is the sub-
space of I' generated by

1 1 -1 0
S:(O 1) and ( 0 _1).

The map by sends ',y to the class mod M, with representative:

0
/ FO = X 2((2) — u()dz

where u(z) := log(n(z)).

In Proposition 2 (inspired by a conversation with D. Zagier) we then prove that the
projection by of by to the quotient of (Pk_z(c)/Mf)P @ (the maps
PY(Q) — Pi_»(C)/My) over the group Px_»(C)/ M, satisfies the Eichler—Shimura
relations. That is,

bell(1+ T) = byl(1+ U + U*) =0,

where || expresses a naturally defined action and U = (i _(1)).
The main result of the paper (Theorem 2) is the characterization of the effect of the

Hecke operators on E,« Again the final expression is completely analogous to the one
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Zagier has proved for periods. This suggests a broader applicability of the principle
of [CZ], where Knopp’s Hecke operators (which is essentially what we use in
the statements of both our theorems) are characterized in a completely algebraic
manner, without reference to the objects on which they act.

A connection with geometry (to be discussed in a later work) comes with the obser-
vation that l_yf can be identified with a compactly supported 1-cocycle. Then, the
interpretation of the first compactly supported cohomology group in terms of
the cohomology of non-compactified modular curve (cf. [H], Kap.2) appears to
set Bf in an appropriate geometric context.

Because of the analogy the above setup has with the one in
Eichler-Shimura—Manin theory, it is natural to ask questions about the linear depen-
dence of values of by and its coefficients over a field smaller than C, analogous to the
relations holding in the case of the period polynomial (cf. [M]). The natural character
of the constructions made here, which parallel the considerations when dealing with
L-functions and their derivatives, (e.g. the role of the space generated by periods
when we look at the first derivative), further suggests that this kind of questions
could be dealt with our methods.

We should finally note that another advantage of our approach is that all the
constructions extend to the case of higher derivatives thus enabling us to possibly
carry over to that case any insight we derive when we study the first derivative.

2. Hecke Action on Cochains

In [H], Section 2.2, Haberland defines Hecke operators on the space C'(T, V) of
i-cochains with values in a I'-module V" which commute with the usual coboundary
operator d (expressed in terms of the ‘bar’ resolution). We will describe in some detail
how these operators are defined in our setting.

Let M’(Z) be the semigroup of 2 x 2 matrices with non-zero determinant and
entries in Z. It is easy to see that, for each g € I' and M € M}(Z) there is a unique
M, € TMg™" of the form ({ /) with a,d positive integers and 0 < b < d. By the
uniqueness of M, we deduce that (M,), =M, (g,hel). Moreover, if

M e M)(Z) is upper-triangular with positive diagonal elements, we have

log(j(MggM_l, Mz)) =log(j(g, z)) + log(dm,) —log(dy) forallz € b, (1)

where j((5 ). z) = cz+d, and dy, dy, denote the lower-right entries of M and M,,
respectively. Here and in what follows we have taken log to mean the principal
branch of the logarithm.

Now, for a positive integer p, let i, denote the set of matrices (g Z) € M4(Z) with
ad=p, d>0 and 0<b <d. Then, following the notation in [Z], we set
Tyx = ZMQR” M. In this notation, Haberland’s operators on C'(I", Pr_»(C)),
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C*(T, Pr_»(C)) and C3(T', Py_»(C)) are given by the formulae

(Tyv)(g) = Y (MM M,

MeM,
(Tru)g. h) = Y u(MggM ™", MyhM; "), M, )
MeM,

(Tiw)g. h.s) = Y w(MggM ™", MyhM;" MyysM; o M.
MeM,

for all

ve C'(T, Pea(C)),  ue CAT, Pra(0)),

we CT, Pr»(C)) and g, h,seTl.

Here

(Pl_xM)(X) = P(MX)j(M, X)?,  for P € Pr_5(C)

and M € My(Z). Since Tyd = dT, and T,d = dT, (cf. [H], Kap. 2), Z/(T', Pr»(C))
and Z*(T, Py_»(C)) are closed under 7, and T, respectively. (Since it will always
be clear which set these operators act on, from now on we omit the superscript
in their notation.)

Finally, we set

(V|M)(g) = (MegM "), M, forgel,ve CYT,Pr(C)), M e MyZ).

In this way, we obtain a map v||M from I' to P;_,(C). Although | is not quite an
action, we have the following lemma:

LEMMA 1. For each v e C\(I', Py_»(C)), g€ T and M € M(Z), we have
viighM =vligM and v|[[[M|g=v|Mg.

Proof. Since foreachh € I', we have I'(gM)h~' = TMh~', both v||g|| M and v|gM
equal v(Mh(gM)™")|,_,gM when evaluated at h € I', where by M), we denote the
element of TMA™! satisfying the conditions set in the definition of |. The second
equality is verified similarly.

Obviously, by linearity, we can define v||M for each element M of the group of
finite linear combinations of elements of M’ (Z) with integer coefficients.

We observe that we can express Haberland’s Hecke operators on C/(I", P;_»(C))
using the above notation:

T,y = Z VIIM = V|| TS (3)
Medl,
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Also, we note that, for

¢ € Pr_»(C) = CUT, P,_»(C)) ¢ C(T, Pr_»(C)),

¢|ly can be identified with ¢|,_;y for all y € T".

3. Periods of Cusp Forms on I'¢(/V)

Let f € Si(T'o(N)) = {cusp forms of weight k for ['((N)} and y € I' = SLy(Z). As
noted in Section 1, we can define the period polynomial p, of f (cf. [A], [Sk]) setting

ps(y) = /0 (FLi)@X —2)F2dz forall yeTl.

In view of the Eichler—Shimura isomorphism, one might consider as a more natural
generalization of the period polynomial the map sending y € I'y(N) to the polyno-
mial p,(y) = (/2 f(w)(w — X)*dw)|, 7. However (using ‘Manin’s Trick’), we
can write p,(y) as a sum of pf(yi)|2_kyi_1y for some y; € I which come from the con-
tinued fraction expansion of yoco.

If we change variables (w = yz) we see that

mm=(ﬁ;ﬂMW—Xfﬂm) ,

2—k

Let now p; € C'(I', Pr_»(C)) be such that

o) =( oo =30} g for e

2—k

(From now on, the stroke operator will be applied only to elements of P;_,(C), so we
will denote it by | rather than |,_;.)
If we denote by T, S the matrices (] ) and (;, ) respectively, we have

(e (T = 1))
= Mf(VT71)|T — ue()

70 00
= ( / Fw)(w — X)kzdw>|yT1|T - ( / Fw)(w — X)kzdw>|y

[e¢] [ee]

=—p(),

and
(IS = DY) = SIS — 1 (7)
) Oo0
=(f ﬂmw—X%%w)wlm—Wm=o

On the other hand, for n € N with (n, N) = 1, equalities (3), M(ooc) = M,(c0) = 00
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imply that (u||7:°)(y) equals

3w (MyMhHIM
MeM,

M, y00
- ( / f(Z)(z—X)“dZ>IM»,-v

MeMm, \ Y M0
YO0
=y / F(M,2)(M,z — My X)) =2j(M.y, XY 2d(M,z)
MeM,
=Y / FM2)(z — 3 X2, X2z,
MG‘JR M,

where dy, denotes the lower-right entry of M,,. Since M, ranges over M, as M ranges

over I,
k
M,z) = (T, f)(z
M%;(dm"f( ) = (T./)(2)

and, hence, u | T7° = pr,;-
Now, in [CZ] it is proven that there exist X,,, Y,, € Z[M,] (where M,, denotes the set
of matrices in M5(Z) with determinant n) such that

Tnoo(T -D)=T-DX,+( S - 1Y, “4)

Moreover, an example of such a X, is given explicitly. Specifically, if, for a positive n,
we denote by Man, the set of (“ b) € M, such that a > |c|, d > |b|, bc <O,
¢c=0=—-d/2<b<d/2, and b=0= —a/2 <c<a/2, then we can set

X” = ZMeMun,7 M
From the equalities we just proved, together with Lemma 1,we then deduce that,

for all y e T,
pr(0) = =g (T — D)y) = = I T5(T — 1))
= —( (T = DX)@) — (IS = DY)(R) = (pr 1 X))

= Y pMyM M. (5)
MeMan,

Obviously, for N =1, p,(y) = Constant and (5) gives Zagier’s formula (cf. [Z]).
Now, we set p7(y) = 3o () + py(epe)le) , where & := ("5 ) Since, for odd n,
Man,, is invariant under

a b L[ by a b
c d Ne a) =\ =¢ d)’
(5) implies that

pryEe) =Y p(EMe),, (e M~ ™)) I(eMe).
MeMan,
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However, M, ¢ is an upper-triangular element of M’(Z) (with positive diagonal
entries) such that

(sMys)(sys)(s_]M_ls_l) = s(M},.yM_l)s erl.

Hence, for some n € N, (eMe),,, = S"eM,¢ and (since p(S"0) = p,(0) for all 6 € T),
pf-((sMs)SJ,s(sys)s_lM‘ls_l) = pf(.sMyyM_la)

so,

1 _ .
pif("/)=§< SO opMyM M+ Y pieMyM ls)|.ng|.s)

MeMan, MeMan,

1 _ _
—= E —(pf(MyyM N+ p (MM 18)|8)|M.
2
MeMan,

From this, we obtain the following result:

THEOREM 1. Let f be a cusp form of even weight k for T'o(N). Then for any odd
positive integer n with (n, N) = 1, we have:

PjTE,‘f(V) = Z pjt(MyyM’lNM forall yeTl.
MeMan,

4. Derivatives of L-functions

We now restrict ourselves to the case that f(z) = > °°, a(n)e’™ is a cusp form of

(even) weight k for I' = SL,(Z). The periods p,(f) of f are defined by
() = / f(2)"dz = n!(i/Zn)”“Lf(n +1), (n=0,....,k=2).
0

The period polynomial can then be written in the form

k-2 00
pf(X>=Z("‘2)pn(f)X" = /0 SEEX + 1)z

n
k=0

(Notice that this is consistent with the definition of the period polynomial given in
the Introduction because p,(f) = (=1t Pr—2—n(f)-) We observe that p,(X) equals
—ry(T) where ry is a map from I' to P;_»(C) such that

g0
@)= [ 1) - eX) e 0f 2z, forall geT.

The map r; is an element of the group of 1-cocycles Z (T, Py_»(C)) (with respect to
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the action |,_;). In fact, it is a representative of the image of f under the
Eichler—-Shimura map from Si(I") to H'(T, Px_»(C)). (cf. [S], Ch. 8).

We now construct a map associated to L/’,(j)’s (j=1,...,k—1) which satisfies a
2-cocycle condition. We first set u(z) := 21log(n(z)) where 5(z) denotes Dedekind’s
n-function

n(z) = e™/12. 1_[(1 — e?minzy, z € bh(= upper-half plane).
n=1

The function u satisfies the transformation rule:
u(yz) = u(z) +log(j(y, z)) + «,, forall zebh,yel (6)

where x, is a constant depending only on y and belonging to Q[xi]. In particular, we
have xr = —ni/2. We can then define a map gy : I' x I' - P_»(C) such that:

8100

o(g1. 22) = ( S = X (ulgaz) u(z»dz) &, (g el).

o0

The following lemma proves that ¢ is a 2-coboundary and, hence it automatically
satisfies a 2-cocycle condition:

LEMMA 2. Let f be a cusp form of weight k for I'. For all g,h € T', we have:
ay(h, ) = dvy(h, g) = vr(gh) — vr(@)h — vr(h),
where vy : T — Py_5(C) is defined by

g(c0)

y(g) = ( FE)e - X)k-zu(z)dz> "

o0
and where d denotes the coboundary operator on 1-cochains (again with respect to the
‘bar’ resolution. )

Proof. For all g,h € T', we have:

1(00)
O-f(h’ g) = f(Z)(u(gz) — U(Z))(Z — hX)k_zj(h’ X)k—ZdZ
hi(00)
= —vr(h) + F(@u(gz)(z — hX)2j(h, XY 2dz )

By a simple computation we can see that for y € SLy(R) and zj, z; € ), we have:

1

(z1 —722)i(7, 22) = ("' 21 — 22)i(y ™" 29).

1

If we then set y =g, z; = z and z; = ghX, this becomes:

(z —hX)j(g™", ghX) = (gz — ghX)j(g. 2),

https://doi.org/10.1023/A:1002648306247 Published online by Cambridge University Press


https://doi.org/10.1023/A:1002648306247

HECKE OPERATORS AND DERIVATIVES OF L-FUNCTIONS 47

or

(z = hX) = (gz — ghX)j(g. 2)j(g, hX).
Moreover, f(yz)d(yz) = f(2)j(y, zY*2dz and hence the integral in (7) equals:
h(00)

f(g2)u(gz)(gz — ghX) (g, hX ) %j(h, X)d(gz).

[ee]

By a change of variables (z' = gz), we obtain:

gh(00)
/ F@uE)E — ghX) (g, hX)2j(h, X)2d(2)
I4

(c0)

h(oc0)
= ( ' [@uE) - ghX)2j(gh, X )"2d2>_

oo

g(00)
- ( / S — ghX) e, hX)k—2dz>j(h, X2,

Since this equals v/(gh) — vs(g)|h, the proof of the lemma is complete.

Some obvious equalities we will be using tacitly in the sequel are:
vf(gT’l) =vr(gT), O'f(T’l,g) =o/(T,g), os(g, T = or(g, T) for all geI'. The
relation of ¢y with the values of L}(s) ats=1,...,k—1is given by the following

PROPOSITION 1. For all f € Si(T), we have:

k=D i .
J=0 ’

where J; :=T"(j + 1)/T'(j + 1) — log(2n).
Proof. Equality (6) implies that /(T', T) equals:

0
/ F(@)(X + D 2(logz + kr)dz

k=2

_ 0
:Z(kj 2)Xf'/f(z)zj(logz+1<7)dz.

=0

Differentiating both sides of the ‘Mellin inverse transformation’

/0 £y dy = T()20) Ly s).
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with respect to s, we eventually obtain:
/ f(2)log(z)z*"dz
0
= F(s)i‘y(2n)’5L}v(s) + I'(s)*(2m) (I (5)/T'(s) + log(i/2m)) L (s).

From these identities (with s =j + 1), the result follows immediately.
Finally, using formula (2), we obtain a relation between 7,/ and o7,s.

LEMMA. 3. For all gi,g, € ', we have

g1 00
(Tpor)(g1,82) = or,r(g1,82) + Z CM(/ S(Mg 2)(z — X)kzdz> g1,

Mem,

where

k-1 d
p Mg7§
Cu = KMy, g2M — Kgy +1og| ==+ ).
. (du,, )k< Moy 82My! — &2 g(dM.zl ))

Proof. From equality (2), we see that (7,0/)(g1,g2) equals

Mo g1 Moo k-2 k-2
> / Sz = My g1 XY 2 AM, X) 7 (U Mgy, 22M ' 2) — u(2))dz,
MeM, Y

where
AM, X) = j(Mg et M~", MX)*2i(M, X)* 2.

Because of the ‘cocycle condition’ satisfied by j(g, z) and the fact that j(M,,, z) is
independent from z, we have

AM. X) = j(My,, X) (g1, X) 72
Since M and M,, fix oo, if we substitute M,z for z, equality (6) implies that the
summand corresponding to M equals:
8100

S(My, 2) (Mg z — My, g1 X) (10g({(Myg,g,82M," . My, 2))+

o]

K gt (Mo, X) 7281, X) 2 d(My, 2).

Since the M,’s are upper-triangular, equality (1) implies that this can be written in
the form:

2100 k—1 2
f (5 o My 2)z §1X) (g1, X) P u(g22) — u(z) + Cap)dz,
00 My,
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where

6 . 1 dMgzgl
M = KMy oMy~ Ke + log dy )
81

As noted in the proof of Theorem 1,

k—1

Y L f(M2) = (T )2)

P
mem, (di,)

so we obtain the desired result.

5. A Special Set of Values of o

According to the 2-cocycle condition gy satisfies, we have,
a1, 7) = 0r(r1,72) — 05 (1, v2) + 07 (72, )y forall p,yy,p, €T

This, together with the equality a/(S, y) =0, (y € I') implies (by induction) that the
set {o7(T,g);g € I'} generates (over Z[I']) the set of values of gy (in the same
way that the period polynomial generates the set of values of the 1-cocycle ry.)
In view of this observation, we can concentrate on the subset {o/(7', g); g € I'} of
the values of o;.

Let K be the (Q-vector space generated (over Q) by the set {ir, log2,log3,...}. We
consider (for a fixed /" € Si(I')), the Q-vector space M, = Z;‘;OZ P _»(K) fooo f(2)7dz
and the projection map 7y : Pr_2(C) — Pr—»(C)/M;. Obviously the action of
M}(Z) on Pr_»(C) induces an action on P,_»(C)/M; so that my(Ply) = ns(P)|y
(denoted again by |). Since x5 € Q[ni],

nr(or(y, 9))
= nf( f "~ F(@)(z =X %, XY log(i(d, z))dz) for ally,6 e T.

In particular, ns(or(y, S”)) = 0. At the same time, the 2-cocycle condition implies
O-f(Tv S"V) = O-/"(’VT’ Sn) + O'f(T, ’V) - O-f(% Sn) | T
and, hence, we have n(a7(T, S"y)) = ny(a7(T, y)). In view of this fact, we define a
map by: Lo \I' = Pr_»(C)/M; such that:
by(Toy) = mp(ap(T,y)IT, forall yel.

Defining | on C!(I, Px_»(C)/My) by the formula used in the case of
C(T", P_»(C)), we can prove that it induces an action on the group of maps
PI(Q)ePk,ng)/Mf, denoted by (Pro(C)/My)"@. Indeed, identifying
(Pk,z(C)/M/-)P © with the group of maps v:I — Pi»(C)/M; such that
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v(Sy) = v(y) (y € I') we have,

(IM(Sy) = v(Mis, Sy MM = v((My)s SM DMy M) IM,
for

. <Pk—2(C)

?1(0)
M; ) , MeM\(Z)andyeT.

Since (M;)sSM. ! fixes infinity and belongs to I, we deduce that, in fact, it belongs to
I'. But v is defined on I',,\I', so

P(0)
CIMY(S) = WM M = GIANG). e i e (P

It should be noted that, on (Pk_z(C)/Mf)Pl(‘@), || is an action, because for
M, My € My(Z2), Too(MiM>), = Uoo(M1)ap,) par;1(M2),. (Indeed,  (M1)ypy) o505
(M>), are upper-triangular elements with positive diagonal elements and

(M, )(Mz)7,yM2“(M2)«/7V(M1M2)71 eD).
So, for v e (Pk_z(C)/Mf)Pl(@), we have
(VI M1 M2)(y)
= W(M My),yM5" M) M, M,
= WS (M1 ary) a1 (M), y M5 MTHIM M
= (M DIIM)().

To obtain an explicit formula for (by||M)([m, n]), with (m,n) =1 and M € M, we
observe that, if (* *) €T, then

m n

* *

* ok -1 _ | d d
o 2 (S i)

Hence,

k0 k
(ban)([m,nD=<bf“M)<<m n>>

* *
:ﬂf(af(T’ (%(dm—cn) %(—bm—i—na))))'TM

(b IM)([m, n]) = by([m, nladj(M))| M,

where adj(M) := det(M)M ~! and the (right) action of M}(Z) on P!'(Q) s the obvious
one.

or
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Finally, the image of bf under the projection map from (Py_»(C)/M, f)P (@ to the
quotient (Py_ Z(C)/Mf)P @ /(P 2(@)/Mf) (with the obvious embedding of
Pr_5(C)/My into (Pr— 2((@)/Mf)IP (@) is denoted by bf Again, since Pr_»(C)/ My
is invariant under the action of M/(Z) || is well-defined on the quotient. With this
notation we can prove the following Proposition which was inspired by a discussion
with D. Zagier.

PROPOSITION 2 (Eichler-Shimura Relations). For U :=(; ), we have:
bll(1+T) = byll(1 + U + U*) = 0.
Proof. The 2-cocycle condition gives:
or(T,yDIT = —op(T,y)+0p(T,T), foryel.
Fory=(* ) eT, this implies:

m

(brl(L+ D)([m. 1) = np(op(T, 1)), for all [m, n] € P'(Q).
For the proof of the second equality, we apply the 2-cocycle condition

0r(g2, g3)|g1 = 07(g281, 83) — 07(g1, £382) + 07(g1, &2)

to the triplets

(gl,gZ, g3) = (UTv U, 5)’ (UT, U_19 5)9 (Tv U, 5)s (T, U_l9 5)» (5 € F)

to obtain, respectively,

ap(U,8)|U™ =ap(U'T, §)|TU,

or(U™,0)|U = oy(T. 0)IT,

ar(U, U™ = —a,(T,0)|TU™ + ap(T, U)|ITU!,

ar(U™, 8)|U = ap(U'T, 8)|TU — op(T, SU HTU + o/(T, U™)|TU.

These equalities imply that

ap(T, 8 TU™ + a/(T, U ") TU + op(T, 8)|T — a/(T, U)|TU '~
— o(T, U HITU
= (op(T, 5U)|TU™" — 64(T, U)|TU™ + 64(U, 3)|U™H+
+ (0/(T, UM TU — ap(T, U™)|TU — ap(U' T, 0)|TU+
+0, (U, 0IU) + (—0p(U, )|U™" +a,(U'T, §)|TU)
+ (=0 (U™, 0)|U + 6/(T.5)|T) =0

For 5= (* 7). this implies that for all [m, ] € P'(Q). (b/|(1 + U + U?))(m. n)
equals /(o (T, U)|TU™" + ny(ar(T, U™"))|TU, which is what we wanted to prove.
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This is equivalent to saying that the map

_ Pe a0\ @ /(P 5(C)
/3_,-.1"—>( My ) /( My )

such that B,(T) = 5f and f,(S) =0 is an element of the compactly supported
1-cohomology group

P 2(C) Pl@ P 2(C)
Hi<r’( My ) /< My ) '

(If ¢*(I', —) is the standard complex for I', then we denote by HX(I', —) the
cohomology  functor induced by the kernel of the restriction
C*T,—) > C*(I'e,—) (cf. [H], Kap.2). In particular, we have:
HNT, V) =Ker(Z\(T, V) - Z'(T'w, V)) where V is a T-module.) The first com-
pactly supported cohomology group has a geometrical interpretation which we
would like to apply in the above context and to make as explicit as possible.
We hope to complete this in a future paper.

6. The Action of Hecke Operators

Let n be an integer > 2 and let v, be the map associated to f/* € Sx(I') by Lemma 2.
Then, since S fixes oo, we have v¢||S = v, and thus, (4), together with Lemma 1, imply

MeMan,

vl T I(T = 1) = vy (T — 1)||( > M). ®)

We now evaluate both sides of this equality at g € I'. From (3) we obtain
AITRIT — D)) = (Tpv)@T HIT — (Tpvy)(2).

For the right-hand side, by applying directly the definitions we take

(Vf”(T—l)“( > M))(g)
MeMan,

= Y O I(T = D)(MegM )M

MeMan,
= Y (MM 'THTM - Y v(MgM M
MeMan, MeMan,
= Y (0 (MgM™' T — v (MogM ™)\ T™")|TM.
MeMan,
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Lemma 2, then (with & = T~!, g = M,gM~") implies that the last sum equals:

D (o (T, MM ™)+ v(TNITM
MeMan,

and, hence (because of (8)),
(T T OIT — (Tpvy)(g)

= Y o (T MM OTM +v(THT| Y M
MeMan, MeMan,

Subtracting this equality evaluated at g from the same equality evaluated at g = 7,
we obtain:

(Tpve)(©) — (T )gDIT — (Tpve )(T)
= Y (of(T, MrTM™") = o7(T, MggM ™ "))ITM. ©)

MeMan,

The left-hand side equals d(T,v/ (T, gT) = (Tpo7 )T, gT) or, according to Lemma 3,

0
o1 (T, + 3 CM( / f(Mszz—X)k—zdz)w,

Mem,

with

k—1

_p _ dy,
= ¥ (’CMggTMTI ker IOg(dMT) )

By a change of variables in each of the integrals at the last sum (w = M7z) we can
see that each is a multiple of a polynomial of the form (| f 1)z — X)2dz)|M’ for
some M’ € M)(Z) and «, f € Q. However (cf. [M]), every integral of the form
/; f f(2)7Zdz, (j=0,...,k—2) can be expressed as a integral linear combination
of the periods p,(f) (i =0,,k — 2). Therefore the left-hand side of (9) is a sum
of o7,/(T,gT) plus an element of M. Hence,

(o, (T, gT))

= > (mp(op(T, My TM ™ )ITM — my(o7(T, MggM™"))| TM).
MeMan,

If we furthermore use the identity
o/ (T, IT = —or1,(T,gT) + o1,,(T, T)

which is implied by the 2-cocycle condition, and set g = ( Z) this equality can be

*
m

https://doi.org/10.1023/A:1002648306247 Published online by Cambridge University Press


https://doi.org/10.1023/A:1002648306247

54 NIKOLAOS DIAMANTIS

written in the form:

np(or, (T.IT)— Y by([m, nladi(M))|M

MeMan,
=n(or, (T.T) = > m(of(T, M TM™")|TM,
MeMan,

for all [m, n] € P'(Q). If we then denote again by l_)Tpf the image of IBTpf under the
map from

Pea(ON\" @ P 5(C) Peo(CNT@ /(P 5(C)
(MTﬂf) /<MT,,f> o < My > /< My >

induced by the inclusion M, C My (proved above), we obtain:

THEOREM 2. For each f € Si(I'), and positive integer p = 2 we have l_)rpf = 13/-||X ,
where the maps and linear combinations of operators involved have been defined
in Sections 3, 4 and 5.
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