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Steiner Coset Partitions of Groups

Fusun Akman and Papa Sissokho

Abstract. A coset partition of a group G is a set partition of G into finitely many left cosets of one or
more subgroups. A driving force in this research area is the Herzog-Schonheim Conjecture [15], which
states that any nontrivial coset partition of a group contains at least two cosets with the same index.
Although many families of groups have been shown to satisfy the conjecture, it remains open.

A Steiner coset partition of G, with respect to distinct subgroups Hi, . .., Hy, is a coset partition of
G that contains exactly one coset of each H;. In the quest of a more structural version of the Herzog-
Schonheim Conjecture, it was shown that there is no Steiner coset partition of G with respect to any
2 < r <7 subgroups H; that mutually commute [1]. In this article, we show that this result holds for
r = 4 mutually commuting subgroups provided that G does nothave C, x C, x C, asa quotient, where
C, is the cyclic group of order 2. We further give an explicit construction of Steiner coset partitions of
the n-fold direct product G* = Cp x ... x C,, for p prime and #n > 3. This construction lifts to every
group extension of G*.

1 Introduction and main results

A coset partition of a group G is a set partition of G into finitely many left cosets of one
or more subgroups. Such subgroups necessarily have finite index in G [20]. Let P be a
coset partition of G. If Hy, ..., H, is an ordered list of distinct proper subgroups of G
ofindices di, ..., d, > 2in G and having ny, ..., n, > 1 cosets, respectively, in P, then
we additionally say that P is an {Hy, .. ., H, }-transversal coset partition of G, and that
the type of P is

Dy = dlnl ce. drn’.

A coset partition P of type d'...d; will be called a Steiner coset partition. (The
designation “{Hy, ..., H, }-transversal” is omitted when it is clear from the context.)
A Steiner coset partition is also called a pure coset partition in [1]. It was shown in [17]
that for any coset partition of an infinite group, a finite quotient of this group will have
a partition of the same type. Conversely, it was shown in [1] that given a coset partition
of a finite group, one can construct a coset partition of the same type for an infinite
group. Hence, it suffices to consider coset partitions of finite groups for the purposes of
examining the existence of certain types. The type correspondence between finite and
infinite groups still holds when we impose conditions that are invariant under taking
quotients and direct products, such as abelian groups, nilpotent groups, solvable
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1360 F. Akman and P. Sissokho

groups, subgroups that mutually commute, etc. [1]. It is easy to derive the following
condition on the type d,"" ...d," of a coset partition by assuming that the group is
finite:

n n
(L) — as

4+ eee 4+
dy d,

One of the main driving forces of the field of coset partitions is the Herzog-
Schonheim Conjecture [15], which states that for any coset partition P with r > 2,
at least two cosets will belong to subgroups of the same index, whether the corre-
sponding subgroups are distinct or not (i.e., we will have d; = d; for some distinct
i, j and/or some n; > 1in the type Dp). Many families of groups have been shown to
satisfy the conjecture.' In a different direction, it was shown in [1] that the conjecture
holds for up to seven distinct subgroups of an arbitrary group. It was also conjectured
that when the subgroups H; mutually commute, hence making any product of these
subgroups also a subgroup, no Steiner coset partition should exist. This conjecture was
proved for three subgroups (the statement is unconditionally true for two subgroups).
However, we found a counterexample (see Example 3.5) to this conjecture as we were
trying to extend the results from [1] to the case r = 4. More generally, we shall show
that the conjecture does hold when sufficiently many subgroups are not close to one
another. Generalizations of the counterexample, incidentally, contribute to our next
inspiration for studying coset partitions.

Fixing a finite group G and a list of distinct proper subgroups Hy, ..., H, with
r > 2, consider mutually disjoint {Hj, ..., H, }-transversal coset partitions Py, ..., P;
of G. If

=1

Pru--uPs=G/Hu-uUG/H,

(i.e., every coset of every subgroup H; appears exactly once in one of the partitions
P;), then we will call this family of partitions an {Hj, ..., H, }-transversal coset
parallelism. If, in addition, each coset partition is Steiner, then the family will be called
a Steiner coset parallelism. Parallelisms of various kinds of objects are a fundamental
theme in combinatorics and design theory. Steiner coset parallelisms are irreducible,
and they can serve as building blocks of other coset parallelisms. We will provide several
new families of Steiner coset parallelisms in Section 4.

What motivated our work on coset partitions originally was our ongoing program
to construct and classify subspace partitions of finite vector spaces (also called “vector
space partitions”; see [14, 16]). A subspace partition is a collection of subspaces that
cover the whole space and have mutually zero intersections. Clearly, a finite vector
space V over a field F can be identified with a field extension of F, as finite fields
of order equal to any prime power exist. Now, if we take G to be the multiplicative
group V* of V and Hj, ..., H, to be the multiplicative groups of proper intermediate
fields of the extension V /F, then {Hj, ..., H, } -transversal coset partitions of V* yield
subspace partitions of V on appending the zero vector to each coset. We were thus able

Lor example, it has been proven for the group of integers [9, 17], nilpotent groups [3], pyramidal
groups [4], groups of small order [19], groups whose orders admit a certain prime factorization [12, 13],
and groups with subnormal subgroups [21]. Also see [6, 7] for some recent work.
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Steiner Coset Partitions of Groups 1361

to extend our multi-coset constructions from abelian groups to the case of arbitrary
groups with mutually commuting subgroups.

Let us summarize our main results and constructions in this article, where we
consider a finite group G with a list Hy, ..., H, of distinct proper subgroups. Note
that the non-existence of Steiner coset partitions implies that the Herzog-Schénheim
Conjecture holds under the given conditions. Note also that the case of groups with
a list of mutually commuting subgroups encompasses all abelian, Dedekind, and
Iwasawa groups, which in turn are not completely accounted for by the families of
groups proven to uphold Herzog-Schoénheim so far.”

« Suppose that the subgroups H; mutually commute. If the subgroups are far apart in
some sense, in particular, when no subgroup is included in the product of the rest,
there can be no Steiner {Hj, ..., H, }-transversal coset partition of G. (Theorem 1,
Corollary 2.5)

« Suppose that the subgroups H; form either one chain or two chains with respect
to the subgroup relation and that subgroups in different chains mutually commute.
Then, there exists no Steiner {Hy, . .., H, }-transversal coset partition of G. (Propo-
sitions 2.7 and 2.8)

« Unless Gisan extension of C, x C, x C, if G has four distinct, proper, and mutually
commuting subgroups H;, then Steiner {Hj, ..., Hy }-transversal coset partitions
of G cannot exist. (Theorem 2, Example 3.5)

« We exhibit Steiner coset partitions and parallelisms of solvable dihedral and dicyclic
groups, where the H;’s do not mutually commute, but are self-normalizing con-
jugate nilpotent (Carter) subgroups. These are lifted to Steiner partitions of any
extension groups as well. (Examples 4.8 and 4.9)

« We construct Steiner coset partitions and parallelisms of all finite elementary
abelian groups with at least three factors, generalizing our r = 4 counterexample.
These are lifted to Steiner partitions of any extension groups as well. (Proposition
412)

2 Results with various inclusion/exclusion conditions

We include some facts and results from [1] for reference.

Lemma 2.1 Let G be a group, H, K be subgroups of G, and a, b € G. Then, aH n bK
is either @ or an (H n K)-coset. In particular, an inclusion aH < bK implies H < K.
Moreover, if HK = KH, then

aHNbK + @ < aHK = bHK.

Proposition 2.2 Let G be a group and H,K be distinct proper subgroups of G.
Then, there exists an {H, K }-transversal coset partition of G if and only if the sub-
group L = (H,K) of G generated by H and K is proper. When this is the case, any
{H, K}-transversal partition of G must be obtained by decomposing some L-cosets in

2A Dedekind group is a group all of whose subgroups are normal; an Iwasawa group is one where all
subgroups mutually commute, i.e., satisfy HK = KH.
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G completely into H-cosets and some completely into K-cosets. In particular, G has no
Steiner { H, K }-transversal partitions.

Of course, it is also possible to prove the last statement in Proposition 2.2 on its
own by observing that if P = {aH, bK} is a partition of G, then each coset must also
be a coset of the other subgroup by Lemma 2.1, resulting in H = K.

Proposition 2.3 Let G be a group and H,K, L be distinct, proper, and mutually
commuting subgroups of G. Then, there exists an {H, K, L}-transversal coset partition
of Gifand only if G + HKL. When this is the case, any {H, K, L}-transversal partition
of G must be obtained by decomposing some HKL-cosets in G completely into HK-
cosets, some into KL-cosets, some into HL-cosets, and then decomposing each double
coset completely into cosets of one kind. Hence, G has no Steiner { H, K, L}-transversal
partitions.

We now state and prove our first result on non-existence of Steiner partitions.

Theorem 1  Let G be a finite group with distinct, proper, and mutually commuting
subgroups Hy, ..., H,, where r > 2, and H, be a subgroup of maximal order among all
H;’s. If the strict inclusion condition

(21 Hy-H;y < Hy---H;_1H;

holds for at least t values of i in {2,...,r} with t >log,(r), then G has no Steiner
{Hy, ..., H,}-transversal coset partitions. In particular, the Herzog-Schinheim Con-
jecture holds for such groups and subgroups.

Proof  Suppose thata Steiner {Hy, ..., H, }-transversal partition of G exists, so that

|Gl = X |Hil.
i=1

Then, it is not possible to have |H;| < |G|/r for all i, and the inequality |H;| > |G|/r
holds. Consequently, we have

[G:H] <.
Now, setting d; = [G: H;-+-H; ] for 1 < i < r and noting that

H,<HH,<--<Hy--H,, <H-H,,
we obtain
dy<d < <dy <di <

Since d; | d;_; for all 2 < i < 7, it follows that whenever d; # d;_;, we have d;_; > 2d;.
Thus, we conclude by the number of repetitions of the strict inclusion rule (2.1) that

dy>2'd, >2" > 1,

which is a contradiction. ]
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Remark 2.4  In general, log, (r) can be replaced by log, (1), where b is the smallest
prime divisor of |G|.

Corollary 2.5 Let G be any group with distinct, proper, and mutually commuting

subgroups Hy, ..., H,, where r > 2, and all r subgroups H; satisfy the non-inclusion
rule

(2.2) H; ¢ Hy---H;---H,.

Then, G has no Steiner {Hy, . .., H, }-transversal coset partitions.

Proof  Fixing say H; with largest order, condition (2.2) implies that
H; ¢ Hy--H;_y = Hy--H; 1 <Hy-H; 1H;

forall i > 2. Then, we have t = r — 1> log, (r) for r > 3 in Theorem 1. The case for r = 2
is covered by Proposition 2.2, where commutativity of subgroups is not assumed. =

Remark 2.6  Note that this statement applies to all direct products Hy x --- x H, of
nontrivial finite groups, where the non-inclusion condition must always hold. Also,
we may just assume that all  — 1 strictness conditions (2.1) are satisfied rather than
this stronger one.

We now look at the other extreme, where all r subgroups form a chain.

Proposition 2.7  Let G be a finite group with subgroup series H;<H,<...<H,<G,
where r > 2. Then, G has no Steiner {Hy, . .., H, }-transversal coset partitions.

Proof Induction on r. We proved this for all groups and pairs of distinct subgroups
in Proposition 2.2, not necessarily forming a chain. Hence, we assume that the
statement holds for all finite groups and at most r — 1 subgroups that form a chain
for some r > 3. Now, suppose that a finite group G has a transversal coset partition
P={aiH,,...,a,H,}, where H;<H,<...<H,<G. Then, any coset a;H; in P is
contained in the H,-coset a;H,, and every H,-coset must be partitioned into some
cosets in P. Since a,H, is already in P, the coset a;H, must have a Steiner partition
by at most r — 1 other cosets in P, whose subgroups form a chain. By our induction
step, this is not possible. [ ]

Proposition 2.8 Let G be a finite group with two subgroup series HH<H,<...<
H,<G and KK <. SKSG, wherer,s 21, HiK; = K;H; for all i, j, and all r + s
subgroups are distinct. Then, G has no Steiner {Hy,...,H,, Ky, ..., K }-transversal
coset partitions.

Proof Induction on r +s. The case r = s = 1 is covered by Proposition 2.2, without
the assumption that H,K; = K;H;. Assume that the statement holds for all finite
groups and a total of up to k subgroups forming two chains, where k > 2. Suppose that
a finite group G has two subgroup chains as above with r + s = k +1 > 3 and admits a
Steiner transversal coset partition
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P= {alHl, ey arHr, b]K], cee ,bsKs}.

The group G is completely partitioned into H,K;-cosets and every coset in P is
contained in some H,K;-coset, which means that each H, K;-coset is partitioned by
cosets in P. Since a,H, n b;K; = &, we have a,H,K; n b;H,K; = @ by Lemma 2.1,
and either of these two H,K;-cosets can contain at most r + s — 1=k cosets in P.
Without loss of generality, assume that K £ H,, so that a,H, ¢ a,H,K;. Then, either
all cosets in P that are contained in a,H,K; belong to the chain of H;’, in which
case Proposition 2.7 applies, or else, a,H, K, contains cosets from P belonging to
both chains, in which case our induction step applies. We conclude that the Steiner
partition P cannot exist. u

3 Induced coset partitions and Steiner partitions into cosets of four
subgroups

We state two results that relate partitions of a group G to partitions of subgroups and
quotients of that group. Note that G need not be finite.

Lemma 3.1 Let P be a coset partition of a group G and H be a subgroup of G. Then
{aKnH:aKe€®P, aKnH # &}

is a coset partition of H.

Lemma 3.2 Let P be an {H,, ..., H, }-transversal coset partition of a group G and
N be a normal subgroup of G contained in Hy N --- 1 H,. Then, the quotient map G —
G/N generates an {H,/N, ..., H,/N }-transversal coset partition of G/N of the same
type as P.

The converse of the last statement is also true. Every partition of a group induces
a partition of any extension of that group with the same type (we note that this was
stated in [1] for the case of direct products).

Lemma 3.3 Let G, H be groups and y: G — H be an epimorphism with kernel N.
Then, any partition Py = {a1Ky, ..., a,K,} of H induces a partition
:PG = {I//_l(a]K])l < ] < I’l}

of G with the same type as Py. Hence, coset partition types of H are in one-to-one-
correspondence with all coset partition types of G where the cosets belong to subgroups
that contain N.

Proof The (not necessarily distinct) subgroups Kj, ..., K, of H lift to subgroups
v '(K;) = k; of G containing N, where K; = K; <> k; = r;j and [G: ;] = [H: K;] for
all i, j by the correspondence theorem. Picking «; € G such that y(«;) = a; for all j,
we obtain a partition Pg = {a;r;}7_, of G. Indeed, we have

G=y'(H)=y" (U1 ajKj) = Ulllfl(ajKj) = Ul"‘f“f’
j= = =
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and if i # j, then
ajkiN AjRKj = w’l(a,»K,-) n I//il(ajKj) = l//il(aiKi n QJKJ) = . | |
In this section, we will prove the following result.

Theorem 2 Let G be any group and H,K,L, M be distinct, proper, and mutually
commuting subgroups of G. If G is not an extension of C, x C x Cy, then G has
no Steiner {H, K, L, M }-transversal partitions. On the other hand, if G is any group
extension of C, x Cy x Cy, then G does admit a Steiner partition into four cosets.

Corollary 3.4  Let G be a finite group and H, K, L, M be distinct, proper, and mutu-
ally commuting subgroups of G. If |G| is not divisible by 8, then G has no Steiner
{H, K, L, M }-transversal partitions.

The following example shows that C, x C, x C, has a Steiner partition with four
cosets, and hence, so does any extension of this group by Lemma 3.3, proving the last
statement in Theorem 2.

Example 3.5 Let G be the direct product of three cyclic subgroups of order two, say
G ={aj,az,a3) =HxKxL, where H={(as), K={(aja3), L ={(azas),

and let M = (ajaya;3) be a fourth subgroup of G. Then, G has the following Steiner
{H, K, L, M }-transversal coset partition:

{H, azK, alazL, alM}.

Suppose that G is a group with distinct, proper, and mutually commuting sub-
groups H, K, L, M. Now, if G # HKLM, then any {H, K, L, M }-transversal partition
of G must also partition each HKLM-coset, and the cosets in a Steiner {H, K, L, M }-
transversal partition of G would be distributed among the HKLM-cosets. Thus, some
HKLM-coset (and by translation, the group HKLM itself) would have a Steiner
partition into two or three cosets, which we proved to be impossible. Hence, it suffices
to give a proof for G = HKLM. Also note that when no subgroup is contained in the
product of the rest, the non-existence of a Steiner partition follows unconditionally
from Corollary 2.5. In summary, it suffices to prove the theorem when we can write
G =HKLor G = HK.

We can easily eliminate the extreme case G = HK.

Lemma 3.6 Let G = HKLM, a finite group that is the product of four distinct, proper,
and mutually commuting subgroups H, K, L, M, where L, M < HK (so that G = HK).
Then, G does not admit a Steiner { H, K, L, M }-transversal coset partition.

Proof Recall that aH n bK # & if and only if aHK = bHK by Lemma 2.1. In this
case, we do have aHK = bHK = HK = G for all a, b € G, so any coset partition of G
into at least one coset from each of H and K is impossible. [ ]

We are now ready to prove the remaining case for Theorem 2.
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Proposition 3.7 Let G = HKLM, a group that is the product of four distinct, proper,
and mutually commuting subgroups H, K, L, M, where M < HKL (so that G = HKL).
Assume that G is not equal to the product of any two subgroups among H,K, L, M,
and that it is not an extension of C, x Cy x C,. Then, G does not admit a Steiner
{H, K, L, M }-transversal coset partition.

Proof  First note that none of H, K, L can be contained in one of the other two,
as this would make G a product of two subgroups. Also, if one subgroup, say L, is
contained in M, then G = HKL = HKM, so that we may replace L with the larger
subgroup M. (Two subgroups among H, K, L cannot both be in M, as then G would
be the product of two subgroups.) Hence, by relabeling, we may assume that none of
H, K, L is contained in any of the remaining three subgroups of G. We do not mind if
M itself is contained in H, HK, etc.
Suppose that we have a Steiner partition of G of the form

(3.1) G=aHuUbKucLudM,

where the coset representative a can be chosen from G\HK by translating all cosets
of the partition by the same element of G if necessary. Then, HK n aH = &, as left
cosets of H must intersect HK = KH in full, if at all, by Lemma 2.1. Consider the coset
partition of HK induced by intersection. The coset bK will similarly be present in full
or not at all in this new partition. First, let us consider the case where bK n HK = @.
Then, we have

HK =c¢(HKnL)ud(HKnM)

(we take the liberty of not changing the symbols for coset representatives as we
intersect down, understanding that the representatives may of course change). Note
that it is not possible to have only one of cL and d M intersecting HK;if HK = HKn L
or HK = HK n M, then HK is contained in L or M, contradicting our assertion that
H, K cannot be contained in L or M. Proposition 2.2 states that there is no Steiner
coset partition of a group into cosets of two distinct subgroups. Hence, we must have
HK n L = HK n M as a subgroup of index 2 in HK. But then, it follows that

[G:L] = [HKL:L] = [HK: HK N L] = 2,

which indicates that G is the disjoint union of two cosets of L, one of which is dL.
Hence, H, K, M < L, a contradiction. Then, we conclude that bK must be part of the
induced partition of HK:

HK =bKuc¢(HKnL)ud(HKnM).

Once again, one coset is not enough, because HK is not contained in K, L, M. How
about just bK and one more coset? This is also not feasible, as neither of the conditions
K =HKnLorK=HKn M is acceptable.

We continue with this three-coset partition of HK. By Proposition 2.3, a Steiner
partition into three distinct cosets is not possible. We must have either K = HK N L =
HK n M or two of the subgroups equal, with index two in the third, which must in
turn have index two in HK. The first option is not possible, as K is not contained
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in L or M. Similarly, K and HK n L, or K and HK n M, cannot be the two equal and
smaller subgroups among these three. We conclude that HK n L = HK n M < K, with

[HK:K] = [K: HKnL] = [K: HK n M] = 2.
An immediate corollary is that
[H:HnK] =[HK:K] = 2.

Since H and K have interchangeable roles, the following is indicated as well: HK n L =
HKnM<H,and

[HK:H] = [K:Hn K] =[H:HKn L] = [H: HK n M] = 2.

Incidentally, since HK n L < H n K, we have

[H:HKNL]=[H:HnK]=2=|HKNnL=HKnM=HnK|.

In the boxed expression, taking intersections with H and K give us
HnK=HnL=HnM=KnL=KnM.
We also deduce that
[G:1] = [HKL:L] = [HK: HK N L] = 4.

As our choice of HK was arbitrary, the same indices hold when we permute H, K, L.
That is, we have

[G:H]=[G:K]=4and HNnK=Ln M, etc.
Finally, we note that
[HM:M] =[H:HaM] =2,

and that [G: M] = 4 by (1.1), as the remaining subgroups have index 4 in G. This
implies [M: H n M] = 2. Setting J equal to the common mutual intersections of the
four subgroups, our findings so far are shown in a partial diagram of subgroups of G
in Figure 1.

We note that J has index two in each subgroup in {H, K, L}, hence is normal in all.
But then xJ = Jx for all x in G, because G = HKL and the subgroups H, K, L mutually
commute. That is, / < G, and G/] is a group of order 8. Thus, G/ is isomorphic to
one of the 5 possible groups of order 8, namely, {Cg, C4 x C;, C; x Cy x Cy, Dy, Qs }.
Moreover, by the correspondence theorem on subgroups of quotients, G/J has at
least four subgroups of order two (H/J,K/J,L/J, M/]) and at least four subgroups
of order four: HK/J,HL/]J,KL/], HM/] (note that HK = KL or HM = KL, etc,, is
not possible without violating the non-inclusion conditions we have set). Therefore,
G/J 2 C; x Cy x C,. Since this situation is excluded in the hypothesis, such a partition
P cannot exist. [ ]
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G = HKL

AN
PO
Vo

J=HKNL=HLNK=KLNH=HNK=HNL=HNM=KNL=KnNnM=LnNnM

M

Figure I: Interactions of subgroups of G.

4 Constructions of Steiner partitions and parallelisms

We borrow from [1] the following general existence result for parallelisms.

Proposition 4.1 (Proposition 27 in [1, Proposition 27])  Let G be a finite group with

distinct, proper subgroups Hy,...,H,, and P be an {H, ..., H,}-transversal coset

partition of G of type (rny)™ ...(rn,)" . Suppose that there exists a subgroup T of

G with the following properties:

(a) T commuteswithall H;,1<i<r;

(b) T intersects each H; trivially;

(@ [I=r 4 .

(d) For alli, there exists a list of coset representatives ay, ..., a,,. for H; in P, such that
it is also a list of nonequivalent coset representatives for the group I'H; (that is,
a;FH,- N a;'(l"Hi =@ for j + k); and

(e) Elements of I commute with all coset representatives in P.

Then, the collection {yP}yer of {H, ..., H, }-transversal coset partitions, where
y? = {yc C € (P},
forms an {Hy, ..., H, }-transversal coset parallelism of G.
We derive two main corollaries of this construction.
Corollary 4.2 (Corollary 3lin [1, Corollary 31])  Let G be a group and H be a subgroup

of index r such that Ng (H) = H. Assume that T = {y1,...,y,} is an abelian subgroup
of G that is complementary to H (i.e., G = HT and ' n H = {1}). Then
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(a) Theset T is a full set of right coset representatives for H in G;

(b)  Thesubgroups H; = y;*Hy; are distinct for1 < i < r, and also complemented by T';

(c) The collection P = {y;Hy,...,y,H,} is a Steiner {Hj, ..., H, }-transversal coset
partition of G; and

(d) The partitions y1P, ..., y,P form a Steiner {H,, ..., H, }-transversal coset paral-
lelism of G.

Corollary 4.3 Let G be an abelian group with a list of r > 4 distinct subgroups
Hi, ..., H, of index r, where each is complemented by a subgroup T = {y1,...,y,} of
order r in G. Suppose that there exists a Steiner {H, ..., H, }-transversal partition P
of G. Then, the r partitions y;P with 1< i < r form a Steiner {Hy, ..., H, }-transversal
coset parallelism of G.

Remark 4.4 'The condition Ng(H) = H in Corollary 4.2 by itself is sufficient to
create a Steiner partition of G. If y;,...,y, is any complete set of right coset repre-
sentatives of H in G, then we have

G =Hy,u--UHy, =yi(yi ' Hy1) U= 0y, (y; ' Hy,) = ypnHyu -+ Uy, H,,

where Hy, ..., H, are distinct. However, such Steiner partitions cannot arise from
mutually commuting proper conjugate subgroups H;. Indeed, the so-called “conjugate
permutable” subgroups H must be subnormal [11]; then H is either the whole group
(not proper) or normal in a strictly larger subgroup (not self-normalizing).

Examples of self-normalizing subgroups are plenty.

Proposition 4.5 [5]  Every finite solvable group G has a nilpotent subgroup that is self-
normalizing. Furthermore, all such subgroups (now called Carter subgroups) must be
conjugates. If G is additionally nilpotent, then it must be the unique subgroup of itself
that is self-normalizing.

And there may be more.

Remark 4.6 [8]  Ifa finite non-solvable group has a self-normalizing subgroup, then
all such subgroups must still be conjugates [22].

Below is an example of a non-solvable family of finite groups with “Carter”
subgroups and Steiner coset partitions.

Example 4.7 [1]  Although not solvable for r > 5, the symmetric group S, exhibits
conjugate self-normalizing subgroups for r > 3. Let H; = S| ;) denote symmetric group
on {1,...,7}\{j}. Then, all H; are self-normalizing and distinct, giving rise to a
Steiner partition of S, as in Remark 4.4. The right coset representatives for H,;
are (1), (12), (13),..., (1r). When r = 4, the Klein four-subgroup of A4 serves as a
complement to Hj, to produce a Steiner coset parallelism of S via Corollary 4.2.
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We will exhibit two families of solvable groups and Carter subgroups with Steiner
coset parallelisms as in Corollary 4.2. We refer the reader to [18] for the notation and
structure of the groups involved. Our first example is from [1].

Example 4.8 Let D, denote the dihedral group of order 21, where n = 27, k > 0,
and r > 3 is odd. A presentation of this group is given by

D, = (a,b:a” =b?=1ba= a"lb).

Then, the subgroups H = (a”, b) (of order 2*! and index r) and T = (azk ) (of order r)

satisty the conditions of Corollary 4.2. The group D, is also nilpotent when # is a
power of 2, in which case the unique self-normalizing subgroup is itself.

Example 4.9  The dicyclic group Dic, of order 2n (n even) is a modification of the
quaternion group Qg, where the generator i (a fourth root of unity) is replaced by a
higher even root of unity. Its presentation is

Dic, = <a,b:a” =b*=1,ba=a'b, a"?= b2>.

When # is a power of 2, the dicyclic group is nilpotent. If n = 2% k>1,and r>3
is odd, then the subgroups H = (a”, b) (of order 2**! and index r) and I" = <a2k> (of

order r) satisfy the conditions of Corollary 4.2. Note that since b commutes with both
generators, the subgroup (b?) is normal in Dic,, and we have Dic, /(b*) = D,,, [18].
Indeed, this isomorphism induces the Steiner partition and the parallelisms described
in Example 4.8 via Lemma 3.2.

Example 4.10 Let G be a finite group and I' be a normal subgroup of G such that
|| and [G:T'] are coprime. Then by the Schur-Zassenhaus Theorem, there exists a
complement H of I, and all such complements are conjugates. If I" is also abelian and
Ng(H) = H, then H and T satisfy the conditions of Corollary 4.2. One example of this
is the dihedral group D, where n is odd, which becomes a special case of Example 4.8:
we have I" = (a) and H = (b).

Let us now turn our attention to a different class of examples and generalize our
construction in Example 3.5 to all finite elementary abelian groups G = Cj; with p
prime and n > 3. For convenience, we will identify G with F. If G = (a1) x -+ x (a,)
in our multiplicative notation, then a vector (or “index”) J = (ji,...,ja) € IE‘;’, will
correspond to

dof
a; < al'al €G,
so that
ajag = aj.x and (ay)' = agip).

Note that J = (0,...,0) if and only if a; = 1. We will denote the linear forward-shift
map from the subspace of vectors with two zero components at the end to [, by

]: (jla'--)jnfzyoro) '_)],: (Oajlw-')janaO)-
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Lemma 4.11  Let ], K € F] have the last two components equal to zero. Then for any
x €IF,, we have

xJ+] =xK+K' =]=K.
Proof By linearity of the map J — xJ + J, it suffices to show that the kernel of this

map is trivial. Suppose that x] = —J'. If x = 0, we are done. If x # 0, then we can show
by induction on k, for 1 < k < n — 2, that

j1:01j2:07-'->jn*2:0' u
Proposition 4.12  Let n>3, p be a prime, and G = C, = (a1) x --(a,) 2 F}. Let
t=1eF, if p=2, and for p > 2, let t be any element of the nonempty set

F\{(=%)"2(x +1):x # 0,-1}.
Foreachs € Fpand ] = (ji,. .., jn-2,0,0) € FY, define a subgroup
Hqy={aja,_an)
of G and a coset
Csy=ayaya, Hy

of Hy,j in G. Then, this family of cosets forms a Steiner {Hyj:s € Fp, J = (jis > jn-2>
0,0) € Iy }-coset partition of G. Moreover, the subgroup

I'=(ar) x -+ x (an1)
of G yields a parallelism of Steiner coset partitions of G as in Corollary 4.3.
Proof  We first note that the cyclic subgroups H; ; (of order p) are all distinct:
suppose that
Hs,] n Hg,[( * (1) <~ Hs,] = H@,K

< Jx e, suchthataja,_;a, = (ax at_a,)*

< (1o os ju-2,81) = (xky, ..., xkp—2, x¢, %)

<x=1s=/ andJ =K.
Next, since there are

p- Pn—2 _ pn—l

subgroups Hy j, if we can prove that their cosets are mutually disjoint, then we will
have shown the existence of a Steiner partition of G as indicated. Suppose that we have

Cs,; N Cy x # @. Then, there exist x, y € IF, such that we have the following equality
in F;, where e, is the uth standard basis vector:

J' +stej+se, 1 +x]+sxe,1+xe, =K +lte;+le, 1+ yK+Llye, 1+ ye,,
which immediately implies that x = y. Hence, we obtain the simpler equality

(J-K)+x(J-K)+(s—Otep+(x+1)(s—{)e,1 =0.
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If s = ¢, then this gives us ] = K by Lemma 4.11, and hence, C;,; = Cy k. If s # ¢, then
we have the following equations satisfied by x in IF

(S—E)t-i— (]1 - kl)x =0
(i—ki)+(j2-k2)x=0

(jn—3 - kn—3) + (jn—Z - kn_z)x =0
(jn-2 = kn-2) + (x +1)(s - £) = 0.

Multiplying equations by powers of x, we obtain
(S —g)t + (]1 = kl)x =0
(jr = ki)x + (j2 = k2)x* = 0

(jn-s = kn-3)x"" + (jn-2 = kn2)x" 2 =0
ooz = kn2)x" 2+ (x +1)(s = £)x"* = 0.
Thus, we obtain the value
(s=0t=-(j1—k)x = (jo = k2)x? = =(js = k3)x’ = - = (=x)" 2 (x +1) (s - 0),
and
t=(—x)"2(x+1).

The values x = 0 and x = -1 contradict the choice of a nonzero t, and finish the non-
intersection proof for p = 2. For p > 3 and x # 0, -1, the value of t is again inconsistent
with our choice.

Finally, the subgroup I of G has order p"~' and intersects each subgroup Hj j triv-
ially inside the abelian group G. The parallelism now follows from Corollary 4.3. m

Remark 4.13 Each Steiner coset partition yP = y{C;;:s€Fp, J = (jis...» jn-2,
0,0) € I} within the parallelism {y®P : y € T'} in Proposition 4.12 is an affine vector
space partition [2]. For g =2, these affine vector partitions are closely related to
subcube partitions [10]. These connections will be further explored elsewhere.
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