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The non-dimensional energy of starting vortex rings typically converges to values around
0.33 when they are created by a piston-cylinder or a bluff body translating at a constant
speed. To explore the limits of the universality of this value and to analyse the variations
that occur outside of those limits, we present an alternative approach to the slug-flow
model to predict the non-dimensional energy of a vortex ring. Our approach is based on
the self-similar vortex sheet roll-up described by Pullin (J. Fluid Mech., vol. 88, 1978,
pp. 401-430). We derive the vorticity distribution for the vortex core resulting from a
spiralling shear layer roll-up and compute the associated non-dimensional energy. To
demonstrate the validity of our model for vortex rings generated through circular nozzles
and in the wake of disks, we consider different velocity profiles of the vortex generator
that follow a power law with a variable time exponent m. Higher values of m indicate a
more uniform vorticity distribution. For a constant velocity (m = 0), our model yields a
non-dimensional energy of E* = 0.33. For a constant acceleration (m = 1), we find E* =
0.19. The limiting value m — oo corresponds to a uniform vorticity distribution and leads
to E* = 0.16, which is close to values found in the literature for Hill’s spherical vortex.
The radial diffusion of the vorticity within the vortex core results in the decrease of the
non-dimensional energy. For a constant velocity, we obtain realistic vorticity distributions
by radially diffusing the vorticity distribution of the Pullin spiral and predict a decrease of
the non-dimensional energy from 0.33 to 0.28, in accordance with experimental results.
Our proposed model offers a practical alternative to the existing slug flow model to
predict the minimum non-dimensional energy of a vortex ring. The model is applicable
to piston-generated and wake vortex rings and only requires the kinematics of the vortex
generator as input.
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1. Introduction
The vorticity distribution within a vortex ring can be quantified by its non-dimensional

energy E* = E/~II'3, where E and I are the energy and impulse per unit of mass,
and I" the circulation of the vortex. Vortices with a uniform vorticity distribution, such
as Hill’s spherical vortex (Hill 1894), can have a non-dimensional energy as low as
E" = 0.16. Vortices with a concentrated core of vorticity reach higher non-dimensional
energy (Friedman & Turkington 1981). Vortex rings are often produced by ejecting
a volume of fluid through a circular nozzle. If the ejection velocity is constant, the
non-dimensional energy of the generated vortex converges to values ranging from 0.27
to 0.35 (Gharib, Rambod & Shariff 1998; Mohseni, Ran & Colonius 2001; Danaila &
Hélie 2008; Limbourg & Nedi¢ 2021a). The non-dimensional energy of vortex rings
that are produced in the wake of disks or cones translating at a constant speed also
converges towards E* &~ 0.3 (Yang, Jia & Yin 2012; de Guyon & Mulleners 2021). The
main topological difference between the formation of propulsive vortex rings through a
circular nozzle or drag vortex rings behind a translating object is the location of the feeding
shear layer with respect to the main axis of symmetry. The shear layer that feeds propulsive
vortices is located close to the axis of symmetry, and propulsive vortices are basically
fed from the inside. Drag vortices are fed from the outside as these vortices form in the
wake of bluff bodies and the shear layer is located at the edge of the body. Despite this
fundamental difference in the feeding of propulsive and drag vortices, they reach similar
non-dimensional energy values and vorticity distributions.

The main factors that influence the vorticity distribution of vortex rings are the velocity
profile in the nozzle and the diffusive effects in the vortex. The results cited above were
obtained for Reynolds number above 2000. For these Reynolds numbers, the flow in the
nozzle is considered turbulent and the velocity profile across the nozzle diameter is rather
uniform. The more uniform the velocity profile across the outlet, the thinner the shear
layer between the nozzle jet and the outer fluid. This typically leads to vortex rings with
a concentrated core of vorticity and a non-dimensional energy E° > 0.25. For laminar
flows, the velocity profile is parabolic and the non-dimensional energy decreases below
0.2 (Rosenfeld, Rambod & Gharib 1998; Kaplanski, Fukumoto & Rudi 2012).

A few convective times after the emergence of the vortex ring, its self-induced velocity
exceeds the velocity of the shear layer that feeds it, and the vortex separates or pinches
off (Shusser & Gharib 2000). After vortex pinch-off, the circulation ceases to increase
and the vorticity distribution remains constant at first, before diffusion becomes effective.
The non-dimensional time or stroke ratio at which the vortex separates is referred to
as the vortex formation number. The formation number refers to a limiting formation
time above which an isolated vortex ring cannot be formed. The formation number of
a vortex ring can be altered by progressively varying the fluid velocity at the exit of the
nozzle (Mohseni et al. 2001; Dabiri & Gharib 2005; Shusser et al. 2006). As the nozzle
velocity increases in time, the shear layer velocity increases and remains higher than the
vortex self-induced velocity for a longer time, increasing its formation number. During
the longer formation process, the circulation is distributed more uniformly within the
vortex core region, yielding a lower non-dimensional energy. Higher formation numbers
are thus associated with lower values of E* and vice versa. With a velocity programme
that increases linearly in time, a piston—cylinder apparatus can create vortex rings with a
non-dimensional energy E* between 0.17 and 0.22 (Mohseni et al. 2001; Dabiri & Gharib
2005).

The most commonly used procedure to estimate the vortex formation number relying
on the piston temporal velocity profile is based on the slug-flow model (Mohseni &
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Gharib 1998; Shusser, Gharib & Mohseni 1999; Linden & Turner 2001; Krieg & Mohseni
2021; Limbourg & Nedi¢ 2021b). The slug-flow model predicts the invariants of the fluid
injected in the system based on the nozzle geometry and the piston velocity. It assumes that
the bulk of fluid ejected from the nozzle has a spatially uniform velocity profile. Based on
the predicted values of the circulation, impulse and energy of the ejected fluid from the
slug-flow model, we can calculate the translation velocity U of a generated vortex ring
using the thin core approximation (Saffman 1975):

E 3|3 11

TR TR (LD
The formation number can now be identified as the formation time at which the vortex
translational velocity exceeds the velocity of the shear layer that feeds it. This is a purely
kinematic argument for vortex pinch-off. It requires an accurate estimate of the shear layer
velocity. A rough approximation is to consider the shear layer velocity to be half of the
piston velocity, which leads to a slightly underestimated formation number of 3. More
accurate approximations have been performed based on the spatial velocity profile at the
nozzle exit and the contraction ratio of the starting jet (Weigand & Gharib 1997; Limbourg
& Nedi¢ 2021b). This procedure for estimating the formation number is known as the
asymptotic matching procedure and was recently reviewed and extended for application
to orifice-generated vortices by Limbourg & Nedi¢ (2021c¢). The kinematic argument
for vortex pinch-off is only suitable for propulsive vortices, which move away from the
region where they are created. Vortex rings that form in the wake of a bluff body have
a self-induced velocity that allows them to follow the body even beyond their formation
number (de Guyon & Mulleners 2021).

To identify the formation number and the minimal value of the non-dimensional energy
for both propulsive and drag vortices, we revert to the energetic argument for vortex
pinch-off. According to the Kelvin—Benjamin variational principle, we can identify the
formation number as the formation time at which the non-dimensional energy of the fluid
injected in the system falls below the non-dimensional energy of the vortex ring (Benjamin
1976; Gharib et al. 1998). The non-dimensional energy of the fluid injected to create
propulsive vortices is again estimated using the slug-flow model. For a piston moving at a
constant velocity, Shusser & Gharib (2000) found a value of E* = 0.31 at vortex pinch-off.
The same authors extended their analysis to situations where the temporal evolution of the
piston velocity follows a power law (Shusser et al. 1999). When the piston velocity profile
is given by u(r) o ", with m > 0, vortices are generated with a non-dimensional energy
of

) 3 2m+1
E =— .
4 ma4m+ 1

The results of the slug-flow model for E* are in good agreement with experimental data
for propulsive vortex rings (Shusser et al. 1999). But the slug-flow model is not able to
describe the non-dimensional energy of the fluid injected in vortex rings forming in the
wake of bluff bodies, as the volume and the velocity of the fluid injected in the drag
vortices are not known a priori.

Here, we propose a different approach to estimate the minimum non-dimensional energy
of vortex rings. We specifically build upon the work of Pullin (1978). Pullin studied
the roll-up of a shear layer that is created at the tip of a semi-infinite object that is
translated from rest by different velocity profiles u(z) o< . By modelling the self-similar
roll-up of the vortex sheet, Pullin derived the temporal growth of the vortex circulation.
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For m =0, the circulation of the vortex grows with 7!/3 and its radius with 72/3.
Although this model was developed for two-dimensional flows, it matches experimental
observations on vortex rings (Maxworthy 1977; Pullin 1979). Nitsche & Krasny (1994)
present numerical simulations of the roll-up of a shear layer into a vortex ring and confirm
that Pullin’s asymptotic analysis can indeed be extended to vortex rings and yield correct
predictions of the vortex radius. To predict the resulting non-dimensional energy of vortex
rings, we adopt Pullin’s model to derive the vorticity distribution within the vortex core.
We demonstrate that the current approach is valid for vortex rings generated through
circular nozzles and in the wake of disks.

2. Pullin’s spiral and its integral quantities

The roll-up of a shear layer past translating or rotating semi-infinite flat plates exhibits
self-similar behaviour (Kaden 1931; Pullin 1978; Lepage, Leweke & Verga 2005; Xu &
Nitsche 2014; Pullin & Sader 2020; Francescangeli & Mulleners 2021). Here, we focus
our attention on parallel shear layers emanating from a piston—cylinder vortex generator or
in the wake of a translating disk. The main parameter governing the roll-up is the velocity
profile of the piston or of the disk, given by u(¢) o . If m = 0, the object moves with a
constant speed. If m = 1, the object moves with a constant acceleration. The vortex behind
a disk (figure 1a) and the vortex at the exit of the circular nozzle (figure 1) both originate
from the roll-up of a shear layer into a spiral. The drag vortex behind the disk is fed by
the shear layer from the outside, whereas the propulsive vortex at the nozzle exit is fed by
the shear layer from the inside. The vortex core is characterised in a local polar coordinate
system (s, 6), centred on the spiral point (figure 1¢). The vortex core coordinates are related
to the original cylindrical coordinates (x, r) by

x=sRsinf and r =L+ sRcosO, (2.1a,b)

with L the distance from the centre of the spiral to the x-axis and R the radius of the vortex
core. The coordinate s is the radial coordinate relative to the core radius R. Pullin derived
an asymptotic solution for the circulation within a circular region of radius s centred on
the spiral:

2ntw,R?
rs) = s, 2.2)
with
=2 3 2.3)
Pt d s my '

and w, a reference vorticity. The circulation follows a radial power law distribution with
an exponent p that can range between 0.5 and 2. The vorticity distribution corresponding
to this circulation is given by

w2 ifs <1,

24
0 ifs > 1. @4

w(s) =

We now compute the non-dimensional energy associated with this distribution. The
non-dimensional energy is defined as

E = , (2.5)
s
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Figure 1. Representation of vortex rings by the roll-up of a shear layer in cylindrical coordinates (x, r). Vortex
rings forming (@) behind a disk, or (b) at the exit of a circular nozzle. (¢) Sketch and definition of the parameters
used to model the vortex ring.

with

(2.6a—c)

Here, D is the disk of radius R centred on the vortex core (figure 1¢). The integration of
the circulation and impulse associated with the vorticity distribution (2.3) leads to

21w, R? w,2R* [ 2 p
'=—— ad I=—|5+—5)- (2.7a,b)
p p £ p+2
The energy is expressed as a function of the stream function 1,
Yx,r) = // Gix,r, X, o, r)dx dr, (2.8)
D
with G the Green function
Nrr [ (2 2
Gor,rox )= (2 k) k) — ZE() |, (2.9)
21 k k
and
) 4rr’
= (2.10)

(x— )c’)2 + (r+ r/)z'

The relative vortex core radius is defined as ¢ = R/L. Pullin’s model was initially derived
for the roll-up of a vortex sheet that develops near the edge of a semi-infinite plate or wing
which corresponds to ¢ — 0. Through numerical simulations, it was shown that Pullin’s
asymptotic analysis can be extended to vortex rings where ¢ = 1 (Nitsche & Krasny 1994).
The self-similar roll-up of the vortex sheet seems to be minorly affected by the geometric
constraint as most of the vorticity in the core is concentrated in a viscous sub-core that is
much smaller than the main vortex core (Pullin 1979).
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Figure 2. (a) Non-dimensional energy as a function of the relative core radius for different velocity profiles
described by u(r) o< . (b) Non-dimensional energy as a function of m according to (1.2).

A non-dimensional Green function G, depending on ¢, is defined as a function of the
polar coordinates s and 6:

G, r,x,r) =RG.(s,60,5,0). (2.11)

We now define the non-dimensional integral Z j,

1 1 27 27 1
T, = / / / / (ss')'™" Ge(s,0,5',0") dsds' do do’, (2.12)
0o JO JO 0

and use it to express the energy:
E=7w’RT,. (2.13)

The non-dimensional energy is derived from (2.7a,b) and (2.13):

2 —-1/2

p 2 P )

E=——(Z+""— T, . (2.14)
21/27 (82 p+2

This relationship depends only on the relative core radius ¢ and the parameter p, which is
directly related to the velocity profile of the incoming flow. The integral Z j, is computed
numerically.

The evolution of the non-dimensional energy as a function of the relative core radius is
presented in figure 2, for different flow velocity profiles. With a relative core radius € = 1,
the vorticity spreads to the axis of symmetry. Yet, for low values of m, the majority of
the vorticity remains concentrated near the centre of the vortex, in a viscous sub-core
region that is an order of magnitude smaller than the overall core radius. This is a
characteristic feature of most experimentally observed vorticity distributions, which are
often fitted with Gaussian profiles (Weigand & Gharib 1997). For larger values of m,
the distribution becomes smoother and ultimately reaches uniformity for m — oco. Such
uniform distributions are nearly impossible to produce experimentally, but they can be
compared to theoretical distributions such as those corresponding to the Norbury family
of vortices.
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A vortex ring behind an axisymmetric object cannot grow beyond ¢ = 1, and the
minimum non-dimensional energy E7_, is reached at this limit. For a constant velocity
(m =0), we compute E'_, =0.328. Experimentally, E* converges to approximately
0.3 when the vorticity spreads to the axis of symmetry for ring vortices created by
constant-velocity jets or behind cones translating with constant velocity (Gharib et al.
1998; de Guyon & Mulleners 2021). For a constant acceleration (m = 1), EX_; = 0.187,
which is in the range of the values measured by Dabiri & Gharib (2005) and Mohseni
et al. (2001). When m tends to infinity, the vorticity distribution becomes uniform
and E7_, = 0.16, which is the non-dimensional energy associated with Hill’s spherical
Vortex For comparison, using the slug-flow model (1.2), E* = 0.21 when m — o00. The
non-dimensional energy obtained with (1.2) overestimates E~ by approximately 30 % for
all values of m, because of inaccurate assumptions on the shear layer velocity. Both the
slug-flow model and our Pullin’s-spiral-based model predict a value of E* for m = 0 that
is twice the value of E* for m = oco. This is an interesting result given that each model
has a different approach. The presented model thus provides an accurate approximation
of the non-dimensional energy for both propulsive and drag vortices, regardless of any
assumption on the shear layer velocity.

3. Diffusion of the Pullin distribution

The vorticity distribution that we derived in the previous section is valid for inviscid flows
and is not representative of true vorticity distributions. The inviscid vorticity distribution
w(s) = w,s?~2 (2.4) has a singularity at the vortex centre s = 0, as the exponent p — 2
is negative (2.3). The vorticity is also discontinuous at s = 1 by construction (2.4). To
estimate the influence of viscosity, we propose here to radially diffuse the vorticity. The
vorticity is highly concentrated near the vortex centre in a viscous sub-core that is an order
of magnitude smaller than the full core size (Pullin 1979). As a consequence, diffusion
dominates convection in the sub-core for a vortex ring with ¢ = 1, and the vorticity
transport equation can be approximated by the two-dimensional equation

0 19 (0
o _ V20,82 G.1)
at  RZsds \ 0s
with the boundary conditions
dw
g =0, (3.2)
ds s=0
w(is=1)=0. (3.3)

The diffusion is integrated numerically during a non-dimensional diffusion time o =
/vt/R with v the kinematic viscosity of the fluid and 7 the time. Note that we are
not considering the initial growth of the vortex ring, which is primarily dominated
by convective time scales (de Guyon & Mulleners 2021). Instead, we consider only
the vorticity distributions corresponding to & = 1, as it is the limiting value of the
vortex formation process. The non-dimensional quantity o should not be interpreted as
a non-dimensional diffusion time but rather as the relative size of the viscous sub-core
with respect to the ring size. It is a measure for the centre region that contains the
majority of the vorticity distributed within the vortex core. The diffused vorticity profiles
for different values of o and the corresponding evolution of the non-dimensional energy
are presented in figure 3. Overall, the maximum vorticity in the vortex centre decreases and
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Figure 3. (a) Vorticity distribution in the vortex core for m = 0 and for different diffusion times o. (b) The
evolution of the minimum non-dimensional energy for m = 0 and m = 1 as a function of the viscous core size
o, compared with the minimum non-dimensional energy of a Lamb-Oseen vortex of similar core size.

the vorticity distribution widens with increasing values of the non-dimensional diffusion
time (figure 3a). The broader, more uniform vorticity distributions at higher values of
o correspond to lower values of the minimum non-dimensional energy (figure 3b). For
a constant velocity (m = 0), the non-dimensional energy drops from E}_, = 0.328 to
E?_, = 0.281 when the viscous core size is increased from o =0 to o = 0.1. These
minimum values of the non-dimensional energy remain in agreement with the values
measured by Gharib er al. (1998), Mohseni et al. (2001) and de Guyon & Mulleners
(2021). In the case of a constant acceleration motion (m = 1), the inviscid vorticity profile
already has a low non-dimensional energy of 0.187 for o = 0, which is close to the
limiting value of 0.16 obtained with a uniform vorticity distribution. The diffusion during
anon-dimensional time of o = 0.3 leads to a decrease of E;_ of less than 5 % for motions
with a constant acceleration.

We now compare the results of the Pullin distribution with a time varying Lamb—Oseen
distribution:

w(s) = we~ R/ (3.4)

where w, is again the reference vorticity. Using o = /vt/R, this is equivalent to

2 2 .
we S ifs <1,

3.5
0 if s > 1. (3-5)

w(s) =

The Lamb—Oseen distribution is often used to fit experimental or numerical vortex core
distributions (Weigand & Gharib 1997; Johari & Stein 2002). It corresponds to the
diffusion of a point vortex or a highly concentrated vorticity distribution. Therefore, the
Lamb-Oseen vortex has a higher non-dimensional energy than the diffused rolled-up
Pullin spiral (figure 3b). The differences between the Pullin and the Lamb-Oseen
distribution vanish when o increases, and for o = 0.3 the two solutions have similar
non-dimensional energies. A Pullin vortex with ¢ = 0.1 and a Lamb—Oseen vortex with
o = 0.2 produce an equivalent E7_, = 0.28. Their vorticity distribution is shown in
figure 4, and compared to the experimentally measured vorticity profiles of a vortex
ring forming behind a disk, presented by de Guyon & Mulleners (2021). The diffused
Pullin profile matches the experimental profiles better than the Gaussian Lamb—Oseen
profile, which has a core that is too wide and a tail that is too low compared to the
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Figure 4. Vorticity distribution for the diffused Pullin profile for m = 0 and o = 0.1; the experimental
vorticity profiles from de Guyon & Mulleners (2021), measured between the vortex core and the x-axis of
symmetry; and the Lamb—Oseen profile of equivalent non-dimensional energy (o = 0.2). The experimental
data are presented by the average vorticity profile (solid line) and its range (shaded region).

experimental results. A better fit of the core region can be achieved with a Lamb—Oseen
distribution of parameter o = 0.12, but this distribution drops too quickly to zero and
yields a value of the non-dimensional energy that is substantially overestimated.

4. Conclusion

The non-dimensional energy of vortex rings produced by the impulsive start of a piston
converges to 0.33. Values around 0.3 were also obtained for various experiments and
simulations, including for vortex rings generated behind disks. Here, we explored the limits
of the universality of this value and analysed the variations that occur outside of those
limits based on the self-similar vortex sheet roll-up described by Pullin. We derived the
vorticity distribution that emerges when an inviscid shear layer rolls up into a spiral. Even
though the vorticity distribution is singular, this approach yields a finite non-dimensional
energy of 0.33 for a piston moving at a constant velocity.

The distribution of vorticity is strongly influenced by the kinematics of the vortex
generator. Switching from a constant velocity profile to a linearly increasing velocity
profile reduces the non-dimensional energy to 0.19. This behaviour was observed for
vortex rings generated by piston—cylinders and results in delayed vortex pinch-off. This
offers opportunities to control the vortex development and improve fluid transport or
thrust production. Further increasing the acceleration, i.e. increasing m in the velocity
program u(f) o< "', only reduces E* to 0.16. In addition to being impractical to achieve,
increasing the acceleration does not yield much improvement in the tuning of the vortex
characteristics.

The influence of viscosity on the limiting minimum value of the non-dimensional energy
is analysed by radially diffusing the vorticity in the vortex core. The radial diffusion of
vorticity from the rolled-up shear layer removes the singularity in the distribution and
yields vorticity profiles that, compared to a traditional Gaussian distribution, describe
more accurately the profiles measured in previous work. The diffused Pullin profile
predicts a value of 0.28 for the non-dimensional energy, in accordance with the
experimental observations.
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The proposed model offers a practical alternative to the existing slug-flow model. It is
more broadly applicable than the slug-flow model and requires only the kinematics of the
vortex generator as input.
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