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In (1; p. 38), A. P. Guinand discusses the plane partition function g(n).
He observes that ¢(3), g(6), 4(9), q(15), q(18), ¢(21), and ¢(24) are respectively
6, 48, 282, 1479, 6879, 29601, 118794, and 451194. As all these are multiples
of 3 he suggests the conjecture that ¢(3n) = 0 (mod 3) for all positive integers n.

Unfortunately, g(27) = 1632658 = 1 (mod 3); however, we may prove that
the phenomenon observed by Guinand has even more striking counterparts for
higher-dimensional partition functions. An n-dimensional partition of N is a
representation of NV as an r-fold sum:

N = Z y(xla LRRS] xn)
X1y X2y ey Xn 2 0
where the y(x,, ..., x,,) are all positive integers with y(x,, ..., x,) = y(x1, ..., X5)
whenever x; < x| for all 7.

Theorem. If p,(N) denotes the number of n-dimensional partitions of N and
if n+1 is a prime, then

p(n+1)N) = 0(mod n+1), 0<N<(n+1)", 6

p((n+1y"*Y)=1(mod n+1). @)

Proof. We represent each n-dimensional partition as a solid (»+ 1)-dimen-

sional graph (cf. (2; p. 174) for the case n = 2) where the nodes lie on lattice

points with non-negative integer coordinates. The n+1 successive trans-
formations which send

(%15 X25 ooes Xna 1) K15 X5 -vms X} ee P (X2, ooy Xy X1) (X1, Xgy oovs Xt 1)
always produce from a given partition either n+1 distinct partitions or else
leave the partition fixed. This is because these transformations form a cyclic
group of order n+1, a prime; consequently any element of the group other
than the identity generates the full group. If however, the partition is left
fixed then since the only fixed points of our transformations lie on the diagonal,
we see that the first partition which is a multiple of n+1 and invariant under
the given rotations is just the (n+ 1)-dimensional hypercube with n+1 dots on
an edge. Consequently, the partitions of (n+1)N can be divided into disjoint
sets of n+1 elements whenever 0<N<(n+1)". Hence (1) follows.
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On the other hand, the only partition of (n+ 1)"*! which has n+1 dots on
the diagonal is the above described hypercube. Thus since all the other n-
dimensional partitions of (n+1)"*! may be separated into sets of n+ 1 elements,
we deduce that

p((n+1)"t) = 1 (mod n+1).

The procedure used here is derived from Wright’s work in (3) for 1-restricted
(n+ 1)-dimensional partitions.
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