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Abstract We study pencils of curves on a germ of complex reduced surface (S,0). These are families
of curves parametrized by P! having 0 as the unique common point. We prove that for w € P!, the
corresponding curve of the pencil does not have the generic topology if and only if either the corresponding
curve of the pulled-back pencil to the normalized surface has a non generic topology or w is a limit value
for the function f/g along the singular locus of (S, 0), where f and g are generators of the pencil.
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1. Introduction

Let (S,0) be a germ of reduced complex surface and call Og g its local ring of holomorphic
functions. Consider two holomorphic functions f and g in Ogg such that the ideal I =
(f,g) is primary for the maximal ideal m of Og . The pencil A, generated by f and g
on a representative S of (5,0) is the family of curves A, defined on S by the functions
Bf — ag, where [a: B] = w € PL.

We are interested in characterizing the values w € P! for which the curve \,, does not
have the generic topological behaviour.

This study has been done in the case of pencils of curves on C? by Lé and Weber
in [13]. That work is highly related to the Jacobian conjecture in the complex plane.
They express the genericity of the topological type in terms of the minimality of the
Milnor number, and they characterize the values for which the Milnor number of A,
is not minimal. They start by constructing a resolution of the pencil, which consists of
removing the indeterminacy of the meromorphic map f/g by a sequence of point blow-
ups. Then, they show that the special curves of the pencil are precisely those curves whose
strict transform in the resolution contains some special points; they call them ‘special
values’ of the pencil.
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Still in the case of pencils in the complex plane, Maugendre and Delgado gave in [5] a
characterization of the special values in terms of the discriminant locus of the finite map
7= (f,g): (S,0) = (C?,0) associated with the pencil. More precisely, w € P! is special
if and only if the line of C2? corresponding to w is tangent to the discriminant locus of 7.
Later on, in [6], the same authors generalize this characterization to pencils on normal
surfaces. They also give a description of the special values from the minimal resolution
of the pencil, in the style of [13].

Bondil and Lé studied in [1] families of curves on normal surfaces. Their results apply
for pencils and give a description of the special values.

In the present paper, we consider the case of pencils on germs of reduced complex
surfaces. In other words, we allow the surface to have non-isolated singularities and to be
non Cohen Macaulay. We proceed to explore the impact of these two allowed phenomena
on the topology of elements of pencils of curves.

For a pencil Af 4 on a reduced complex surface S, we will proceed as in [1], [18] and
[19] and construct the blow-up e; : Sy — S of the ideal I generated by f and g¢. This
modification removes the indeterminacy of the quotient map h := f/g. Therefore, we
obtain a basepoint-free family of curves with a well-defined map to P'. For w € P!, the
curve )\, does not have the generic topological behaviour if and only if the family of

£22 : S; — P! is not topologically trivial at (0, w).

Naturally, the normalization n : (S,0) — (S,0) gives rise to pencils Afop gon on each
germ of the multi-germ of normal surface (S,0). By blowing-up the ideal T Ogs5=1(fo
n, g on), we obtain the following commutative diagram:

curves

;LZ= fonoe

gonoe

This diagram will allow us to compare the topology of the curves in S with the one in
S and the family of curves in S; with the one in Sro_.

Our main result, stated in Theorem 4.1, says that the topology of an element A, of
the pencil on S is different from the generic one if and only if either the corresponding
curve in the normalized surface S does not have the generic topology or the point (0, w)
of St belongs to the strict transform of the singular locus of S by e;.

This result gives a complete characterization of curves with non generic topology, for
pencils on reduced complex surfaces. Indeed, we know how to characterize non-generic
curves of a pencil on a normal surface, and we know that points (0,w) of the strict
transform of the singular locus of S by e; correspond to limit values of f/g at 0 along a
component of the singular locus of the surface S.
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As a direct consequence of our result, one can notice that for a non-normal surface
with an isolated singularity, the topology of the elements of a pencil changes exactly at
the same values as for the pulled-back pencil on the normalized surface.

In the process of the proof, it was important to distinguish two types of com-
ponents of the singular locus (X,0) of a surface (S,0). Namely, let £y be a com-
ponent of the singular locus of S and consider the restriction of the normalization
10 1= Ny —1(x) :n~1(Xg) = Xo. When ng is generically r to 1, we say that Xy is an
r to 1 component of the singular locus of S. When X is a one-to-one component of the
singular locus, we prove that the surface gzog is not topologically trivial at least at one
point lying over the intersection point of the exceptional divisor with the strict trans-
form of £y by e;. Meanwhile, when Xy is an 7 to 1 component with r > 1, we prove the
statement directly on Sy without checking topological triviality on the surface g[og.

In the first section, we mention generalities on pencils of curves on complex surfaces,
such as resolution of pencils and the relation between the pencil and its pull-back to the
normalized surface. We also explain how the blow-up of the ideal (f, g) generated by the
generators f and ¢ of the pencil removes the indeterminacy of the quotient map f/g.

In the second section, in order to simplify the main statement, we define special values
of the pencil at the normalization. These are the values w at which the pull-back of the
curve A\, to the normalized surface has a topology different from the generic one. Then,
we define what we call special values of a pencil on a reduced surface. These are the
special values at the normalization and the values w corresponding to an intersection
point (0,w) of the exceptional divisor e;'(0) with the strict transform of the singular
locus of (S,0) by e;.

Section three is dedicated to the proof of the main result. It has been cut into several
lemmas dealing with different situations. Finally, we give a series of examples in the last
section, illustrating situations that arise along the proof.

2. Pencils

Consider a germ of reduced complex surface (.5, 0) with local ring of holomorphic functions
Og, and call m the maximal ideal of Og . For the rest of this work, S will denote a
sufficiently small representative of (.5,0).

Definition 2.1. Consider two holomorphic functions f,g € m C Og,o such that the
ideal (f,g) is m-primary, i.e., \/(f,g) = m. Define the curve Ao.5) C S, o : 5] € P,
to be the zero set on S of the function af — Bg € Ogy, with the ring of holomorphic

Junctions Opa.51 = Os0/(af — Bg).
The pencil generated by f and g on S is the set:

Apg={\w CS|weP}.
Notice that the condition y/(f,g) = m implies that, in a sufficiently small representa-
tive S of (5,0), the only common point of all the elements A, of Ay, is the origin. In

particular, the curves defined by f and g do not have any common branch.
We associate with such a pencil a function with an indeterminacy at the origin.
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Definition 2.2. Given a pencil Ay 4 on S, we define the associated map:

hyg:S\{0} — P!
z — [g(z): f(2)].

For simplicity, and when there is no ambiguity, we will sometimes refer to the map hy 4
as h.

The elements of the pencil can be compared with fibres of hy , in the sense that the
associated reduced curves are the same:

| Aw| = |h;)‘1](w)|,

notice that, depending on the surface (5,0), the curve A, may have an embedded
component at the origin.

A resolution of the pencil Ay, consists of removing both the indeterminacy of the map
hy.q and the singularities of the surface (S,0).

Let us recall that a modification p: X — S of a representative S of (5,0) is a proper
map that induces an isomorphism outside a proper closed nowhere dense subspace of S.
It is a resolution of singularities of S when X is smooth.

Definition 2.3. A modification r : 8" — S is a resolution of the pencil Ay 4 if v is a
resolution of singularities of S and r o h extends to a well-defined map over §'.

In this situation, if w # w’ € P!, then the r—1(\, \ {0}) and r—1(\,/ \ {0}) do not
intersect. A resolution of the pencil is then a modification that removes the singularities
of S and separates the curves \,, for all w € P!,

Definition 2.4. A resolution p : S— 8 of Ay g is minimal if for any other resolution
r: 8" — S of Aj 4 there exists a holomorphic map 7 : 8" — S, such thatr =por.

It is well known that any surface singularity admits a minimal resolution which is
unique up to isomorphism; see, for example [12, Theorem 5.9] . Also, in [13, Proposition
2.2], it is proved that any pencil of curves in a small neighbourhood of a point in C? has
a minimal resolution which is also unique up to isomorphism. A combination of these
two assertions leads to:

Proposition 2.5. Any pencil Ay, on a surface singularity admits a minimal resolu-
tion which is unique up to isomorphism.

Since the map hy 4 o r extends to a well-defined map h, whenever r : " — S is a reso-
lution of the pencil Ay 4, we can distinguish two types of components of the exceptional
locus 771(0), the ones where h, is constant and those where it is not.

Definition 2.6. Cull E = J, E; the decomposition into irreducible components of the
exceptional curve r~1(0). We say that E; is a dicritical component if hr\Ei is not constant.
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If E; is a dicritical component of a resolution r of the pencil Ay, then for any point
p € E; there exists a unique w € P! such that p € r=1(\, \ {0}). Conversely, if E; is
dicritical, the image of h,| E; 18 P! (since the components E; are connected). This implies
that for any w € P! the strict transform of \,, by r intersects E; in at least one point.

Let us now consider a particular modification: the blow-up of the ideal I generated by
the functions f and g. Consider the map:

lrg:S\{0} — P!
z = [g(x): fa)].

Define the surface S; to be the closure of the graph of I, in S x P!. Call ¢; the
restriction to Sy of the projection onto S. The map e; : Sy — S is the blow-up of the
ideal I in a representative S of the germ (5, 0).

This blow-up satisfies the following universal property with respect to the pencil Ay 4:
a modification p of the surface S removes the indeterminacy of the map hy 4 induced by
a pencil of curves, if and only if it factors through the blow-up of the ideal (f, g). It is a
direct consequence of the universal property of the blow-up (see [11, Proposition 7.14]).

We have in a more general setting:

Proposition 2.7. Let u : Y — X be a modification map between reduced com-
plex analytic spaces over a neighbourhood of 0 € X. Consider holomorphic functions
fos...s fr € Ox 0, for which the common zero locus V is a nowhere dense subset of X.
Define the map

h:X\V — P
x = [folz):...: fr(z)],

whose indeterminacy locus is V.
Then, the composition map h o p has no indeterminacy on Y if and only if the
modification p factors through the blow-up of the ideal (fo,..., fr) in X.

In the case of a pencil of curves Ay 4 on a representative of a surface singularity (.5,0),
we have then:

Corollary 2.8. Let ey : Sy — S be the blow-up of the ideal I = (f,g). The projection
from St to P! is an extension of h¢goer on the surface Sr.

Remark 2.9. When the germ of surface (.5, 0) is not Cohen—Macaulay, whenever we
consider a pencil Ay g4, the pair (f, g) is not a regular sequence in Og . Therefore, the
surface St obtained by the blowing-up e; of the ideal generated by f and g need not be
given by the equation gt — fs = 0 in S x P!, where [s : t] is a system of homogeneous
coordinates in P!.

Indeed, let us call S; C S x P! the surface defined by the equation gt — fs = 0. Call 7,
the restriction to Sy of the projection to P!. One can easily see that for any w € P!, the
fibre 717 (w) is isomorphic to the curve A, C S. Since (S,0) is not Cohen-Macaulay, the
curve )\, has an embedded component at the origin for any w € P'. This implies that
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all the fibres 7 (w) have an embedded component in the point (0,w) € S;. The surface
S has then an embedded component along the curve {0} x P!. By construction of the
blow-up ey, the surfaces S; and S; coincide outside {0} x P!, and S} is reduced whenever
(S,0) is, so Sy is the reduced surface obtained from S;.

Corollary 2.8 asserts that the blow-up of the ideal (f,g) is the easiest way to sep-
arate the elements of the pencil Af, and remove the indeterminacy of the map hy .
Theorem 2.10 explains this minimality property and relates it to the minimal resolution
of the pencil.

Theorem 2.10. Given a pencil Ay 4 on a representative S of a reduced complex surface
singularity (S,0), we have the following commutative diagram:

Sr

where n is the normalization of S, p =nop : S = S is the minimal resolution of the
pencil Ay g, er is the blow-up of the the ideal I = (f,g), and € is the blow-up of the
pull-back ideal IO0g. The maps ny and T are respectively the normalizations of S; and
Sjog.

The map v is finite, the map ¢ is an isomorphism, and n is the minimal resolution of

the singularities of the normal surface glos, which is in this case the contraction of all
the non-dicritical components of the minimal resolution p of the pencil Ay 4.

Proof. The minimal resolution p of the pencil Ay, factors naturally through the
normalization n : S — S. We then have p = nop where p' : S — § is the minimal
resolution of the pencil Aoy, gon defined on S at each point of n_l(O).

By definition of a resolution of Af 4, the map hfg 0 p = hfopgon © p’ extends to a
well-defined map h:S— P Applying Proposition 2.7, there exists a map ¢ : S — ?10?
such that p' = 2o ¢.

Since S is a smooth surface, the map ¢ factors through the normalization 7 of S 10

so there exists 7 : S - ?10? such that ¢ =mon, and 7 is the minimal resolution of the

singularities of Sro_.

Let us explain the existence and finiteness of the map v. By Proposition 2.7, the com-
position map hy 4 onoe extends to a well-defined map h on S;o_. Again by Proposition
2.7, there exists a map v such that e;orv = noe. Moreover, the blow-up € is the blow-up of
the pull-back of the ideal I by the normalization n; therefore, the map v is the pull-back
of the normalization n by e. The normalization being finite, v is also a finite map.
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In order to prove that there exists an isomorphism ¢ : glOg — Sy, it is enough to notice

that v o7 is a finite modification of S; and that S;o_ is normal; hence, the composition
v o coincides with the normalization n; up to the isomorphism ¢.

Now let us prove our assertion on 7. Consider an irreducible component E; of the
exceptional divisor p~1(0). If E; is dicritical for the pencil A fop, gon, then the image n(E;)
cannot be a point; otherwise, two (actually an infinity) different elements of the pencil
will have their strict transforms by € o 7@ intersecting in a point, which contradicts the
fact that hy 4 onoeon extends to a well-defined map.

If E; is not dicritical, we are going to prove that its image by 7 is a point. Indeed, the
map h : g[@ — P! is not constant on any component of the exceptional divisor. Since

the normahzatlon 7 is finite, the map h o 7 is not constant on any component of the
exceptional fibre of € o . However, the extended map h: S — P! is constant over Ej.

Therefore, by the commutativity of the above diagram, the map h o7 is constant on the
image n(E;) which cannot then be one dimensional. So the non dicritical component E;
contracts to a point by 7. ]

Theorem 2.10 will allow us to compare the pencils Ay, on S and Afop gon on S and
their respective special values.

Remark 2.11. The pencil A fop_gon has one basepoint for each irreducible component
of (S,0) corresponding to a point O; € n~1(0). Then, the exceptional divisor of the
blow—up e: S 10 = S has one connected component E; =€ 1(Oi) for each basepoint of

Afon,gon- The restrlctlon vi : B; = {0;} x P! — S; of v induces the identity map on P*.
Indeed, the extension Ay of hy 4 o es restricted to the exceptional divisor e;'(0) induces
the identity map on P!, and the same is true for the extension h of hy 4 on o€ restricted
to F;. This statement is a consequence of the commutativity of the diagram:

Srog

3. Special values

Our goal is to understand the generic and particular topological behaviour of the elements
of a pencil of curves on a germ of complex surface. We will relate them to the behaviour
of the strict transforms of the elements of the pencil, either on the minimal resolution of
the pencil or on the blow-up of the ideal generated by the generators of the pencil.

In the case of a pencil A, on C? or on a normal surface, the change of the topology
of the curves was measured by the Milnor number at the origin p(\,,0) and related to
topological triviality on the blown-up surface S; 4. Special values on P! are defined in
terms of the behaviour of the fibres of hf 4 over these values in the minimal resolution. It
is then proved that these are precisely the values where the topology changes. We refer
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to [13] for C2-case, [18] for a particular case on normal surfaces, [1] for linear systems on
normal surfaces and [6] for pencils on normal surfaces.

Following that strategy, we will start by defining special values for a pencil of curves
on a germ of a not necessarily normal complex surface (S, 0).

Definition 3.1. Let p : S — S be the minimal resolution of a pencil As 4. Take
E to be the exceptional divisor of the minimal resolution of the normalized surface S,
o S —'S. Let E = UE; be the decomposition of E into irreducible components. Consider
the extension h of hy,g0p to the whole surface S.

We say that w € P! is a special value for the pencil Ay g in the normalization if one
or more of the following are fulfilled:

(1) w
(2) w
(3) w

If w is not special at the mormalization, then we say it is a gemeric value at the
normalization.

h(z) with z € E;N E;, i#7.
h(E;) with E; a non-dicritical component.
h(z) with x a critical point of h|g, for a dicritical component Ej.

In other words, a value w € P! is special at the normalization for a pencil Af, on a
surface S if and only if it is a special value for the pulled-back pencil Ao gon on the
normal surface S; see [13], [1] and [6].

Remark 3.2. Since p is a resolution of the pencil, there is at least one dicritical
component in every connected component of the exceptional divisor by p. Therefore, if
E; is a non-dicritical component, it will intersect either a dicritical component or another
non-dicritical one. The value h(E;) will be equal to h(z) where z is an intersection point
of two irreducible components of the exceptional divisor.

The values in the second point of the definition are included in the ones of the first
point. However, we prefer to refer to them separately.

When the surface (.5,0) has a one-dimensional singular locus X, we need to consider
the branches of £ in the definition of special values of a pencil.

Definition 3.3. We say that w is a special value for the pencil Ay 4 on a representative

S of (S,0) if:

(1) wis a special value in the normalization,

(2) orw = h(z) where z € p~1(X\ {0}) N E.
When w € P! is not special, we say it is generic for the pencil Ay, on S.

Note that in the case of a germ of non-normal surface with an isolated singularity,
the special values of a pencil on the surface coincide with the special values at the
normalization.

When the surface is not irreducible, its normalization is a disjoint union of normal
germs. The special values at the normalization need then to be considered as special
values of pencils on each connected component of the normalized surface.
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Our main tool for detecting a change in the topology of the elements of a pencil is the
topological triviality in a one-parameter flat family of curves. This is to be considered
on the surface obtained after the blow-up of the ideal I = (f, g). The reason is that the
surface S; obtained by that blow-up is the minimal one where the elements of the pencil
can be viewed as fibres of a well-defined map onto P'.

Recall that ey : S — S is the blow-up of I = (f, g) and call 7; : S; — P! the induced
projection onto P! which coincides with the extension k; of hygoerto S

Definition 3.4. Let (0,w) € e;'(0). We say that the pencil A 4 is topologically trivial
at w if there exist neighbourhoods (0,w) € U C S and w € T C P! such that the induced
family of curves my : U — T is a topologically trivial family of curves, i.e., there exists a
homeomorphism ¢ : U — 7r1_1(w) x T which makes the following diagram commutative:

U i (w)x T
T/

where mo is the projection onto the second factor of 7TI_1(IU) xT.
In that case, we also say that the surface St is topologically trivial at (0.w).

When the surface (59,0) is Cohen-Macaulay, the blow-up of an ideal generated by
a regular sequence gives rise to a Cohen-Macaulay surface. However, when (5,0) is not
Cohen-Macaulay, the blown-up surface S; need not be Cohen-Macaulay at all points of the
exceptional fibre, as shown in Example 5.3. Therefore, some of the fibres 7; ! (w) may have
an embedded component at the point (0, w). We need then to use equisingularity criteria
that consider curves with allowed embedded components. When a curve is possibly with
an embedded component and has isolated singularities, we call it a generically reduced
curve. We are going to use, along this work, equisingularity criteria on flat families of
generically reduced curves as it was done in [7], [17] and [9].

4. Main results

In this section, we will state and prove our main result, which establishes the equivalence
between generic values and values where the pencil is topologically trivial, for germs of
complex surfaces.

Theorem 4.1. A value w € P! is a special value for a pencil Ay, on a representative
S of a germ of reduced complex surface (S,0), if and only if Ay 4 is not topologically trivial
at w.

For convenience, we will split the proof into a series of lemmas dealing with different
types of special values and types of fibres.

Consider a pencil Ay, on a representative S of a germ of reduced complex surface
(5,0) C (CN,0). Call ¥ = U;3; the decomposition of the singular locus of S into irre-
ducible components. Consider p : S — S the minimal resolution of the pencil A t.g and
call h the extension of h = [g: f] to S.
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We first consider special values at the normalization:

Lemma 4.2. Suppose w € P! is a special value in the normalization for Ay g that
is not the image by h of an x € ©* N E C S, intersection of ¥* = p=1(L\ {0}) with
E = p=1(0) and suppose that the curve \,, is generically reduced.

Then, Ay 4 is not topologically trivial at w.

Proof. Suppose first that $ is irreducible. Then, the inverse image n~1(0) is a single
point, the pull-back by the normalization n of the pencil A 4 has only one basepoint and
the exceptional fibre of € is isomorphic to P!. Since the following diagram commutes:

Sros

F

S ————=P!

the morphism v restricted to the exceptional fibre is the identity. If w satisfies the
conditions of the lemma, then there exist neighbourhoods V and V of (0, w), respectively,
in g[og and in S; where v induces a homeomorphism. By hypothesis, w is a special
value at the normalization, so by [6, Theorem 4] the Milnor number changes at this
point. Moreover, the curve A\, C S is assumed to be generically reduced, and its strict
transform in gl@g is therefore reduced. By [3, Theorem 5.2.2], the surface ?105 is not
topologically trivial at (0, w) and neither is S7.

Suppose now that S = U;.S; is a decomposition of S into irreducible components. The
normalization S of S is a disjoint union

5=| s,

where each surface S; is the normalization of S;.
The pencil Ay, induces a pencil A}, 4 on each component S;. The surface S; obtained
by the blow-up of I = (f,g) is a union:

Sr= USi,I>

where S; 1 is the surface obtained by the blow-up of the ideal /Og,. Note that the
exceptional fibre {0} x P! is contained in each component S; ;.
The morphism v : § 105 = St induces morphisms:

73 (E‘)Io§ — Si1.

When w is as in the hypothesis of the lemma, we have seen in the proof of the irreducible
case that there exists an index ig such that neither (5;) 05— mor Siy.1 is topologically
io

trivial at (0, w).

https://doi.org/10.1017/50013091524000245 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000245

1000 G. Barranco Mendoza and J. Snoussi

We claim then that Sy is not topologically trivial at (0, w). Indeed, if St is topologically
trivial at (0,w), then there exist neighbourhoods W and U of (0,w) in S; and of w in
P!, respectively, and a homeomorphism ¢ : W — A, x U. The homeomorphism ¢ sends
every irreducible component of W onto A;., x U, where A;,, is a branch of \,,. Each of
the intersections S; MW is a union of irreducible components of W. Therefore, ¢ induces
a homeomorphism between WNS; 1 and Uje s, Aj v, proving that each of the surfaces .S;
is topologically trivial at (0,w). This is a contradiction to the statement in the previous
paragraph, and so Sy is not topologically trivial at (0, w). g

In a second step, we propose to deal with points in S; belonging to the strict transform
of the singular locus.

For that purpose, we need to distinguish between two different types of branches of
the singular locus of the surface S:

Definition 4.3. Consider the normalization n : S — S of S. A branch X of the
singular locus X of S is called an v to 1 component of X if the normalization is generically
rto 1 over Zo, with r > 1.

We will need to deal separately with the 1 to 1 branches and the r to 1 ones when
r>1.

When X is an 7 to 1 component, with »>1 and Xy C A, the pull-back A, by the
normalization may be reduced and the value w may be generic in the normalization (see
Example 5.2). But we still can prove that in this case S is not topologically trivial at
(0, w):

Lemma 4.4. Let Xy be an r to 1 component of the singular locus of S, with r>1.
Suppose there exists a w € P such that Xg C Ay,. Then, the surface St is not topologically
trivial at (0, w).

Proof. Let ¥ be the strict transform of £y by the blow-up e;. From Theorem 2.10,
we have the following diagram:

S —"=S 104 S
R l
S
From the commutativity of the right square we have that a generic point in g has
exactly r pre-images by v. Since the normalization map 7 is an isomorphism over § IOE\

e 1(n71(0)), then by commutativity of the left side of the diagram, a generic point of
Y§ has exactly r pre-images by n;. In other words, for any z € Xj sufficiently close to
e;1(0) N 2§, the surface Sy is not irreducible at .

On the other hand, if Sy is topologically trivial at (0,w), and since the curve A, is
irreducible at its generic points, then there is a sufficiently small neighbourhood V of z
in S; which is homeomorphic to a poly-disk of C? which is everywhere irreducible. So the
surface S; cannot be topologically trivial at the point (0, w). g

https://doi.org/10.1017/50013091524000245 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000245

Equisingularity in pencils of curves on germs of reduced complex surfaces 1001

When the r to 1 component of the singular locus is not contained in an element of the
pencil, we have:

Lemma 4.5. Let Xy be an r to 1 branch of the singular locus of S, with r> 1, that is
not contained in any element \,, of the pencil. Call (0,w) € Sy the intersection point of
the exceptional divisor 61_1(0) with the strict transform 3§ of Zo by er. Then, the surface
S is not topologically trivial at (0, w).

Proof. Recall that the surface (S,0) C (CV,0) is not assumed to be irreducible.

Therefore, the normalized surface S may be a multi-germ L;(S;, O;), and the blown-up
surface ?10? is also a disjoint union of surfaces §§Z<)9§ each of them obtained by the
blow-up of the ideal (f on,gon) in a representative S; of the respective germ (S;, O;).

We claim that for each index 4, there exists an open neighbourhood U; of (O;,w) in

Si x P! such that the fibre (h; ov)~!(w) NU; is contractible and for any ¢ € P!, the fibre
(hy ov)~1(t) N U; is connected; see the commutative diagram below for notation:

In fact, for the contractibility of (h; o v)~!(w) N U; it is enough to choose each U;
small enough. Consider now, for each germ (S;,0;), the projection 7; := (f on,g o
n) : (Si,0;) — (C2%,0). By abuse of notation, we will call 7; the projection induced
on a representative V; of (S;,0;). Since the projection 7; is finite, we can choose the
representative V; small enough so that 7; 1 (0) = {O;}.

Let us denote by A the pencil induced by Af, on S;. Every element of this pencil is
the inverse image by 7; of a line through the origin in C2. For ¢t € P! call 0 € L; the line
in C? with slope t. Since 7; ' (0) N V; = {O;}, the curve \i := 7, '(L;) N'V; is connected.
If we choose U; to be an open set contained in V; x P!, then the fibre (hy ov)~1(¢t) N U;,
which is isomorphic to its image in V;, is connected as claimed above.

We will now prove that since X is an r to 1 component of the singular locus, then for
any t € P! close enough to w, the fibre h;'(t) contains a cycle.

Indeed, the curve Xy is not contained in any element of the pencil Ay ,. The function
hr is then non-constant on the strict transform X of Xy by e;. We can then choose
neighbourhoods U of 0 in CV and T of w in P' such that for any t € T' we have

RM N U xT)NSE#0#h (6N (U x T)Ney(0).

We will furthermore require that S; N (U x T) is contained in the image by v of each
component S 104 N U; defined above.
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Let us fix a t € T\ {w}. We will call {z} := h;*(t) N (U x T) Ne;'(0) and choose
y € hy'(t)N (U x T) N 5. Since X is an 7 to 1 component, with 7 > 2, there exist at
least two points, y; and ys in v~ !(y). These two points may be in the same open set U,
defined in the first part of this proof or in different open sets U; and Us.

In the first case, call zg a point in »~1(0) MUy and recall that the fibre (hyov)~1(¢)NUj
is connected. There exist then two continuous paths connecting z to y; and zg to y2. The
image of these two paths is a non-trivial loop in the fibre h; ! ()N (U x T'). Indeed, for any
topological space X, identifying two points a, b results in a space that is homotopically
equivalent to the original space with a loop attached:

112

Then, by an appropriate decomposition and using Van Kampen theorem, we see that
the original space and the one with the loop are not homeomorphic.

In the second case, choose two points 1 € v~ !(2) N U; and x5 € v~ (z) N Us. Again
the fibres (h; o v)~1(t) N U; are connected for i = 1,2. Choose two paths on the fibre
(hy o v)~1(t), one in U; connecting z; to y; and the other in U, connecting z2 to ys.
The image of these two paths by v is again a non-trivial loop in h; ' (t) N (U x T).

In both cases, the fibre h;'(t) N (U x T) is not contractible; meanwhile, the fibre
h;'(w)N (U x T) is contractible. The surface S is, therefore, not topologically trivial at
(0, w). O

When %, is a one-to-one branch of the singular locus of S, the preceding argument
does not hold anymore. But still we are going to prove that such a component produces
a special value at the normalization.

Consider for that a finite map 7 : S — C2, defined on a sufficiently small representative
of (S,0). Recall that we denote by n : S — S the normalization of S.

Lemma 4.6. Let Xy be a one-to-one component of the singular locus of S. Then, the
inverse image n~(Xg) is contained in the critical locus of T o n.

Proof. Take a point p € n=!(Xg). If p is a singular point of S, then by definition it is
in the critical locus of 7 o n. Then, we can assume that p is not singular.

Since X is a 1 to 1 component, there exist neighbourhoods U C S of n(p) and U C S
of p, such that n induces a homeomorphism U — U.

Let 7 := m on, and suppose p is not critical for 7. Then, there exist neighbourhoods
W cUcS of pand T C C? of 7(p) where 7 induces an isomorphism: W — T.

The composition map n o7 ! defined from T N7(U) — U Nn(W) is the inverse map

of the restriction of m to U Nn(W), with the fact that n(p) is singular for S. Therefore,
p is critical for 7. O
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WecS—">UcS

In [6, Theorem 3], Delgado and Maugendre established a relation between critical loci
of projections to C? and special values in the case of normal surfaces. More precisely,
if S is a representative of a normal surface germ (5,0) and A, , is a pencil on it, then
consider the finite map 7 = (u,v) and call C(r) its critical locus. Consider the blow-up
eqy,» Of the ideal generated by u and v, then the intersection points of e;’}J (0) with the
strict transform of C(m) by e, ., are special values of the pencil.

We are going to use this relation to prove the following lemma:

Lemma 4.7. Let ¥y be a one-to-one component of the singular locus of S and call
& its strict transform by er. Then, the image by hr of the intersection point {(0,w)} =
Y5 Ne;r(0) is a special value in the normalization.

When the corresponding curve A\, is generically reduced, the surface S; is mnot

topologically trivial at (0, w).

Proof. The first statement is a direct consequence of Lemma 4.6 and [6, Theorem 3]
applied to each component of the normalization of S and to the pencil Afop, gon.

When the curve A, is generically reduced, its strict transform on S;o_ is reduced. We
have then a flat family of reduced curves with non-constant Milnor number. The surface
FIOE is then not topologically trivial at (0, w).

We can assume that no r to 1 component of the singular locus with r > 1 has its strict
transform in ?10? passing through (0, w); otherwise, by Lemma 4.5, the pencil will be

already non topologically trivial at w. There is then a neighbourhood U of (0,w) in
S 105 On which v induces a homeomorphism to a neighbourhood V of (0,w) in S;. This

homeomorphism is compatible with the projections to P'. The surface S is then not
topologically trivial at (0, w). O

We still need to deal with two cases: when \,, contains a one-to-one component of the
singular locus, and the case when the curve )\, is not generically reduced. In both cases,
the strict transform of the curve A\, by the normalization is not reduced. Indeed we have:

Lemma 4.8. Let Xy be a one-to-one component of the singular locus of S and let Ay,
be an element of the pencil such that ¥y C \,. Then, the pre-image, Ay, of Ay by the
normalization is non reduced.

Proof. Let S be a sufficiently small representative of (5,0). Let = € ¥y be a generic
point different from 0 and sufficiently close to 0. Since X, is a one-to-one component of
¥, y :=n"1(x) is a unique point.

Consider the inclusion of integral domains induced by the normalization, n* : Og, —
Og,,- It makes Og , into a finite Ogz-module. Call hy, = af — Bg, where w = [a : [].
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Applying [14, Theorem 14.8] to the ideal (h,,), we obtain:

e((n”(hw)), Oz ,,) = e((hw), Os.2),

where e(J, R) refers to the multiplicity of the ideal J in the local ring R.

The curve \,, is the zero set of hy, on S. Since X, is a non-reduced component of A, the
multiplicity e((hw), Os,s) is at least two. Therefore, the multiplicity e((n*(hw)), Oz ) is
also at least 2, which implies that the curve n=1(3) is a non-reduced component of the
pre-image , Ay, of A\, by the normalization n. O

In general, when \,, is a non generically reduced element, we loose topological triviality.
More precisely:

Lemma 4.9. Let Ay, be a pencil on a representative S of a reduced surface germ
(8,0). If Ay is not generically reduced for some wo € P!, then Ay, is not topologically
trivial at wog.

Proof. Let Ay, be a non generically reduced element of the pencil Af, on S. Call dg
a non reduced component of A, . If dg is an r to 1 component of the singular locus of S,
then by Lemma 4.4, the blown-up surface S; is not topologically trivial at (0, wog).

We can assume the surface St to be irreducible at (0,wq). Indeed, suppose that Sy is
not irreducible at (0,wp). Two cases may occur. In the first case, ¥} will be the strict
transform by ej of an r to 1 component ¥; of the singular locus of S, with r > 1. We will
be then in the situation of the Lemma 4.5. The second case is when the components of
Sy at (0, wp) intersect only along the exceptional divisor 6;1(0). In this case, the surface
St satisfies the hypothesis of Theorem 4.11 of [8], i.e., S7 is topologically trivial at (0, w)
if and only if each of its irreducible components at (0,wyp) is. Then, we have reduced the
situation to the case when Sy is irreducible at (0, wyp).

We are now in the situation where the curve 6o C Ay, is either a one-to-one component
of the singular locus of S or is not contained in the singular locus of S. In both cases, the
normalization n; of Sy is a homeomorphism in a neighbourhood of (0, wy).

Suppose now that Sy is topologically trivial in a neighbourhood U of (0,wq), that is
we have a homeomorphism ¢ : S;NU — (A, NU) x V, with V' C C an open disc. Since
Sr is irreducible at (0,wp) so is the curve Ay ; in other words, we have A, = do. The
normalization ng : W x V' — (Ay, NU) x V is then also a homeomorphism, W being a
disc in C.

So we have:

[— nalo¢on1
SinU """ WxV

SiAU —% (Apy nU) xV

The normalized surface S; N U is then homeomorphic to W x V. By a Theorem of
Mumford [15, p. 5], a normal surface is homeomorphic to a non-singular space if and
only if it is non-singular.
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Consequently, we may assume the surface S; to be non singular in a sufficiently small
neighbourhood U of n; (0, wp).

Let us call Ey the reduced curve associated to the exceptional divisor in S7. By hypoth-
esis, Ay 1s not generically reduced. If Ay, is a one-to-one component of the singular locus,
then by Lemma 4.8, the strict transform of A, by ny, m, is also non-reduced. If A,
is not part of the singular locus, n; being a normalization is an isomorphism outside
the singular locus. This implies again that W is non-reduced. Then, the intersection
number i(Ay,, Eo) > 1. Since S7 is non-singular at n;'(0), we can use Theorem 3.14 of
[10]. Therefore, if ¢ is in a neighbourhood of wy, the intersection number of \; with Ey
is greater than 1. Notice that A, is non-singular and the intersection of A\, with Ej is
transversal.

Remember that the projection h; : S; — P! restricted to Ey is one to one, where Eq
is the reduced curve associated to the exceptional divisor 61_1(0). The previous argument
implies that ¢ has two pre-images by h; o ny. Then, (hr|g,)~"(t) has two preimages
by n;. Since ny is a normalization, we have that \; is not irreducible. So it cannot be
homeomorphic to Ay, which contradicts the topological triviality of S; at (0, wp). g

Now the missing implication:
Lemma 4.10. If w is a generic value, then Ay g is topologically trivial at w.

Proof. Suppose that w is a generic value. Call z := (0, w) the corresponding point in
the blown-up surface S;. By Definition 3.3, w is generic at the normalization and z is not
a point of the strict transform by e; of the singular locus X of S.

Let us first treat the case when (.9, 0) is irreducible. The surface S is then connected, and
the pencil A fop gon has a unique indeterminacy point at n~1(0). The blow-up e : ?10? —
S produces an irreducible (connected) exceptional divisor E. The map v : §10§ — S;
induces a homeomorphism outside the strict transform of the singular locus . The inverse
image v~ () is a single point y € ?Iog satisfying (hy o v)(y) = w.

Each element of the pencil Ao, gon is isomorphic to the corresponding fibre of hy o v.
Since w is generic in the normalization, [6, Theorem 4] implies that the Milnor number
of the corresponding elements of the pencil A ¢or, gon is equal to the minimal value. Then
by [3, Theorem 5.2.2], §10§ is topologically trivial in a neighbourhood of .

By the homeomorphism induced by v, S} is also topologically trivial in a neighbourhood

of z.
Now suppose (5, 0) is reducible. The normalized surface S is a disjoint union of [ com-
ponents with [ > 2 and so is the blown-up surface S]O§. Call {y1,...,y} :== v~ 1(x). Since

w is generic at the normalization, each connected component of gl@g is topologically
trivial at y;.

Furthermore, none of the y;’s is a point of the strict transform of the singular locus Z of
S by noe. One can then choose sufficiently small neighbourhoods W,’s of y;’s, in such a

way that the restriction of v to UW’ maps each connected component of (no€)~(0)NW;

homeomorphically onto eI_l(O) N U, for some neighbourhood U of z in S;. The surface
St is then topologically trivial at z [8, Proposition 4.11]. O
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Now, putting together all the previous lemmas, we have a proof of Theorem 4.1.

Proof. (of Theorem 4.1) Let w € P! be a special value for the pencil Ay ;. If the curve
Aw IS not generically reduced, then by Lemma 4.9 the surface S is not topologically
trivial at (0,w); this situation includes the case when \,, contains a component of the
singular locus of S.

Assume now that the curve A, is generically reduced. If the point (0,w) € S; belongs
to the strict transform by e; of an r to 1 component of the singular locus of S with r > 1,
then by Lemma 4.5, the surface St is not topologically trivial at (0, w). If the point (0, w)
belongs to the strict transform by e; of a one-to-one component of the singular locus,
then by 4.7, the surface S} is not topologically trivial at (0, w).

Suppose now w is a special value at the normalization with A, generically reduced
and (0,w) € S; does not belong to the strict transform by e; of any component of the
singular locus of S. Then, Lemma 4.2 shows that S; is not topologically trivial at (0, w).

So every special value corresponds to a point where the pencil is not topologically

trivial.
Conversely, if the pencil is not topologically trivial at w, then Lemma 4.10 shows that
w is a special value for the pencil. O

One can observe in the proof of Theorem 4.1 that the singular locus of the surface
contributes to special values of the pencil in two different ways. The branches of the sin-
gular locus that are one-to-one components produce special values at the normalization;
meanwhile, the r to 1 components with r > 1 produce special values of the pencil that
may not be special at the normalization.

Also, note that when the original surface (S, 0) is not Cohen-Macaulay, then the surface
St obtained by the blow-up of the ideal I = (f, g) need not be Cohen-Macaulay in all
points of the exceptional fibre. The proof of Theorem 4.1 shows that a point (w,0) €
61_1 (0) where the surface St is not Cohen-Macaulay does not correspond necessarily to a
special value of the pencil, unless it is a special value at the normalization or a point of
the strict transform of the singular locus of S.

In particular, when the surface (.5, 0) has an isolated singularity, then for any pencil of
curves Ay, on S, the special values are exactly the special values at the normalization.

Remark 4.11. In [16], the authors give conditions for a Rees algebra to be Cohen-
Macaulay. From their work, one can expect to extract conditions for a pencil Af, on a
non Cohen-Macaulay surface so that the blown-up surface S; is Cohen-Macaulay. But
there are cases where the Rees algebra is not Cohen-Macaulay, but the analytic space Sy
is Cohen-Macaulay.

We are now able to describe special curves of a pencil on a reduced complex surface
singularity in terms of their topology on the surface.

Corollary 4.12. Consider a pencil of curves Ay, on a representative of a germ of
reduced complex surface singularity (S,0) C (CN,0). A point w € P! is a special value if
and only if either the corresponding curve A\, is not generically reduced or there exists a
neighbourhood U of the origin in C such that the curve A, NU is contractible and the
curves Ay N U are not, for any t € P sufficiently close to w.
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Proof. Consider the surface S; C S x P! defined in Remark 2.9 by the equation
gt — fs = 0, where (s:t) is a system of homogeneous coordinates in P! and S is a
sufficiently small representative of (9,0). Call 71 the restriction to S; of the projection
S x P! — P'. Then, for any t € P!, the fibre w; *(t) C S x {t} is isomorphic to \; C S.
Therefore, in order to compare the topology of the curves \; in a representative S of
(S,0), it is enough to compare the topology of the fibres 7, *(¢) in S.

On the other hand, the surface S; obtained as the blow-up of the ideal I = (f, g) is the
reduced surface associated to S;. The reduction map r; : S; — S7 is a homeomorphism
that commutes with the respective projections m; and ks to P'. The fibres hl_l(t) C Sy
are then homeomorphic to the corresponding elements A\; C S.

We have a commutative diagram:

ral €
-
Sro

S /
hr /h
lﬂ—l /
/
P! g

Now, let us proceed to prove the equivalence asserted in the Corollary.

If a curve A\, is not generically reduced. We have two possibilities: either the curve
n~1(\y) is reduced or it is not. In the first case, \,, contains a component of the singular
locus, so w is a special value. In the second case, the Milnor number of A, at the origin is
not minimal, and hence, w is a special value at the normalization and therefore a special
value for the pencil.

If now A, is generically reduced, its strict transform in S; is also generically reduced.
Suppose there exists a neighbourhood U of 0 in CV such that A\, N U is contractible
and A\ N U is not for ¢ € P! sufficiently close to w. The fibres h;'(t) N (U x {t}) and
h; ' (w) N (U x {w}) cannot be homeomorphic, so that the surface S; is not topologically
trivial at (0,w), and therefore, by Theorem 4.1, w is a special value.

Conversely, fix a special value w € P!, and assume \,, is generically reduced. Then, in
particular, the curve \,, does not contain any component of the singular locus X of S. We
will distinguish two cases:

If (0,w) is a point of the strict transform by e; of an r to 1 component of X, with
r>1, then we have seen in the proof of Lemma 4.5, that in a fixed neighbourhood
UxT C (CN x P of (0,w), the fibre h;'(w) is contractible and h;'(t) is not for
t # w sufficiently close to w. The corresponding curve A, N U will be then contractible;
meanwhile, \; N U will not, for ¢t # w sufficiently close to w.

If (0, w) is either a point of the strict transform by e; of a one-to-one component of X, or
does not belong to the strict transform by e of £, then, by Lemma 4.7 and Definition 3.3,
w is a special value at the normalization. Call \,, the corresponding curve of the pencil
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on the normalized surface that might be a disjoint union of normal surfaces, and let
S = US; be the decomposition of S into irreducible components of S. By [6, Theorem 4],
there exists a connected component S; of S such that the curve Xum' of the pencil on S;
has Milnor number strictly bigger then the minimal one among the curves of the pencil
on ?l

Consider now the surface glog obtained by the blow-up € of the ideal /05 = (f o
n,gon). It is a disjoint union of surfaces obtained by the blow-up of the corresponding

ideals in S;. The strict transform of Aw,i by € intersects the exceptional divisor at a
point x; € v~1(0,w). By hypothesis on (0,w), we can choose a connected neighbourhood

V; of x; in §10§ such that the restriction V\Vi is a homeomorphism onto its image, the
restriction p; := (hyov)|y, : V; = T C P! has all its fibres reduced, where T is a suitable
neighbourhood of w in P! and the fibre p{l(w) C V; is contractible.

We can then choose a section ¢ : T — V;, whose image is the exceptional divisor in V;
such that the family of curves p; : V; — T is a family of reduced curves where each fibre
p; ' (t) is non-singular outside o(t).

Moreover, each fibre of p; is isomorphic to its image in the corresponding S;. The
Milnor number ju(p; ! (w), x;) is then strictly bigger than u(p; *(t),o(t)) for t € T and
t # w.

Using the characterization of topologically trivial families of reduced curves given in
[3, Theorem 4.2.4], we conclude that the fibre p; (t) is not contractible in V;. Recall
that the morphism v induces a homeomorphism between V; and its image W; in Sy
compatible with the projections to P!. Therefore, the curve h;l (t)NW; is not contractible
for t € T and t# w; meanwhile, h;*(w) N W; is contractible. Since these curves are
homeomorphic to their respective images in S, there exists a neighbourhood U of 0 in
CY such that A\;NU is not contractible for ¢ # w and ¢ sufficiently close to w and A, NU is
contractible. g

5. Examples

We give now some examples of pencils on different types of surfaces. Most of the
calculations were made using the SINGULAR software [4].

The first example we give is to illustrate how it is possible to have a special value which
is not special at the normalization:

Example 5.1. Consider the polynomial in C[z,y, z]:
G(z,y, z) = 2562° — 27Ty* — 1282722 + 144xy®z + 1622* — 4y 25,

Its zero set V(@) is the surface known as the Swallow tail. The normalization of V(G)
is given by the parametrization:

n:C?—>C3

t2(3t2 + 4s) 3 + 2ts
e (R ),
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The singular locus of this surface has two components. Call ¥; the one given by the
image of V (s + %tz). It is parametrized by the restriction of n:

o1:C—C?

Here, we can see that X, is one-to-one component of the singular locus.
Call Xy the second component of the singular locus; it is given by the image of
V (3 + %tz) and the parametrization:

g9 : C — C3

4 12
(t) — (16’0’_2> .

This component is a two-to-one component of the singular locus of the surface.
Consider now the pencil on V(G) generated by the functions f = y—22 and g = z—2°.
The associated rational function with indeterminacy at 0 is defined by h(z,y, z) = [y—2? :
r— 22,
By computing limits:
9 3 9
: g3 2 48 24 P4y .
}%hool—}%[ t 162t : 16t 4t] [1:0]
we obtain that the strict transform of X1 passes through the point (0,1 :0) € S; C Sx P!
In a similar way:
. 1 Log, Loa 1 o
Then, the strict transform of £, passes through the point (0,0:1) € S; C S x P!,
We obtain the minimal resolution of the pulled back pencil Aor gon by blowing-up 3
times. And we get the following diagram:

[0:1]

Es

Ey
¥

where E; are the exceptional divisors of the blow-ups. .
The component Ej is dicritical. The restriction to Eq of h is [s : —t], so it has no
critical point on E|.
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The component FE; is non dicritical and h|g, = [1,0]. The last one, Es, is dicritical.

The intersection of Lo with Eo maps to [0,1]. And near this intersection, the map h is
defined by h(s,t) =

1 1, 5 . 39,5 10, 79, 21 .9 9 oo 3 1
S ot 25 200 Oy s 2 s T 610, 2
st st — ot t g 61° U T’ 256° 172

Here, the component of the exceptional divisor is defined by ¢t =0. So we can see that
the restriction of & to this component does not have critical points.

In conclusion, the pencil has two special values: [1 : 0] which is also special at the
normalization and [0, 1] which is not a special value at the normalization.

Example 5.2. Consider the Whitney umbrella S = V(22 — zy?) and the pencil gen-
erated by f =z and g =y. Here, the singular locus ¥ coincides with the reduced space
associated to Aj.9) = V(). A normalization of S is given by the parametrization:

n:C?>—=C3

(s,t) — (st,s,tQ).

The pull-back of the pencil by n is generated by s and ¢2. The inverse image n™"(A1.0])
is defined by s=0; it is a reduced curve. We can then see that the pull-back of a non-
reduced curve can be reduced. Since the normalization is 2 to 1 over the singular locus
%, then by Lemma 4.4, the pencil A is not topologically trivial at [1 : 0] which is not a
special value at the normalization. The other special value of A is [0 : 1] which is special
at the normalization.

Example 5.3. Consider the surface defined as the following zero set:

S=V({(z—2*w—y*)n{y+w? z+2?) CCh

It is the union of two smooth surfaces intersecting at one point in a sufficiently small
neighbourhood of the origin. It is then a non Cohen-Macaulay surface with an isolated
singularity.

Consider the ideal I = (x,y + w) generated by two functions that define a pencil on a
sufficiently small representative of (.5,0).

The blow-up of the ideal I in S is a surface in C* x P! defined in the chart ¢ # 0, where
[s,t] is a system of homogeneous coordinates in P!, by the intersection of the ideals:

I = (w? = 2w® + 28* +wh, y + w?,y +w — x5, 2w + 25 — 2w?, 2 + 2?) and

I = (w? — 2uw® + wt — 2zws? — 22025 + 225, w + 2yw + w? — 282, yw + 2w? 4 yw?

2

—yzs?,w—y? Yy +w — xs, 2w — 2w? — yzs + 2ws, Ty + W — 25,2 — T2).
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Intersecting with the hyperplane defined by s =0, we obtain the curve defined by the
ideal:

J={y+w, 22— 24, zw,zw + 2%y + 22w — 2w? + x2w2,w2>.

The primary decomposition of J is:

2 4
V2, TW, XY+ w).

J=(w,z—2*y)N{(w,z+2%y) N (w

The ideal J3 := (w?, 2z, zw,r* y + w) defines an embedded component of the section
SrN{s =0}. The surface S is then non Cohen-Macaulay at the origin of this chart.

The pencil Ay 44w has no special values. One can check that the surface Sy is in fact
topologically trivial. In order to do that, in this context, we can compute the Milnor
number of the fibres. A generic fibre is a curve with two irreducible smooth non tangent
components. Its Milnor number is 1. The fibre defined by s =0 has an embedded compo-
nent. Applying the formula of Milnor number of generically reduced curves given in [2],
we obtain that the Milnor number is also 1. Since all the fibres are connected, as seen
in the proof of Lemma 4.5, [9, Theorem 9.3] implies that Sy is topologically trivial along
{0} x PL.

Notice that the fibre given by s=0 in S; has two smooth and tangent irreducible
components. Still the family is topologically trivial. The Milnor number stays constant
thanks to the embedded component.
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