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Abstract. In this paper, we are computing asymptotic formulas for a base of
solutions of the second-order difference equations in the double root case. Two methods
are presented.

2000 AMS Subject Classifications. 39A10, 47B25.

1. Introduction. Through most of this paper we are trying to find asymptotic
formulas of base solutions of a special recurrence equation. Even though our
motivation comes from the spectral theory of self-adjoint Jacobi operators (for the
definition see the last section), we think that the specialists working on difference
equations may find some results of this paper interesting.

We consider the system of difference equations

An—1u(m — 1) + (g — Mu(n) + Au(n+ 1) =0, n>2xeR, 1

with A, and ¢, defined by

K K
i bi
An i=n" (1 + E na—a + V(ﬂ)) s Gn = —2n" (1 + E T W(ﬂ)) , (2)
i=1

i=1

where € (0, 1), a; € R, b; € R and «; are some positive real numbers, fori =1, ..., K.
The terms V(n) and W (n) are some real /' sequences of the order O(n~'~%-%), here § is
a small positive real number and @ := min{ay, a}, /! stands for the space of summable
sequences. We also assume that A, > 0 for alln € N.

Let us rewrite equation (1) in a matrix form

T+ 1) = B )T (), 3)
where
0 ! u(n — 1)
B(n;\) := _)»;_;1 )»;_nqn and W (n):= ( () ) ) 4)

The matrix B(n; 1) is called the transfer matrix and in our case it is equal to (°, ') +
R(n; 1), where || R(n; A)|| decreases to zero for all fixed A’s. The matrix (_01 12) has only
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one eigenvalue u = 1 and it is similar to a Jordan box ((1) }) Using the terminology

from the previous papers (see, for example, [3, 6]) we will call this situation the Jordan
box or double root case. This situation appears always when lim % = 42 and it is quite
difficult to study because most of the methods (for example Levinson-type theorems)
do not apply. Recently, some efforts have been made to deal with this situation (see,
for example, [4, 9]). The methods used in those papers can be applied only in special
situations. In [4] the reader may find asymptotic analysis based on WKB method
of equation (1) with A, = n+ @ and ¢, = —2(n + a), a € R. In [9] the author used the
Birkhoff-Adams theorem to find asymptotics of solutions of (1) with A, = ¢,n, g, = n,
¢, 1s a real two-periodic sequence generated by ¢; and ¢,. Nevertheless, for example, the
results from [9] do not extend to a class of recurrences (1) with A, = ¢,n%, ¢, = n*, for
a €(0,1)and |%] = 2. This is impossible because the Birkhoff—~Adams theorem
does not apply.

However, in recent papers [3, 5] two different approaches were proposed to
treat the Jordan box case in a larger class of equations. Here, we present the
method introduced by Janas in [3]. Simply, our results are the generalization of
what he has done in his paper. Moreover, we consider a new situation. In [3], the
recurrence systems (1) were considered with A, = n*(1 + 7 + n% + @) and ¢, =
+2n*(1 + g + n% + Wis")), these sequences are like (n*) or (£2n%) plus some decreasing
to zero perturbation. We allow the situation when the perturbations grow to infinity (see
formulas (2)).

The critical case of Jordan box was also studied for X, = n*(1 + r(n)), ¢, =
—2n%(1 + s(n)) in [5] but under additional assumption on the perturbations: (n%/*r(n)),
(n*/*s(n)) € I'. However, r(n) and s(n) are not necessary decaying in the power scale.
In [5] the authors used an ansatz approach to find asymptotic formulas for a base of
solutions of (1).

System (1) can be transformed into

u(n +2) + pr(mu(n + 1) + pa(n)u(n) = 0, neklN, &)

with coefficients p;(n) and p,(n) being the finite sums of fractional powers n=# of
n plus some perturbations which are in /'. If 8; € N, then we are in a double root
case analysed by Birkhoff (see, for example, [1] p. 354). This type of recurrences with
Bi = 0 was studied by Kooman in [8]. In section 10 of his work Kooman described
behaviour in infinity of the quotients u,v,! of two linearly independent solutions of
(5). In our work we are going to prove more, namely, the asymptotic formulas of u,
and v,,.

We say that (1) is non-oscillatory if for every real solution (u()),en there exists
Ny such that u(n)u(n + 1) > 0 for all n > Ny, otherwise (1) is oscillatory. Depending
on the case whether equation (1) is non-oscillatory or oscillatory we use two different
approaches. In the first case, we proceed like Kelley did in [6]. In the second case, we
use an ansatz approach given in [5].

The order of this work is as follows: In Section 2 the basic facts and
definitions are given. Sections 3 and 4 contain the detailed analysis of the case
when (1) is non-oscillatory or oscillatory, respectively, and asymptotic formulas of
solutions of (1) are given. In Section 5, the reader finds a brief sketch of some
applications of our main results (Theorems 3 and 4) in the spectral theory of Jacobi
operators.
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2. Preparation. If we define

K K
) =Y :—; £ V() and s(n): Z L+ W),

j=1 j=1

then (2) reads as A,, = n*(1 + r(n)) and ¢, = —2n*(1 4 s(n)). Throughout the paper, we

will use the following notations: Let iy € {0, ..., K — 1} be such that o+ > «. If for
alli=1,..., K, o; < «, then we set ip := K.
Let
iy Clj i b

AOEDIE RO ED P

Jj=1 j=1
and
'(n) := r(n) — ¥ (n), s"(n) = s(n) — 5(n).

If in the above formulas iy = 0, then ¥'(n) = s'(n) := 0.
In what follows we assume that the numbers « and «; in (2) satisfy

O)ae(;§> ©)
(ii)%§a1<a2<~-<a1<, (7
(il)) @ — i1 < —%, (®)

here as before @ := min{c;, }. The method presented in this paper works for all o €
(0,H)ando; > 0(i=1,...,K)but to avoid tedious calculations we restrict ourselves
to the case when (6), (7) and (8) are fulfilled. This restriction is only technical. For

a < % (or o > %) and ) < }—‘ we would have to deal with more elements in the Taylor

expansion of \/—gB(n) (see expression (15)). Most calculations which are presented in
this work are based on the Taylor expansion. We will use it several times without
recalling it.

By Lemma 1 in [3] we know that (1) is non-oscillatory if and only if

Anpl +An+¢qn — A <0, n > Ny, ©

for some N large enough. In our case, for large n, we have
K a
A A —A= ¥ |1 —_—
ntl T Ay + gy (I’l+ ) ( +Z(i’l+1)a’>

(1+Z )—2n< XK:%)—A

_ e (R =b) L 2@ —bi)
= o %o no
2 i — b,‘ 2 - b

o (% T w> +o(1). (10)
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Using assumptions on «;,+1 we can see that the second term in (10) goes to zero if n
goes to infinity. We conclude now that (9) follows from

2 2a;, — b;
( (a1 — 1) , M) —A<0, n>=N,, an
ne n-o

here Ny = Ny(A). If we define

2(611 - b]) for «; <a,
p = 2(611 — bl) — X for o] = o, (12)
—A for o] > a,

then for @) < o (11)is valid if p < 0 and A belongs to any compact interval of the real
line. For oy = « condition (11) is true if A is a real number greater then 2(a; — by). In
the last case (@ > «) all positive real A’s fulfill (11).

To apply Kelley’s method we need to transform our equation (1) into a more
suitable form. Dividing (1) by A, and making the change of variable

n—1 2k
w(n) = u(n)g p— (13)
we obtain
w(n+ 1) — 2wn) + (1 + Bm)wn — 1) = 0, (14)
where
432,
1+ B(n) = . (15)

(Gn — 2M)(Gn-1 — 1)

If we assume that (11) holds, then equation (1) is non-oscillatory which is of course
equivalent that (14) is non-oscillatory as well. From [2] we know that equation (14) is
non-oscillatory if and only if its every real non-trivial solution satisfies

wn+1)

=1.

n—+00 w(n)

Which we can rewrite as
1
wetD L v, (16)
w(n)
where X (n) tends to zero if n goes to infinity. Dividing (14) by w(#n) and using (16) we
obtain
X(n) =1+ p(n) Ae=D B(n). 17
Il+X(n—-1)

Because for n large enough [X(n —1)| < 1, we may rewrite ; +(”( D_as asum of a

geometric sequence. After some calculations we can transform (17) into

+00
X(n)— X(n— 1)+ B(n) + X*(n — 1)+ (Bn) + X*(n = 1)) Y (=X(n— 1)) =0.
k=1

(18)
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Here, we recall some theorems and one lemma which the reader may find in [6]
and also in [3]. We will use those results in the next section.

LEMMA 1. Assume that f(n) is given by

n—1

Sy =[]+ Bls).

s=1

where B(s) — 0, as s — 400, is a sequence of real numbers. Let k be the largest integer
such that )" B“(s) diverges. Define

K -1 i—-1
=3 T g,
i=1

then

n—1
f(n) = F(n)exp [Z h(s>} :
s=1

where F(n) — F > 0 as n - +o0.

THEOREM 1. Assume that 1 + B(n) > 0 for n > ny and that v(n) and w(n) satisfy the

inequalities
oty = S POREED . nz (19)
wn = LMD g,z 20)
w(l’l()) > U(l’lo)
v(n) > —1, n > ny.

If X(ng) € [v(ng), w(ng)] and X (n) satisfies (17) for n > ng + 1,
then v(n) < X(n) < w(n), n > ny.

THEOREM 2. Assume that 1 + B(n) > 0, v(n) satisfies (19), w(n) satisfies (20), v(n) >
w(n), lv(n)| < 1 and lwn)| < 1 for n > ny. Then (17) has a solution X(n) such that
v(n) > X(n) > w(n) for n > ny.

We will also need the following:

PROPOSITION 1. For A, and g, defined by (2) and (6)—(8) we have

n—1 n—1
A—qi A
L] qul = A(}’Z) exXp |:§ (S(l) — V(l) + ﬁ

1 2. 2. A ; 1 3. 3.
3020 = £(0) = 550 + 2 (60 — 7 (z)))]

A(n) is a sequence convergent to some positive constant.

The proof of this proposition is based on the formula []Ja, = eX"% and
convergence of the series ), s'(i), Y, #'(i) for t > 4.
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3. Asymptotics in the non-oscillatory case. In this section, we assume that
condition (9) is fulfilled. It means that A belongs to the set (denoted by A_) of the
real numbers for which (11) is valid. It may happen that A_ = @ or A_ = R, it depends
on the sign of p (see (12)) and on the numbers «;.

In this section our aim is to find the formal solutions X1(#) of (17) modulo some
terms of the order O(n~'=%/2-%) here § is a small positive real number. To find those
solutions we assume that

Xi(n)=+/-Bmn+1)+yn+1), 21)

where y(n) is a sequence which tends to zero in infinity faster than ,/—p(n). Our
assumption on the form of the solutions X..(#) is based on the considerations of Janas
in [3] (see also [6]). We do not want to repeat this reasoning because it is exactly the
same. The difference between these works and ours starts in formal calculations which
we present below, in shortest form of course.

Using the definitions of A,, g, and B(n) (see (2) and (15)) we may write

2
—B(n) = n(n) + §(n) = c1(n) — La(n) + % — &3(n) — % — ta(n) +n~%eD(n),
(22)
here ¢V (n) is some sequence which is in /!. The sequences in (22) are given as follows
by explicit formulas:

n(n) = 2(s'(n) — r'(n)) + ni £(n) = 2(s"(n) — 1" (n)), (23)
o1(n) = 353 (n) — 4r(n)s(n) + r*(n),
o(n) = 3nias(n) - 2niar(n) — 45°(n) + 6r(n)s*(n) — 2r*(n)s(n),

&(n) = 6:—ar(n)s(n) — niarz(n) — 6nias2(n) + 554 (n) — 8r(n)s’ (n) + 3r:(n)s*(n),

2a1(a; — o) + b1 — 1) ar
n1+m n1+oz .

Ca(n) =

We may write —B(n) = n(n) (1 + Y,,), where

2

3
= (00— 6 = e = 35+ % = e = )+,

In rest of the paper, all the remainders which are in/ ' will be denoted by £ (n). Because
Y, is of the order O(n®%o+) + O(n®~2%1) for large n, we can see that (Y?)is in /! (see
(6), (7) and (8)). This observation implies

vV —=Bn) = n(n) (1 + %Yn - lY,f + 1 Y + 8(3)(71)) )

8 16

Computing all the necessary powers of Y, and multiplying /7(n) by the expression in
the brackets gives us

6
V=B = V) + 3 eilm) + n D), (24)
i=1
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where
o) = )= 6
RERTCT U
w@_—mm—%%%_@w—mmz
T 2 8(n(m))*2
_an!
w3(n) = W’
oy = 50 (E0) = i)
T 2y 4(1(m))"
n 3 (Em) = fim)  an”'(E() — &i(n)) n () — a(n)?
16(n(n))*2 4(n(n))3/? 16(n(n))>2
_a'n? _ 4(n)
5= Gy = T 3y
REMARK. By the definition of w;(n) one can easily check that w;(n) tends to zero
when n goes to infinity (for i = 1, ..., 6). Because w;(n) is of the order O(n®/>~%o+) +

O(n*/>~2) and decreases the most slowly we have /—B(n) = /n(n) + o(y/n(n)).
If we apply (21), (24) and the assumptions (6)—(8) to equation (18) then we obtain
Xi(n) — Xa(n—1) + B(n) + Xi(n — 1)
—Xe(n— DB+ Xi(n— 1)) +nOm) =0. (25)
Now we must investigate all the terms in this equation to cancel out the left-hand side
of it up to n=%/2eD(n) terms. We will do this one by one. First we are going to examine

the difference Xo(n) — Xo(n — 1).
Using (21) and (24) we see that

Xi(n) — Xe(n—1) = £(Vn(n + 1) — vn(n)
6

+ ) (Ao + (Ay)m) +n~ O m). (26)

i=1

Here (Aa)(n) := a(n + 1) — a(n) for any sequence (a(n)),n- Applying the formulas for

wi(n) we obtain that (Aw;)(n) = n=%2¢D(m) for i = 1,..., 6 (see Remark mentioned
earlier). One can easily check that
i+ 1) = v/n() (1 Lo O(n2)> , 27)
2n(n)
where
o 20li(bi - (li) aA
o) = - [Z e e | el
Expressions (26)—(28) allow to write
p(n) —G/2.(8)
Xi(n)— Xe(n—1) ==+ + 12O @), (29)
2y/n(n)
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Again by (21) we see that

Bn) + Xi(n—1) = £2/=Bm)y () + y*(n), (30)

which implies

Xe(n = 1)(B(m) + X2(n = 1)) = =2B(n)y (n) £ 3y/=Bn)y*(n) + v (n). (31

Combining the expressions (29)—(31) we can rewrite (25) as

+ [ 23% 2By () + 3 —ﬂ(n)yz(n)}

+y(+1) =y + ¥ m) =280y ) + v () + 17O =0, (32)

Now we will try to guess the form of the sequence (y (1)) so that we could reduce
the left-hand side of (32) modulo n~%/2¢®(n). If we put

_ —¢(n)
y(n) = D) + 8(n),
with 8(n) = o(£7%). Then (32) reads as
+2./n(n)s(n) — %(p(n) — 2B(m)8(n) + n~*"*1%(n) = 0. (33)

Looking at the expression (33) it is obvious that if we define

@(n)

4/n(n)’

then we will achieve our goal which is to cancel out the left-hand side of (25) up to
n~%2g"(n), here again (¢')(n)) is a sequence from /.
Now we present the asymptotic formulas of the solutions u. (7).

8(n) ==+

THEOREM 3. Let A, and g, be defined by (2) and (6)—(8). Assume that condition (11)
is fulfilled. Then equation (1) has two linearly independent solutions u_(n) and u (n) with
the asymptotics given by

n—1

us(n) = Fe(nn™<" exp [ﬂ: Zf(k)} (1+0(1)),

k=1
where FL(n) — F1 > 0, asn —> +o0, and f(k) is given in (41).

Proof. Define

v(n) == =B+ 1) — pn+1) n A,

dn(n+1)  4(n+ 1)+a/2
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and put it into equation (17) instead of X (n). Repeating all the previous calculations

we get that
v(n—1)
v(n) — (1 + ﬂ(”))m + B(n) (34)
reads as
(A4 — aJ_)ZI*/; +n %D (m). (35)

We used here /n(n) = /—pn=%*(1 + o(1)) and ¢(n) = @pn~""9(1 4 o(1)), p is given
by (12). Choosing 4 appropriately we are able to obtain, for large n,

(4, —ow_)*/_A +n%MWm) <0,

plt+e

it is possible because (' (n) is of the order o(n™").
Now let

win) = y—pr - Lot A

dnp(n+1)  4n+ D+a2’

Proceeding exactly like before, choosing appropriate 4,, we are able to obtain

(4> —a/—p) \/_A +n % (n) > 0,

2pl+a

for n sufficiently large.
From these considerations we obtain two inequalities

(I+ Bm)v(n—1)

v~ o HAm =0 (36)
and
(1 + B(m)w(n—1) -
w(n) — - +B(n) >0 (37)

which are valid for # large enough. Now applying Theorem 1 we get a solution X, (n)
of equation (17) such that

1 C
Xi(n) —v/=Bn+1)+ z)(&_:_ 1)) = n1+&l\/2'

Similarly, applying Theorem 2 with

o) = —/—pr - LoD A

A+ 1) | A+ Ditan

and

w(n) == —\/m _ p(n+1) " Ag

dnpn+1)  4n+ 1)1+e/2

https://doi.org/10.1017/50017089508004709 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004709

118 WOJCIECH MOTYKA

we can find a solution X_(n) such that

e, ¢n+1) G
X,(I’l) + —,3(71 + 1) + 47’(” I 1) = nl-&-b?/Z'

Using the facts that

V=Bn+1)=/—Bmn) + "V (n)
and

pn+1) @

_ (14)
It - amte®

we have that

Xo(n) = £/ -Bn) + — + () (38)

o
4n

forms a pair of solutions of equation (17).

This is only a half way. We want to find asymptotic formulas of base vectors of a
space of solutions of (1). In order to do that we need to recall the definition of X(n)
(see (16)),

wrn+1)

Dividing both sides of this equality by w(n) gives us
wn+1) =1+ Xn)w(n),

by induction we have

n—1

w(n) = [ [ + X(@).

i=1

Applying Lemma 1 and replacing X (n) by X.(n) (given by (38)) we obtain two linearly
independent solutions (w(n)),en of equation (14),

n—1

L (-
w(n) = Fi +(n) exp [ZZ ; Xi(k)]

k=1 I=1

here F +(n) are some real sequences tending to some positive constants. In the above
formula there are powers of X (k) up to order 7 because (X;(k)),,, € ' forr > 7.

Now using (13) we are able to find {(u—(n));=, (us(n)), 55} — a base of solutions
of the recurrences (1), namely,

n—1

A — g

us(n) = FLa=m] | 2%611
i=1 !

n-1 7 (_1)1—]
exp [ZZ ; X;(k)] (39)

https://doi.org/10.1017/50017089508004709 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004709

ASYMPTOTIC ANALYSIS OF SECOND-ORDER DIFFERENCE EQUATIONS 119

To write more explicit form of u.(n) we need to do some more calculations. Let us first
calculate the even powers of X (n) in (39). From (38) and (24) we get that

X2(k) = n(k) + (k) + 2y/n(R)w1 (k)
+ 2V n(R)wa(k) + 2V n(k)ws(k) + 201 (K)ws (k) + 19 (k),
X1(k) = n*(k) + 4n* (w1 (k) + 4n* *(k)ws (k) + 17 k),
XS (k) = n’(k) + "V (k).
Using the formulas for n(k) and w;(k) (i = 1, 2, 3) we have

1 1

DX — XA — XS

1
:““—“@—-z+§@ﬂﬂf—ﬁﬂwﬁ+meMj—ﬂ@ww)

%((S’(k))3 — (")) + k),

zkws(k)

which along with Proposition 1 and the facts that
(k) = (7 (k) + 2 (k)" (k) + 20 k),
(s(0))* = (5'(k))* + 25/ (k)s" (k) + £V (k),
and
(k) = (" (k))* + £ (),
()’ = (k) + P k),
allow us to rewrite the formula (39) as
= 1 1 1
s (n) = Fo (" exp {Z (Xiac) + 3 X000 + 5 X300 + 7X1(k))} @)
k=1
with 5 .(n) — F> 4 > 0, as n —> +o00. F, .(n) converge because they are of the

form eX1¢®)_ where (k) is a sequence from /'. The odd powers (1, 3, 5, 7) of X.(k) are
as follows:

Xo(k) = £ (k) + o1(k) + 02(k) + 3(k) + wa(k)) + %{ + k),

X3 (k) = £(n**(k) + 3n(k)w (k) + 3n(k)ws (k)

+ 3n(ws (k) + 3n'A(k)at (k) + e (k),
X2(k) = £(n**(k)Sn*(k)eor (k) + €29 k),
X1(k) = £0""(k) + £*V(k).
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All the remainders ¢?(n) are in /! of course. When we put these expressions into (40)
we obtain the final form of u. (). If we define

o l -1 _l -1 @ o
fk) .—A(k)+2A (k)B(k) 2A (k)C(k)+2kA k)

322

Y

+ %A*(k)B(k)C(k) + 1—16A—5(k)33(k) + %A3(k)

A k) - %A*3(k)32(k) — %A*I(k)D(k)

+ lA(k)B(k) — %A(k)C(k) + éA‘l(k)BZ(k)

2
+ %AS(k) + %A3(k)B(k) + %A7(k), (41)

where
AU = 2560~ i) + @)
B(k) := 25" (k) — 1" (k) — 35 (k) + 4r(k)s(k) — r*(k), 43)
C(k) == %s(k) - i—ir(k) — 45> (k) + 6r(k)s* (k) — 2r* (k)s(k), (44)

D(k) = %r(k)s(k) — lj—arz(k) — Z—if(k) + 55 (k) — 8r(k)s* (k) + 3r(k)s* (k). (45)

The above formulas complete the proof. O

One can easily check that when (11) is valid, then for k& large enough A(k), B(k),
C(k) and D(k) (see formulas (42)—(45)) are real and so is f (k). Moreover, if k is large
enough, then f(k) is positive. It can be seen from the fact that (11) implies A(k) > 0, for
large k, and the other terms in formula (41) tend to zero faster than A(k). For instance,
147Y(k)B(k) is of the order O(k*/*~“v+1) + O(k~3%/?) which is smaller (from (8)) than
the order of A(k).

Formula (41) looks complicated but in special cases it reduces to a much simpler
one. For example, let us consider the case when K = 2 (see (2)). Assume condition (6)
and o) = 1, ap = 2o which implies «;,; = 1 and conditions (7) and (8) are trivially
fulfilled. In this case formula (41) reduces to

1 o 3A2 1
k)= A(k) + A7 (k)Bk) + — A" (k) — A7 (k) + = A (k 46
S0 = 4Gk) + 347 (0BK) + 547 () = 25547 ) + 3476 (46)
modulo some /! remainder. Moreover, if we use the definitions of A(k) and B(k), then
we can rewrite (46) as

_ +2(by —ar), R VA _
k)= k2 4 LT T yanr (A PR
S = + 27k Y by —a

plus some /! remainder. The example described above was considered by Janas in [3].

From the construction of the solutions s we have that f(k) is of the order O(k~%/2),
this implies that Y| (k) increases to infinity. Because of Lemma 1 and Proposition 1,
we have that F. > 0. It becomes obvious that u_ () decays exponentially, contrary to
u(n) which grows to infinity, when n — +o0.
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4. Asymptotics in the oscillatory case. Throughout this section we assume that A
belongs to a subset of reals such as for some large integer Ny = Ny(1) the following
inequality holds

(2(01 1) 2(%
n .

— bi
T‘)))—x>o, n > Np. (47)
net n-o

We denote this set by A.. This expression is similar to (11), the difference is the
direction of the inequality. Condition (47) implies that for large n the expression f(n)
defined by (41) which belongs to iR, because if A € A, then A(n) (defined by (42))
is a square root of a negative real number and B(n), C(n), D(n) (see (43)—(45)) are
real numbers. Following the proof of Theorem 4.1 in [3] we make an ansatz to find
asymptotics of solutions of (1). The form of the ansatz comes from Theorem 3 of

course.
Let us make some notations.
n —_
z, = n" exp Zf(k) , and S, := (Z’ll Z"1> , nelN, (48)
P Zn Zn

where f(k) is given by (41) and y := 4 , the bar over z, denotes the complex
conjugate. It is obvious that z, = n” exp( Zk:l f(k)) because f(k) € iR for large k.
By B, we denote the transfer matrix (see (3) and (4))

0 1
Bn = _)\n—l A— dn s ne N,
An An

here 4, and ¢, are the sequences introduced in previous sections.
We want to prove that

S, ByS, =1+ Ry, (49)

n+1

where (R,)qen is a matrix sequence such that (|| R,||)sen is in /'. Equation (49) implies
that we can rewrite (3) as

W+ 1)=B, - ByB(2) = Sps1S, BuSy -+ - B1S2S; T (2)

n+1
=Sl + R)UI + Ry—y) - -+ - (I + Rz)ﬁ(Z),
where W(2) := S, 197 (2). From the assumption that (R,) is in /! we know that
W(n) = []_,(I + R)W(2) is convergent which gives us that 7 (n+ 1) = S,11 W (n).
This reasoning leads us to the fact that any solution of (1), for A’s fulfilling (47), behaves

in infinity like a linear combination of z, and z,,.
Now we turn to the proof of (49). First we need to calculate the inverse of det S, 1,

det Sn-H = znZn-',-l - ann+l
=n"(n+1)" expl[f(n+ 1)] —n"(n+ 1) exp[—f(n + D).

Using (41), the Taylor expansion of ¢’ and the above equality we have

(det S,p)™" = n 2y/n(m) (1 + o(1)). (50)
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After some simple calculations we get

—1 _ -1 Pn &n Un In
Sn+lB}’lSn - (det SVH-]) |:<_§,n _ﬁn) + (_Tn _vn>i| ’ (51)
where
Zn— Zn Zp— Zn
Pn=|2n|2(—_l+_+l_2>’ g,,:zﬁ( 1~|-_+1_2)’
Zn Zn Zn Zn
2 Zn-1 2 Zn—1
o= I (—000 - 0 %) 1y = 2 (w0 - % )
and
A= qn )\n—l
Y(n) = -2, d(n)=1-— .
=" (=1~

Recalling the forms of A, and ¢, we may write

W(n) = () + E(n) + 22(n) — 2r(n)s(n) — niar(n) —2%(m)
+2s(n)r*(n) + ’%;ﬂ(n) + 2/ (n) = 2P (n)s(n) + n=?® (), (52)
and

®(n) = % 8209y, (53)

The sequences r(n), s(n) and n(n), £(n) are given by (2) and (23). As in previous sections
e®(n) are I' remainders.

Looking at formula (51) it is obvious that if we want to prove (49) we need to show

(et Sy )™ (o + va) = 146%00), (et Sun) ™ (=7, — ) = 1+ V),
and

(det S~ (@ t) =), (et S) T (<, — 1) = ).
Repeating the calculations (formula 4.10) from [3] we see that
Pn + va — det Syp1] = Ign + .

This observation leaves us only one equality to prove, namely

(det Spi1) " (gn + 12) = BV (n). (54)

First let us calculate the quotients *=! and . From the definition of z, we have

Zn—1

8
=14+ (-1y ]l' fi(n) — % + % S () +n72B9(m) (55)

n ]: 1
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and

o(n) : 1, Y 14 —@/2 .(36)

Zn+1
Zn

=1+

where ¢(n) and A(n) are given by (28) and (42). Formulas (53) and (55) imply

L2 Y )+ e (), (57)
n n

Here we omit some lengthy calculations which are quite simple but very tedious.
Combining (52), (55)—(57) and we obtain

(g0 + 1) = 1 7238 ()

which along with the fact that (det S,,1)~! = O(n=2+%/2) (see (50)) proves (54). With
this sentence we complete the proof of the following theorem.

THEOREM 4. Let A, and g, be defined by (2) and (6)—(8). Assume that condition (47)
is fulfilled. Then equation (1) has two linearly independent solutions u_(n) and u,(n) with
the asymptotics given by

n—1

us(n) = n"5" exp [ﬂ: Zf(k)} (1+0(1)),

k=1
where f (k) is as in (41).

In this theorem, the main part of the asymptotic formulas of the solutions u. (1)
looks exactly the same as in Theorem 3. The difference is hidden in the sequence f(k),
particularly in its ‘main’ part A(k) = /n(k). In the case (Theorem 3) when condition
(11) 1s valid, f(k) is real for k large enough. Assumptions (47) imply that all of f(k),
except of a finite number, are complex and have zero real parts, so for large n we have

u_(n) = uy(n).

5. Applications to the spectral theory of Jacobi operators. Let /*(N;C) be the
Hilbert space of all complex sequences x = (x(#)),en such that Z+ |x(n)|?> < +o00.
Let J be a Jacobi operator defined in /2(N; C) by

(Juw)(n) = ry_u(n — 1) + guu(n) + Au(n + 1), n>2,
(Ju)(1) = qru(1) + A1u(2).
J acts on its maximal domain
D(J) = {ueA(N;C): Jue F(N;C)}.

We call equation (1) the generalized ezgenequatzon of J.If A, and ¢, are defined

by (2), then by the Carleman condition (Z W= = 400) we have J = J*, so we can

apply the Gilbert-Khan-Pearson subordination theory [7]. For the reader convenience
we recall the notion of subordination.
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DEFINITION 1. A (non-trivial) solution (u(n)),cn of the recurrence relations (1) is
said to be subordinated if and only if

y Xy U@

lim —= =0,

N=teo IS o)

for any solution (v(n)),en of (1) not a constant multiple of (u(7)),en-

For example, every non-trivial /> solution of (1) is subordinated. From constancy of
the Wronskian W (u, v)(n) := A,(u(m)v(n + 1) — v(n)u(n + 1)), we know that there can
be at most only one linearly independent /> solution. By Theorem 3 in [7] we have
that a real number A belongs to the absolutely continuous spectrum of the operator
J, if there are no subordinated solutions of its generalized eigenequation. According
to this theory we know that from the behaviour of solutions of (1), called generalized
eigenvectors, we may obtain some spectral properties of 7. Theorems 3 and 4 tell us
what happen in infinity with the generalized eigenvectors (u(n; A)),en. Here, we see
that the sequence (y/n(n; 1)) defined by (23) plays the major role (see also formulas (11)
and (47)). If for & € (a, b) its values (for large n) are strictly complex with zero real part
(such solutions cannot be subordinated), then («a, b) is in the absolutely continuous part
of the spectrum of 7, contrary if \/n(n; 1) € R, then we might have some eigenvalues
in (a, b). We sketch this briefly below in few cases.

In all further cases we assume that 1, and g, are like in (2), p is defined by (12)
and conditions (6)—(8) are fulfilled.

Case 1. Leta = a1 < a and p = 2(a; — by) < 0 then condition (11) is valid for all
real A. Applying Theorem 3 we see that u_(n; ) behaves like n(®1~2%)/4 exp(;:/—;?nl‘%l),
because p < 0 and 1 — % > 0 we obtain (u_(n; 1)) € 2, hence it is subordinated. We
see that the spectrum of 7 is pure point (from the subordination theory we know that
the continuous part of the spectrum is empty).

Case 2. Now, let@ = a1 < a and p = 2(a; — b;) > 0. In this case we have to apply
Theorem 4 because for any real number A condition (47) is valid. This time for » large
enough /n(n; A) € iR, which makes u_(n; 1) as the conjugate of u, (n; A). The latter
implies that the spectrum of 7 is purely absolutely continuous.

From these two examples we can see that p = 0 is, in some sense, a critical
point. If p changes from positive to negative, then the spectrum of 7 goes from
absolutely continuous to pure point. This is a new situation which is impossible
for Jacobi operators considered by Janas in [3]. If A, = n*(1 + 4§ + n% + %")) and
qn = —2n*(1 + % + n% + @), like in [3], then we have p = —A and @ = «. In this case
for A € (0, +00) condition (11) is fulfilled, if A € (—o0, 0) then (47) is true. Applying
Theorem 3 or Theorem 4 and subordination theory we obtain that (—oo, 0) is in the
absolutely continuous part of the spectrum of the operator J and in (0, +00) we may
have some eigenvalues.

Do we always have this kind of spectrum when p = 0? If p = 2(a; — b;) = 0 but
ap # by and «; is still less than «, then again we are in Case 1 or Case 2. A new
situation appears when ¢; = b; for all i = 1, ..., iy, or equivalently when o < «;, this
case is discussed as follows:
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Case3. Whena = o = a; and, of course a; # b; then we can rewrite the conditions
(11) and (47) as 2(a; — b;) — » < 0 and 2(a; — b)) — A > 0. Depending on the sign of
the expression 2(a; — b;) — A we can apply Theorem 3 or Theorem 4 and conclude
that if X lies on the right from 2(a; — b;), then it might be an eigenvalue but all the A’s
smaller than 2(a; — by) are in the absolutely continuous part of the spectrum of the
considered operator. More details will be given in another work.
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