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Abstract  We study a class of Hermitian metrics on complex manifolds, recently introduced by Fu, Wang
and Wu, which are a generalization of Gauduchon metrics. This class includes the class of Hermitian
metrics for which the associated fundamental 2-form is 99-closed. Examples are given on nilmanifolds,
on products of Sasakian manifolds, on S-bundles and via the twist construction introduced by Swann.
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1. Introduction

Let (M, J,g) be a Hermitian manifold of real dimension 2n. If the fundamental 2-form
02(-,-) = g(J-,-) is d-closed, then the metric g is K&hler. In the literature, weaker condi-
tions on {2 have been studied, and they involve the closure with respect to the d9-operator
of the (k, k)-form 2F = QA --- A 0.

If 902 = 0, then the Hermitian structure (.J,g) is said to be strong Kdihler with
torsion and g is called SKT (or pluriclosed; see, for example, [12]). In this case the
Hermitian structure is characterized by the condition that the torsion 3-form ¢ = Jdf2
of the Bismut connection is d-closed. SKT metrics have recently been studied by many
authors and they also have applications in type II string theory and in two-dimensional
supersymmetric o-models [12,18,27]. Moreover, they also have links with generalized
Kahler structures (see, for instance, [3,12,16,17]). New simply connected SKT examples
have been constructed by Swann [28] via the twist construction, by reproducing the six-
dimensional examples found previously in [14]. Recently, Streets and Tian introduced a
Hermitian Ricci flow under which the SKT condition is preserved [26].

If 9002"~2 = 0, then the Hermitian metric g on M is said to be astheno-Kdihler. Jost
and Yau used this condition in [19] to study Hermitian harmonic maps and to extend
Siu’s Rigidity Theorem to non-Kéhler manifolds.
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On a complex surface any Hermitian metric is automatically astheno-Kéahler, and in
complex dimension n = 3 the notion of astheno-Kéhler metric coincides with that of SKT.
Astheno—Kahler structures on products of Sasakian manifolds and then, in particular, on
Calabi-Eckmann manifolds have been constructed in [21]. For n > 3 other examples of
astheno-Kéhler manifolds have been found in [9] via the twist construction [28], blow-ups
and resolutions of orbifolds.

In [8] it was shown that the blow-up of an SKT manifold M at a point or along a
compact complex submanifold Y is still SK'T, as in the Kéhler case (see, for example, [4]).
Moreover, by [9] the same property holds for the blow-ups of complex manifolds endowed
with a J-Hermitian metric such that 9962 = 0 and 99£2% = 0.

If 271 is 90-closed or equivalently if the Lee form is co-closed, then the Hermitian
metric g is called standard or a Gauduchon metric [13]. Recently, in [11] Fu et al.
introduced a generalization of the Gauduchon metrics on complex manifolds. Let (M, J)
be a complex manifold M of complex dimension n and let k& be an integer such that
1 <k <n—1;aJ-Hermitian metric g on M is called kth Gauduchon if

DONF A QR =, (1.1)

Then, by definition, the notion of the (n — 1)th Gauduchon metric coincides with that of
the usual Gauduchon metrics. In [11], there is associated to any Hermitian structure 2
on a complex manifold (M, .J) a unique constant 7 (£2), which is invariant by biholomor-
phisms and which depends smoothly on (2. It is also proved that ~;(£2) = 0 if and only
if there exists a kth Gauduchon metric in the conformal class of (2. Moreover, the first
examples of first Gauduchon metrics were constructed in [11] on the three-dimensional
complex manifolds constructed by Calabi and on S° x S*.

In this paper we will study first Gauduchon metrics, i.e. Hermitian metrics for which

dON N Q"2 = 0.

This class of metrics includes the SKT metrics as particular case, so it is natural to study
which of the properties that hold for the SKT metrics are still valid in the case of first
Gauduchon metrics.

Astheno—Kéhler and SKT metrics on compact complex manifolds cannot be balanced
for n > 2 unless they are Kahler (see [1,22]), where by ‘balanced’ one means that the Lee
form vanishes. If the Lee form is exact, then the Hermitian structure is called conformally
balanced. By [9,18,24] a conformally balanced SKT (or astheno-Kéhler) structure on
a compact manifold of complex dimension n whose Bismut connection has (restricted)
holonomy contained in SU(n) is necessarily Kéhler. In §2 we prove similar results for
first Gauduchon metrics.

In complex dimension 3, invariant SKT structures on nilmanifolds, i.e. on compact
quotients of nilpotent Lie groups by uniform discrete subgroups, were studied in [10,30],
showing that the existence of such structures depends only on the left-invariant complex
structure on the Lie group and that the Lie group is 2-step. Nilmanifolds of any even
dimension endowed with a left-invariant complex structure J and an SKT J-Hermitian
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metric were studied in [5] showing that they are all 2-step and they are indeed the total
space of holomorphic principal torus bundles over complex tori.

In §3 we prove that on a six-dimensional nilmanifold endowed with an invariant com-
plex structure J, an invariant J-Hermitian metric is first Gauduchon if and only if it
is SKT. However, by using the results in [11], we show that there are complex six-
dimensional nilmanifolds admitting non-invariant first Gauduchon metrics. A family J¢,
t € (0,1], of complex structures admitting compatible first Gauduchon metrics for any ¢
and such that J; admits SKT metrics only for ¢ = 1 is also given on a six-dimensional
nilmanifold. Moreover, we show that this family of complex structures on the previous
nilmanifold does not have any compatible (invariant or not) balanced metric.

The situation is different in higher dimensions, since in §4 we give examples in dimen-
sion 8 of complex nilmanifolds admitting invariant first Gauduchon metrics and no SKT
metrics. These examples are products of (quasi-)Sasakian manifolds. We construct first
Gauduchon metrics on S'-bundles over quasi-Sasakian manifolds and on the product of
two Sasakian manifolds endowed with the complex structure introduced in [21]. In §5
we study the existence of first Gauduchon metrics on the blow-up of a complex manifold
at a point or along a compact submanifold. In the last section, by using the twist con-
struction [28], we find examples of simply connected six-dimensional compact complex
manifolds endowed with first Gauduchon metrics.

2. First Gauduchon metrics and relation with the balanced condition

In this section we show that first Gauduchon metrics, like the SKT ones, are complemen-
tary to the balanced condition. Let us start by reviewing the definition and the properties
of the kth Gauduchon metrics contained in [11].

We recall the following definition.

Definition 2.1 (Fu et al. [11]). Let (M,J) be a complex manifold of complex
dimension n and let k be an integer such that 1 < k < n—1. A J-Hermitian metric g on
(M, J) is called kth Gauduchon if its fundamental 2-form {2 satisfies the condition (1.1).

For £ = n — 1 one gets the classical standard metric. Moreover, according to the
previous definition, an SKT metric is a first Gauduchon metric and an astheno-Kahler
metric is a (n — 2)th Gauduchon metric.

Extending the result proved by Gauduchon in [13] for standard metrics, it is shown
in [11] that if (M, J, g, 2) is an n-dimensional compact Hermitian manifold, then, for
any integer 1 < k < n — 1, there exists a unique constant y;({2) and a (unique up to a
constant) function v € C*° (M) such that

1100(e” Q%) A Q" FT = (2)e” 0.

If (M, J, g, £2) is Kahler, then v (§2) = 0 and v is a constant function for any 1 < k£ < n—1.
The constant v (§2) is invariant under biholomorphisms and by [11, Proposition 11]
the sign of v (£2) is invariant in the conformal class of 2.
To compute the sign of the constant v ({2) one can use the following.
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Proposition 2.2 (Fu et al. [11]). For a Hermitian structure (J,g,{2) on an n-
dimensional complex manifold (M, J), the number ~;(£2) > 0 (respectively, =0, <0) if
and only if there exists a metric ¢ in the conformal class of g such that

%iaéf)k AR50 (respectively, =0, < 0),

where (2 is the fundamental 2-form associated to (.J,§).
For n = 3, by [11, Theorem 6] one has the following.

Proposition 2.3 (Fu et al. [11]). On any compact three-dimensional complex mani-
fold there exists a Hermitian metric g such that its fundamental 2-form 2 has 1 (£2) > 0.

So, for n = 3, if one finds a Hermitian metric § such that its fundamental 2-form 2
has 41 (£2) < 0, then, by using [11, Corollary 10], there exists a first Gauduchon metric.

We recall that the Lee form of a Hermitian manifold (M, J,g) of complex dimension
n is the 1-form

0=Jxdx*2=Jd" S,

where d* is the formal adjoint of d with respect to g. The formula %2 = 2"~1/(n — 1)!
implies that d(£2"~1) = 0 A 2"~1. The Hermitian structure (J, g) is called balanced if 0
vanishes or, equivalently, if d(£2"~1) = 0, and such structures belong to the class W3 in
the well-known Gray—Hervella classification [15].

In real dimension 4, the SKT condition is equivalent to d*6 = 0, but in higher dimen-
sions both the SKT condition and the astheno-Kéahler condition on a compact Hermitian
manifold are complementary to the balanced condition [1,22]. In the case of first Gaudu-
chon metrics, we can prove the following.

Proposition 2.4. Let (M, J) be a compact complex manifold of complex dimension
n > 3. If g is a J-Hermitian metric that is first Gauduchon and balanced, then g is
Kahler.

Proof. For a compact Hermitian manifold (M, J, g), one has the two natural linear
operators acting on differential forms:

Lo=02 N,

and the adjoint operator L* of L with respect to the global scalar product defined by

<<p7¢>=p!/M(s07¢)volg,

where {2 is the fundamental 2-form of (J, g), (¢, %) is the pointwise g-scalar product and
voly is the volume form. By [22], one has

L*3(21000 A 2) = 96(n — 2)[2d*0 + 2||0]|* — ||T||*], (2.1)

where 6 is the Lee form, d*6 its co-differential, ||f]| its g-norm and T is the torsion of the
Chern connection V°.
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By using the formula
r . — — —|— r . o
L*TLS — LsL*T 454! 2 (S r n p s LS zL*T 1
which holds for any p-form ¢ and any positive integer r < s, one gets
L*™(2i0002 A Q"72) = L*™(L"3(210002 A 2))

| _
— 4n%(n — 3)IL*3(2i0002 A 12). (2:2)

Therefore, if (J, g) is balanced, then # = 0 and, consequently, the first Gauduchon con-
dition implies that T = 0, i.e. g is Kahler. |

A Hermitian structure is called conformally balanced if the Lee form 6 is d-exact.
By [9,18,24], a conformally balanced SKT (or astheno-Ké&hler) structure on a compact
manifold of complex dimension n whose Bismut connection has (restricted) holonomy
contained in SU(n) is necessarily Kéhler. We can now prove a similar result for the first
Gauduchon metrics.

Theorem 2.5. A conformally balanced first Gauduchon structure (J, g) on a compact
manifold of complex dimension n > 3 whose Bismut connection has (restricted) holonomy
contained in SU(n) is necessarily Kédhler and therefore it is a Calabi-Yau structure.

Proof. Since the Hermitian structure is first Gauduchon, by (2.1) and (2.2) we have
2d*6 + 2||6|1> — || T||* = 0.
Therefore,
a0 = LTI - o). 23)

By [1, (2.11)], the trace 2u of the Ricci form of the Chern connection is related to the
trace b of the Ricci form of the Bismut connection by the equation

2u = b+ 2d°0 + 2|02, (2.4)

Since the condition that the Bismut connection has (restricted) holonomy contained in
SU(n) implies that the Ricci form of the Bismut connection vanishes, by using (2.3) and
(2.4), we obtain

2u = |7

Now, if w > 0 then it follows from [18, Theorem 4.1 and (4.4)] that all plurigenera of
(M, J) vanish. But, since (J, g) is conformally balanced, there exists a nowhere-vanishing
holomorphic (n,0)-form by [24,27]. Therefore, v must vanish and g is Kéhler. a
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3. Generalized Gauduchon metrics on 6-nilmanifolds

In this section we study first Gauduchon metrics on complex nilmanifolds (M = I'\ G, J)
of real dimension 6 endowed with an invariant complex structure J, that is, G is a simply
connected nilpotent Lie group and I is a lattice in G of maximal rank, and J arises from
a left-invariant complex structure on the Lie group G.

In [25] Salamon proved that, up to isomorphism, there are exactly 18 nilpotent Lie
algebras of real dimension 6 admitting complex structures. In [30] it was shown that in
fact there are two special and disjoint types of complex equations for the six-dimensional
nilpotent Lie algebras, depending on the ‘nilpotency’ of the complex structure. We recall
that a complex structure J on a 2n-dimensional nilpotent Lie algebra g is called nilpotent
if there is a basis of (1,0)-forms {w;}%_, satisfying dw' =0 and

j 2/, 1 -1 1 —j—1 o
dw’ € A (w', ..., o, 00T, j=2,..0,n.

In dimension 6, one has the following.

Proposition 3.1 (Ugarte [30]; Ugarte and Villacampa [31]). Let J be an invari-
ant complex structure on a nilmanifold M of real dimension 6.

(i) If J is nilpotent, then there is a global basis {w’}3_, of invariant (1,0)-forms on
M satisfying
dw' =0,
dw? = ew'l, (3.1)
dw® = pw'? + (1 — €)Aw' + Bw'" + Cw?' + (1 — €) Dw??,

where A, B,C,D € C, and €, p € {0,1}.

(ii) If J is non-nilpotent, then there is a global basis {w’ };‘5:1 of invariant (1,0)-forms
on M satisfying
dw! =0,

dw?® = W' 4+ w3, (3.2)

dw® = iew' +i(w!? — w?h),

with e =0, 1.
The fundamental 2-form (2 of any invariant J-Hermitian metric g on M is then given
by

3 —

ik
N = Z T’ (3.3)

jrk=1

where z;;, € C and Z; = —x,;. Note that the positive definiteness of the metric g implies

in particular that
—iz;; € R, idet(a:j];) > 0.

The following result is proved by a direct calculation, so we omit the proof.
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Lemma 3.2. Let (J,g) be a Hermitian structure on a six-dimensional nilpotent Lie
algebra g, and let {2 be its fundamental form.

(i) If J is nilpotent, then, in terms of the basis {w?}3_, satistying (3.1), the (2,2)-form
0012 is given by

9092 = x33(p + |B|* + |C|* — 2(1 — €) Re(AD))w'?2.

This implies that
2

55 (p+ B + |CP —2(1 — ©) Re(AD))2%,

Ligon a2 =1i—33
2! 21det(xj,;)

and therefore the sign of v1(§2) depends only on the complex structure.

(ii) If J is non-nilpotent, then in terms of the basis {w? };)?:1 satistying (3.2), the form
0012 is given by
Q0N = 2x530M1%2 4 225501133,
This implies that
_ 55 + Tya
FI00Q N Q2 =i—22_330)

and therefore v, (£2) > 0 for any 2.

As an immediate consequence we get the following.

Proposition 3.3. Let (M, J) be a complex nilmanifold of real dimension 6 endowed
with an invariant complex structure J. An invariant J-Hermitian metric on M is first
Gauduchon if and only if it is SKT.

The classification of nilmanifolds of real dimension 6 admitting an invariant SK'T metric
is given in [10]. It is clear from Lemma 3.2 that J has to be nilpotent and e must be
zero in order to have an invariant Hermitian structure {2 such that v1(£2) < 0. By [30],
it follows that if e = 0 and J is not bi-invariant, then there is a basis {w’ }3??:1 such that

dw' = dw? =0, dw® = pw'? + W't + Bw'? + (z + iy)w?, (3.4)

where B, x +iy € C, and p = 0, 1. The underlying real Lie algebra g is isomorphic to one
of the following Lie algebras:

bs = (0,0,0,0,12,34), bs = (0,0,0,0,0,12 + 34),
by = (0,0,0,0,12,14+23), b5 = (0,0,0,0, 13 + 42,14 + 23),
he = (0,0,0,0,12,13), hs = (0,0,0,0,0,12),

where, for instance, by (0, 0,0, 0,0, 12) we denote the Lie algebra with structure equations
de! =0,j=1,...,5, de% = e! Ae?. The classes of isomorphisms can be distinguished by
the following conditions.
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(a) If |B| = p, then the Lie algebra g is isomorphic to

(1) b, for y #0,

(2) b3, for p=y =0and = # 0,
(3) by, for p=1,y=0and z #0,
(4)

()

he, for p=1and z =y =0,
f)8af0TP:$=y=0.

(b) If |B| # p, then the Lie algebra g is isomorphic to

(1) b, for 49> > (p — |B]*)(4z + p — |BJ?),
(2) b, for 49> = (p — |B]*)(4z + p — |BJ?),
(3) bs, for 4y < (p — |B|*)(4x + p — | BJ?).

Remark 3.4. Note that b is the Lie algebra underlying the Iwasawa manifold. The bi-
invariant complex structure Jy on b5 correspondstop=1lande=A=B=C=D =0
in (3.1). It is proved in [11] that the natural balanced metric on the Iwasawa manifold
has 71 > 0, and by Lemma 3.2 (i) we see that the same holds for any other invariant
Jo-Hermitian structure {2 on the Iwasawa manifold.

Proposition 3.5. Let (M, J) be a complex nilmanifold of real dimension 6 endowed
with an invariant complex structure J. Then, there is an invariant J-Hermitian metric
2 such that v1(§2) < 0 if and only if M corresponds to Ya, b3, ha or hs.

Proof. If J is bi-invariant, then 7 ({2) cannot be negative, for any invariant {2. By the
previous discussion J must be nilpotent and there exists a basis of invariant (1, 0)-forms
satisfying the reduced equations (3.4). From Lemma 3.2 (i) it follows that there is an
invariant J-Hermitian structure {2 such that ~;(£2) < 0 if and only if

2¢ > p+ |B|*. (3.5)

Since this implies x > 0, the Lie algebras hg and hg are excluded because they correspond
to cases (a4) and (ab) above. Given p and B, we can choose z,y € R satisfying (3.5) and
one of the conditions (b1), (b2) or (b3). This shows the existence of a {2 with 1 (£2) < 0
on the Lie algebras ha, h4 and bs. Finally, the result for h3 follows from (a2). O

Given a complex nilmanifold (M, J) with invariant J, the existence of an SKT or a
balanced Hermitian metric implies the existence of an invariant one obtained by the
symmetrization process [7]. From Propositions 2.3 and 3.5 we conclude the following.

Theorem 3.6. Let M be a nilmanifold of real dimension 6 with underlying Lie algebra
isomorphic to he, h3, hs or bhs. Then, there is an invariant complex structure J on M
admitting a (non-invariant) first Gauduchon metric and having no J-Hermitian SKT
metrics.

https://doi.org/10.1017/50013091512000405 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000405

On generalized Gauduchon metrics 741

The following example gives a deformation of an SKT structure in a family of complex
structures that do not admit any compatible SKT metric, but have compatible first
Gauduchon metrics.

Example 3.7. Let M be a nilmanifold with underlying Lie algebra b4, and let
{e!,...,€%} be a basis of invariant 1-forms on M such that

de! =de? =de® =de* =0, de® =e'?, deb = et + .
We consider the family of complex structures J;, t # 0, defined by
wl = el +iet, w? =e? Fit(e® — ), w? = 2(e’ — ieb).
Since the complex equations for J; are
dw! = dw® =0, do’® = w? + 'l +w'? + %wQQ, (3.6)

by (a3) above the complex structure J; is defined on M for any ¢ # 0. Moreover, by
Lemma 3.2 (i) the complex nilmanifold (M, J;) has a compatible SKT metric if and only
if t = 1, and admits an invariant Hermitian metric {2 with v1(£2) < 0 if and only if ¢ < 1.

Therefore, J;, t € (0,1], is a deformation of the complex structure J; such that the
complex manifold (M, J;) has a first Gauduchon metric for any ¢ but admits a compatible
SKT metric only for ¢t = 1.

On the other hand, because of the form of the complex equations (3.6), the fundamental
form of any invariant J;-Hermitian metric is equivalent to that given by (3.3) with x5 =
T93 = 0. Then, the balanced condition df2? = 0 reduces to

T11 + t$2§ = tmlé

Since 17 = i\ and x5 = iy, for some A\, u > 0, we have that x5 = i(u + A/t). This
implies that

T 5 AV 2t A2
det 90}1 2] _ pt+=) A=t I+ 5
—T9o] T9oj t t t2
is positive for any ¢t € (0, 1], which is a contradiction to the positive definiteness of the
metric. By [7] we conclude that for any ¢ € (0, 1] the complex manifold (M, J;) does not
admit any balanced (invariant or not) metric.

4. Products of Sasakian manifolds and circle bundles

Here we construct first Gauduchon metrics on products of Sasakian manifolds and on
certain circle bundles over quasi-Sasakian manifolds.

We recall that an almost contact metric manifold (N2"~1 ¢, &, n,g) is called quasi-
Sasakian if it is normal and its fundamental form @(-,-) = g(-, ) is closed. If, in partic-
ular, dn = @, then the almost contact metric structure is said to be Sasakian.
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Let (My,¢1,&1,m,91) and (Ma, @2, &2, 12, g2) be two Sasakian manifolds of dimensions
2n1 + 1 and 2ns + 1, respectively. On the product manifold M = M; x Ms we consider
the family of complex structures J given by Tsukada [29] and used in [21] to construct
astheno-Kahler structures:

a® + b?
b

I06¥) = (9100 = 08 — T mI e pl¥) 4 pm(0& + e ).

b

for X € X(M;) and Y € X(M3), where a,b € R and b # 0.
For any ¢ € R* such that ¢/b > 0, we consider on M the J-Hermitian metric

92@1 +@2+t771/\772, (41)

where @; denotes the fundamental 2-form on (Mj, ;,&;,n;,9;) for each j =1,2.

Theorem 4.1. Let us suppose that 2n = 2(n; +ny + 1) > 6. The Hermitian structure
2 given by (4.1) on M is first Gauduchon if and only if it is astheno-Kahler if and only
ifny(ny — 1) + 2aning + (a? + b*)na(ng — 1) = 0.

Proof. Since df2 = t($1 Ana — 1 A P2), we have that
d°Q=JdJQ2 = JdQ2 =tJ(P1 Ang —n1 N\ D).

The definition of the complex structure implies that
QLB

b

a
Jn = 3t

1 a
d Jpp=——-m— <
T2 an 2 b771 b7727
which imply

d°f? :t(@l AJdng — Jm /\@2)

t
= —5[@1 /\771 —|—a¢>1 /\7’]2 —|—an1 /\@2 —+ (02 +b2)772 /\@2}

Thus,
t
dd¢2 = 5[431 AN Q)l + 2&@1 A @2 + (a2 + b2)§p2 A @2]

On the other hand,

n—3
s

29
o2 = < ., ) (1 + o) 27" A (tmr Ama)”
r=0
= (1 + D2)" P N [@1 + o+ t(n — 2)m1 Ang)
n—3 <

> 45?*3*5 NP5 N [P+ Do+ t(n — 2)m1 Anal,

https://doi.org/10.1017/50013091512000405 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000405

On generalized Gauduchon metrics 743

T

because (71 A n2)" is non-zero only for r = 0, 1. Therefore,

n—3

, t — X

dd°2 A Q"2 = . > (” . 3) (02 4 2a®) A Py + (a® 4+ b2) P3| A D375 N\ By
s=0

AN [@1 + Py + t(n - 2)’/]1 AN 7’]2]

C(n,s)PT 15 APy A [D1 + Py +t(n — 2)m1 Ana),

where C'(n,0) =1, C(n,1) = n—3+2a, C(n,n—2) = 2a+ (a®> +b*)(n—3), C(n,n—1) =

a® + b% and
. n—3 n—3 2 2 n—3
C’(n,s)-( 5 >+2a<s_1>+(a +b)<s—2>’

for2<s<n—-3.
Now, by the same argument as in [21] we get that
t
dd°Q A "2 = 5C(n, n2)@T A P52 A [B1 + Do+ t(n — 2)m1 A ng]

2
= z(n —2)C(n,n2)PT APy Amy A 1.

It is clear that (2 is first Gauduchon if and only if C(n,ns) = 0, which is equivalent to
ni(ny — 1) + 2aning + (a® + b?)nz(ny — 1) = 0. The latter condition is also equivalent to
{2 being astheno-Ké&hler by [21, Theorem 4.1]. O

Remark 4.2. By a calculation similar to that in the proof of the previous theorem,
for n > 3 we get that

) ﬂg—]. n2—2

and using dd°f2 = —2i0012 we conclude that if the metric (2 is not first Gauduchon, then

457111 /\@32 AN A1,

L9 A Q"% = o,

(n—2)t [nl(nl — 1) + 2n1n2a + na(ng — 1)(a® + b?)
nb ni(ny — 1) 4+ 2nyng + nao(ne — 1)

Proposition 4.3. Let us suppose that ny = ny = 3, that is, the real dimension of M
is equal to 2n = 6. Then, the Hermitian metric {2 given by (4.1) is first Gauduchon if
and only if it is SK'T if and only if a = 0. Moreover, v1(§2) < 0 if and only if a < 0, which
implies the existence of a first Gauduchon metric on (M, J,) for any a < 0 whenever the
manifold is compact.

Proof. Since M; is three dimensional,

. 2at 2at?
dd° 0 = %@1 Ady and dd°QA Q= “Tqﬁl APy A1 A .

https://doi.org/10.1017/50013091512000405 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000405

744 A. Fino and L. Ugarte

Since 2% = 6tP, A Py Amy Any and dd¢S2 = —2i0012, we conclude that
1:95 at 3
510002 N (2 = %Q )
The last assertion follows from Proposition 2.3 and [11, Corollary 10]. O

Next we construct first Gauduchon metrics on circle bundles over certain almost con-
tact metric manifolds. Let (N, ,&,n, g) be a (2n — 1)-dimensional almost contact metric
manifold and let F' be a closed 2-form on N which represents an integral cohomology class
on N. From the well-known result of Kobayashi [20], we can consider the circle bundle
S1 < P — N, with connection 1-form § on P whose curvature form is df = 7*(F),
where m: P — N is the projection.

By using a normal almost contact structure (¢,&,7) on N and a connection 1-form 6
on P such that

F(eX,Y)+ F(X,pY) =0, F(X)=0, foral X,Y € y(N),

one can define a complex structure J on P as follows (see [23]). For any right-invariant
vector field X on P, JX is given by

0(JX) = —m"(n(m. X)),  m(JX) = p(mX) +6(X)E, (4.2)

where 6(X) is the unique function on N such that 7*0(X) = 6(X).

The above definition can be extended to arbitrary vector fields X on P, since X can be
written in the form X = Zj fiX;, with f; smooth functions on P and X right-invariant
vector fields. Then JX =3, f;JX;.

Moreover, a Riemannian metric h on P compatible with J (see [23]) is given by

WX,Y) = n*g(m. X, mY) + 0(X)0(Y), (4.3)

for any right-invariant vector fields X, Y.
It was shown in [6] that if (N, ¢, &,n,g) is quasi-Sasakian, h is SKT if and only if

dpAdny+FAF =0.

For first Gauduchon metrics we prove the following.

Theorem 4.4. Let (N, ¢,£,1n,9) be a (2n — 1)-dimensional quasi-Sasakian manifold,
n > 2, and let F' be a closed 2-form on N that represents an integral cohomology class.
Consider the circle bundle S* < P =+ N with connection 1-form 6 whose curvature form
is df = 7*(F). If df is J-invariant, then the almost Hermitian structure (J,h) on P,
defined by (4.2) and (4.3), is first Gauduchon if and only if

(dnpANdnp+FAF)AP"3 =0, (4.4)

where ¢ denotes the fundamental form of the quasi-Sasakian structure (p, &, 1, g).
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Proof. Since 2 = 7*® + 7*n A 0 is the fundamental 2-form associated to (J, h) and
the structure is quasi-Sasakian, we have

Jd2 = J(7*(dn)) A JO — J(7* () A J(d6).
Since JO = 7*(n) and the almost contact structure is normal, we have
J(x*(dn) = 7*(dn),  dn(€, X) =0, for all X & y(N),
and therefore
dJdQ = d(z*(dn) A7*(n) + O A J(x*(F)))
)

= 7% (dn) A" (dn) + dO A J(7*(F)) — 0 A d[J (7 (F))]
=7"(dn) Am*(dn) + 7" (F) A (F),

where in the last equality we used the fact that df = 7*(F') is invariant by the complex
structure J. Therefore,

dJAR A Q"2 =g (dyAdn+ F AF)A (@ + 15 A 0)" 2
=a*(dnANdn+ FAF) A" 2 4 (n — 2)7* ("> An) Af)
=(n—2)1* [(dyANdp+FAF)ANDP" 3 An| A0
and dJd2 A 272 vanishes if and only if (4.4) is satisfied. O

Example 4.5. Consider the five-dimensional solvable Lie group S with structure
equations

p(e1) = eu, pler) =—es, np=¢€, g= Z(ei)Q-

By [2, Corollary 4.2] the solvable Lie group S admits a compact quotient by a uniform
discrete subgroup I'. If we consider the S'-bundle (P, J) over the compact quotient I"\ S
with connection 1-form 6 such that

df = 7" (2eM* — 2e23),

we have that 2 = ¢*® + 79 A 0 is a J-Hermitian structure on the S'-bundle over I"\ S
such that v1(£2) < 0. Therefore, by Proposition 2.3 the complex manifold (P, J) admits
a first Gauduchon metric.
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Remark 4.6. As a consequence of Theorem 4.4 we have that on a trivial S'-bundle
over a Sasakian manifold the metric h compatible with the complex structure J given
by (4.2) cannot be first Gauduchon.

We show next that in real dimension 8 there are non-SKT complex nilmanifolds having
invariant first Gauduchon metrics. The complex equations

dw' = dw® = dw® =0, dw* = Aw™ — w?? — (4.5)

define a complex eight-dimensional nilmanifold (My, J4) for any A = p+1ig € C. Tt is
easy to see that M4 is a quotient of Hs x Hy if ¢ # 0, a quotient of H; x Rif ¢ =0
and a quotient of Hs x R? if p = ¢ = 0. Here we denote by Hs, y; the generalized real
Heisenberg group of dimension 2n + 1.

Lemma 4.7. Let M be a nilmanifold of real dimension 2n endowed with an invari-
ant complex structure J, and let {2 be any invariant J-Hermitian structure. For k =

1,...,[4n] — 1, the structure £2 is kth Gauduchon if and only if it is (n — k — 1)th
Gauduchon.
Proof. For any k =1,..., [%n] — 1, we use the formula
/ DONF A kL = / QORI A 0k, (4.6)
M M

which holds for a general compact complex manifold. Indeed,
DONE N QPR = q(O0F A QPR 4 90k Ao Rl

and by Stokes’s Theorem
/ DO AN QR = [ 90k Aok (4.7)
M M
On the other hand, in a similar way we get
DO R A 0k = / AR A oL (4.8)
M M

Simplifying (4.7) and (4.8), we obtain (4.6).
Since {2 is invariant on the complex nilmanifold (M, J), there exist A, 4 € R such that
1100028 A 2nF1 = A2 and 2100027k A QF = ™. Therefore,

)\/ " = %i/ AN A %i/ 0" k=1 A F :u/ ",
M M M M

which implies that A = 0 if and only if 4 = 0, i.e. {2 is kth Gauduchon if and only if it is
(n — k — 1)th Gauduchon. O
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Proposition 4.8. Let (M4, J4) be the complex nilmanifold given by (4.5) and let

4
k
2= Z T pw’
jk=1
(where x5, € C and Ty; = —x,1) be the fundamental 2-form of any invariant J4-Hermi-

tian metric g on M. Then, §2 is never SKT, and {2 is first Gauduchon if and only if it
is second Gauduchon if and only if it is astheno-Kahler.
Moreover,

(i) 2 is first Gauduchon if and only if

pdet xfi T2 + pdet xf’g Tsa) _ det x}i 114 ,
—Toa Tya —T312 T4a —T12 T4a
(i) £2 is balanced if and only if ¢ = 0 and

T3 To3  Toa
pdet | —To3 w33 T3

—Toi —T31 T4z

T11 T3 Ti1a T11 T3 Ti1a
= det —jli Lo Tog + det _jlg 1'33 $3Zl
—Z13 —%o1 T4a —T13 —¥33 %43

In particular, if p < 0, then the complex manifold (M, Ja) does not admit either
invariant balanced metrics or first Gauduchon metrics.

Proof. From the complex equations (4.5) if follows that (2 satisfies
90902 = w3(A+ A)w'? + 245(A + A — 27,5073,

which never vanishes because x5 # 0. Therefore, any invariant J4-Hermitian metric is
not SKT.
Moreover, a direct calculation shows that

200 A 2?
= 2243[(A + A) (223743 + 233747 + |21]” + |233]%) — 2(@11747 + |23 w2255
and therefore the metric is first Gauduchon if and only if
(A+ A) (23243 + T33243 + w21 |* + |231]%) — 2(217242 + |212]*) = 0. (4.9)

It is easy to check that the condition for astheno-Kéhler is satisfied if and only if (4.9)
holds. This condition is precisely that given in (i), so the proof of (i) follows from
Lemma 4.7.
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The balanced condition for {2, i.e. df23 = 0, can be seen to be equivalent to the system
given by the equation

T3 To3 Tog Z11 T3 T T11 T3  T11
Adet —.fQS £C3§ T34 = det _i‘li L9 Tog + det _-flﬁ xgg T34
—Toz —XT37 T43 —X17 —Toz T43 —Z17 —¥31 T3

and its conjugate. The positive definiteness of the metric g implies in particular that

Tii T Y Tk il
—ixjj, —det 77 Ik , idet —ZT;5 Tpk Til
—l'jE Tk _ _
I R A )
are strictly positive real numbers for 1 < j < k < [ < 4. Therefore, the balanced condition
for (2 is satisfied if and only if A is real and (ii) holds.
Finally, the last assertion in the proposition follows easily from the positive definiteness

of the metric g. O

Remark 4.9. The family (4.5) belongs to the more general family of astheno-Kéhler
manifolds given in [9].

As a consequence of the above proposition and [7], we get that the complex manifold
(M4, Ja) does not admit any SKT Hermitian structure, and if p < 0 or ¢ # 0, then
(M4, Ja) does not possess any balanced Hermitian metric.

Corollary 4.10. Let M be a compact quotient of H; xR by a lattice of maximal rank.
Then, there exists a complex structure on M that does not admit any SK'T' Hermitian
structure, but has balanced Hermitian metrics and kth Gauduchon metrics for k = 1
and 2.

Note that a result similar to the above corollary holds for Hs x R?, which corresponds
to the case A = 0.

Corollary 4.11. Let M be a compact quotient of H3 X Hs by a lattice of maximal
rank. Then, there exists a complex structure on M which does not admit either SKT or
balanced Hermitian structure, but has invariant kth Gauduchon metrics for k = 1 and 2.

Remark 4.12. Note that for p = ¢ = 0 one has on M4 the complex structure coming
from the product Hs x R? of a Sasakian manifold with a cosymplectic one. If p < 0
(respectively, p > 0) and ¢ = 0, then the complex structure comes from a product of a
Sasakian (respectively, quasi-Sasakian) manifold with R. Finally, for ¢ # 0, the complex
structure comes from a product Hs X Hj of two quasi-Sasakian manifolds.

5. Blow-ups

In [8] it was shown that the SKT condition is preserved by the blow-up of the complex
manifold at a point or along a compact submanifold. We can prove the following.
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Proposition 5.1. Let (M, .J) be a complex manifold of complex dimension n > 2 and
endowed with a J-Hermitian metric g such that its fundamental 2-form {2 satisfies the
condition 1002 A 2"~2 > 0 (or < 0). Then, the blow-up Mp at a point p € M and the
blow-up My along a compact submanifold Y admit a Hermitian metric such that its
fundamental 2-form §2 satisfies the condition i092 A 272 > 0 (or < 0).

Proof. Let us start the proof in the case of the blow-up of M at a point p. We
now briefly recall the construction of the blow-up. Let z = (z1,..., z,) be holomorphic
coordinates in an open set U centred around the point p € M. The blow-up Mp of M is
the complex manifold obtained by adjoining to M \ {p} the manifold

U={(z1)cUxCP" ! |zel}

by using the isomorphism .
UN{z=0}y=U\{p}

given by the projection (z,1) — z. In this way, there is a natural projection 7: Mp — M
extending the identity on M \ {p} and the exceptional divisor 7~!(p) of the blow-up is
naturally isomorphic to the complex projective space CP" .

The 2-form 7*{2 is a (1,1) form on Mp since 7 is holomorphic, but it is not positive
definite on 7=1(M \ {p}). As in the Kihler case, let h be a C*°-function having support
inU,ie. 0<h<1andh=1in aneighbourhood of p. On U x (C™\ {0}) consider the
2-form

v =198((prh)pslog | - |I?),

where p; and ps denote the two projections of U x (C™ \ {0}) on U and C™ \ {0},
respectively.
Let 1 be the restriction of v to Mp. Then there exists a small enough real number €
such that the 2-form 2 = e + 7* (2 is positive definite.
Then
DO N 22 = 90" 2 N (¥ 2 + e)" 2.

Since i09m* 2 A7m*2"~2 > 0 (or <0) by assumption we have that we can choose e small
enough in order to have iD9R2A 272 > 0if i0dNAN"2 > 0 (or <0 if IDINLAN"2 < 0).

For the case of the blow-up of (M, J) along a compact submanifold one proceeds in
a similar way. Let Y C M be a compact complex submanifold of M. Then consider the
blow-up My of M along Y. If we denote by =: My — M the holomorphic projection,
by construction w: M \ 7~ *(Y) — M \ 'Y is a biholomorphism and 7~ 1(Y) = P(Ny|m),
where P(NVy|y) is the projectified normal bundle of Y. As in [8], we can show that there
exists a holomorphic line bundle L on My such that L is trivial on My \ 771(Y) and
such that its restriction to 7=1(Y") is isomorphic to Opy ar) (1)

Let h be a Hermitian structure on Op(xs,,,,)(1) and let w be the corresponding Chern
form. As in [8], one can show that the metric h can be extended to a metric structure h
on L in such a way that h is the flat metric structure on the complement of a compact
neighbourhood W of Y induced by the trivialization of L on My \ 7~ (Y). Therefore,
the Chern curvature  of L vanishes on M \ W and &[p(w, ) = w.
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Hence, since Y is compact, there exists € € R, € > 0, small enough such that

=10+ e

is positive definite. As for th(f previous case of blow-up at a point, we can choose € small
enough in order to have i0002 A £2772 > 0 if i0002 A 2772 > 0 (or <0 if i0002 A 2772 <
0). |

If one applies the previous proposition to a compact complex manifold of complex
dimension 3 endowed with a Hermitian structure (J, g, 2) such that v;(§2) < 0, then by
using Proposition 2.3 and Corollary 10 in [11] there exists a first Gauduchon metric on
the complex blow-up at a point or along a compact submanifold.

6. Twists

In this section we will show that by applying the twist construction of [28, Proposition 4.5]
one can get new simply connected six-dimensional complex manifolds which admit first
Gauduchon (non-SKT) metrics.

We recall that, in general, given a manifold M with a T);-torus action and a principal
Tp-torus bundle P with connection 6, if the torus action of T}, lifts to P commuting
with the principal action of T, then one may construct the twist W of the manifold, as
the quotient of P/Tys by the torus action (see [28]). Moreover, if the lifted torus action
preserves the principal connection @, then tensors on M can be transferred to tensors on
W if their pullbacks to P coincide on ‘H = Ker 6. A differential form o on M is H-related
to a differential form ay on W, a ~¢ aywy, if their pull-backs to P coincide on H.

Now, let Ap; = A™ be a connected abelian group acting on M in such a way that
there is a smooth twist W given via curvature F € 2%(M,ap) and invertible lifting
function a € 2°(M,ap ® a%), where ay; (vespectively, ap) denotes the Lie algebra of
Apr (vespectively, Ap = A™).

If the twist W has a Hermitian structure (Jyw, gw, 2w ) induced by the one (J, g, £2)
on M, one has for the fundamental 2-forms and for the torsion 3-forms of the Bismut
connections the following relations

Qw ~u 2, cw ~yc—a ' IuF AE,

where £: ay; — x(M) is the infinitesimal action and & is the dual of & by using the
metric. In the case when F' is of instanton type, i.e. if F'is of type (1,1), one has that

dew ~3q de —a 'F A fige + deb — g(€,€)a™ ' F).

With the instanton construction, Swann obtained new examples of simply connected SKT
manifolds. One can adapt the previous construction in the case of complex manifolds
endowed with a first Gauduchon metric.

Let (N2",.J) be a simply connected compact complex manifold of complex dimension
n > 2 with a J-Hermitian metric gy2» that is first Gauduchon. Consider the product
M?n+2 = N2n x T2, where T? is a 2-torus with an invariant Kihler structure. Then
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M?7*2 has a first Gauduchon metric gpent2 = gnen + g2 with torsion 3-form ¢ sup-
ported on N?".
Let € be the torus action on the T? factor. We have then ay; = ap = R?,

icc=0, d¢®=0
and a is a constant isomorphism ay; — ap. Since
Q0 g (e + Q)" = Q05+ (n— 1) Q%57 A r2,
we get
(dew A2y Y) ~a [de+ g(6,€)a™ F A a™ FI A (2350 + (n = 1) 23575 A 2]
and thus, by using the assumption that gy2» is first Gauduchon, we obtain
(dew A Q207") ~q0 g(6,€)a™ " F Aa™ F A (n—2)Q2057 A Ore.

Assume that there are two linearly independent integral closed (1,1)-forms F; €
AP (N?™), i = 1,2, with [F] € H2(N?*,Z). If, for n = 2,

2
(Z 'YijFi/\Fj) <0

ij=1

or, for n > 3,

2
ij=1
for some positive definite matrix (y;;) € M2(R), then by [28, Proposition 4.5] there is
a compact simply connected T2-bundle W over N?" whose total space admits a first
Gauduchon metric. Note that the condition

2
Z ")/ZJFZ/\FJ =0

ij=1

is equivalent to the condition that the first Gauduchon metric on W is SKT.

The manifold T is the universal covering of the twist W of N2 x T2, where the Kihler
flat metric over T? = C/Z? is given by the matrix (7;;) with respect to the standard
generators with a compatible complex structure, and topologically W is a principal torus
bundle over N2 with Chern classes [F}].

Example 6.1. Consider as in [28, Example 4.6] a simply connected projective Kéhler
manifold Ny of real dimension 4 and fix an imbedding of Ny in CP". Then, a generic
linear subspace L of complex dimension r — 2 in CP" intersects Ny transversely at a
finite number of points pi, ..., pq. One may choose homogeneous coordinates [z, . . ., 2]
on CP" in such a way that L is defined by zy = z; = 0. Now, let CP" c CP" x CP" be the
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complex blow-up of CP" along L, and denote by 71 and s, respectively, the projections
on the first and second factors of CP” x CP'. As shown in [28, Example 4.6], if we define
Ny = 7~ Y(Np), then f|y, defines a (1,1)-form F; on N; such that the cohomology class
[F1] is non-zero and F? = 0. If one iterates this construction, one gets another non-zero
cohomology class [F,] such that FZ = 0. Now, since F; A Fy # 0, one can choose a positive
matrix (7y;5) € Ma(R) such that Zij:l vi;Fi A F; < 0. Then, by applying Proposition 2.3
and [11, Corollary 10], one gets a first Gauduchon metric on the universal covering of
the twist of N7 x T2.
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