ANZIAM J. 49(2008), 337-346
doi:10.1017/S1446181108000059

THREE NONNEGATIVE SOLUTIONS FOR SECOND-ORDER
IMPULSIVE DIFFERENTIAL EQUATIONS WITH A
THREE-POINT BOUNDARY VALUE PROBLEM
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Abstract

In this paper, by using the Leggett—Williams fixed point theorem, we prove the
existence of three nonnegative solutions to second-order nonlinear impulsive differential
equations with a three-point boundary value problem.
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1. Introduction

LetO=1 <t <--- <ty <ty+1 = 1 be given. In this paper we present results which
guarantee the existence of three nonnegative solutions to the second-order impulsive
equation

V'@ +h@) f(y@®) =0 forte O, D\{tr, ...t}

Ay(t) = L (y(t,)), k=1,...,m,

AY' (1) = Je(y (), k=1,...,m, (1.1)
y(0) =0,

ay(n) = y(1),

where 0 <n <1, O<a<l1/n, Ay(y)= y(t,j) —y(; ), and y(t,j) and y(r,)
respectively denote the right limit and left limit of y(¢) at t =f,. Also Ay'(f) =
y (t,;L ) — ¥'(t; ). We define the Banach space (r = 0 or 2 in this paper),

]Department of Mathematics, Hunan Normal University, Changsha, Hunan 410081, China;
e-mail: ljianli @sina.com.

2Department of Mathematics, College of Huaihua, Huaihua, Hunan 418008, China.

© Australian Mathematical Society 2008, Serial-fee code 0334-2700/08

337

https://doi.org/10.1017/51446181108000059 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181108000059

338 J.Liand J. Shen 2]

PC"[0,11={y:[0, 1] x R:forall j =0, ..., m thereexists y; € C"[t;, tj+1]
such that y = y; on (¢, tj 1], y(0) = y0(0)}

with the norm
Iyllpcr = max{lIyll, 1y'll, - .- Iy}

Here
Il = sup{ly(®)]|, t €0, 1]}.

By a solution to (1.1) we mean a function y € PC?[0, 1] which satisfies (1.1).
In (1.1), as @ =0, the existence of three nonnegative solutions was considered by
Agarwal and O’Regan [3], and as Li(y(#,)) = Jk(y(5 ) =0, k=1,...,m, the
positive solution was obtained by Ma [6]. In this paper, motivated by [3] and [6],
we shall show the existence of three nonnegative solutions to (1.1) by the Leggett—
Williams fixed point theorem [5]. Recently [1-4, 7, 8] this fixed point theorem
has been used to establish multiplicity results for differential, integral and difference

equations.
Now we present some preliminaries which will be needed in Section 3. First,
E = (E, | -|) is a Banach space and P C E is a cone. By a concave nonnegative

continuous functional ¥ on P we mean a continuous mapping v : P — [0, co) with
YAx + 1 —=A)y)=Av(x)+ (1 —2)Y(y) forallx, ye Pandall 2 €[0, 1].
Let K, L, r > 0 be constants with P and v as defined above. Let
Pk={yeP:lyl <K} and P@,r,L)={yeP:¢(y)=rand |yl <L)

We now state the Leggett—Williams fixed point theorem [5].

THEOREM 1.1. Let E = (E, || - ||) be a Banach space, P C E a cone of E and R > 0
a constant. Suppose there exists a concave nonnegative continuous functional \ on P
with Y (y) < ||y|| for all y € Pg and let A : PR — Pg be a continuous compact map.
Assume there are numbers r, L and K with 0 <r < L < K < R such that:

HD {ye P, L, K): ¥ (y) > L} #Wand Y (Ay) > L forall y € P(y, L, K);
(H2) ||Ay|| < r forall y € P,; and
(H3) ¥ (Ay) > L forall y € P({, L, R) with |Ay| > K.

Then A has at least three fixed points y1, y» and y3 in Pg. Furthermore
ViE€P, ye{lyePW,L R :y(y)>L} and y3€ PR\ (P, L,R)UP,).

2. Some lemmas
Consider the impulsive integral equation

nm

1
y() :/0 H(t, $)h(s) f(y(s))ds + ) Wit y), t€][0,1], 2.1
k=1
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where
H(t,s)= t(l—s)—=U(,s) — ¢ Vit,s), 0<t,s<I,
1—an 1—an
ft—s, s<t, _Jttn—=s), s=n,
ve. sy = {O, r<s, v 5= {0, n<s,
andfork=1,...,m
1—t—an+at _ _ .
T[’k(y(fk ) — e Jk (Y, )], 0 <5 < minfz, n},
t
T an{—lk()’) — (I = 1) Jk(y) + el (y) + (n = 1) Tk ()1},
t <t < max{z, n},
Wi(t, y) = ;

{1 —an) U (y) = tx Sk () — tLIk(y) — (t — an) k(D)

n <ty < max{t, n},

1—an

(L) = A =) k()] maxfr, n} < < 1.

1 —an

LEMMA 2.1. We have that y € PC[0, 11N PC2[0, 1] is a solution of (1.1) if and only
if y € PCI|0, 1] is a solution of the integral equation (2.1).

PROOF. Suppose that y € PC[0, 1] is a solution of (2.1). Then for ¢ # #,

1 1 "
¥ = < / (1= $)h(s) f(y(s)) ds — —— / (1 — $)h(s) £ (y(s)) ds
—an Jo I —an Jo
1
- e = 1) + L(»)]
1 —an O;HI
o
[JcO)(n — 1) + I ()]
1-oan O«Xk;n

t
— /O RS FGE) ds+ Y J(y),

O<ty <t
y'(t) = —h@) f(y(2)),
and for t = 1,
Ay(t) = (i) — y(t) = I(y(1)),
AY' (1) = Y65 — ¥ @) = ey (1),
and

y©0)=0, aym =y).
So y is a solution of (1.1).
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On the other hand, if y is a solution of (2.1), then

t
Y0 =y(0) - fo W fGG)ds+ Y R,

O<t <t

t
y() =y (0)t —/0 (t = s)h(s) f(y(s)) ds + Z (@ — 1) + L (¥)].

O<t <t
This and the boundary value condition y(0) =0 and ay(n) = y(1) imply that

1

1 1
y'(0) = / (1= )h(s) f (3(s)) ds — — / (1 — $)h(s) [ (y(5)) ds
—an Jo 1 —an Jo
1
— T D A = 1) + K]
O<tr <1
o Y O — 1) + KO
O<tr<n
Therefore
t ! at n
NOES / (1 = $)h(s) f (y(s)) ds — / (= $)h(s) f (y(s)) ds
—an Jo L —an Jo
o X L)1 =10+ KO)]
<tr<l1
2 3 0 — 10 + 1))
O<tr<n
t
- /0 (t = A ) ds + Y ()t — 1) + L(y)].
O<t <t
For0 <t <n,
1 1—¢—
y(0) = / H(t, s)h(s) f (y(s)) ds+t1—"”7+‘” > I — k()]
0 —an O<ty <t
t
an A=) = (= ) I () + al(y) + (0 — ) T ()]}
<tr<n

t
i D ) = =)k

n=<tr<l
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Forn<t <1,

1 1—¢—
y(t) = /0 H(t, )h(s) £ (5(5)) ds+t1_—°;”+°” 3 () = ()]
O<tr<n
1
30— am)Ui(y) — 5k (1) — tL(y) — (5 — o) ()]}
1 —an n=<tp <t
e 3 HG) - (= AL
n<tr<l
So | "
y(r)=/0 H(t, )h(s) f(y(s) ds + Y Wit y),  1€[0, 11, O
k=1

LEMMA 2.2. We have that:
(1) H:10, 1] x [0, 1] — [0, +00) is continuous, and
(2) H(t,s) < MH(s, s) forallt, s € [0, 1],
H(t, s) = MyH (s, s) for s € [0, 1], t € [ax, b],

where

1-— 1

M]:max{ “n s —I—ozn},
a(l—=n) 7

Iy o A—anpd —tn) A —an(l—ity,)

2 :mln _3 9 9’
4 4 4a(l —n)
3t 1 1, 3t
akz%, bkz% forke{0,1,...,m}.

PROOF. Part (1) is part (1) of [9, Lemma 3.1]. Now we prove part (2). We divide the
proof into the following six cases.

() If0 <s <t <n, then

1 >1

Has) _1—anti@-D | *="

H(s,s) 1l—ants@—1 - |— 4«1,
a(l—mn)

H(t,s) l—oan+t(a—1) - B ) _—
Hos)  T—ants@—1 =4 7emd=n=d=am=—.

t € [ag, bi].

(i) f0 <t <s <n, then

H(t,s) _ t <1,
H(s,s) s~
H(,s) t 1
=->—, te€la, bl
H(s,s) s 4
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(iii)) f0<s <n <t <1, then

H(t,s) _1—an+i(@—1) _ li—om a>1,
H(s,s) 1-— D" |— a<l,
(s, s) an+ s —1) 2=
1—t,
Hs) _ l—1> , a <1,1¢€la, bl,
Z11 - 1—¢ 1— 1—t
H(s,s) i )2( an)( m)’ «>1.1¢ap bl
a(l—n) da(l —n)

iv) f0<t<n<s<1,then

H(t,s) _ t <1,
H(s,s) s~
H(t,s) t 1
=-=—, t€[a bl
H(s,s) s 4

W) Ifn<s <t <1,then

H(t,s) s(I—1)+an(t—s) <s(l—s)+om(1—s) _sH+oan - 14+an

H(s,s) s(1—s) - s(1 —5) s T
H(t,s):s(l—z‘)—i—om(t—s)zl—t2 1 l—tm’ ' e lag. bil.
H(s, s) s(1—s) l—-s " 1—-n 4

(vi) If n <t <s <1, then

H(t,s) t
=—<1’
H(s,s) s~
H(t,s) t t
=->—, te€]la, bl
H(s,s) s 4 Lax, bi]

Thus

H(t,s) <M;H(s,s) fort,sel0,1],
H(t,s) > MyH(s,s) forse][0,1],t € [ag, b]. O

REMARK 2.1. Note that M| > 1.

3. Existence

We will use Theorem 1.1 to establish the existence of three nonnegative solutions
to (1.1). The following conditions will be assumed:
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heC(,1)withh >0on (0, 1) and h € L'[0, 1], (3.1
f 10, oo) — [0, 00) is continuous and nondecreasing, (3.2)
I, Ji : [0, 00) — R are continuous fork =1, ..., m, (3.3)
twJi) <Ly (v) < (tgy — D)Jpy(v) forv>0and k=1, ..., m, (3.4)
Iy (v) = (tx — n)Jx(v) forv>0, fry <npandk e{l, ..., m}, (3.5)

Li(v) < —an)Jy(v) forv>0, r>nandke(l,..., m}, '
Wi (t, u) < Qur(u(ty)) fort € [0, 1] and u € C[0, 1] with u > 0, (3.6)

and with € > 0 continuous and nondecreasing on [0, 00), ’

1 m
Ir > 0with f(r) sup / H(t, s)h(s)ds + Z Qi(r)<r, (3.7)
te[0,1] JO i=1
by
3L >rwith f(L) min min H(t, s)h(s)ds > L, (3.8)
ke{0,1,...,m} telag,by] ai

Jdcp, 0 <o < 1with, foreach j € {1,2,...,m}, W;(t,y) = co2;(y(t))), (3.9)

foreacht € [ag, by], k€{0,1,...,m}and y € C[0, 1] with y >0, )

and
1 m
IR > LM ™' M; with f(R) sup / H(t, s)h(s) ds + Z Q;(R) <R, (3.10)
ref0,11 Jo =
where

M = min{cy, M>}. (3.11)

THEOREM 3.1. Suppose that (3.1)—(3.10) hold. Then (1.1) has at least three
nonnegative solutions y1, y2 and y3 in PC 210, 1] such that

Il <r w0 >L fortelabd kelo1,...,m),
and
>r with min min t)<L.
lly3ll ke{0,...,m} telag,by] 30
PROOF. Let

E=(PC[0,1],||-]) and P ={ue PC[O, 1], u(t) >0fort €0, 1]}.
Now let A: PC[0, 1] - PCIO0, 1] be defined by

1 m
Ay(t) = / H(t, s)h(s) f(y(s)) ds + Z Wi(t,y) forte[0,1]. (3.12)
0 k=1

For y > 0 the conditions (3.1), (3.2), (3.4) and (3.5) imply that Ay(¢t) >0 for
te€[0,1]. So A(P)cC P. 1t is easy to show that A: P — P is continuous and
completely continuous [3].
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Fory € P, let
= i i r).
VO g ot Y

Then  is a nonnegative continuous concave functional on P with ¥ (y) < ||y| for
y € P. Next choose and fix K so that

LMM~ ' <K <R. (3.13)

First, we prove that condition (H2) of Theorem 1.1 holds. To do this, let y € P,,
then 0 < y <r. Conditions (3.2), (3.6) and (3.7) imply for ¢ € [0, 1] that

tel0,1

1 m
Ay(t) < f(r) sup f H(t, s)h(s) ds + Z Qr(r) <r.
170 k=1

So
Ayl <r.

This _shows that condition (H2) of Theorem 1.1 follows. Also A : P — P since, if
y € Ppg, then

1 m
IAYIl < f(R) sup / H(t, $)h(s) + ) Qu(R) < R.
1€[0,1]1 JO =1

Next, we show that {ye P(¢, L, K): ¥ (y) > L} # @ and ¥(Ay) > L for all
y€ P, L, K). In fact, take u(t) = (L + K)/2 for t € [0, 1], then

uef{yeP(¥,L,K):¥(y) > L}

Moreover, for y € P(y, L, K), then ¥ (y) = minge(o,1,...,m} MiNse[qy 1] Y(#) > L and
lyll < K, soforeachk € {0, 1, ..., m}, we have

y(@) el[L, K] fort e [ak, bi].

This together with (3.8) yields

1 m
Y(Ay) = _min = min (/0 H(, s)h(s)f(y(s))ds+ZWj(t,y))
j=1

0,1,...,m} telag,by]

by
> min min H(t, s)h d
T ke{0.1,...m) telar.be] J g (. $)h(s) f(3()) ds
by
> f(L min min H(t, s)h(s)ds > L.
z J( )ke{O,l,...,m}te[ak,bk] a (t, $)h(s)

So condition (H1) of Theorem 1.1 is satisfied.
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Finally, we assert that if y € P(y, L, R) and ||Ay|| > K, then {(Ay) > L. To see
this, let y € P(¢, L, R) and ||Ay|| > K. Now (3.6) and Lemma 2.2 imply that

m

1
Ayl = M, /0 H(s, $)h(s) f(y($)) ds + Y Qj(y(t}))

Jj=l

1 m
< Ml(/o H(s, s)h(s) f(y(s)) ds + Z Qj(y(tj))). (3.14)
j=1
Fixk € {0, 1, ..., m} and notice that (3.9), (3.12), (3.14) and Lemma 2.2 yield

1 m
min Ay(f) = min (/ H(t, s)h(s) f(y(s)) ds + Z W;(t, y))
0

t€lag,bi] t€lag,bi]

j=1
m

1
> M) /0 H(s, )h(s) F(r(s) ds + 0 Y 25317

j=1

1 m
> M( /0 H(s, )h(s) f(y(s) ds + Y j(yaj)))

Jj=1

M M
> —|Ayll> —K > L.
M, M,

So we get foreach k € {0, 1, ..., m} that

Ay) = min min Ay(t) > L.
w( y) ke{0,1,...,m} t€lay,by] y()

Thus condition (H3) of Theorem 1.1 holds. By Theorem 1.1, A has at least three fixed
points, that is, (1.1) has at least three nonnegative solutions y;, y; and y3 such that

Ivill <r, y2(t) > L forte€lag, br], k{0, 1,...,m},
and
>r with min min t)y<L.
(REY teiiin . min y3(1)
The proof is complete. u

We work through an example to illustrate our results.

EXAMPLE 3.1. Consider the following impulsive boundary value problem:

'O+ @) =D +11=0, 1€, ), r#1,
Ay(h) =tya)).,  n
AY' (1) =—3y(t]), 1
y©0) =0, y(3) =y,

(3.15)

D= N —

’
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where h(t) =1, f(y) = (y — DB+ 1,a=1,n= % It is easy to see that conditions
(3.1)—(3.5) hold. Let 21 (1) =2u/3, co = %; it follows that (3.6) and (3.9) hold. Since

by

1
21 1
su H(t,s)h(s)ds =—, min min H(t, s)h(s)ds = —,
te[OI,)l]/O (#. $)h(s) 64" ke0,1 rela.bil Jop @, $)h(s) 32

takingr =1, L =2 and R =91 > LM~'M; =90, then (3.7), (3.8) and (3.10) hold.
So all the conditions of Theorem 3.1 hold. By Theorem 3.1, (3.15) has at least three
nonnegative solutions.
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