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This paper develops a test for homogeneity of the threshold parameter in threshold
regression models. The test has a natural interpretation from time series perspectives
and can also be applied to test for additional change points in the structural break
models. The limiting distribution of the test statistic is derived, and the finite sample
properties are studied in Monte Carlo simulations. We apply the new test to the
tipping point problem studied by Card, Mas, and Rothstein (2008, Quarterly Journal
of Economics 123, 177-218) and statistically justify that the location of the tipping
point varies across tracts.

1. INTRODUCTION

Threshold regression models have been widely used and studied in economics and
statistics. Most of the existing studies focus on estimating parameters in a given
threshold regression model and testing for the threshold effect. However, once tests
support the existence of the coefficient change, especially in the cross-sectional
threshold models, it is natural to ask whether all the agents share the same threshold
location. This paper answers this question by developing a homogeneity test of the
threshold parameter (i.e., a test of threshold constancy).

The test is motivated by the tipping point problem (e.g., Schelling, 1971), which
analyzes the phenomenon that the neighborhood’s white population substantially
decreases once the minority share exceeds a certain threshold. Card, Mas, and
Rothstein (2008) empirically study this phenomenon by considering the following
threshold regression model:

yi = Bot +80111gi < yol+x] Boa +u; @
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for tracts i = 1, ..., n, where the observed variables y;, g;, and x; denote the white
population change in a decade, the initial minority share, and other social char-
acteristics in the ith tract, respectively. The unknown parameters, (Bo1, Bg,, 801)T
and yy, denote the regression coefficients and the threshold, respectively. With
the model (1), when the tipping point feature exists, one may want to examine if
the tipping point is the same across tracts. In fact, Card et al. (2008) regress the
estimated ), on a measure of the white population’s attitude to the minority at the
aggregated level (more precisely at the city level) and find that the tipping point
highly varies across this measure. This finding raises the concern that y, may also
vary across tracts depending on some demographics and motivates our constant-
threshold test, the CT test, for the homogeneity of y;.

More specifically, we develop a test for a constant threshold y against nonpara-
metric alternatives (or any types of heterogeneous thresholds) with cross-sectional
data. In the event of rejection, therefore, one can resort to more flexible models
such as those studied by Lee et al. (2021) and Yu and Fan (2021) or apply the
method proposed by Miao, Su, and Wang (2020) if panel data are available. In this
sense, the new CT test can be used as a diagnostic tool for model specification
in the threshold regression setup. In the aforementioned tipping point application,
the CT test strongly rejects the null hypothesis of the constant threshold, implying
that the model (1) is insufficient to characterize the tipping point phenomenon. See
Section 5 for more details.

Our new test statistic builds on a weighted summation of the regression residuals
under the null hypothesis of a constant threshold, where the weights are designed
to yield a simple limit experiment as exploited by Nyblom (1989) and Elliott and
Miiller (2007, 2014). By converting the weighted summation into a partial sum
process, we bridge the cross-sectional threshold model and the time series change-
point model in this testing problem. Hence, the CT test can also be applied to test
for any additional change points in the structural break models if we let g; be time
and y, the break date.

This paper speaks to both the threshold regression and the time series structural
break literature. The threshold model with a constant threshold has been exten-
sively investigated. See, among many others, Hansen (2000), Caner and Hansen
(2001), Seo and Linton (2007), Lee, Seo, and Shin (2011), Li and Ling (2012),
Yu (2012), Kourtellos, Stengos, and Tan (2016), Yu and Phillips (2018), Hidalgo,
Lee, and Seo (2019), and Miao et al. (2020). In addition, Seo and Linton (2007),
Lee et al. (2021), and Yu and Fan (2021) study the model where y, has an index
form that involves multiple covariates. This paper contributes to the literature by
providing a diagnostic method for constancy of the threshold.

When ¢; is time, our method essentially becomes the structural break model.
See, among many others, Bai, Lumsdaine, and Stock (1998), Bai and Perron
(1998), and Elliott and Miiller (2007, 2014). Methods in these papers are typically
developed under the increasing domain asymptotics, and we also develop our test
under this classic framework. Alternatively, Jiang, Wang, and Yu (2018, 2020)
recently develop methods under the infill asymptotics. Casini and Perron (2021a,
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2021b, 2022) introduce the generalized Laplace estimation and inference and study
a continuous record asymptotic framework.

The rest of the paper is organized as follows. Section 2 constructs the new test
and shows the connection to the change-point problem in the time series setup.
Section 3 studies the asymptotic properties of the new test. Section 4 examines
its finite sample performance by Monte Carlo simulations. Section 5 revisits the
tipping point problem as an illustration. Section 6 concludes with some remarks.
All proofs are collected in the Appendix.

We use the following notations. Let —, denote convergence in probability, — 4
convergence in distribution, and = weak convergence of stochastic processes as
the sample size n — 0o. Let =, denote equivalence in distribution. Let |a] denote
the biggest integer smaller than a, 1[A] the indicator function of a generic event A,
and || B|| the euclidean norm of a vector or matrix B.

2. TESTING FOR A HOMOGENEOUS THRESHOLD
2.1. Setup

We consider the threshold regression model with a potentially heterogeneous
threshold parameter, which is given by

yi =x; Bo+x] 8o1[g; < yoil +u;, @

fori = 1,...,n. The variables (y;x],¢;)T € R""*! are observed, but the thresh-
old parameter yy; € R and the regression coefficients 6y = (,BJ ,55 )T € R%* are
unknown. The threshold yy; can be considered as a random variable or a constant.
Under the assumption of a homogeneous threshold, say yy; = yp almost surely, the
model becomes the classic threshold regression model and all the parameters can
be consistently estimated by the standard profile least-squares method (e.g., Bai
and Perron, 1998; Hansen, 2000). Specifically, under the homogeneous threshold
restriction, we estimate )y by minimizing

n

> (i =2 B —xT8()1 g < v1)

i=1

in y, where (,BT ), ST(y))T are the least-squares estimators of ( 2) with a fixed y.
Once ¥ is obtained, we let 0= (,BT 8T)T = (,BT()/) 8T(y))T and write u; = y; —
lT,B xlT81 [g; < 7] as the residual.
The main interest of this paper is to test whether the threshold is constant across
entities or not. Let I be the space of yy;, which is assumed to be compact and
strictly within the support of ¢;. The competing hypotheses are stated as

{ Hy : P(y0; = y) = 1 for some constant y, € T, 3)

H,:P(yi=y) <1forany ypel.

Under the null hypothesis, there exists only one homogeneous threshold y; and
hence the model reduces to the classic threshold regression model as in (1).
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The alternative hypothesis in (3) states the negation of the null hypothesis and
encompasses many different cases. For example, the threshold varies across i,
where yp; can be either a discrete or continuous random variable. The threshold
can be a nonconstant function of some random variables z;, such as yy; = z; y for
some parameter y, as in Lee et al. (2021) and Yu and Fan (2021).

It is worthy to note that the alternative hypothesis in (3) includes the case with
multiple thresholds that are the same for all i (cf. Bai and Perron (1998) in the
structural break model). For instance, assume that yy; is i.i.d. and independent from
(qi,x],u;)T and let

_ ] v.1, with probability py, @
i =1 s  with probability 1 — po,

for some pg € (0, 1). We define two random variables A, ; =1 [in =, ]] —po and
riz=1 [V()i = 7/0,2] — (1 —po). Then,

g < voil =1[q: < yo1]1[voi = vo.1] +1[ai < vo.2]1[y0i = v0.2]
=1[q: < yo.1] (po+2i1) +1[q < vo2] (1 —po+2i2)

and the threshold regression model in (2) can be rewritten as

yi =x] Bo+x7801[q; < vo.1] (po+Ai1) +x7 801 [qi < vo2] (1 —po+2i2) +ui
=x] Bo+x] 85,1 [a: < vou]+x] 85,1 [a: < vo2] +uf, 3

where 85 | = dopo, 85, = 8o (1 —po) = 8o — 3, 1, and

uf =ui+x 80 {1[qi < yo1]rin+1[q: < vo2] iz}

It holds that E[u]|x;, gi] = 0 since E[A; 11x;, ¢i] = E[A; 21x;, ¢i] = Elu;|x;, gi] = 0.

This example illustrates that the threshold regression model with a heteroge-
neous threshold as in (4) can be rewritten as the threshold regression model with
two homogeneous thresholds as in (5). In this regard, the alternative hypothesis in
(3) amounts to characterizing the scenario where additional coefficient changes
exist beyond the original change at yy. We, hence, can construct a test for (3)
using the idea of Nyblom (1989) and Elliott and Miiller (2007) in the change-
point problem, where we test for the existence of additional changes before or
after the location yp. The true threshold yy is not given in the null hypothesis
in (3), so we need to consistently estimate it. The key merit of this approach is
that our test does not require to specify or estimate the alternative model, unlike
the likelihood-ratio tests (e.g., Andrews, 1993; Bai and Perron, 1998; Lee et al.,
2011).

2.2. Overview of the Test

Here, we summarize our test and heuristically present its statistic properties. The
formal derivations are postponed to Section 3. First, under the mild primitive
conditions given in Section 3.1, we can verify that the least-squares estimator ¥ is
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consistent and asymptotically independent of 6= (E T,8T)T. Furthermore, it holds
that (e.g., equation (11) in Hansen (2000))

B—PBo g
ﬁ(’g— 50) S <q>5) ©
as n — oo for some k-dimensional normal random vectors ®g and ®;.
Denote Q(-) as the quantile function of g;, and define the process G, (r) =
n=123"  xinil[q; < Q(r)]. Also define ry such that yo = Q(ro). For r € [0,1],
using the standard empirical process results (e.g., van der Vaart and Wellner, 1996;
Kosorok, 2008), we can obtain that

G (r) = % ;x@l[qi < 0] ™

1 n 1 n —~
= ﬁzizlxiuil[qi <0W]— Zzizlxixll [q: < Q(N]/n(B — Bo)

1 n ~
—oY " T Lg = 001 s = QUu)I VG —80) + 0, (1)
= J(r) —E[xix] 1{g; < Q(n]] ®p — E [xix] 1[g; < min{Q(r), Q(ro)}]] ®s.

as n — oo, where J(7) is a mean-zero Gaussian process' defined on [0,1] and
®g and @; are as in (6). Note that we use the quantile function Q(-) in the
definition of G, (-) for the purpose of normalization, so that the process is defined
on [0, 1].

If we further assume x; = 1 and ¢; is independent of u;, the limiting expression
in (7) can be simplified as

Wl(r)—rCDﬁ—min{r,ro}CI>5, (8)

where Wj (-) denotes the standard Wiener process defined on [0, 1]. This is
essentially the limit experiment exploited by the classic structural break literature,
based on which Nyblom (1989) constructs the test statistic for an additional change
point. In general, however, the limit of G, (-) in (7) is more complicated since the
process J(-) is not the standard Wiener process and the additional terms are not
necessarily linear in r. For this reason, it is not straightforward to construct a test
statistic directly based on (7).

We can recover the simple limit as in (8) by modifying G, (r) into a weighted-
sum process. Define’

D(r) =E[xix]1gi= 0],
V() =E[xx]uflgi = 0 ()],

I'See Lemma A.4 in Hansen (2000).

2The threshold regression literature typically uses ¢; = ¢ as the index for presentation. We use the alternative
presentation so that D () and V (-) are defined on [0, 1].
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and monotonically increasing functions
g 1 h(r)
h(r)= dt and g(r)= 9
) / VvID(H) ' V@D () 8 h(l —1) ©)

for r € [t,1 — 7] with some 7 € (0,1/2) and for any k x 1 vector v that satisfies
vTy = 1.3 Furthermore, let F(-) be the distribution function of g; and define the
k x 1 vector of weight

h(1—7)g" (F(g)D (F(g))™"'v

where ¢ (r) = 9g(r)/ar = (yTD (")~ V() D () "' vi(1 — 7)}~'. The modified
process is then constructed as

1 n ~ _
G, (9= -3 W [00) < 4= 0™ O], (10)

for s € [0,1], where g~!(-) is the inverse function of g(-). Comparing G, (-)
with G,(-), the key difference is in twofold: the weight vector w; and the indi-
cator function. The intuition for constructing such G, is better presented from a
time series structural break perspective, which is given in the next subsection.
Under the conditions given in Section 3.1, we can show that under the null
hypothesis,

G (s) = Wi (s) —sy/h(l = T)vTPg —min{s, g (ro) }y/ h(1 — T)vT Dy, an

for s € [0,1], as n — oco. See Lemma A.1 for a formal statement. Except for the
normalizing constant v/A(1 — 7), G, now weakly converges to the simple limit as

" "(lfi)).construct a pivotal test statistic using G,, we further define

Go={ Gl Tsso a
where

G, (s) = m {gn () — e )Qn(g(ro))} (13)
G, () = ﬁ {(Qn(l) -G, (5) — ( 5 — (G, (1) — Gn(g(ro)))}.

We suppose ry € (1,1 — 1) so that we avoid the threshold yy = Q(ry) being close
to the boundary, and hence g(ry) € (0, 1) holds by construction. Then Gf, (-) and
G5, () are, respectively, properly standardized, and both weakly converge to two
independent standard Brownian Bridge processes. Based on this observation, we

3The choice of v can be guided by the empirical context to reflect importance attached to different components of
the changing coefficients. In the tipping point application, for instance, we use v = (1,0, ..., 0)T.
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construct the test statistic as

1 /%g* 25+ — /l G5, (9)°d (14)
soo e I TG Ly O

As shown in Theorem 1 in Section 3, its limiting null distribution is free
of nuisance parameters because the break is only at s = g(ry). This limiting
distribution is also obtained by Elliott and Miiller (2007) in the time series
structural break setup. Therefore, the critical values can be readily tabulated and no
further simulation or bootstrap is needed to conduct the test. Under the alternative
hypothesis, when the constant threshold assumption is violated, however, at least
one of G}, (-) and G5, (-) is not properly centered, and the test statistic diverges as
n — oo because of the nonzero drift. See Section 3 for details.

2.3. Interpretation from Time Series Perspectives

As discussed above, our test uses the idea of Nyblom (1989) and Elliott and Miiller
(2007), which was originally developed in the time series context where ¢; is time
and the observations are obtained sequentially over time. In this subsection, we
reformulate the threshold regression into the change-point model and describe the
connection between our test with Nyblom (1989) and Elliott and Miiller (2007).
Instead of deriving the limiting null distribution using the standard empirical
process theory (cf. Lee et al., 2011), we can construct a partial sum process in
our setup and obtain the identical limiting null distribution based on the traditional
stochastic process results. By doing so, we bridge the cross-sectional threshold
model and the time series change-point model in this testing problem. Furthermore,
viewing through the time series lens, we can provide a better intuition about how
to construct w; and g(-).

To this end, we first sort the observations according to the order of g;. By sorting
the random sample {g;}__, into the order statistics gi.s] < g2 < *** < Gy and
rearranging the observations according to the rank of ¢;, we denote the reordered
observations (y;,x/)T associated With iy s (Viing, X(j,y) 7> that is, Vi, X[, T =
(yj,ij)T if gii) = qj.“ These reordered statistics are called induced-order statistics
or concomitants (e.g., Bhattacharya, 1974; Sen, 1976; Yang, 1985). It gives a
natural ordering among the observations as in the time series structural break
models, which is the case when ¢j;.,) = ¢; = i is time. In what follows, we drop
“:n” in the subscripts for simplicity. The subscript [7] is reserved for the ith induced-
order statistics associated with the order statistic gj;.,,;.

In this setup, we can view the sorted uniform random variable F(g;;) as “time.”
For the empirical distribution F,,(~), F,, (q1i1) = i/n, hence, resembles the equi-
spaced time on the unit interval from the perspective of structural break. In fact,
Lemma A.3 in the Appendix shows that the effect of replacing F(-) by F,,(-) in

4We suppose g; is continuous, and the probability of seeing ties is thus negligible. In finite samples, we may simply
drop duplicate (i.e., tied) observations of ¢;.
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two key elements n= /23" xuil[g; < Q)] =n"2Y""  xuA[F (g;) < r] and
nIY i g < Q)1 =n"' Y1 xixT 1[F (¢;) < r]in (7) are asymptotically
negligible in the sense that

1 n 1 Lrn]
sup |—=) = xullg < Q] ——=) = xup| =o0,(1), s
e ﬁzt=1 ! 7 i S | =
Lrn]
st;)p X 1[g: < Q(n] ——Z, xiaxly | =0, (1), (16)
re(0,1] =

where n'/2 3y = n V2 x[,]u[,]l[F (q) < rl=n""2Y0 xud
(F, (g)) < r] and similarly for n~ 12:[ lxl,]x[] Therefore, it is asymptotically
equivalent to rewrite G, () in (10) using the partial sum process of the induced-
order statistics and using /P:n(~) in place of F(-) for implementation.

Then, we can approximate G, (-) by

\/_Z o] h(1—1)gV/m)vTDG/n) " Xyt an

i=|tn]+1

and readily obtain its limit using the traditional stochastic process results from the
decomposition of (17) as

i=[tn]+1

-1 s)n
\/—Z () h( —‘L’)g(l)(i/n)VTD(i/n)_lx[i]u[iJ
\/—Zl erfj:l h(l - T)g(l)(i/n)vTD(i/n)_l_x[i]xE;] (E_ :30)

min{ l(3)11 LrOnJ . . _ o~
S Vn Zl Lenj+1 VA =T)g G/ mpyTD(i/m) 3y (6 — o)

= Vh(l—1) f gV EVID @)~V ()2 dW (1) (18)
1(0)
s
—VhQ —r)[ gV (t)ydt-vT g (19)
Fat(0)
g 1 ),70)
h(l—1) / gV (t)dt-vT D, (20)
-1

where D(i/n)~! asymptotically cancels out with E[x[i]x[Ti]] by construction and W;
is the k x 1 vector standard Wiener process defined on [0, 1]. Then, by the facts that
g(t)=0and [} o g (1)dt = s, the terms in (19) and (20) become linear in s. To
standardize the first term in (18), we set gV () to be proportional to the inverse of
the local Fisher information, viD (-)~'V (-)D (~)_1 v. Then, the first term becomes
the standard Wiener process, and the limit of G, (s) is obtained as (11). A formal
statement is given in Lemma A.7 in the Appendix.
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The merit of the partial sum process expression in (17) is now evident. First,
the observations above explain how we develop the specific forms of the weight
w; and the function g(-) in (10). Note that g : [7,1 — 7]+ [0, 1] can be understood
as the normalized time. In the structural break literature, in comparison, g; is
time, and the functions D(-) and V(-) are, respectively, constant matrices D and
V under the piecewise stationarity assumption (e.g., Bai and Perron, 1998). Then
g(+) reduces to the identity function, and the weight w; becomes the constant
(vTD~'VD~'y(1 —27))~ /2D~ 'v. Second, we can readily derive the weak limit
of G, (-) using the traditional stochastic process results, which naturally bridges
the cross-sectional threshold model and the time series change-point model in
our testing problem. Therefore, based on the discussion about the alternative
hypothesis (3) in Section 2.1, the new test can also be applied to test for any
additional change points in the structural break models in time series. Third,
compared with (10), the partial sum process in (17) does not require to estimate
the distribution function F directly. Therefore, the implementation of our test,
as well as the derivation of its limiting distribution, becomes much simpler. For
such reasons, we study the asymptotics of our test using the partial sum process
expression in (17) in what follows.

3. ASYMPTOTIC PROPERTIES
3.1. Limiting Null Distribution

We first introduce some primitive conditions. Recall that we define r( such that
¥o = Q(rp) under the null hypothesis in (3).

ConbITION 1. 1. (x],u;,q)7 is i.i.d.

2. Elu;|x;, g1 = 0 almost surely.

3. g; has a continuous density function f such that, for all q, 0 < f(q) < C, for
some C < o0.

4. 80 = con™¢, for somecy # 0 ande € (0,1/2); (cg .Bg )T belongs to some compact
subset of R,

5. ro € (tr,1—71), for some T € (0,1/2).

6. D(r) and V(r) are well-defined matrix-valued functions that are positive
definite and continuously differentiable with bounded derivatives at all
re (0,1).

7. E [xixiT] > E[x,-xl.Tl[qi < Q(r)]] > 0, forany r € (0, 1).

8. sup,.g Elllxital[*1g: = g1 < 00 and sup,p El|1x]1*lg; = g1 < oo.

Condition 1.1 assumes a random sample, which simplifies our analysis. Under
this condition, we can show that the induced-order statistic {xjjup}i; is a
martingale difference array (e.g., Lemma 2 in Sen (1976) and Lemma 3.2 in
Bhattacharya (1984)) and obtain the weak limit of the partial sum process. A
martingale difference array is typically assumed in the time series case, where g; is
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time and hence the observations are naturally sorted by g;. A general form of cross-
sectional dependence would break such a martingale property of the induced-order
statistic and substantially complicates the analysis. We leave this generalization for
future research. Note that, however, we can allow for some dependence structure
as long as the resulting induced-order statistic {xp;ju;};_, remains a martingale
difference array.

Condition 1.2 assumes a correctly specified model without endogeneity (cf.
Caner and Hansen, 2004; Kourtellos et al., 2016; Yu and Phillips, 2018). Condi-
tion 1.3 implies that the quantile function of g; is continuous and uniquely defined
for all i. Condition 1.4 adopts the widely used shrinking change size setup as in Bai
and Perron (1998) and Hansen (2000), under which 0= (B\T,;S\T)T is 4/n-consistent
and asymptotically normal under the null hypothesis of constant threshold in (3).
A more precise notation should be §, in our shrinking size setup, but we still use
8o for notational simplicity. Condition 1.5 is to avoid the threshold being close
to the boundary so that there are infinitely many observations on both sides of the
threshold. This is commonly assumed in both the structural break and the threshold
regression literature. Condition 1.6 requires the moment function to be smooth
so that D(-) and V(-) are well defined. These two functions are usually treated
as constant matrices in the structural break literature (e.g., Li and Miiller, 2009;
Elliott and Miiller, 2014). However, they can be any continuous matrix-valued
functions here. Condition 1.7 is a full-rank condition, and Condition 1.8 bounds
the conditional moments.

Under Condition 1, we first derive the weak limit of a partial sum process based
on the induced-order statistics.

LEMMA 1. Suppose Condition 1 holds. For G,(r) = n~"/2 3" x i, we have

i=1

En () = G (-) as n — oo under the null hypothesis in (3), where

r r min{r, ro}
G(r) =d/ Vi)' 2awy (1) — (/ D(t)a’t) Dy — (/ ' D(t)dt) @5, (21
0 0 0

forr € [0,1], ®g and ®; are given in (6), and Wi(-) is the k x 1 vector standard
Wiener process defined on [0, 1].

In view of (21), we cannot directly use an(r) to construct our test statistic
because the nonlinear functions V (-) and D(-) are nuisance objects that complicate
the asymptotic analysis. Moreover, the process W; (-) and the normal variables
@y and ®; are correlated since they both depend on the limit of the summation
of x;u;. The exact correlation structure also involves D (-) and V (-) and hence
can be complicated in general. Fortunately, the transformation (10) eliminates the
effect of V (-) and D (-), and the self-normalization in (13) eliminates ®4 and ®;
asymptotically under the null hypothesis. Then the test statistic (14) only involves
the modified process G (-) and becomes pivotal. We proceed to obtain its feasible
sample analog and study its asymptotic properties. To this end, we first estimate
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D(r) and V (r) as (e.g., Yang, 1985)

~ 1 « (i/n)—r
D(r) = n_bnigl:K(b—n)x[i]xE;]’ (22)
1 & @i/n)—r -

for some kernel function K(-) and some bandwidth b,, where Uj;) denotes the
reordered regression residual u; = y; —x] B — x; §1[g; < ] under the null hypoth-
esis. Given (22) and (23), the functions in (9) are estimated by

=t LXJ: ! and $(r) = o) (24)
T & DG VamDam S TR

Under the following conditions, we can verify that all these kernel estimators
are uniformly consistent. Note that these conditions are standard in the kernel
regression literature (e.g., Li and Racine, 2007), where the last rate restriction in
Condition 2.2 is from Yang (1981, Cor. 1).

ConbDITION 2. 1. K(-) is Lipschitz continuous, continuously differentiable with
bounded derivative, and symmetric around zero, which satisfies f K(t)dt=1,
JiK@®)dt =0, 0 < [£PK@Bdt < 00, lime[t|K(1) = 0, and lim,_, 1>
(0K (t)/0t) = 0.

2. b, — 0, nb,/logn — oo, and n'*b, — oo as n — oo.

The sample analog of G, (s) in (10) is then given as

ey
~ 1 [l ~
Gr9)=—= Y VREA=EV6/mVTD /m) i, (25)

i=ltn]+1
where 2V (i/n) = (vTD (i/n)~' V (i/n) D (i/n) " vi (1 — 1)} ™', and 3~ (-) is com-

puted as the numerical inverse of g(-). The following lemma establishes that Q\n )
weakly converges to the simple limit expression as in (8).

LEMMA 2. Suppose Conditions 1 and 2 hold. Then, for any v satisfying viv = 1,
under the null hypothesis in (3),

(1) é(r), /\7(;"), ﬁ(r), and g (r) are uniformly consistenton r € [1,1 —1];
(i) G, (-) = G (-) as n — oo, where

G (5) =4 W1 (s) — svT  — min(s, g (ro) T ®5, (26)

for s € [0, 1] with leé =vh(1—1)Pg and Cbg' =Jh(l—1)%;5.
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Lemma 2 implies that @,(s) has a well-defined weak limit under the null
hypothesis. Similarly, the sample analog of G (s) in (12) is given by

-] 0 12570,

G 27
Gs,(s), otherwise, (27)

where 7= F,(7) =n"! Yo g <71,

—~ 1

G (5) = m{gnm Ognrm}

P _ 1

g2n<s>——m{(gn<1> G,(5)) - ()(gna) g,lm»}

By the continuous mapping theorem and the consistency of g(7) to g(ro), the Cbh

and dDh terms are canceled out asymptotically so that the weak limits of gln (s)
and g2n (s) are free of nuisance terms. By construction, each of them behaves as
the independent standard Brownian bridge defined on [0, 1] in the limit.

As in (14), we thus define the constant-threshold test statistic, or the CT test
statistic, as

o EGIIPN 2y | "
CT, = Gl Z Gr,(i/n)* + —EPn] Zi=L§(r)nJ+1

in a similar vein to Nyblom (1989) and Elliott and Miiller (2007). Theorem 1
establishes that CT, converges to the integral of the squared Brownian bridges
under the null hypothesis of a constant threshold but diverges under the alternative
hypothesis.’

Gi(i/m®  (28)

THEOREM 1. Suppose Conditions I and 2 hold. Then, as n — 00,
1
CT,, —4 / Bz (l‘)TBz (l)dt 29)
0

under the null hypothesis in (3), where B (t) is the 2 x 1 vector standard
Brownian bridge on [0, 1]. However, CT,, — o0 in probability under the alternative
hypothesis in (3), where yy; is i.i.d. and independent of (qi,xiT, u)T.

The limiting distribution of CT,, is pivotal under the null hypothesis of a constant
threshold. It does not depend on the choice of T and v as long as the latter satisfies
vTyv = 1. Therefore, we can easily simulate the critical values, which are covered by
Elliott and Miiller (2007) as the special case with k = 1. We reproduce the results
in Table 1 for reference. The test for (3) is then conducted as a one-sided test that
rejects the null hypothesis if CT,, is larger than the corresponding critical values.

SWe focus on the alternative model such that the threshold is exogenous. More precisely, yo; in (3) is i.i.d. and
independent of (qi,x;r, u;)T. Such an assumption does not change the null distribution of our test but substantially
simplifies the power analysis.
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TaBLE 1. Simulated critical values of the CT test

IF’(fOI By ()T By (t)dt >cv) 0800 0.850 0.900 0.925 0950 0.975 0.990

cv 0467 0527 0.600 0.666 0.745 0.888 1.067

Note: Entries are based on 50,000 replications and 5,000 step approximations to the continuous-time
process.

Unlike the conventional quasi-likelihood ratio tests in threshold regression
models, the CT test only requires estimating the threshold regression model (2)
under the null hypothesis of a constant threshold. It can reject the null hypothesis
when the classic threshold regression model is mis-specified and hence can be
seen as a specification test. When the CT test rejects the null hypothesis, we can
conduct some sequential testing or model selection analysis to search for more
flexible specifications as discussed in the Introduction.

We summarize the steps to implement the CT test as follows:

Step 1 Under the constant threshold regression model, obtain the profile least-
squares estimators 6 and 7.

Step 2 Foreach r € {/(\Lrn] +D/n, (ltn]+2) /n, ..., [(1 —7)n] /n}, obtaiB the
kernel estimators D(r) and V(r) as in (22) and (23), and the estimators £ (r),
2(r), and gV (r) as in ( 24). Obtain g~! (-) by numerically inverting g (-).

Step 3 Construct @\: (s) fors e {1/n,2/n,...,1} as (27).

Step 4 Compute the CT,, statistic in (28) and conduct a one-sided test using the
critical values from Table 1.

3.2. Local Power Analysis

Theorem 1 derives the consistency of the CT test. To examine its local power
properties, we now consider the local alternative model given as

yi = x] Bo+x78o11g: < yol +x7 {n™" e (g)} +us, 30)

where « (+) is some nonconstant k-dimensional bounded function that characterizes
the form of local deviation. Since « (-) is nonparametric in g;, (30) is very
general to cover many empirically relevant cases, including, for example, multiple
homogeneous thresholds (e.g., o (g;) = apl[g; < y1] for some y; # y and a
nonzero finite k X 1 vector &) and a single heterogeneous threshold (e.g., «(g;) =
ao1[g; < y;] for some random variable y; and a nonzero finite k x 1 vector o) as
we discussed in Section 2.1.

Though appearing differently, (30) is essentially equivalent to the local alter-
native of (3). Recall that the alternative hypothesis is P (yy; = ) < 1 for any
yo € I'. Hence, a genuine way of constructing the local alternative is to consider
P(yoi = y0) = 1 —n~¢, for some £ > 0. To this end, we let
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* , ith probability 1 —n~(1/2=€),
VO"_{yO with probability -0 @1)

Yo+ A;,  with probability n=(1/2=),
where A; is some random variable that describes the local deviation. We consider
A; > 0 without loss of generality. Now, define A}; =1 [Vo*i = yo] —(1—n1/279)
and 17, = 1[yg = o+ A;] —n~/>79, which yield that
g < yg] =1lgi < wol1[vg=w]+1lg < v+ A1 [yg =w+A]

=1lg <yl (1 —n" 9425 N +10g < yo+ AL (P79 +07)).

We assume A; is i.i.d. with the distribution function F and independent of
(qi,xiT,u,-)T as in Theorem 1. We allow A; to be a constant. Recall §o = con™¢
for nonzero cy.

Then, the threshold regression model with (31) can be rewritten as (30) in the
following way:

vi=x] Bo+x] 801 [q; < v5;] +u
=x] Bo+x]801[qi < yol +x330”_(]/2_6)1[y0 <4 =yt Al
+x7 80 {1la; < vl a7 +11gi < yo+ AALF+ui
=x! Bo+x]8o1[gi < yol +x] {n~ e (qi)} +uif,
where

a(q) =coE[1[yo < gi < yo+ Aillxi,gi = q] (32)

_ ) col=Falg—w0)), ifg>n
-1 0, otherwise

and
uf = ui+x7 8 {11g; < vl 27, +11gi < o+ AilA],)
+af Son™ V2 (Lo < g < o+ AT =E[Ly < ¢ < vo+ Al Ixigil}.

Note that E [u;" |, q,-] = 0 by construction and « (g) cannot be constant over g > y;.

The shrinking magnitude of the local deviation in (30) is of the order n~'/2,
with which the CT test has a nontrivial asymptotic power (cf. Elliott, Miiller, and
Watson, 2015). This local alternative is smaller in order than §; since §o = O(n™¢)
for some € € (0,1/2). Therefore, we can still obtain 7 — yy = O, (n~'7*) and
0—6)= O, (n~'?), where 6y = (8] ,]) 7. Furthermore, the kernel estimators are

still uniformly consistent on [z, 1 — t]. Theorem 2 derives the weak limit of CT,
under the local alternative model in (30).

THEOREM 2. Suppose the conditions in Theorem I hold. Then, under the local
alternative in (30),

1
CT, =4 f By (1) + ()T (Ba (1) + (1)) di.
0
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as n — 0o, where u(t) = (1 (1), u2 ()T with

_ 0] r
ni () = kA=) /g ‘Dv(S)dS—L O‘I/V(S)ds ,
g(}"()) T g(}"()) T
o= =D {/H w (s)ds—ifl_r\ll (s)ds}
=V T=g00) Uy et )y, VN

and W,(-) = gV (WTa (Q()).
The local deviation n~'/2a(-) introduces a potentially nonzero drift func-
tion w (-) to the standard Brownian bridge. For any given ¢ € (0, 1), the scaled
integrand (B, () + w ()T (B, (t) + n(¢))/(t(1 — £)) has a noncentral chi-square
distribution with two degrees of freedom and the noncentrality parameter given by
w@®T () /(1 —1)) (e.g., Andrews, 1993, p. 842). As long as «(-) is nonconstant
either before or after the first break, at least one component of x (-) is not uniformly
zero and then leads to a nontrivial local power.

Moreover, when « () is a k x 1 vector of constants, say «, we have W, (-) =
gV ()vTa and it is readily verified that . (f) = 0, for all ¢ € (0, 1). In fact, in view
of (32), a (+) can be a constant only when F, is the step function that jumps from
Zero to one at Yy, which corresponds to the null model. From this observation, we
can see that the CT test has a nontrivial asymptotic local power under (30) for any
nonconstant function « (+).

To better understand the drift function w (-), we illustrate the case with two
thresholds. Assume that the local alternative model has a second threshold y; < .
Accordingly, we let o (g;) = agl[g; < y;] with some nonzero vector «. Then,
U2 (2) is zero for t € [g(ry), 1). Denote y; = Q(ry) for some r; € [0,7). In this
case, we can show that the weak limit in (26) has an additional drift term,
~/h(1 =7)min{s, g(r1)}vTag. This nonzero drift term cannot be removed by the
standardization in (13), and thus we have

wn= /=D (min{r,gm)} iGY ) Ve
g(ro) g (ro)

over the region ¢ € (0,g(rp)) in the limit experiment, which yields nontrivial
powers. The optimal choice of v could be obtained by maximizing the local power
(cf. Andrews, 1993; Andrews and Ploberger, 1994). However, such a choice relies
on the unknown knowledge of oy and more importantly, the specification that
o (g;) = apl[g; < y1]. Therefore, the optimality under a general local alternative is
very challenging, which is beyond the scope of this paper. We leave this for future
research.
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4. MONTE CARLO EXPERIMENTS

This section examines the small sample performance of the CT test in (28). We
consider the following data generating processes (DGPs):

DGP-1y; = x| Bo+x!801[g; < O] +u;;
DGP-2 y; = x] Bo+x] 801 [q; < 01+ x] a(qi) + w;;
DGP-3 yi = )C;-rﬂ() +)CiT5() (1 [ql <0]+ 1 [ql > 0.5]) +u;,

where x; = (x1;,x2;)T € R? with the first element x;; = 1 and xy; is some scalar
random variable specified later. We set 8y = (, and consider 6y = i, for § €
{0.25,0.50,0.75,1.00}, where ¢, = (1,1)7. In DGP-2, we set « (q) = |q| (2.

These DGPs correspond to each of the following three different threshold
specifications: (i) one single threshold at zero; (ii) one first threshold at zero and an
additional drift function « (-); and (iii) two thresholds at 0 and 0.5. In particular,
DGP-1 corresponds to the null hypothesis of the homogeneous threshold in (3).
DGP-2 corresponds to an alternative model as in (30), and DGP-3 corresponds
to the alternative model discussed in the end of Section 3.2. We set T = 0.1 and
v=(v1,v2)T to be proportional to (1, 1/E [x3;])T with vTv = 1.° We use the rule-of-
thumb choice of the bandwidth b, = (1/12)"/? n~!/5 and the Gaussian kernel. Other
choices of bandwidth, kernel, and t are also implemented, which lead to negligible
changes. The sample sizes are n =500, 1,000, and 1, 500, and the significance level
is 5%. The results are based on 1,000 simulations.

For comparison, we also implement two existing methods. The first one is the
F(2|1) test proposed by Bai and Perron (1998), which is designed for testing one
against two structural breaks. Note that this test is developed for the time series
case with (piecewise) stationary data only, which corresponds to the case that
V(-) and D(-) are both constant matrices. To implement this test, one obtains
the sum of squared residuals SSR; and SSR,, which are from the change-point
regression models with one and two breaks, respectively. The test statistic is
then constructed as F,,(2|1) = n(SSR; — SSR;)/SSR;. We use their choice of the
parameter ¢ = 0.05n, which is the minimum number of observations between the
two breaks.

The second one is the model selection approach proposed by Gonzalo and
Pitarakis (2002). Specifically, Gonzalo and Pitarakis (2002) introduce the follow-
ing information criterion

IC, (m) = 10g SSRy, + L2 k(m + 1),
n

where m denotes the number of thresholds, SSR,, is the sum of squared residuals
from the regression with m thresholds, and ¢, is some tuning parameter that
satisfies ¢, — oo and ¢,/n — 0. The number of thresholds is determined by
minimizing IC, (m) over m. To compare with the aforementioned tests for (3), we

OResults with v = (0,1)T are very similar and hence omitted.
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TABLE 2. Rejection probabilities when ¢ and x are independent

DGP-1 DGP-2 DGP-3
8 n= 500 1,000 1,500 500 1,000 1,500 500 1,000 1,500
CT test
0.25 0.03 0.05 0.05 0.72 1.00 1.00 0.24 0.50 0.66
0.50 0.03 0.05 0.05 094 1.00 1.00 070 096 1.00
0.75 0.03 0.05 0.05 097 1.00 1.00 092 1.00 1.00
1.00 0.04 0.05 0.05 094 1.00 1.00 094 1.00 1.00
FQ2|1) test
0.25 0.01 0.01 0.01 1.00 1.00 1.00 0.15 0.50 0.76
0.50 0.01 0.01 0.01 1.00 1.00 1.00 086 1.00 1.00
0.75 0.01 0.01 0.02 1.00 1.00 1.00 1.00 1.00 1.00
1.00 0.00 0.01 0.01 1.00 1.00 1.00 1.00 1.00 1.00
BIC1
0.25 024 0.04 0.01 1.00 1.00 1.00 093 094 096
0.50 0.05 0.03 0.02 1.00 1.00 1.00 098 1.00 1.00
0.75 0.07 0.03 0.03 1.00 1.00 1.00 1.00 1.00 1.00
1.00 0.06 0.04 0.03 1.00 1.00 1.00 1.00 1.00 1.00
BIC3
0.25 097 0.74 034 1.00 1.00 1.00 1.00 1.00 1.00
0.50 0.04 0.00 0.00 1.00 1.00 1.00 1.00 1.00 1.00
0.75 0.00 0.00 0.00 099 1.00 1.00 1.00 1.00 1.00
1.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 1.00 1.00

Notes: Entries are rejection probabilities of the CT test, the F(2|1) test by Bai and Perron (1998), and
the model selection using the BIC by Gonzalo and Pitarakis (2002), based on 1,000 simulations. The
significance level is 5%. Data are generated from three DGPs with (g;, u;, x2;) ~ iidN (0,13).

count the mis-selection probability when m = 1 as the rejection probability. We
follow Gonzalo and Pitarakis (2002) to choose the Bayesian information criterion
(BIC) approach by setting ¢, = logn and 3logn, denoted by BIC1 and BIC3,
respectively, in Tables 2 and 3. The minimum number of observations between
the two thresholds is also chosen as 0.05x.

Table 2 reports the results under the ii.d. case with (gqi,u;,x2;) ~ N (0,13).
Several findings can be summarized as follows. First, since g; is independent
of other variables, re-ordering the data leads to the canonical structural break
model, in which time is deterministic. Thus, both the CT and the F(2|1) tests
should control size under the null hypothesis, as illustrated in the first three
columns. Second, the F(2|1) test is very conservative, whereas the CT test has

https://doi.org/10.1017/50266466622000512 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000512

TESTING FOR THRESHOLD HOMOGENEITY 625

TABLE 3. Rejection probabilities when ¢ and x are dependent

DGP-1 DGP-2 DGP-3
8 n= 500 1,000 1,500 500 1,000 1,500 500 1,000 1,500
CT test
0.25 0.03 0.03 0.04 0.25 0.50 0.80 0.09 0.12 023
0.50 0.04 0.03 0.05 035 0.74 093 0.28 0.53 0.69
0.75 0.04 0.05 0.05 0.50 0.83 097 0.50 0.81 095
1.00 0.05 0.04 0.04 0.56 0.85 096 0.72 097 1.00
FQ2|1) test
0.25 0.11 0.16 0.17 1.00 1.00 1.00 0.19 036 0.5
0.50 0.11 0.16 0.15 099 1.00 1.00 056 093 099
0.75 0.10 0.14 0.14 098 1.00 1.00 091 1.00 1.00
1.00 0.10 0.13 0.14 1.00  1.00 1.00 099 1.00 1.00
BIC1
0.25 0.61 043 032 1.00 1.00 1.00 090 0.89 0091
0.50 033 030 0.28 1.00 1.00 1.00 094 098 1.00
0.75 032 029 0.28 1.00 1.00 1.00 099 1.00 1.00
1.00 0.35 031 030 1.00 1.00 1.00 1.00 1.00 1.00
BIC3
0.25 099 096 0.86 090 1.00 1.00 1.00 1.00 1.00
0.50 0.59 0.07 0.00 0.69 1.00 1.00 1.00 098 0.98
0.75 0.02 0.00 0.00 0.55 099 1.00 098 0.99 1.00
1.00 0.00 0.00 0.00 0.61 1.00 1.00 099 1.00 1.00

Notes: Entries are rejection probabilities under the null hypothesis in (3) of the CT test, the F(2|1) test
by Bai and Perron (1998), the model selection using the BIC by Gonzalo and Pitarakis (2002). The
results are based on 1,000 simulations. The significance level is 5%. Data are generated from three
DGPs with g; ~ iidN (0, 1), x2lq; = g ~ iidN (0,1/(1 +¢%)), and u;|xz; = x ~ iidN (0, 1 +x2).

approximately the correct size. The middle three columns show the rejection
probabilities under the alternative model with an additional drift function ¢ (-). The
CT test and the F(2|1) test have similar powers. Third, the next three columns show
the powers under the alternative with two thresholds. This is the exact alternative
that the F(2|1) test is designed for, whereas our CT test still achieves comparable
powers. Fourth, the model selection based on BIC1 or BIC3 has good selection
probabilities. However, its performance is very sensitive to the choice of the tuning
parameter as we compare the results between BIC1 and BIC3. In particular, BIC3
uses a larger tuning parameter (i.e., heavier penalty) than BIC1, which leads to
substantially lower rejection probabilities. This feature is also seen in Table 3.
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In Table 3, we introduce some dependence between ¢; and x;, and conditional
heteroskedastic errors u;. In particular, we generate data from each DGP with
qi ~ iidN (0, 1), x2ilq; = q ~ iidN (0,1/(1 +¢*)), and u;|xp; = x ~ iid N (0, 1 +x?).
Several findings can be summarized as follows. First, as expected, the CT test is
the only one that satisfies the size constraint under the null hypothesis. It also
has nontrivial powers under the alternative models, especially when § and n are
large. Second, the F(2|1) test fails to control size since its asymptotic distribution is
contaminated by the rank-varying moments. Third, the mis-selection probabilities
from BIC1 are far from 5%. This issue can be alleviated by choosing a larger tuning
parameter as in BIC3, which again leads to severe under-rejections.

5. APPLICATION: TIPPING POINT AND SOCIAL SEGREGATION

Our motivating example is social segregation and the tipping point phenomenon.
Card et al. (2008) empirically examine the theory proposed by Schelling (1971)
that the white population substantially decreases once the minority share in a tract
exceeds a certain threshold, called the tipping point. In particular, they consider
the following threshold regression model:

yi = Bot +80111qi < yol +x] Boa + ui,

where, for tract i in a certain city, g; denotes the minority share in percentage
at the beginning of a certain decade, y; is the normalized white population
change in percentage within the decade, and x; includes six tract-level control
variables: unemployment rate, the logarithm of mean family income, the fractions
of single-unit, vacant, and renter-occupied housing units, and the fraction of public
transportation commuters. The data are collected from a variety of cities in three
periods: 1970-1980, 1980-1990, and 1990-2000. For most cities and all three
periods, they find that white population flows exhibit the tipping point behavior,
with the estimated tipping points yy ranging approximately from 5% to 20% across
cities.

We examine the hypothesis that the tipping point remains constant across
different tracts. Intuitively, such a null hypothesis can be easily rejected since some
social characteristics endogenously determine the tipping points. In particular,
Card et al. (2008) construct an index that measures white people’s attitude against
the minority and find that the level of the tipping point strongly depends on this
index. We want to formally test if the tipping point remains constant across tracts.

Table 4 shows the results of the CT test in (28) using the data in Chicago, Los
Angeles, New York City, and Washington D.C. in the decade 1980-1990. We
choose the rule-of-thumb bandwidth b, = (1/12)!/?n='/5 and v = 0.1 as in the
Monte Carlo experiments. We set v = (1,0, ...,0)7T since only the constant term
involves a coefficient change. We also follow Card et al. (2008) to use the tracts in
which the initial minority share is between 5% and 60%. The small p-values of CT
suggest that a single constant threshold is insufficient for fully capturing the social
segregation behavior. Data from other cities and decades lead to similar results,
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TABLE 4. Tipping point estimation and testing results
(1980-1990)

City n 2 CT p-value
Chicago 688 6.94 0.000
Los Angeles 1,263 17.47 0.000
New York 315 16.08 0.000
Washington D.C. 719 15.54 0.000

Notes: Entries are sample sizes (n), the constant tipping point estimation
(¥), and the p-values of the CT test. Data are available from Card et al.
(2008).

which are, hence, not reported. These results suggest that we need to use a more
flexible form of threshold in the tipping point analysis.

6. CONCLUSION

This paper recasts the cross-sectional threshold problem into the time series
structural break problem. Under this new framework, we develop a test for
homogeneity of the threshold parameter as empirically motivated by the tipping
point problem.

Although we focus on the threshold homogeneity test in this paper, we can
apply the novel transformation idea to develop other tests. First, our transformation
allows us to convert other inference methods developed in the structural break
models into the threshold model setup, including inference about y; (e.g., Elliott
et al., 2015), §y (e.g., Andrews and Ploberger, 1994), and Sy (e.g., Elliott and
Miiller, 2014). The inference on &y covers the test for threshold effect. Second,
although we do not allow for endogeneity in this paper, the partial sum process
and our test can still be constructed even when the model involves endogeneity as
long as the parameters can be consistently estimated using instruments. We leave
these questions for future research.

APPENDIX: Proofs

Throughout the proofs, we define rg and 7 as rg = F(yp) and 7 = Fy (¥), or equivalently
yo = Q(rg) and ¥ = Qn (). We let C denote a generic constant and denote hy = h(1 — 1)
and h; = h(1 —1).

A.1. Proof of the Results in Section 2
We first prove (11).

LEMMA A.1. Under Condition 1, (11) holds for s € [0,1] as n — oo.
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Proof of Lemma A.1. We first decompose (10) into

Gn ()

IZ Wil [0(r) = g; = 0™ ()]

- —Z. T 1000 < a5 = 0™ (51| (VA — o) +1[a; = 0(r0)] VB~ 80))

3 w0 =i = 06 0] {1l = 71~ 1{as = Q)] VS

(A.D)

We can verify (11) from the limits of the first two terms, which can be obtained from, as
n— oo,

Ga (9) = Z wlxiul [0(0) < 4= 06~ ()] = Wi ().,

G = -3 Wl do1 [00) = gi = 0™ (51| = svTdgnt?

uniformly over s € [0, 1] for any bounded & x 1 vector djy and by the continuous mapping
theorem. For G, 4 (), since it converges to a Gaussian process as in Lemma A.4 of Hansen
(2000), it suffices to show that, for any s < s’, the covariance kernel is given as

Cov [gnA (5),Gna (S/)]
=E[(w]xu)’ 1[0 =4 = 067 )]

“1(s) TD(F(g;))~! 2D(F Iy
_ /g s hoE vID (F(g;)~ xlx u:D (F(g;)™
T

| (yTDE@) TV (F @) DF@) T vhe

“1(s) D! -1
=/g hew| 2O VOPOY Y 66y |ar
T (\;TD(r)_IV(;’)D(}’)_1 Vhr)

L(s) 1 0! )
:/ 1 T dr:/ g( )(r)drzs.
T vIDW) VD) vk, T

For G, (s), for any s € [0, 1], we have

3 F(g)=r|dr

ElGus ()] = E[wlxixl do1[ (1) < g; = 06~ )]

g\ TD(F ()" xixTd
=hl/2/ E v _1( (9i))™ " xix; do - Fg=r|dr
T vID(F(g:)~" V (F(g))D(F(gi))™" vhe
O] 1
=hl/2de0/ - ——dr=svTdohy/”.
T vID(r)" ' V(r)D(r)~ " vhe

Then, the pointwise convergence holds under the standard law of large numbers (LLN) and
the uniform convergence follows similarly from the proof of Lemma 1 in Hansen (1996).
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It remains to show that the last term in (A.1) is asymptotically negligible, which we
denote by Yy, (s). Suppose ¥ > yp. Then, we have

[Tu(s)l < sup

re[r,1—1]

)

v

1 n T —
=Y ] (g = 71-1lg: < wl}

1= D™

for any s € [0, 1], where 1 [Q(r) <gi<0(g! (s))] < 1. Thus,

)

1 ~
ITa(s)l < CHZZLWJ [1lg; =71-1[q; < Vo]|H [ /3

for some 0 < C < 00, because sup,¢(; 1—¢] lIvVA(1 = r)g(l)(r)D(r)_1 v|| < oo by Condi-
tion 1.6. Note that the bound does not depend on s. By Lemma A.12 in Hansen (2000) and
Condition 1.4, we have that ||/nd]| < [|/n(8 — 80)I| + [1vV/ndol] = Op(1) + Op(n!/2~€)
with € € (0,1/2). Let Eg,, be the event that ||\/ﬁ'6\|| < C(gnl/z_e, for some 0 < Cg < o0,
and then P (E§, ) < &, for any & > 0, if n is sufficiently large. Now, let Ey,,; be the event

—l+2e 0+ Cyn_1+2€), for some 0 < C), < 00. Lemma A.9 in Hansen

that y € (yo — Cyn
(2000) yields that P <E§,n) < ¢, for any ¢ > 0, if n is sufficiently large. Then, for any n > 0

and any ¢ > 0, if n is sufficiently large,

IP’( sup |T,,(s)|>n> (A2)

se[r,1—1]

< ]P’({ sup | Tn(s)] > n} ﬂEynﬂE3n> +P(E5, ) +P(ES,)

se[tr,1—1]

<n e PR [|xia] [11gi < P1-1[g; < v0]|1[Eyn]|] +2¢

<n~'Cn'27¢ | sup E[xix] 1g; = q]

geR
< n—lc/n—1/2+é 426
<3e,

[P =< yo+Cyn™'%2) —P(g; < yo)| + 26

for some 0 < C’ < oco. Note that the second inequality is by Markov’s inequality; the
fourth inequality is by Conditions 1.6, 1.8, and |P(g; < yp + Cyn7]+2€) —P(g; < yp)| =
IF(yo+ Cyn™142€) — F(y)| < f (y) Cyn™12¢ = O™ 1+2¢) for some yx € (yo,70 +
Cy n~1+2€) where F(-) is continuous and f (yx) < oo by Condition 1.3. The argument for
y < yp is identical, and hence we have SUPserr, 1—7] | Yn(s)| = 0p(1). The desired result
follows. u

We establish the convergence of the key partial sum processes in Section 2.3.

LemMMA A.2. Suppose Condition 1 holds. Then, as n — oo,

1 Lrn] o r 172
ﬁzi:lx[,]u[l]: /O v/ 2awy (o), (A3)
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forre[0,1], and
1 Lrn) T r
i S /0 b@ar

where Wi(-) is the k x 1 vector standard Wiener process defined on [0, 1].

sup
rel0,1]

—,0, (A4)

Proof of Lemma A.2.  We prove the first result (A.3) using Theorem 2 in Bhattacharya
(1974). By the Cramér—Wold device, it suffices to show that, for any £ x 1 nonzero vector v,

| Lml
ZvTx[, ugi) = / GV 2aw, ). (A.5)

Note that vTx[;ju;) is a scalar random variable and is the induced-order statistics of vTx;u;
associated with ¢;. We now check Conditions 1-3 in Bhattacharya (1974). Condition 1
requires ¢; to be continuous, which is implied by our Condition 1.3. For Condition 2, our
Conditions 1.2 and 1.8 imply that E[vTx;u;|g;] = 0 almost surely and

sup B[ (+Txiuy)*g; = ] = € sup B[ a1 g7 = g ] < oo.
qeR qeR

Condition 3 is directly implied by our Condition 1.6. In particular, the continuous differen-
tiability of V(-) implies that the function vT V(-)v is of bounded variation. Define

oy (r) = /rvTV(t)vdt.
0

By Theorem 2 in Bhattacharya (1974), we have

_ L] Py
D)2 Vg = W : A6
(ndy (1)) iy Vi = Wi sv(D) (A.6)
Then, (A.5) follows from the continuous mapping theorem and the fact that

v (2w, (¢V(’)) — f "ov )\ 2aw, (0.
o)

For the second result (A.4), we let§; = vTx,-xlT v and denote &[;) as the induced-order statistics
of &; associated with g[;}. Define the processes

Flo
$up(r) = / El&|g; = qldFa(q),
—00
where Fn(-) is the empirical distribution of ¢;, and

F~i(r)
() = / El£ilq; = qldF(g).
—00

Conditions 1.6 and 1.8 imply that SUPyeR E[&lg; = q] < oo and E[£;]g; = ¢] is of bounded
variation. Therefore, sup,¢(o, 1]1¢np (r) — ép(r)| — 0 almost surely by integration by parts
and application of the Glivenko—Cantelli theorem (e.g., Lemma 2 in Bhattacharya (1974)).

By the triangular inequality, it suffices to show sup,¢g 1 [n—1 ZLmJ — ()| —p 0
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which is done in a way analogous to (A.6) (e.g., page 1038 in Bhattacharya (1974)). The
desired result follows by the Cramér—Wold device. |

We now show the equivalence results in (15) and (16) in the following lemma, where
w2 gy = n VY a1 (q) < 1 = 0 V2 xud (B (g) <
rl=n"1/2 Yo xuidlg < On(r)]and similarly n~! ZL_I XT ,]x[l] =n~1 Z,'zlxixiTl[(Ji <

On (M.
LEMMA A.3. Under Condition 1,
b JZ, i {10g; < On(M] —1lg; < Q (N1} H—op(l) (A7)
1 n
sup |~ i) {1 ql<Qn<r>]—1[ql<Q<r)]}H=op(1), (A.8)
ref[0, 1] 1 ==

where Q(-) and @n () are quantile and empirical quantile functions of q;, respectively.

Proof of Lemma A.3.  For the first result, we let J,,(y) =n~ /23" i=1 xiuil[g; <yl
Lemma A.4 in Hansen (2000) yields that J,(y) = J (y), where J (-) is a mean-zero
Gaussian process indexed by y € R with almost surely continuous sample paths. Using the
change of variables with y = Q (r) and the fact that SUP,¢[n, 17 @n =0 =o0p(1)
for any constant 1 € (0, 1/2) by the Glivenko—Cantelli theorem, we obtain that

sup  [[Jn(@n () = Jn(Q()) | = 0p (1).
refn, 1-nl
For (A.7), therefore, it is sufficient to show that, for any ¢ > 0, we can pick 7 such that for
a sufficiently large n,

re[0,]

]P’( sup |‘Jn(’Q\,1(r))|’ > 8) <¢ and IP’( sup ||[Jn Q)| > 8) <e, (A9)
rel0,n]

and the same results for r € [1 —n, 1]. To establish the first one in (A.9), we use (A.3) to
obtain that

In©@n(r) = IZ [l < rl = IZLMJ = / V) Paw; o,

>8),

as n — oo. However, since the process Jp (r) = for V(t)l/ dek (#) indexed by r satisfies
Jp (0) = 0 almost surely and has an almost surely continuous sample path, the above
probability can be smaller than ¢ if 7 is sufficiently small. The second one in (A.9) can
be similarly shown since J,,(Q(r)) = J (Q(r)) by Lemma A.4 in Hansen (2000), where
J (Q(0)) = 0 almost surely and has an almost surely continuous sample path as well. The
same results as (A.9) can be shown for r € [1 —n, 1] symmetrically and hence omitted.
Therefore, (A.7) is established.

for r € [0, 1], and hence

P( sup [ Jn(@n()] > s) - n»( sup
ref0,n]

rel0,7n]

/ ' Ve 2awy (1)
0
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For (A.8), note that n~! " — 1 XiX; Mig; <] —p M(y) uniformly in y € R by Lemma 1
of Hansen (1996), where ./\/l(y) is continuous in y. The desired result can be shown by a
similar argument as in (A.7) using (A.4). |

A.2. Proofs of the Results in Section 3
Proof of Lemma A.1. Note that

G (1) = [ZL’"J 14
T (VA — o)+ 1) = rolVAG - 50))
p il
1 7 —~ ~
- fZL nJX[i]X[T,»] {1[F(qpi) < ro] = UFn(qp)) < rol}v/n(6—80)

S Ty (1 <71 - 1[F g < o]} VS
= Gt ()~ G2 () = Gy () — G (1),

where the continuous mapping theorem yields

Gl (r) = f Vo Paw o),
0

r min{r, ro}
Gpp ()= (/ D(t)dt> <I>,3—(/ D(t)dt) ;s
0 0

from Lemma A.2 and (6), since I[Fn(q[i]) < rg] = 1[i/n < rg]. For the third term,
sup,.¢o, 17 11Gn3 (NIl = 0p(1) by (A.8) in Lemma A.3. Finally, for the last term,

1
1Gaa ()] < H;Z? T |1l = 71-1]g |H VA

for any r € [0, 1], where the inequality is because the summands are nonnegative. Note that
the bound does not depend on r. By Lemma A.12 in Hansen (2000) and Condition 1.4, we
have that ||/718]] < [|v/(8 — 80)I| + |[v/n80l] = Op(1) + Op(n'/2€) with € € (0,1/2). Let
Esp, be the event that ||/nd]| < Csn!'/2~€ for some 0 < Cs < 0o and then P (E5,) < ¢ for
any € > 0 if n is sufficiently large. Let E),;, be the event that ¥ € (yp — Cyn_1+2€,yo +
Cyn_l"'ze), for some 0 < C), < 0o. Then, using the same argument in (A.2), for any > 0
and any ¢ > 0, if n is sufficiently large,

P( sup [|Gna (Nl > 77)

€[0,1]
flP’({ sup [|Gpa (1)1l > 17} ﬂEynmESn) +P(Eg,) +P(E5,)
rel0,1]
< n_1Cn1/2_€E[“xiX,T |1[(1i <y1- l[qi = V0]| 1 [EV"] ”] +2¢
< nflc/n7]/2+e+2€
<3e,
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for some 0 < C,C’ < oo, where the second inequality is by Markov’s inequality and by
Condition 1.4 with € € (0,1/2); the third inequality is by Conditions 1.3, 1 .6, and 1.8.

Hence,

sup [|Gua (Nl = 0p(1), (A.10)
rel0,1]
and the desired result follows. |

LEMMA A 4. Let
1 n
Vo r) = - Zx[i]xiri]u[zi]Ki r),
i=1

where Ki(r) = b;lK((i/n —1)/bp). Under Conditions I and 2,8Up,¢[¢ 1—¢] ||\7(r) —
VO 11 =o0p (D).

Proof of Lemmg A.4. For expositional simplicity, we only present the case with scalar
Xi. As T = ui — x; (B — o) —xi(8 — 80)1 [qi < vo] —x;8 (11gi < 71—1[g; < y0]), we have

Vin-V0m|=

ZX gy +upiy) (g — upy) Ki () (A.11)

X3 @+ up) (B — Bo)Ki (r)

i=1

3 @+ 1) 8 —80)1 g < vo] K (V)‘

1 n N N
=3 b @) 5 (Llgr = 71 - 1[ai < )} Ki ()
i=1

= Vip(r) + Von(r) + V3 (r).
Let Ep, be the event that 9= (ET,XT)T € B,-12(6p) and Ey, the event that ¥ €
B c,—1+2¢ (o) for some 0 < C < oo, where B;(x) denotes a generic open ball centered at x

with radius 7. Lemmas A.9 and A.12 in Hansen (2000) imply IF’(E‘ ) <eand IP( yn> <e
for any ¢ > 0 if C and n are large enough. Then, for any 1 > 0,

P( sup |V1n(r)|>77)
re[r,1—r]

< ]P({ sup  |Vi, ()] > n} ﬂEynﬂEgn> —HP(E;nUEgn)
[

elr,1—1]

§n_1 max sup K; (r)xIE[
I=iz<nyefo,1]

X3 @t +up) (B — ﬂo)‘ |E9n] +2e

<77 ! max sup K;(r)x [2E[‘x?ui(/§—ﬁo)‘|E0n]+E[

I<i<nrefo,1)

x?(ﬁ— /30)2‘ |E0n]
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+E|

$1{ai = 9] 6= 80)B - $o)? | IEan]
xI5B—Bo) (g <71-1[g; < Vo])‘ |Eyn D E@n]] +2e

§Cn_1n_1/2b;1(2E[ ]+E[ ])+2a

for sufficiently large n, where the second inequality is from Markov’s inequality; the
third inequality follows from the triangular inequality; the fourth inequality follows from
Condition 2.1 and the fact that 1[-] < 1; and the last inequality follows from Conditions 1.8
and 2.2. For V7, (r) and V3, (r), the same argument yields that sup,.¢[r, 1—¢] V2, (r)| = 0p(1)
and sup,.¢r,1—7]1V3u(N| = 0p(1) as well because 8 = Op(n~€) =0p(1). Hence, the desired
result follows. |

+E|

4
X

3
X7 uj

<3e

LEMMA A.S. Suppose Conditions 1 and 2 hold. Then, uniler the null hypothesis
in (3), supyeir, 1) ID() = DM = 0p (1, UPrer, 1—r) IV () = VD) I| = 0, (D),
SUPr¢(z, 1—7] 11(r) = h(r)| = 0p (1), and sup,¢(¢ 1 ¢ [8(r) — g =op (1.

Proof of Lemma A.5. We first prove the uniform consistency of V (r), and the
uniform consistency of D (r) follows in the same way. By Lemma A .4, it suffices to show
SUPre[z, 1—1] ||‘70 (r) = V() |l = op(1). For expositional simplicity, we only present the
case with scalar x;. Denote f,, as the density of v; = F(g;) and f 4 v as the joint density
of (xj,u;,v;). Note that

Vir)=E [xl-zuizIF(qi) = r] = 7 1") //x2u2fx,u’v(x, u, rydxdu,

where f,,(r) = 1 since v; is standard uniform.
The triangular inequality yields

VO —EVO (1|,

sup
re(r,1—1]

Vo -ve|= s

re(r,1—1]

E[VO (r)] — V(r)’ + sup

refr,1—1]

where the first item is 0p (1) as established in equations (12) and (13) and Lemma 1 in Yang
(1981). For the second term, let k, be some large truncation parameter to be chosen later,
satisfying k;, — 0o as n — oo. Define

~ I
V0 = D K () 1y < sl

The triangular inequality gives that, for any n > 0,

P sup >n| <P sup
re[t,1—1] re[t,1—r1]

—HP( sup

Vo) —E[VO(n)] VO V<)

> /3) (A.12)

re[r,1—1]

ELVO ()]~ B[V (]| > n/3)

relr, 1—1]

—HF’( sup |‘7K(r)—IE[‘7K(")]|>77/3)

=Pp1 +Ppp+ Pp3.
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For Py, since sup,¢[¢, 1—7] 1Ki(r)| < b,lel, for some 0 < C| < oo, from Condition 2.1,
we have

E sup
refr,1—1]

PO — vx(r)ﬂda[nb PR A A >xn]] (A.13)

< b;lkn_lCl suﬂ%E [x?uﬂq,- = q]
qe

<Ciby '

where we use Condition 1.8 and the fact that

/| LR / \al? Fa(da) < "E[A%]
al|>kp

lal>kp

for a generic random variable A ~ F4. Therefore, P,1 < 3C;/(nbnk,) by Markov’s
inequality. Similarly,

sup

EVO ()]~ B[V (]| < by ' €1 sup B [sdutlas = ] < oty !
re[r,1—1]

geR

and hence P,p < 3Ci/(nbuky) as well. For P,3, Lemma A.6 verifies that P,3 <
(17/3)_1C(logn/(nbn))l/2 for some 0 < C < oo. Therefore, if we choose «; such
that k, = 0((b,,10gn/n)7]/2), we have both P,; and P,y are also bounded by
(n/3)_1C(logn/ (nbn))l/z. A possible choice of «; is k, = 0(n4/5) or larger when
bp=0 (rfl/ 3 ) By combining these results, it follows that

_9C (1 172
P sup > (ﬂ) — 0,
refr, 1—1] n \ nbp
as n — oo, where logn/ (nby) - 0 from Condition 2.2.
The uniform consistency of A(r) readily follows since

VO(r) —E[VO(r)]

Lrn] =R r 2
—~ 1 D D
) — h(r) = . Z A(l/n) _/; () dr

i=lenj+1 VM Vo
Lrn] =~ .. 2 2 L] 9 . 5
Ly {Q(z(n) Dvo/n) }+ 5 lz/(z./n) _/ Dv(z) i
" imloni LV G/ (i/n) o VM e Vo

where the first term is uniformly op(1) by the uniform consistency of f)(-) and \7(~);
the second term is o(1) from the standard Riemann integral, which is guaranteed by
Condition 1.6. The uniform convergence of g(r) follows from that of/ﬁ(r) and the continuous
mapping theorem. |

LEMMA A.6. Under the same condition as in Lemma A.S5, for any n > 0, Pp3 in (A.12)
satisfies that P,3 < (n/3)_lC(logn/(nbn))l/2, for some 0 < C < oo.

Proof of Lemma A.6.  Since [t,1— t] is compact, we can find mj, intervals centered
atry, ..., rm, withlength Cg/my, that cover [t, 1 — 7] for some Cg € (0, 00). We denote these
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intervals by Z;, for j = 1, ...,my, and choose m, later. The triangular inequality yields

sup V¥ (1) —EBIV* (0]] < T, +T5, +T5,,

refr, 1—1]

where

T = s, sup [V =7 ()]

5, = max sup |[E[VX ()] —E[V* ()1,
1_]<mnreI

7, = max [7¥ ) ~EI7¥ ()]

We first bound T’3(n. Let

Zg’i(r) —— {x%i]u[zi]Ki (r) l[x[zi]u[zi] <ku]l—E I:x[zi]u[zi]Ki (r) l[x[zi]u[zi] < Kn]]} s
and then

VEO—EVE (1= 78,0,

Recall that «; is some large truncation parameter satisfying K,, —> o0 as n — 00. Note
that, similarly to the one in (A.13), SUP,c[r, 1—7]% [ [l]K (r)l[x[l] . < ky]is bounded by

sznbn for some constant Cp € (0,00) and hence |Z§ ,-(")| < 2C2Kn/(l’lbn), for all i =
1,....n. Define ¥, = (nbylogn)'/? /. Then, Yy|Z¥ (r)| < 2C;(logn/(nby))1/? < 1/2

for all i when 7 is sufficiently large. Using the inequality exp(x) < 1 +x+x% for |x| <1/2,
we have exp(¥n|Z; (D)) < 1+ ynlZy, () + V7 1Z5 (). Hence,

E[exp(yn ZZ,’(")

1= 1+v2E[,02] < exp (VIE[ 25 ,00?)]), (A.14)

since IE[ZK ;(N]1=0and 1 4+x < exp(x), for x > 0. By Markov’s inequality, P(X > ¢) <

IE[exp(Xa)] / exp(ac) holds for any nonnegative random variable X and positive constants a
and c. Then, we have, for some constant 7, to be specified later,

P (|VE (1) —E[VE (D] > 1) =B (VE (1) = E[V* ()] > 1) + P (= V< () +E[V ()] > 1)

E [exp (wnzn IZ,’j l(r))} +E [exp <—1//,,Zn IZZ l(r))]
exp(¥nnn)
= 2exp(—yumexp (V2 Y, E[@5,00)?))

= 2exp(— ) exp (V2 3k (nby) )

for some sequence 1, — 0 as n — 0o, where the second inequality is by (A.14) and the last
inequality is from

n K 2 -2 n 4 4 2 2 2 1
S E[@E 0] =n Y B[l kR 1y < ] < Cad b~
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for some C3 € (0,00). This bound is independent of r given Condition 1.8, and hence it is
also the uniform bound, i.e.,

sup (V) =BV 01| = ) = 2ex0 (Vi +V3Cox/ b)) (A1)

relr, 1—1]

Now, given kj, we need to choose 1, — 0 as fast as possible, and at the same time we
let ¥, ny — o0 at a rate that ensures (A.15) is summable. This is done by choosing v, =
(nby, logn)l/z//cn and n, = C* 1//,;1 logn = C*ky,((logn)/ (nbn))l/2 for some finite constant
C*. This choice yields

—Ynnn+ Y2 Cak2 | (nby) = —C*logn+ C3logn = —(C* — C3)logn.

Therefore, by substituting this into (A.15), we have

P(T5, > m) =P<]513X V< () =BV (1] > nn)

~ m,
smn_sup (V) =BV Ol > m) <2
s€[r,1—1] 4

. oo .
Now, we can choose C* sufficiently large so that Zn_lP (T’3‘n > nn) is summable, from
which we have

Té(n = Og.s.(n) = Oa.s. ((logn/(nbn))l/z)

by the Borel-Cantelli lemma.
For T{ - 1T nis sufficiently large,

~ ~ 1
E|VE(r) -V (rj)|=E [ ;Z?:lx[zi]u[zi] (Ki () —Ki(ry)) l[x[zi]u%i] < Kkn]

<Cs(1-27)kpn/ (mnb%)

]

for some constant C4 < oo given r € Z;. This bound does not depend on j and hence TlKn =

]

which does not depend on j, and hence it gives the uniform bound Tfn = O(kp/ (mnb%>)

Og.s.(kn/ (m,,bf,)), The same argument yields that

[E[V* ()] —E[V* (r))]] < E[

1 7
;Zl x[z]“[z (Ki () — (r]))l['x[l [i] < Knl

< C4(1 =200k (mab})

as well. Therefore, by choosing my, = (lognb; /n)~'/?k,, we have that Ty, and Ty are

both the order of ((logn)/(nbn))l/2. By combining these results, it follows that P,3 <
(n/3)~'C(ogn)/ (nbn))!/? for some C € (0,00) by Markov’s inequality. [ ]

LEMMA A.7. Suppose Conditions 1 and 2 hold. For
~ 1 lg~ (s)nJ /2 (1) T
G (5)= =D i eyt 8 G/mVTDG/m) ™ xily,

we have 5,,(-) = G(-) as n — o0 under the null hypothesis in (3).
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Proof of Lemma A.7. We let n(-) = hl/2 (1)(-)vTD(~)*1. Similarly to the one in
Lemma 1, we decompose

~ 1 “L(s)n .
Gn(s) = EZL“” iy (A.16)

i=|tn]+1

1 “Lon ~
- ZZ.Lg © J7T(i/'l)x[i]x[T,-]«/71(}3 — Bo)

i=|tn|+1

1
O Pt < ro VG~ 30

- —Zl LT(])H:T(i/n)xmx[T,-] (1[F (g < r0] — 1Fn(qpp) < rol} +/a( — b0)

1 RO ~
- ;ZLg © Jn(z‘/n)yc[,‘]x{,.] {1Fu(qp <71-1[F(gp) < ro]} v/nd

i=|tn]+1
= A1, (5) — A2 () — A3 (5) — Agn(s) — Asy (s).

First, we derive the limit of Ay, (s) by applying Corollary 29.14 in Davidson (1994).”
To this end, we let U, ; = hl/2 _l/zg(l)(l/n)vTD (z/n)_ [ijugi] and q {qi};’zl, and
check Condition 29.6(a)—(f) in the corollary. Condition (a) is satisfied since IE[U,,,,-] =
IE[]E[U,,‘,-|T])]] = 0 given our Conditions 1.1 and 1.2. Condition (b) is implied by our
Conditions 1.6 and 1.8 by setting ¢, ; = 1 in the corollary as seen by

1/2
h _
sup || Un,,~||4 <—=— sup HVTD(r) 1‘4 sup g(l)(r)
i/ne[tr,1—1] «/’7‘ re[t,1—1] re[t,1—1]
1/4
X (sup]E[IIxil,t,-H4 lgi = q]) < 00,
qeR

where [|-||,, denotes the LP-norm. Condition (c) is implied by the fact that {Un,i};;] is a
martingale difference array (see, e.g., Lemma 3.2 of Bhattacharya (1984)). Thus, the near-
epoch dependence (NED) condition is satisfied. Condition (d) holds by setting ¢, ; = 1

and K, (t) = Lg_l(t)nJ, and from the fact that g_1 (-) is continuously differentiable.
Condition (e) is satisfied by setting c,, ; = 1 since {U),, i}?:] is independent conditional q(”)

almost surely (see, e.g., Lemma 3.1 of Bhattacharya (1984)). To satisfy Condition ('), our
Condition 1.6 and Taylor expansion of V(-) at - yleld that

E [y | =B [E [ 10 = aua
=E[V(F(q1))]

=V(i/n)+E[3‘;(tli)( (at) - l/n)]

—V(i/m)+0 (n_l/ 2) , (A.17)

"Note that we cannot directly apply Theorem 2 in Bhattacharya (1974) to derive the limit of Ay, (s) as
in the proof of Theorem 1. This is because the pre-ordered version of {g(l)(i/n)v"'D(i/n)*]x[,-]u[,-]}?:1 is
gV R;i/n)vTD(R;/n)~! xjui}i_;, which is no longer i.i.d. given the rank statistics R;.
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where #; is between i/n = Fn (g(i)) and F(gy;)) in the third equality. The last equality follows

from
av(t) ~
sup E[ 3 ! (F(Q[i])—Fn(tJ[i]))]H
i/nelr,1-1] t
A% -~
< sup 0 E sup ‘F(t) —Fn(t)|
refr, 1-7]1l 97 telr, 1—1]

=0<n_1/2>,

which is from Donsker’s theorem and Condition 1.6. Then, we obtain that

2
Kn(s)
E|:<Zi=|_rnj+lU"’i> }
_ K,,(S) 2
=E [Zi:LrnJ+lUnsi:|

h g’l(s)n . 2 . B ) _
= ITZLL”,J_,’_J] (8(1)(1/")) vID (i/n) 1E[x[,-]xg;]u[2i]]D(z/n) Ly

he g7 o N2 Ty =1y - -
ZIZEWH{ (g(])(l/n)) vID(i/m) " Vi/mD Gi/m) " v+ 0™ ?)

0!
= by /g ’ (g“>(z))2vTD(t)—1V(z)D(z)—lvdr

PO
= / g(l)(t)dt =y,
¢~ 1(0)

where the first equality is from the fact that (U, ;}}!_, is a martingale difference array; the
third equality is by (A.17); the second expression from the bottom is by Riemann integral
as n — 00; and the last expression is by the definition of g(l) (-) and g_1 (0) = t. Therefore,

. L Ky, (5) )
Davidson (1994, Cor. 29.14) implies that Ay, (s) = Zi— len) 41 U, ;= Wi(s),fors € [0,1].

For Ay,,(s) and A3, (s), we apply Lemma A.2, Lemma A.12 in Hansen (2000), and the
continuous mapping theorem to obtain that

1 S
dDnTp@~! D(t)dt) Dpht/? = svTdghy/?

g (s
Any () =p /
" g0

and

min(g~ ! (s), 70)
A3p(5) =) (/ D™D D) dt) ®sht/* = min{s, g (ro) T dsht/>.
8

~10

For Ay, (s), since g_1 (1) =1—1, we have

L(A=7)n]
i=|tn|+1

s

1
A () < sup [0 “;Z

re[r, 1—1]

xix] {1[F(gi) < ro] —1[Fy(g) < rol} H [ /n(5 —80)

and hence SUPge[o, 1] |A4,(s)] = 0p(1) by (A.8) in Lemma A.3.

https://doi.org/10.1017/50266466622000512 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000512

640 YOONSEOK LEE AND YULONG WANG

Finally, for As,(s), let Eg, be the event that ||\/ﬁ§|| < Cs for some 0 < Cs < 0o and

E,;, be the event that ¥ € (yp — Cyn_1+25, Yo+ Cyn_1+25), for some 0 < C), < co. Then,
using the same argument in (A.2), for any n > 0 and ¢ > 0, if n is sufficiently large,

]P’( sup |Asu(s)| > 77)
s€[0,1]

SP({ sup |A5n(s)|>77}mEynﬂE5n>+2£

s€[0,1]

< n—lcnl/Z—eE[

1 L[d=on] . -
;Zi=LrnJ+lﬂ(l/H)X[ijx[Ti] {1[gin = 7] = 1] < vo]} 1[Eyn]

]+28

<n'en'* sup  (Iw(MIE[|xix] 11{gi < 71— 11gi < wll1[Eyn]||] +2¢

re[r,1—1)
< n—lc/n—l/2+e +2¢
<3e,

for some 0 < C,C’ < oo, where the second inequality is by Markov’s inequality and the
fourth inequality is by Conditions 1 .3, 1.6, and 1.8. Thus, SUPge(o, 1] |As, ()| = 0p(1). The
desired result follows by combining these results. |

Proof of Lemma 2.  The first result follows from Lemma A.5. For the second result,
given Lemma A.7, it suffices to establish

sup G (5) = Gu ()] = op(1).

s€(0,1]

1/2

We first consider the case with g 1(v) >g 1(v) Let 7(-) = he g(l)(-)vTD(-)f1 and

T()=h T/ZA(I)(~)VTD(') 1 Note that, for any s € [0, 1],

! [ o)n] g~ ()n]
Gn()=Gn(s)=— > F(/mxppii——= . wli/mxpig
fl lzn]+1 [l ltn]+1
| Elon] | B lon]
=% Y @ —mGmbin+— >0 /i
i=|tn]+1 i= |_g—' (s)nJ +1
=B, () + B (5).

For expositional simplicity, we only present the case with scalar x;.
For By, (s), we write

[ ()n]
Z {7 (i/n) — 7w (i/n)} xpi g
i=|tn|+1
[ (9)n]
f Z {7@i/n) — 7 (i/m)}xp (u —u[ )

i=ltn]+1
= B11n(s) + B12,(s). (A.18)

Biy(s) =

L
3
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We can verify supseqo, 17 1B111(s)] = 0p(1) from the argument in Chapter 2 of van der Vaart
and Wellner (1996), which we present in Lemma A.8. For By, (s), define the event Eyg,, =
{56 Ban_l/z (6p)} for some 0 < Cy < oo. Lemma A.12 in Hansen (2000) implies that
P(Eg,) < & for any & > 0 as n — o0o. Then, for any & > 0, if n is large enough, we have

sup |B12,(s)|

s€[0,1]
Lrn]
< sup [T —7m@)| sup — Z X —upp)
re[r,1-1] re[r,1—1] \/;l i=ltn)+1

Lrn]
1 —~
<op(D§ sup = D xfylVa(B— o)l

rete =" i 41

Lm]
1 o~
+ sup — Yl < 9] VG-l
re[r,lfr] n i=|tn)+1
Lrn]
tow Z x[2i] 1@ <v]—-1[am < 7] [/nd]

reled=o1" i 741
=op(),
where the second inequality is by Lemma A.5, and the last equality follows from Lemma A.2

and (A.10). Therefore, By, (s) is uniformly op(1).
For By, (s), we write

[g~" o] . |7 ()n]
Boy(s) = ﬁ Z 7 (i/m)xpupi + ﬁ Z 7 (i/n)x[;) (ﬁ[i] — ”[i])
i= \_871 (S)”J +1 i= |_g*l (s)nJ +1
= B21,,(s) + B2n(s). (A.19)

For By, (s), define the event Eg, = {sup,¢(o,1] |?1(s) —g_l(s)l < n}, for some 1 > 0.
By Lemma A.5, P(Egn) <e¢g, forany & > 0 and n > 0, as n — 00. On the event Eg, and
using the same argument as in proving Lemma A.7, we then have that for any given value
s—1

GRIOEYION

L~ ()]

sup [B21,(s)| < sup sup — Z 7 (i /m)xp Ui

s€[0, 1] s€l0.111g(s)—g~ ()| <n ﬁi:Lg(s)nH-]

= sup sup

—1
g (s)
h1/2/ DD o~V 2aw, o)
s€[0,1]1o(s)—g~1(s)|<n 8

~10)

o(s)
—hl/? / sVwpo~ Vo2 awe
g 10

=4 sup sup [Wi(s) — Wi(gle)I-
s€[0, o) —g~1(s)I<n
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Then, we can choose 1 small enough to obtain that, for any ¢ > 0,

IP’( sup |Ba1n(s)] >8) §P<{ sup |B21”(s)|>6}ﬂEgn>+IP’( n)
sel0,1] s€[0,1]

- P( sup sup Wi (s) — Wi(gle(s))| > 8) +e
s€[0, o (s)—g~ ()| <n

s€l0,1]]o(s)—g =1 (5)|<n
< s_1n1/2C—|—s

<2e,

<8_1E|: sup sup |W1(S)—W1(8(Q(S)))|i| +e&

where the second inequality is by Markov’s inequality; the third inequality follows from
the continuity of g(-) and from the fact that E[supse[o’ AIWiIl = /2t/7; and the last
inequality holds with a sufficiently small 1. For By, (s), consider the same events Ey,, and
Egnas above. Then, on these two events, using the same decomposition with the Ay, (s),
A3z, (5), and Ay, (s) terms as in (A.16), we have that

sup |B22,(s)]

sel0,1]
L&~ ()n]
< swp |7 sup 7 Do PGy —upp)l
re[tr,1—r1] s€[0,1] _|_A1
= (s)nj
. Faou
<C sup —
selo. 1V L G+
x 3 {1B—Bol +18 = 8ol1[a) = 0] +3[1[9) = 7]~ 1[4 = w][}
Ls~" (n]
=C sup ~ >

¢ n
S| (o1 5)—n)n] +1

) g7

—p C sup / D(t)dt
s€[0,11/g71(s)=n

for some constant 0 < C,C’ < 0o, where the second inequality is from Condition 1.6; the

third inequality is from the fact that 1 [q[i] < y] < 1 for any y, the result in (A.10), and

by conditioning on the events Ey, and Eg,; and the last convergence is from Lemma A.2.

By choosing a sufficiently small 7, therefore, supsc(q, 17 1B221(s)] = 0p(1). The proof for

g(s) < ?] (s) is identical and hence omitted. The desired result thus follows. |

LEMMA A.8. Under the same condition as in Lemma 2, supgc(o,1]1B112(5)| = 0p(1),
where B11,,(+) is defined in (A.18).

Proof of Lemma A.S.  Note that, for each n, {x[;ju[;)}?_, are independent conditional
on q = {q,} — almost surely (Lemma 3.1 in Bhattacharya (1984)). We aim to use
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the empirical process argument for independent variables in van der Vaart and Wellner
(1996). To this end, we consider the class of functions 7 (-) = hi/zg(l)(-)vTD(J_1 and

the stochastic process

4
Le(r)= Y Lu(m),
i=|tn]+1

where L;(w) = n_l/zn(i/n)x[i]u[i]. Define the semi-metric p(71,72) = Sup,¢(¢,1—7]|
71 (r) — mp(r)|. Then, the space of continuously differentiable functions defined on [7,1 —
7], denoted by C e, 1—1],is totally bounded. We now apply Theorem 2.11.9 in van der
Vaart and Wellner (1996) by checking their conditions. (See also Theorem 3 in Bae, Jun, and
Levental (2010)) for a martingale difference array argument since {x[i]u[i]}?zl also form a
martingale difference array by Lemma 3.2 in Bhattacharya (1984)).

First, we let their m,, be | (1 — 7)n] and their F be C 1 [t,1—1]. Settheir envelope function
F as C||x|| for a large enough constant C. Then, their first condition is satisfied, as we write,

for any € > 0,
—
q}

1/2
E} P( sup |Ly;(m)| > ¢

neF

L[(1—7)n]
> E[ sup |Lm-(n>|1{sup |Lni ()| > e}

i=|tn]+1 teF Te

L[A=7)n]
< Y E[ sup [Lyi ()|
i=|tn]+1 meF

1/2

—

q)
1/2

—

q}

1/2

L(1=1)n]
<et Y E[ sup |Lyi ()1

172
ﬂ E[ sup |Ly;(m)[*
i=|tn|+1 meF

neF

3 3 2| >71/2 4

-3 — — — —

=Cn 2™ 3 B[ g 2| T )] Jaua|*] T
i=|tn]+1

— 0 a.s.,

as n — oo, where the first two inequalities are from Cauchy—Schwarz inequality and the

third inequality is by substituting the envelope function C||x|| and from Condition 1.8.
Regarding their second condition, we have

L(1—7)n] ) L(1=7)n] 5
sup Z E[(Lm'(ﬂ) — Lpi(m1))? ITf] < Cleun! Z E[|X[i]u[i]| ‘Tl)]
PUT)=En j— | 25 +1 i=|tn|+1
— O a.s.

for every ¢, | 0. Regarding their third condition, the smoothness of F is sufficient for
Corollary 2.7.2 in van der Vaart and Wellner (1996) by considering their d and « as both 1.
This is further sufficient for their uniform bracketing entropy condition. Thus, their Theorem
2.11.9 implies that conditional on 7, the process Ly (-) is asymptotically tight, that is, for
any ¢ > 0, there exists some 7 such that if n is large enough,

P( sup  |Ly(ry) —Lp(m)| > ¢
p(Ty,m2)<n

Tf) <eas. (A.20)
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Define E,, = {p (7, ) < ny}, for n,; > 0, where 7(-) =)ﬁ£/2§(1)(-)v1’§(-)7]. Then, for
any ¢ > 0, we have

P( sup |B11,(s)] >8)
se€[0,1]

<E|P sup [B11,(8)| > et NEqy
s€[0,1]

3)} (S,

a)}ﬂ

P (supp .y <y Ln () ~ Lo @) > 2] T )
| 1—maxj<¢<, P (*/Z/”Supp(ﬁ,n)gn |Lg(w) —Lg ()| > s‘ 71)>

< Ce.

<E ]P’( max sup |L¢(@m)—L¢@)|>¢

I=t=np@, m)<n

+e&

The second inequality is from Lemma A.5 that implies P(ES,,) < ¢ if n is large enough,
and from the law of iterated expectations. The third inequality is from the Ottaviani’s
inequality (e.g., A.1.1 in van der Vaart and Wellner (1996)) and the fact that {X[i]u[i]}?zl
are independent conditional on ﬁ) The last inequality is from (A.20) and the steps on page
227 in van der Vaart and Wellner (1996). In particular, for some 1 < ny < n,

)

max ]P(\/K/n sup |Lg(m) —Le(@)| > &

1<l<n p(@,m)<n
—1/2 no g
= P (7P g el -] 9)

+maXIP’< sup  |Ly(w) —Ly(7)| > ¢

no=t \ p@ m=<ny

)

where the second inequality follows from Markov’s inequality, (A.20), and setting a large
enough n satisfying ng — oo and non_l/ 2.50. |

<Ce as.,

Proof of Theorem 1. We first prove (29) under the null hypothesis. To this end, define

50k o _ | Gr ), ifs < g(ro),
Gn (S)_{ G3,(s), otherwise,

which is different from Q\,’; (-) only in the neighborhood of g (r(y). Then, since the empirical
distribution function is uniformly consistent, Lemma A.5 yields () — g(rg) = op (1). It
yields that [ !f((rroo))j;” |§,‘,‘ " — é,?* (t)|dt = op (1) for some &, — 0 with n — oo, which
is implied by the fact that both sup¢(, 1 |§,’1“ (s) | and supge(o, 1 @2* (s)| are Op(1) given

Lemma 2. It follows that [y |G} (s) — GO* (s) |ds = op (1).
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Note that, under the null hypothesis, Lemmas A.2, A.5, and the continuous mapping
theorem yield that

?Tn(s):m{go— )Q(g(ro))}

=4 \/ﬁ {Wl = Wit (ro))} = Gi(s), a.21)
é;n@:ﬂ_lgi(m){(g(l) G(s)— g( s @) g(g(ro)))}

=4 ﬁ {<W1 (1) = Wi (5)) % Wy (1) = W, (g(ro»)} =G (5).

(A.22)

Moreover, by change of variables with r = s/g (rg) and r = (1 —s) /(1 — g (rg)), respectively,
we have

g(ro)
/ G1(s)? s—d— / (W1 (5 (ro) 1) — 1W (g (ro))) e
g(rp)

=4 /O (W1 () — Wy (1)) dr

and

1 1 5
_ s)“ds
1—g(rp) /g(ro) G2(5)7ds

7/ (W1 (D) =Wy (1= (1= g(ro)) ) — £ (Wy (1) — W1 (g (ro)))}* dr
(l—g(r )

=4 / (W1 (1= g(rg)) 1) —tWy (1 — g (ro))}>dr
(1- g(ro)) 0
1
=4 /0 W (1) — Wy (DY dr.
Therefore, the limiting null distribution of CTj, is obtained as

CTy =

Lg(ro)n] = 1
Z 1aGi/n )? + o *Zl Lg(ro)izj+lg2”(l/n) +op(1)
1

fg(m)g<>2d+ ! f g(>2d
g(r) Hea 1—g(ro) Jg(ry) 2

=d/ By (0T By (1) dt
0

g(ro)

where B, (¢) is the 2 x 1 standard Brownian bridge on [0, 1].

We now examine the limit of CT}, under the alternative. In this case, ¥ (or 7 = F, 7)) is
never consistent since y(; (or rO,) is not equal to yg almost surely. Hence, the nonparametric
estimators that depend ony, V( ), h( ), and g( ) are no longer consistent but still Op(1).
On the other hand, D( ) does not depend on ¥ (or 7), and hence it is still consistent under
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the alternative. For § = (,E T,?S\T)T, in addition, we can verify that
1€ (@ —6p) = 0p(1) (A.23)

for any given 7 (or 7). To see this, denote X;(y) = (xT le [¢; <yDT and X;(y;) =
(xl \X; T1(g; < ¥DT. Given 7 = y, for any y,

w0 —e0) = (Y0 xixnT) " (X0 X0 by~ Xin) Teo))
-1
= (%Zj’zlxxy)xi(yﬂ)

€ " € "
* (%Zi=lxi(y)”i + %Zilei(V)xiT‘so(l lgi < v1—1lg; < )’i]))

0, (Bn2+6,3).

Similarly to the one in Lemma 1 in Hansen (1996), we have @nl —>pO1=E [Xi(y)X,-(y)T],
which is positive definite by Condition 1 .7. For the numerator, since nl/2—¢ @nz =0p(1) by
the standard Central Limit Theorem, we have @,,2 = 0p(n_1/ 2“'5) = 21’(1) ase €(0,1/2)
in Condition 1.4. Furthermore, since 8o = con™° with ¢ # 0, we have ©,,3 = Op(1) at most
from Conditions 1.4, 5, and 7, although it can bg op(1) under some special circumstances.

Let r[; be the induced-order statistics of F (yp;) associated with gp;), and 7(-) =

W20 (WD ()=, We decompose

R | g7 ()n]
Gn () =— Z 7T (i/n) xpiua
fl ltn]+1
| [z~ 1))
—= X R/ VB — o) +11i/n <TG - o))
i=|tn]+1
| [ ()n]
- - Z ﬁ(i/n)X[,']xE;-]{l[i/n fﬂ—l[i/nfr[i]]}\/ﬁ&)

" imltn)+1
= Cin () = C2u (5) = C3n (s).
and denote their rescaled and demeaned terms as in (27) as
Gr(5)=C}, (5)—C3, (5) = C}, (5).
The first 6* (s) term is Op(l) because 61 n () = Op(1l) given Lemma 1, where the

probability hrmts of hr, A(l)( -) are all still bounded and e — p g € (0,1), as n — oo,
although g is not necessarily the same as g(rq). For C ,, (8), since D( ) is still uniformly
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consistent, a similar argument as in Lemma A.7 implies that, for any s € [7,1 — 7],

[a~" @n]
Y VDG xxy = p sl
i=|tn]+1
[&~"@n]
Y- 2V a/mD /) xpapLli/n <71 —p min{s, 2} I, (A24)
i=|tn|+1

as n — 0o, where [; denotes the k x k identity matrix. If follows that
Con (5) = (s+ 0p (1)) VavT (B = Bo) + (min (5.8} + 0p (1) v B = 80) = 0 (n/27€)

since 6 — 0p = Op(n~€) from (A.23). However, since 6‘2,, (s) is asymptotically piecewise
linear in s, the rescaling and demeaning procedure eliminates the leading term and hence
we have C3, (s) = op <n1/2_6>‘

Lastly, for C’;n (), we denote Fy, (-) as the CDF of yp; and F), (-) = 1—F), () as its
survival function. We note that

[z &n]
Z Z 2D G/mTD (i)~ xXqixfcol [i/n < ry]
i (o1

1 n . o B N .
= =Y 8" Fa @)V D (Fa9) " wa collgr < ol [ < Fula) <57 0]

i=1

1< ~ PN _ - ~ —
= =Y 8V Fa @D (Fu @) xaT eoFy @17 <Futq) <37 )]

i=1

1< ~ o~ _ - ~ —
+ =38V Eat@) D (Fu @)~ wiTeo {Llgs = vl = Fy @} 1 [ <Futa) <77 )]
i=1

= Hyu(s) + Hou(s).

For Hy, (s), since D (+) is still uniformly consistent, a similar argument as in Lemma A.7
implies that

| [ lon]
Ha@=- 3 gD/ dyeoFy (B im)
i=|tn|+1

—pTeo [ By (£ (57 0) ) dr= ),

where g (-) denotes the probability limit of g (-), which is still monotonically increasing by
construction. Recall that F;; Ly is the empirical quantile function of ¢;, which uniformly
converges to the true quantile function F -1 (+) over [t,1 —t]. For Hp,(s), since yp; is

independent of (q,-,x;.r, u;)T, we have that E[Hy, (s)] = 0. Similarly, E [Hz,,(s)z] =0(1/n)

since yp; is ii.d. and [0 (F, (¢))D(Fy (g;)) "' || and E[ ||x;]|*] are uniformly bounded. We
then have Hy,(s) = 0p(1). Combining the results of Hy,(s) and Hp,(s) and using (A.24)
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yield that
_ ~ . ~1/2 . 5
n 1/2+€C3n(s) _)p (phmn—M}Ohf/ ) (VTCO mln{S,g} _H(S)) .

Given that F. y () is nonincreasing and nonconstant and that F(-) and g(-) are strictly
increasing, the integrand 7 (-) = Fy (F_1 (é_l (~))> in H (-) is nonconstant on [0, 1]. In

particular, 7 (-) changes values on [0, g] and/or (g, 1]. Consider that 7 (-) is nonconstant
on [0,g]. Then, H (s) = fOS 1 (t) dt is nonlinear by construction and cannot be equal to the

5 2
linear function sg~ ! H (g) for all s € [0, g]. Therefore, [ (H(s) - sg—lH(g)) ds is strictly
positive. So, there exists some constant ¢ > 0 such that

P<n—l+2e >c>

=P(n—1+26 N ( 5 {can<s> O%C(‘))}) s

. ~ S 2
P <phmn%d1, /-g (H(s) _ iH(§)> ds| > c)
0 8

g
as n — oo, It follows that [£7 CE (s)2ds > enl=2¢

8@ s 2
/0 C3,, ()" ds

9

=1,

— 0o with probability approaching
to one. Therefore, fo Gk C3 (s)zds becomes the leading term in f(f ln (s)zds, which
diverges with probability approaching to one. The same argument applies to the case when
7 (-) is nonconstant on (g, 1], which also yields that fglm E;H (s)2ds — oo and hence

becomes the leading term in f:g\l(;) §;n (5)2 ds. Therefore, at least one of / (<)g @] ng (s)2 ds

and f»g\l@ é;n ()% ds diverges with probability approaching to one, yielding the consistency
of the test. |

Proof of Theorem 2. Under the local alternative, the error term is now defined
as u; = u; + n—Y 2x;rot(qi). However, Lemma A.5 in Hansen (2000) still implies
that n~! Y xiti; —p Elxu;], which yields ¥ —) yo. We can also show ¥ —yy =
Op (n_l"'ZE) by the same argument as Lemmas A.6—-A.9 in Hansen (2000). We only

present the different part, which shows up in the proof of Lemma A.9. In particular, equation
(43) in Hansen (2000) now involves the following additional term:

1
a _ X7 .
M, = ;Zizlx,xi a(q;).
Using Lemma A.2 and the argument in Lemma A.8 in Hansen (2000), for any constants 7,
and &, there exists some large enough constants a and C such that

My |
P sup ——F > | <e.

_1+2€ <‘y y0‘<Cn 1+2€|y y()l
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Then, the rest of the argument follows from page 597 in Hansen (2000). Note that the
additional term n~1/2x a (gi) changes the asymptotic distribution of 7 but not the rate of

convergence. Therefore, Lemma A.12 in Hansen (2000) implies that 6— 0o =0p (n 1/ 2).

Moreover, given these results, D (r), % (), ’h\(r), and g (r) are still uniformly consistent on
r € [t,1—t]under the local alternative in (30), which is implied by the proof of Lemma A 4.
Now, given these consistency results, we have

G () = [Z“’” i
_,Zrmjx[l {Vn(B = Bo) + 1[F(gp)) < rolv/n( —80)}
_’wa[l 0 {1 (gr) < 71— 1[F(gp) < o]} v/nd
221-:1 Xipe(qrin)
= G(r)+f0rD(r)a(Q(r))dr

similarly to the one in the proof of Lemma 1. Then, the continuous mapping theorem and
the same argument as in the proof of Lemma A.7 yield that G, (-) = G“ (-), where

(s)
G (5) = Wi (5) —svT ® g — mins. g (rg) v T @5 + I/ / o gD OvTa Q) dr,
.
(A.25)

which includes an additional drift term than G (s). Recall that g_1 (0) =t and g_1 H =
1 — 7. Denoting ¥, (-) = gD ()vTa (Q()), it follows that

I ., .
m{g ()—@g (g(ro))}
A ) .
=4 G1() + 200) / \I»’v(l)dt—g(ro)/ W, (1)dt
T T
and
! o o 1— " o }
! . L
m{(g (1 =G%®) = 1=, (= (6 () =G o)

1/2 -1

1-7 s)
=4G(s)+ \/% { (/ W, (1)dt — /rg \pv(t)dt>
__t=s /Hw (t)dt—/rO\D (Hdt
1—g(rp) T Y T !
1/2

1-1 1—s 1-1
=, G [ — / ‘J/tht—i/ W, (H)dt
d G2() ﬁ—g(ro){ P () —st0 O] }

instead of (A.21) and (A.22). Then, the desired result follows as in the proof of
Theorem 1. |
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