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Abstract

An induced subgraph H of connectivity (edge-connectivity) n in a graph G is a major n-connected
(major n-edge-connected) subgraph of G if H contains no subgraph with connectivity (edge-
connectivity) exceeding #n and H has maximum order with respect to this property. An induced
subgraph is a major (major edge-) subgraph if it is a major n-connected (major n-edge-connected)
subgraph for some n. Let m be the maximum order among all major subgraphs of C. Then the
major connectivity set K(G) of G is defined as the set of all n for which there exists a major n-
connected subgraph of G having order m. The major edge-connectivity set is defined analogously.
The connectivity and the elements of the major connectivity set of a graph are compared, as are
the elements of the major connectivity set and the major edge-connectivity set of a graph. It is
shown that every set S of nonnegative integers is the major connectivity set of some graph G.
Further, it is shown that for each positive integer m exceeding every element of 5, there exists
a graph G such that every major k-connected subgraph of G, where k € K(G), has order m.
Moreover, upper and lower bounds on the order of such graphs G are established.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 05 C 40.

1. Introduction

The connectivity k(G) of a graph G is the minimum cardinality of a set S
of vertices of G such that G — § is disconnected or the trivial graph. (See
[1] for other basic graph theory terminology.) Although the connectivity of a
graph is considered a global parameter, it need not reveal much information
about the structure of the graph. Indeed, every subgraph of a graph with
small connectivity may also have small connectivity, such as K, or a graph
with small connectivity may contain subgraphs having large connectivity. For
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example, K, U K| (n > 2) has connectivity O but contains a subgraph with
connectivity n — 1,
In 1978 Matula [3] defined the maximum subgraph connectivity

#(G) = max{x(H) | H c G}.

This parameter then gives the largest connectivity of a subgraph of G. It
may happen, however, that a graph containing subgraphs with large con-
nectivity also contains subgraphs of large order having small connectivity.
Consider, for example, for every positive integer n, the graph G, obtained
by identifying an end-vertex of a path H, of order n? with a vertex in the
complete graph of order n + 1. Then p(H,)/p(G,) = n?/(n? + n+ 1), so that
lim,_, p(H,)/p(G,) = 1. However, k(G,) = n and x(H,) = 1. Thus nei-
ther the connectivity nor the maximum subgraph connectivity gives a good
indication, in general, of the structure of a graph. With these observations
in mind we introduce our main concept.

2. Major n-connected graphs

An induced subgraph H of connectivity n in a graph G is a mgjor n-
connected subgraph of G if H contains no subgraph with connectivity exceed-
ing n and H has maximum order with respect to this property. An induced
subgraph is a major subgraph if it is a major n-connected subgraph for some
n. Let m be the maximum order among all major subgraphs of G. Then the
major connectivity set of G is defined by

K(G) = {n| there exists a major subgraph H < G
with x(H) = n and p(H) = m}.

By definition, K(G) # @.
To illustrate the above definitions, consider the graph G shown in Figure
1. Fori = 0,1,2,3, the subgraphs H; defined below are major i-connected
subgraphs. For i > 4, G contains no major i-connected subgraphs. Since
P(Hp) = 3 and p(H;) = 4 for i = 1,2, 3, we conclude that K(G) = {1,2,3}.
Hy = ({v2,vs,v6}),
Hy = ({vi1,v4, vs5,6}),
Hy = ({v2, v3, v4,v5}),
H3 = ({v1,v2,03,04}),
A graph G is called critically n-connected (n > 1), if x(G) = n and k(H) <
n for every proper induced subgraph H of G. If G is an n-connected graph,
n > 1, then every n-connected subgraph of G having minimum order is
critically n-connected. This fact yields the following lemma.
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LEMMA 1. If G is a graph with connectivity n, then G contains a major
n-connected subgraph.

As an immediate consequence we have the following.

COROLLARY. A graph G contains a major k-connected subgraph if and only
if0 < k < R(G).

We note that there are critically #n-connected graphs that contain subgraphs
whose connectivity exceeds n. To see this, let m, n > 2 be positive integers.
Define Hy = Kmmp and Hy, = Hy = --- = H,,, = K, with V(Hp) = {u;;|1 <
i<ml<j<n}tand V(Hy) = {n;|ll <j<n}forl <k <m Let G
be obtained from Hy U H, U- - U H,, by adding the edges in {u;;v;j|1 < i<
m, 1 < j < n}. Then G is critically n-connected but contains a subgraph with
connectivity mn — 1 > n.

Clearly, if k € K(G), then k < £(G). In general, the connectivity of a
graph need not be an upper or lower bound for the elements belonging to the
major connectivity set of the graph, as we see from the following theorem.

THEOREM 1. For every pair n, k of positive integers, there is a graph G with
k(G) = n and K(G) = {k}.

SKETCH OF PRrROOF. If n = k, then G = K,,,, has the desired properties.
Suppose now that 0 < n < k. Let H; = H, = K;,,, and let V(H,) =
{v1,V2,...,Vx41} and V(H3) = {uy,us,..., Uy, }. Define H to be the graph
obtained from H; U H, by adding the edges in {uv;|1 < i < k}. Let G
now be obtained from H by joining a new vertex v to each vertex in the set
{ul, U2yenny u,,}.
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Assume finally that 0 <k < n. Let m = 2n-2k+1)2n-k+1)+1 and
let Py, : vy,vs,...,VU, be a path of order m. Suppose that H is the kth power
of P, (that is H is obtained from P, by joining vertices whose distance is
at most k in P,). Next let H, = H, = K,_; and define G to be the graph
obtained from H, H; and H; by joining every vertex of H, (respectively H)
to every vertex of H that belongs to P, except the last (first) n —k + 1 vertices
of this path. Then it can be shown that x¥(G) = n and K(G) = {k}.

In the preceding theorem, we focused on graphs whose major connectivity
sets consist of a single element. However, from the graph of Figure 1, we
see that the major connectivity set of a graph may contain more than one
element. Observe that if K(G) = {n,ny,...,n,} is the major connectivity
set of some graph, where n; < n;,; (1 < i < k — 1), then the order of every
major n;-connected subgraph is at least n; + 1. The next result shows that
every set S of positive integers is the major connectivity set of some graph
G. In addition, by specifying a positive integer m exceeding every element
of S, one can choose G in such a way that every major k-connected subgraph
of G, where k € K(G), has order m.

THEOREM 2. Let S = {n|,ny,...,n;} be a set of positive integers with
ni<niyy (1 <i<k-1). If m> ng+ 1 is a positive integer, then there
is a graph G with K(G) = S and such that every major n;-connected subgraph
(1 <i<k)of G has order m. Further, the minimum order of such a graph G
ism+n, —ny. )

PRrOOF. Since the result is obvious for k = 1, we assume k > 2. Let
G, = Kp 41 and Gy = Kpy_p,_1, Where V(Gy) = {v1,v2,...,05,41} and
V(G2) = {uy,uz,...,um—n,—1}. Set H = G, U G,. Let G be that graph ob-
tained from H by joining every vertex in {u;, s, ..., Uy—n,—1} to every vertex
in {v;,vy,...,Uy}, for 1 <i < k-1, and, in addition, if m > n; + 1, by join-
ing every vertex of {u,u,...,Um—n,—1} to every vertex in {v,vs,...,Vp}.

First we show that every major n;-connected subgraph, 1 < { < m, has
order m. Fori=1,2,...,k, let

I{i = ({'U],'Uz,..-,vni} U {'Unk+l} U {ul, u2a---,um—n,-—-l})-

Then p(H;) = m. Because H; — {v;,v3,...,V,,} is disconnected for 1 <
i < k-1 and since Hy — {v1,7s,...,Vp,} is either trivial if m = n, + 1 or
disconnected if m > n,+1, we conclude that x(H;) < n;, 1 < i < k. However,
if U is a set of at most n; — 1 vertices of H;, then V' (H;) — U contains at least
one vertex of {vy,v2,...,Vp}. Let v € {v},v,,...,v,} — U. Then v is joined
to every vertex in V(H;), other than itself, implying that H; — U is connected.
Further, p(H; — U) > 2, so that x(H;) > n;; hence x(H;) = n;. Let Hy be
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an induced subgraph of H;. Then Hy = K, (1 <! < m —n;), Hy = K,
(1<h<m+DorHy=K,+K;,,where 1 <r<njand1 <s<m-n,
Hence every major n;-connected subgraph has order at least m.

Next we show that every major n;-connected subgraph has order at most
m. A major n;-connected subgraph contains at most n;+1 vertices that belong
to V(G,) because a major n;-connected subgraph does not contain subgraphs
whose connectivity exceeds n;. Further, a major n;-connected subgraph, 2 <
i < k, does not contain vertices from {#p_p,, Um—pn, 41>+ Um—n,—1} DECAUSE
these vertices have degree at most #;_; < n; in G; and thus in every subgraph
of G. Hence, every major n;-connected subgraph has order at most m, so
that every major n;-connected subgraph has order m.

Since #(G) = ny, the graph G does not contain major ¢-connected sub-
graphs for ¢ > n,. It remains to be shown that if 0 < ¢t < n; and ¢t € S,
then every major ¢-connected subgraph of G has order less than m. If ¢ < n,,
then every major t-connected subgraph of G contains at most ¢ + 1(< n))
vertices of V' (G,), so that a major t-connected subgraph has order at most
[V(G2)|+t+ 1 =m—n; +t< m. Suppose now that n; < t < n;,, for some
i€{l,2,...,k—1}. Then every major t-connected subgraph contains at most
t + 1 vertices of G;. Since the vertices in {Um—_n,,,, Um—n,, +15- > Um—n,~1}
have degree at most n; (< t) in G (and therefore in every induced sub-
graph of G), these vertices do not belong to any major t-connected subgraph.
Hence a major f-connected subgraph contains at most m — n;,; — 1 ver-
tices of G, and thus at most m — n;,, + t(< m) vertices of G. Therefore,
K(G) = {n,na,...,n;} and every major n;-connected subgraph of G has
order m (1 <i<k).

Since p(G) = m + n; — n, it follows that the minimum order of a graph
having S as its major connectivity set and for which every major n;-connected
subgraph (1 < i < k) has order m is at most m + n; — n;. Suppose now that
H is any graph with K(H) = S such that every major n;-connected subgraph
(1 £i < k) has order m. Then a major n;-connected subgraph of H contains
at most m— (n;, — n,) vertices of any major n,-connected subgraph. However,
then, H contains at least m + n; — n, vertices. Hence p(H) = m + n;, — n,.

If, in the preceding theorem, we allow 0 € S, so that n; = 0, then a minor
modification of the proof yields the same conclusion. Consequently, if G
is a graph with K(G) = {ny,ny,...,n;}, where 0 < n; < n; < -+ < m,
every major n;-connected subgraph (1 < i < k) of which has order m, then
p(G) > m + n;, — n;. However, the order of such a graph G cannot be
arbitrarily large. Clearly if m = 1, then K(G) = {0}, implying that p(G) = 1.
for m > 2, we present the following result.
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THEOREM 3. Let G be a graph of order p, every major n-connected subgraph
of which has order m > 2 for n € K(G). Then

mm+1 -m

p< m-1

PrOOF. Observe first that (m™+t! —m)/(m—1) = m™+m™ ' +-..+m. Let
G be a graph satisfying the hypothesis of the theorem. If H is a subgraph of
G having connectivity k, then k < m — 1; otherwise, G contains a subgraph
H with connectivity k > m. However, then, by Lemma 1, H and therefore
G contains a major k-connected subgraph of order atleast k +1 > m + 1,
which is not possible. In particular, this implies that x(G) < m — 1. Assume,
to the contrary, that

p>mm+m™ 4+ m.

Suppose Sy C V(G), where |Sp| = k(G) and G — Sy is disconnected. Then,
by a preceding observation, |Sp| < m — 1. If G — Sy contains at least m + 1
components, then #(G) > m + 1, which is not possible since every major
O-connected subgraph of G has order at most m. Further, p > m so that G
is not complete. Hence G — Sy has at least two but at most m components.
Therefore, G — S contains at least one component G, with order at least
() p-(m-1)_p-m
m m

Let v, € V(G - Sp) — V(G,). Then v, is not adjacent to any vertex of G,.

Since m > 2, it follows from (1) that p(G;) > m. Further, because G, C G,
the connectivity of G, is at most m — 1. Let S) C V(Gy), where |S;] = k(G})
and G| —- S is disconnected. As in the case of G — S, the graph G; — S; has
at most m components. Therefore, G — .S; contains a component G, having
order at least

p(G)=(m=1) _ p(Gi)-m
m m

Let v; € V(G — S)) — V(G»). then {v;,v,} is an independent set of vertices
disjoint from V' ((G,) and such that no vertex in G, is adjacent to a vertex in
{'Ul s UZ}'

Continuing in this fashion for k steps, where k < m, we obtain a sequence
Gy, G,..., Gy of subgraphs of G, where

>mm e mm 24 4 m.

>Sm™"2+m" 34 4 m.

pG)>m™ i+ mm "ty 4 m,

1 < i £k, and an independent set {v,,v,...,v;} of vertices of G disjoint
from V' (G, ) such that no vertex of G is adjacent to a vertex in {v, v2,..., V¢ }.
In particular, if k = m — 1, then {v;,v,,...,Ym—1} is an independent set of
vertices disjoint from V' (G,,—;) and such that no vertex in G,,—, is adjacent
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to any vertex in {v;, V2,...,Um—1}. Since p(Gp—;) > mand k(Gp—1) < m—1,
it follows that G,,_, is not complete and therefore contains a pair v,,, V41
of nonadjacent vertices. Then {v;,v,,...,Vm41} is an independent set of
vertices of G, implying that §(G) > m + 1. However, this contradicts the
hypothesis that every major O-connected subgraph of G has order less than
m.

3. Major n-edge-connected graphs

We now consider the edge analogue of major n-connected graphs. An
induced subgraph H of a graph G with x, (H) = n is a major n-edge-connected
subgraph of G if H has maximum order with respect to this property. An
induced subgraph is a major edge-subgraph if it is a major n-edge-connected
subgraph for some n. Let m be the maximum order among all major edge-
subgraphs of G. Then the major edge-connectivity set of G is defined by

K(G) = {n| there exists a major edge-subgraph H < G
with x| (H) = n and p(H) = m}.

To illustrate these definitions, we consider the graph G of Figure 1. For
i=0,1,2,3, the subgraphs H; defined in Figure 1 are major i-edge-connected
subgraphs. For { > 4, G contains no major i-edge-connected subgraphs. We
observe that X(G) = K(G) ={1, 2, 3}.

Mader [2] defined a graph G to be critically n-edge-connected (n > 1) if G
is n-edge-connected and if for every vertex v of G, the graph G — v is not
n-edge-connected. The following two results are due to Mader.

THEOREM A. For a positive integer n, every critically n-edge-connected
graph G contains at least two vertices of degree n.

THEOREM B. For a positive integer n, every n-edge-connected graph G con-
tains at least min{p(G), 2|n/2] + 2} vertices v such that x,(G—v) > n— 1.

From Theorem A, it now follows that a graph G is critically n-edge-
connected if and only if x,(G) = n and k(G — v) < n for every vertex v
of G. The following three lemmas will prove to be useful.

LeMMA 2. If G is a graph with edge-connectivity n > 1, then G contains an
induced critically n-edge-connected subgraph.

Proor. If x,(G — v) < n for all v € V(G), then G is itself critically n-
edge-connected. Suppose, therefore, that G contains a vertex vp such that
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K1(G—1vp) > n. Let Gy = G—vo. If 1,(G, —v) < n for all v € V(Gy),
then G, is an induced critically n-edge-connected subgraph of G. Otherwise,
G| contains a vertex v; such that x(Gy —v)) > n. Let G, = G, —v,. If
G, is critically n-edge-connected, then the proof is complete; otherwise, we
continue in this fashion to produce an induced subgraph G; of G such that
G; is critically n-edge-connected.

LEMMA 3. If G is a critically n-edge-connected graph (n > 1), then G con-
tains a vertex v such that x,(G—v)=n-1.

ProOOF. Since G is critically n-edge-connected, x(Gy) < n — 1 for every
vertex v of G. By Theorem B, G contains a vertex u such that x,(G — u) >
n — 1. Consequently, k;(G —u) =n — 1.

LEMMA 4. If G is a graph with edge-connectivity n > 1, then for every integer
k (0 < k < n),G contains an induced subgraph G, with edge-connectivity k.

ProoF. Clearly G, = G is an induced subgraph of G having edge-connec-
tivity n. By Lemma 2, G, contains an induced critically n-edge-connected
subgraph G),. By Lemma 3, G), contains a vertex v, such that x,(G), — v,) =
n—1. Let G,y = G, —v,. If n—1 > 1, then, by Lemma 2, G,_, contains
a critically (n — 1)-edge-connected subgraph G _,. By Lemma 4, G contains
a vertex v,_; such that x,(G),_, —v,_1) = n-2. Let Go_2 = G,_; — Vp_1.
Proceeding in this fashion, we produce induced subgraphs G,,G,_1,..., Gy
with ,(G;)) =i (0<i<n).

THEOREM 4. If G is a graph with edge-connectivity n, then G contains a
major n-edge-connected subgraph.

Proor. To prove the theorem, we need only show that every graph G with
edge-connectivity n contains an induced subgraph having edge-connectivity
n and which contains no subgraphs whose edge-connectivity exceeds n.

If n = 0, then a maximum independent set of vertices induces a major
0-connected subgraph. Assume then that n > 1. By Lemma 2, G contains
an induced critically n-edge-connected subgraph. We show that if H is an
induced critically n-edge-connected subgraph of G' having minimum order,
then x;(H) = n and every (induced) subgraph of H has edge-connectivity
at most n. The observation preceding Lemma 2 shows that x;(H) = n. It
remains to be shown that H contains no subgraph whose edge-connectivity
exceeds n. Assume, to the contrary, that H contains an induced subgraph H’
with x,(H') = m > n. By Lemma 3, for every k (0 < k < m), H' contains
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an induced subgraph with edge-connectivity k. In particular, H' contains an
induced subgraph F with «,(F) = n. However, by Lemma 2, F contains
an induced critically n-edge-connected subgraph F’'. Clearly p(F') < p(H),
which contradicts our choice of H.

Consequently, G contains an induced subgraph whose edge-connectivity is
n and which contains no subgraphs with edge-connectivity exceeding n. This
implies that G contains a major n-edge-connected subgraph.

The construction immediately following the corollary to Lemma 1 also
illustrates that there are critically n-edge-connected graphs containing (in-
duced) subgraphs with edge-connectivity exceeding ».

Matula [2] defined the maximum subgraph edge-connectivity of a graph G
by £1(G) = max{x,(H) |H C G}

We now show for which integers k, a graph G contains a major k-edge-
connected subgraph.

THEOREM 5. A graph G contains a major k-edge-connected subgraph if and
only if 0 < k < &,(G).

PRrROOF. Let H be an induced subgraph of G having edge-connectivity
k1(G) = m. By Lemma 3, H contains induced subgraphs Gy, Gy,...,Gn
such that x;(G;) = k for 0 < k < m. By Theorem 4, G, contains a major
k-edge-connected subgraph for every k (0 < k < m), implying that for ev-
ery k (0 < k < &{(G)), the graph G contains an induced subgraph having
edge-connectivity k and which contains no subgraph with edge-connectivity
exceeding k (0 < k < k;(G)). Consequently, G contains a major k-edge-
connected subgraph for every k satisfying 0 < k < k(G).

Clearly, since G contains no (induced) subgraphs whose edge-connectivity
exceeds K1(G), G does not contain major k-edge-connected subgraphs for
k > k(G).

The following result may be regarded as the edge analogue to Theorem 1.

THEOREM 6. For every pair, n, k of positive integers, there is a graph G with
ki(G) = n and K,(G) = {k}.

We omit the proof of this theorem, since the graphs described in the proof
of Theorem 1 have the desired properties.

Theorem 2 shows that every set of positive integers can be realized as the
major connectivity set of some graph. Similarly the next result shows that
every set of positive integers can also be realized as a major edge-connectivity
set of some graph. This proof too is omitted since the graphs described in
Theorem 2 have the desired properties.
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THEOREM 7. Let S = {ny,ny,...,n;} be a set of positive integers with
n;<ng (1 <i<k-1) Ifm> n.+ 1 is a positive integer, then there
is a graph G with x,(G) = n and K,(G) = {k}.

The next result parallels Theorem 4.

THEOREM 8. Let G be a graph of order p, every major n-edge-connected
subgraph of which has order m > 2, where n € K,(G). Then

mm+l —-m

p< m-—1

The proof of this result is very similar to the proof of Theorem 4. We need
only observe, by Theorem 4, that if G is a graph satisfying the hypothesis of
the theorem, then every (induced) subgraph of G has edge-connectivity at
most m — 1, implying that every (induced) subgraph of G has connectivity at
most m — 1.

Our next result, which we state without proof, shows that there is no re-
lationship, in general, between an element of the major connectivity set of a
graph and an element of its major edge-connectivity set.

THEOREM 9. For every pair m, n of positive integers, there exists a graph
G with K(G) = {m} and K|(G) = {n}.
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