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Abstract

A new method is described which allows an exact solution in a closed form to the
following non-axisymmetric mixed boundary-value problem for a charged sphere: arbi-
trary potential values are given at the surface of a spherical segment while an arbitrary
charge distribution is prescribed on the rest of the sphere. The method is founded on a
new integral representation of the kemel of the governing integral equation. Several
examples are considered. All the results are expressed in elementary functions. Some
further applications of the method are discussed. No similar result seems to have been
published previously.

Introduction

The usual method of treatment of mixed boundary value problems in potential
theory involves expansion of the solution in series of spherical harmonics. The
convergence of such solutions depends heavily on the smoothness of the boundary
conditions. In many practical applications, the boundary conditions are discon-
tinuous, which renders some such solutions practically useless due to a very weak
convergency close to the surface of the sphere and even divergency at its surface.
The usual way out of this situation is to find some ingenious method to present
the solution in the form of a sum of a closed form expression and a series
expansion with a good convergence. All this makes it very important to find an
exact closed-form solution to the mixed boundary value problem for a sphere.
Reviewing the literature, we could not find a general closed-form solution even
for an axisymmetric mixed problem. An extensive list of references can be found
in books [4, 5, 6]. Some mixed problems for a spherical segment are solved in [6]
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by means of the Mehler-Fok integral transform, but the method does not allow
any mixed conditions at the spherical surface of the segment; only at the planar
part of the segment the normal derivative can be specified.

An exact solution in closed form is obtained here to the following mixed
problem for a sphere: an arbitrary potential value is given at a spherical segment,
and an arbitrary charge density is prescribed on the rest of the sphere. Some
preliminaries, helping to understand the method, are given in the next section,
after which the general solution follows. Two examples are considered: i) a
constant potential is prescribed at the surface of a spherical cap, and a uniform
charge density on the rest; ii) the potential value is assumed to be proportional to
the z-coordinate, and the charge density to the x-coordinate.

Preliminaries

Certain quantities are introduced in this section to simplify understanding of
the new approach. The following two integrals will be used in this paper, namely

x2/pq, B) dx

f[z_xz‘[z_x ~(1/R, Jtan"(yy(x)/R,,), (1)
f }\(PQ/x , B) dx (R, (s(x) Ry "

Here oo
Ak, B) = — 2K F pimigins, )

1+ k%= 2kcosB 27
n(x) = p? = x*g* - x* /x, (4)
»(x) = {x* = p?yx* - g% /x, (5)
R =p®+ q> —2pgcosp. (6)
Correctness of the integrals (1 and 2) can be verified by direct substitution of (4

and 5) into (1 and 2) respectively.
The following integral L-operator will also be used

LU/ (#) = 37 [ Moo = 9)F(¥) d¥

> 1 o .
Y ket [7 e (y) dy
S ke, (7)

n=-—00
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where f, is the Fourier coefficient of the function f. The L-operator has the
following properties from (7)

L(k)L(k,) = L(kk;), LQ)f=f (8)
and as a consequence, the operator inverse to the L-operator, is
LY(k) = L(k™). (9)

Formulation of the problem and its solution

Introduce the set of spherical coordinates (r,8,¢). Consider the following
mixed boundary-value problem: find the electrostatic field of a charged sphere of
radius ¢ when the charge density ¢ is given at the surface of a spherical segment
while an arbitrary potential value v is prescribed at the rest of the sphere.

The electrostatic field potential of a charged sphere can be presented in the
form

27 a .
V(r,0,¢)=azfo d%j(; R7'q(6,, ¢,)sin b, db,

+a*[*7 doy [* R7(8,, 9, )sin 8, d,, (10)
0 a
where
R*=r?+ a% ~ 2ra[cos@cos b, + sinf sinfycos(¢ — ¢y)].
Introduce the notations
n=2atan(6/2), 7n,=2atan(6,/2), (11)
L,(r,a,0,6,)

= %[\/az +r? = 2arcos(8 + 6,) F a*>+ r* — 2arcos(6 — 00)].
(12)

The geometrical interpretation of these notations is obvious. The following
properties of /; and /, should be noted:

Il,=rasin@sinby; 1} +12=r*+ a*— 2arcosfcosb; (13)
so that

The last expression can be rewritten in terms of 7 and 7, in the following
manner:

R? = £2[ 4% + 13 — 2mmgcos(d — ég) + £2]; (14)
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where

£2= l6a3r/[(4a2 +n?)(4a2 + 11(2))], ¢2=(a—-r)/e (15)
Introducing the notations

kya(mo) = %[\/("l + "Io)2 +§2F \/(”I - "'Io)2 + g-z]’ (16)
expression (14) can be rewritten as
R? = £2[k}(mo) + k3(no) — 2k (mo) k2 (mg)cos($ — o)) (17)
Here the following easily verifiable properties were used:
k.ky, =nm,, kl+kZ=n*+n}+¢2, L, =¢ky, (18)

Now formulae (1- 6) allow us to construct the following integral representations:

x 2/(nme), ¢ — 4’0) dx

1(M0)
= (19)
R ng \/kz(no) - X \/kz("lo) - x?
roLpm Aaeseda (20)

) \[x? ~ki(mo) {x* ~ k3(mo)
Using the properties (18), expressions (19) and (20) can be rewritten in the
following form:

1_2 fatw A(XZ/(WUO),‘P_%)‘IX

, (21)
Romo o= mie? foj - g°(x)
2 -
1_ if A(nmo/x? ¢ = @) dx ; (22)
R 78,00 fmix? — o2 \/gz(x) -
where
m?=1+ B*/4a?, B*=(a- r)2(4a2 + %) /4ar, (23)
2 + 2 _ 2
g2(x) = x| X (24)
7t — mix

One can notice that the function g is inverse to k, for 0 < x < n/m, and is
inverse to k, for x? > 7* + B

Substitution of (21) and (22) into the first and the second terms of (10)
respectively vields, after the change of the order of integration:

Mod Mo
L )
(7777 ) ("10 )

dx f
’7’2 — m2x2 8(x) (2) Z(X)

d
MNo% Mg L("n°)a(n0,¢)
X

+4/°° dx fgm
ka(0) ym?x* —n* b g (x) — 15
(25)

ki (b)

W(r,n,¢) =4f0
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Here

b =2atan(a/2), o(n9> ) = 8‘13‘1(2 tan“('qo/2a),¢oo)(4a2 + "’%)_3/2’
(26)
Ww(r,m,¢) = 2VarV(r,2tan"\(n/2a),$)/{4a> + n*. (27)

The quanities o and W were introduced in such a way that in the limiting case
a — oo they turn into the charge density and the potential as the sphere turns
into a half-space. We recall that the L-operator in (25) is understood according to
its definition (7).

It is appropriate now to split our problem into two: i) to find the electrostatic
field potential of a charged sphere when the zero potential is prescribed at the
surface of a spherical segment, and an arbitrary change density is given at the rest
of the sphere; ii) to find the electrostatic field potential of a charged sphere when
an arbitrary potential value is prescribed at the surface of a spherical segment,
and there is zero charge density elsewhere. Hereafter these problems are treated
separately.

PROBLEM 1:

Consider the potential problem of a charged sphere subject to the following
boundary conditions at r = a:

V(a,0,6)=0 for0<¢<27,0<0<a,
g=q(0,¢) for0< ¢ <27, a<6< (28)

Substitution of the boundary conditions (28) in (25) leads to the following
integral equation

- Y dx b Tlodno _X_z_
0 /; \ﬂ)"—xz‘[x e L("%)o(%’d))

15 — x?
+f j’ ﬂodﬂo L(ﬂ”’lo)o(no’(b) (29)

It is important to notice that ¢ in the first term of (29) is yet unknown while the
value of o in the second term of (29) is known from (28) and (26). It is then
necessary to express one through the other. Using the integral representation (21)
instead of (22), expressions (29) can be rewritten as follows:

Todno ( x* ) (101 4)

[ A2

g dx ©  19dng
- - L N
b m==h e tlam) o®)
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with an immediate result

f\/;Li"%_ ( )o(no,¢)—_/ ;700‘i"; ( )a(n0,¢)_ (30)

Application of the operator

d b xdx 1
L(n)ﬂfn gy L(;)
to both sides of (30) results in

2 ”"‘2"”2L(")( Yodn,. (31)

Returning to the spherical coordinates and the original notations, one gets

1 1
6,¢) = -
4(6,9) 27?% Jcosh — cosa

fz.,, n Jcosa — cosbyq(8y, b )sinb, db, dd,
X
0

« 1 — cosfcosf, — sinfsinbycos(d — ¢,)

o(n,¢) =~

(32)

which corresponds to the source function discovered in geometrical form by Lord
Kelvin who used his method of images. In the case of axial symmetry, expression
(32) simplifies, after integration with respect to ¢,, to

1 1 7 Jcosa — cos by, q(f,)sinf, d6,
q(8) = -= g . (33)
7 yeos — cosa e cos cos by
Now the charge density is defined all over the sphere, and the electrostatic field
potential can be expressed directly through g by substitution of (31) in the first
term of (25). Changing the order of integration and the integration with respect to

Mo gives
ky(b) dx ®
W(rme)=-4f “fb - _gz(x ( ) (5.4)

n - mx
d
o 1 (T2 )a(n0.9).

4 2(x)
¥ j;z(b) ‘/mzx2 f Vel (x) —m

(34)

The second term in (34) can be presented, using (21), as

o0 Ky (n0) dx x?
4 d ne 35
'/b 170 1’0 _/0 ‘/nz — m2x2 ‘/17%) — gz(x) (nn )} "(770, ¢) ( )
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Now one can change the order of integration in the following manner:

fb°° dnofo"“'”’ dx=f0"‘("’ dxj:o dn0+fk“ Yax [T dng;

() g(x)
and this allows one to rewrite (35) as

ki (b) dx © Nodn,
L
4/(; \/1,2 = j; \/'q2 (71"7 ) (710 ‘P)

0~ 82()‘)

4/ ky(0) _ f°° Modn, L(n 0)°(n°’¢) (36)

ky() ‘/"I — m2x? Y0\ - g2(x)

Substitution of (36) in (34) yields, considering that k,(c0) = n/m,

/m
W(r,n,¢)=4 f:(,,)
1

dx Nod g ( )
1L Mg, ¢
yn* — m3x? ‘/;(X) n5 — 2(x) Mo (10, ¢).
(37)

A change of the order of integration in (37) and the integration with respect to x
results in

27

w1
W(r,m,¢) == d%fb R—Otan“(Rio)o(no,%)nodno, (38)

where

R3 =7+ 9} — 29mycos(o — ¢,) + £2, (39)
and the value of k can be defined in several ways, namely

k = Jk2(no) — k2(b) Jk2(mo) — k3(b) /k\(b)
= — 6> k3(8) — 6°m” /b
= \u3 — b*n2 — k2(b)m? /ky(b). (40)

Returning to spherical coordinates, one gets

_2—_ 27 7 Q(00,¢0) 1 X 2
V(r,0,¢)= gl d¢0/; —g tanpa sin 8, d#d,, (41)
where
R? = a% + r? — 2ar[cosfcos b, + sinf sinf,cos(¢ — ¢, )] (42)
and

V2 Jcosa — cos 8, \/aa) - sngzg(w)

sina

x=4ék=

(43)
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Here /, ,(x) stands as an abbreviation for /, ,(7, a, 8, x), as defined by (12). The
function
21 x
; 'E tan E
can be interpreted as a source function. Formulae (37) and (41) give two
equivalent expressions for the electrostatic field potential, the first one being more
convenient for the exact evaluation of the integrals, while the second has definite
advantages for numerical integration.
PROBLEM 2:
Consider a sphere with the following boundary conditions at its surface r = a:
V(a,0,0) =v(0,¢) for0< ¢ <27,0<6<a,
q(8,6)=0 for0< ¢ <2m a<6<m. (44)
Substitution of the boundary conditions (44) in (25) leads to the following
integral equation:
M0 47,

wing)=4[" dexz [ o L( )a(no,qb) (45)

where w is related to v according to (27). An equation similar to (45) was treated
in [2]. Here, a different type of solution is suggested. Application of the operator

Li)af A

to both sides of (45) gives

2 [’ H( Jom ) =2 (7) [ A Lo
)

The second operator to apply is
L(y) 4
_d_ t mndn
|5 e Ln)w(n. o).

~ |-

tdt (
———— B
y dy./; /tz_yz

The result is

1 d rb 1
°(y,¢)——EL(y);1;fy WL(TZ

(46)

Expression (46) can be presented in another form, using the rules of differentia-
tion under the integral sign and the properties of the L-operator (8):

_ &(b, y,0) b dt
o(y,9) —[7:))})—2 f‘/———a,q’(t)ub)} (47)
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where

o(1,y,9) = f ‘/n—inn— %[ (%)w(n,d;)]. (48)

Integration by parts allows to establish the following identity:

a2 r.0) = [ ZE (1)t 0), (49)

e

Here A is the two-dimensional Laplace operator in the polar coordinates. Now
the solution (47) can be rewritten as follows:

o(0.0) = 75| L - [F A [ (B Jan(ae)|.

yb? - y? -t !

(50)

A further simplification is possible by changing of the order of integration in (50)
and integration with respect to ¢. The result is

o(y,¢) =

1 @(b, y,¢) y¢) 1 var fb Aw(n, ¢o) ndnde,
Yy

Vb2 27 2+ 9% — 2nycos(¢ — &)

\/bT— 172‘/1,2_},2

X tan™ . (51)
byy® + 7% — 2nycos(¢ — )

The expression for the charge density (51) consists of two distinct terms: the first
one is singular at the edge (y — b) while the second tends to zero as y — b.

Now it is possible to express the electrostatic field potential directly through
the given value of v(#8, ¢). The substitution of (46) in (25) gives, after simplifica-
tion,

2 [la(b) dx x?
Wrn ) =2 [ 1]

72 — m2x ng*(x)

9 )fg(x) Mo dMo L("O)w(no,¢). (52)

%@ b A -

Here the following property of the Abel-type operators was used:

f ‘/—— dr/ tf(t)dtz =-3/(8). (53)
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Introduction of the new variable u = g(x), x = k,(u) allows to rewrite (52) as

_ 2 b dk,(u) Mo dno w
W(r,n,¢)= 7,/(; 7= k() L( i2(u) ) au/ ‘/———L(no) (no, ).
(54)

A change of the order of integration in (54) gives

2 (b d
W(r,n,¢)=;j; d"?oL("Io)W(Tlo,d’)d_%

udk (u) 7N
L et

The u-integration in (55) can be performed to give, after returning to the spherical

coordinates:
_a|r?—a?| [2n «[R aXi ( )
V(r8,6) = S fo d¢0f0 (x1 + tan P | SRR sin gy d6,
(56)
where R is defined by (42) and
V2 Jcos§, — cosa \/Ig(a) — cos? %15(0)
X1 = . (57)

sina
One can notice that in the case a — # formula (56) transforms into the well-known
Poisson’s solution to the Dirichlet problem for a sphere. In the limiting case of
r — a, formula (56) gives the potential value at the rest of the sphere through its
value prescribed at the segment § < a

cosa — cosf

V(a,0,¢) =
(a,0,9) 2
27 o v{8,y, ¢y)sinb, db
X/ d%/ (80, 9o) 0% ‘
0 0 yJcosf, — cosa [1 — cosfcosb, ~ sin8 sinfycos(d — ¢;)]
(58)
A further simplification becomes possible in the case of axial symmetry, namely
Veosa — cosf (2m @ v(8,)siné,dd,
V(a,0)=——ﬂ-—f f (59)

Jcos8, — cosa (cos b, — cosd)

Notice certain similarity between formulae (32-33) and (58-59). Expressions (54)
and (56) give two equivalent forms of solution to the problem, the first formula
being more convenient for exact evaluation of the integrals.
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lustrative examples

Example 1: Consider a charged sphere with the following conditions at r = a,
O<¢d<m

V(a,0,¢) =v,=const. for0 <8 <a;

q(8,¢) =g, =const. fora <8 <. (60)

The charge density at the surface of the spherical cap 0 < § < «a is given by
superposition of the results of evaluation of (33) and (46), and is

Uo [ V1 + cosa + tan-! cosﬂ—cosa]

9) =
9(6) 27% | Vcosh — cosa 1+ cosa

2 [ V1 + cosa tan-! 1+ cosa ]
0 -

]

vcosd — cosa : cosf — cosa (61)
One can notice that for g, = vy/4ma, q(8) = q, with an obvious interpretation.

The potential distribution can be obtained from (37) and (54). The result of
integration is

+r . - .
V(r,0) = %uo[azrrsm‘lA1 - %mn‘%z]
+ p—
+4aq0[ a2r L cos4, — |a P 7] cos'lA2], (62)

where

A, = (a + r)sin(a/2)//i2(a) + 4arsii®(a/2)sin?(0,2) ,

A, =|a- rlsin(a/Z)/\/lzz(a) — darsin*(a/2)cos*(0/2) . (63)

Again, in the case of g, = vy/4ma, one gets the potential distribution of a
uniformly charged sphere

V(r)=%[a+r—|a—r|].

Example 2: Consider a non-axisymmetric problem when a potential value,
proportional to the z-coordinate, is given at a spherical segment, and the charge
density, proportional to the x-coordinate, is prescribed on the rest of the sphere.
The boundary conditions are formulated as follows:

V(a,8,¢) = vycost, 0<b<a,
q(08,¢) = gosinfcosp, a<8<m. (64)
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Formulae (37) and (54) give, after integration,

3, 3 3_ 3
V(r,8,¢) = 2% {[fz—tra—sin‘lA1 - |r—2‘-lra—|sin‘1A2]cosﬂ
\/If(a) — sin?212()
+ 2 [A2 sin2g — A3cos? 2]
sin(a/2) ! 2 2 2

4900 R BTy
+ 3 sm000s¢{[ Sar Cos A - Tar o8 A,

\/12(01) — sin —1 2(7)
sm(a/2)

where 4, and A, are defined by (63). Certain simplification occurs at the surface
of the sphere where the potential value is vycos@ for 0 < 8 < &, and for
a<l<gw

[4F + A%]}, (65)

V(a,b,¢) = %vo[costi?sin'1 t, + V1 — cosa Vcosa — cosf |

+ §aq(,sin0cos¢[cos'1tl + 11 — tf], (66)

where ¢, = sin(a/2)/sin(8/2). The charge density at 0 < § < a can be obtained
from (33) and (46), and is

v \/fcos%a o
q(0,¢) = 2 + 3y2 cos = Vcos8 — cosa
272 | Vcosf — cosa 2

_1cos8 — cosa

+
3cos 4 tan 1+ cosa

2
) 3
_%qosmﬂcomp il VA R

JE-1 /——

where ¢, = cos(8/2)/cos(a/2). The total charge Q can be evaluated as

(67)

Q = (voa/7)sina(l + cosa),
and consequently the potential value at the centre r = 0 is
V(0) = (vy/7)sina(l + cosa).
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Discussion

It is of interest to compare the results of this paper with those available in the
literature. Expression (56) can be considered as a generalization for a spherical
cap of the well known Poisson’s formula for a sphere. One can indicate an
alternative method of derivation of (56), by differentiation of the Green’s func-
tion for a spherical cap obtained by Hobson [3]. All the other major results of this
paper seem to be quite new.

The practical use of expressions of the type (41) and (56) is very limited, except
for direct numerical integration, due to the complexity of the Green’s functions
under the integral sign. On the other hand, expressions (37) and (54) are
equivalent to (41) and (56), and are very convenient for practical evaluation of the
integrals involved, as it is shown by the examples considered in previous section.

The problem of a spherical cap at a constant potential was considered by
several authors. The list of references and the solution can be found in [1], and is,
in our notation,

V(r,8) = (vy/mr)[ry + ay’], (68)
where
siny _ siny’ _ sina

a r L(a)

(69)

The angles ¥ and vy’ are discontinuous at the surface of the cap, and may assume
the values between 0 and 7 /2 or between 7 /2 and 7 depending where the point
(r, 8) is, which constitutes the main difficulty in the practical use of (68). One can
show that the first term in (62) is equivalent to (68), and is free of the above
mentioned inconveniences, since the inverse trigonometric functions are under-
stood everywhere as their principal values.

The solution to the problem of spherical cap, held at the potential v = v,cos 8,
can be rewritten from [1] as follows

V(r,8) = (vo/ma)[(y + a®y’/r*)rcos8 +(acosa — rcos @ )tany
+r%a*(rcosa — acosf)tany’|, (70)
where y and y’ are defined by (69), which indicates the same difficulties in the
practical use of (70). Again, one can show that (70) is equivalent to the term in the
first two lines of (65).
Notice that certain integral characteristics can be found without completely

solving the problem. For example, if one needs the value of the total charge @ in
the Problem 1, there is no need to compute (32). Direct integration under the
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integral sign gives

Q= %j:" d¢[l q(0,¢)cos‘lzlir:l§—;//;;—sin0d0. (71)

The method presented can be successfully used to solve some mixed problems

for several spheres or spherical caps, and can be generalised for the case of more

than three dimensions. Notice also that for the case a — oo all the results of this

paper can be interpreted as the exact solution to the mixed boundary value
problem for a half-space.
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