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generalized Hyers—Ulam—Rassias stability theorem associated to the Cauchy additive
equation for mappings from linear spaces into multi-normed spaces.
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1. Introduction. In 1940, Ulam [22] first raised the stability problem of functional
equations: ‘For which metric groups G is it true that an s-automorphism of G is
necessarily near to an automorphism?’ In the next year, Hyers [9] gave a partial
affirmative answer to the question of Ulam in the context of Banach spaces, and
in 1978, Th. M. Rassias [19] proved the following theorem, which subsumes Hyers’
theorem in the case where p = 0.

Let E and F be real normed spaces with F complete, let f : E — F be a mapping
such that, for each fixed x € E, the mapping t — f(tx) is continuous on R, and let ¢ > 0
and p € [0, 1) be such that

If(x+y) = f) = FWIl < e(llxI” + IylIP) - (x,y € E). (LD
Then there exists a unique linear mapping T : E — F such that
1) = Txll < ellxll? /(1 =227 (x € E).

In 1990, Th. M. Rassias [20] asked whether such a theorem can also be proved for
p > 1.In 1991, Gajda [7], following the same approach as in [19], gave an affirmative
solution to this question when p > 1, but it was proved by Gajda [7] and Rassias and
Semrl [21] that one cannot prove an analogous theorem when p = 1. The result of
Rassias, which is also true for p < 0 (where we adopt the convention that ||0]|” = o0),
has influenced the development of what is now called the Hyers—Ulam—Rassias stability
phenomenon. In 1994, a generalization of Rassias’ theorem, the so-called generalized
Hyers—-Ulam-Rassias stability theorem, was obtained by Gavruta [8]: he replaced the
bound &(]|x||” + ||y||”) in (1.1) by a general control function ¢(x, y).
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During the last decades several stability problems of functional equations have
been investigated by a number of mathematicians [3, 5, 10, 15, 20]. These results have
many applications in information theory, physics, economic theory and social and
behavioural sciences [1, 2]. We briefly mention some applications within the theory of
Banach algebras. In each case a key step is the use of an analogue of our Theorem 3.5.

About 20 years ago, papers appeared dealing with perturbation theory: they
asked when is it true that a mathematical object which satisfies a certain property
approximately is necessarily close to something which satisfies the property exactly.
Many of these result are described in [12]. For example, let 4 be a Banach algebra, and
let T: A — C be a linear functional such that

|T(ab) — T(@)T (D) < §|T(@)||TOb)| (a,be A).

Then ||T|| <14 6. Next, let 4 and B be subalgebras of a Banach algbera C such
that 4 and B are ‘geometrically close’. Then it often follows (see [12]) that 4 and B
are isomorphic. Similarly, let a Banach space 4 have two multiplications that make it
into an algebra and are such that the two products are close as bilinear maps. Then
the two algebras so formed often have common algebraic properties. These ideas are
related to that of approximately multiplicative maps, as studied by Johnson in [13]
and [14]. A pair (4, B) of Banach algebras is AMNM if, for each ¢ > 0 and each
K > 0, there exists § > 0 such that, for each bounded linear map 7 : A — B such
that || T|| < K and ||T(ab) — T(a)T(b)|| < 8 ||al| ||| for all a, b € A, there is a bounded
homomorphism 6 : A — B such that ||T — 6| < . The theorems of Johnson discuss
which Banach algebras are AMNM; the proofs and conditions involve the cohomology
theory of Banach algebras. Related matters involving approximate cohomology groups
and approximate amenability are discussed in [18].

In this paper, following [6], we define multi-normed spaces, and investigate some
properties of multi-bounded mappings on multi-normed spaces. Moreover, we prove a
generalized Hyers—Ulam—Rassias stability theorem associated to the Cauchy additive
equation for mappings from linear spaces into multi-normed spaces by using a fixed
point approach in the style of [4, 11, 17]. The theory of multi-normed spaces and of
multi-Banach algebras originated in [6].

Our expectation is that our Theorem 3.5 will have similar applications to the above
in the theory of multi-normed spaces and algebras.

Let (E, || - ||) be a complex linear space, and let k£ € N. We denote by EX the linear
space E @ ... ® E consisting of k-tuples (x1, ..., x;), where x1, ..., xx € E. The linear
operations on E¥ are defined coordinatewise. When we write (0, ..., 0, x;, 0, ..., 0) for
an element in E¥, we understand that x; appears in the i" coordinate. The zero element
of either E or E* is denoted by 0. We denote by Ny the set {1, 2, ..., k} and by & the
group of permutations on k symbols; weset T ={ze C: |z| = 1}.

2. Multi-normed spaces and multi-bounded operators. We start this section by
recalling the notion of a multi-normed space from [6]. Throughout this section (E, || - ||)
denotes a complex normed space.

DEFINITION 2.1. A multi-norm on {E" : n € N} is a sequence

(1) = (-1l m e N)
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such that || - ||, is a norm on E” for each n € N, such that ||x||; = ||x|| for each x € E,
and such that the following axioms are satisfied for each n € N with n > 2:

lGeoys - Xow)|, = 11 .o x)ll, (0 € Gy, X1, x0 €E); (Al
(i xi, ... apx)ll, < (Iil;%ii l; D) ICxr, .o, x)ll,  (ans o 00 €C, X1, ..., x, € E);
(A2)
ICxrs e X1, O, = 11, oo XD lmy (X1 e vy X1 € E); (A3)
NGers - X1 XDl = Ity o XDy (X15-0, Xum1 € ). (A4)
In this case, we say that ((E", || - ||,,)) : n € N) is a multi-normed space.

Motivations for the study of multi-normed spaces (and multi-normed algebras)
and many examples are given in [6].

Suppose that ((E",|-|l,):»n € N) is a multi-normed space. The following
properties are almost immediate consequences of the axioms. First

||(X,...,X)”k: ||)C|| (ke Nv XEE)' (a)

Secondly, let j,/ € N with j </, and let xq,...,x;,y1,..., )y € E be such that
{x1,...,x;} is a subset of {y1, ..., y;}. Then

”(xl’7xj)||j§”(.ylv9y[)”] (b)
Thirdly, we have

k
max [l < IGer, . Xl < E x|l < kmax [lx;| (kK eN, xi,...,xc € E). (¢)
IENk i—1 ZGN/(

i=

It follows from (c) that, if (E, || - ||) is a Banach space, then (E", || - ||,,) is a Banach
space for each n € N; in this case ((E", || - ||,,)) : # € N) is a multi-Banach space.

Now we recall three important examples of multi-norms for an arbitrary normed
space E; see [6] for details and many other examples.

EXAMPLE 2.2. The sequence (|| - ||, : # € N) on {E” : n € N} defined by

It - Xl == max x| (x1, ..., xy € E)
e

n

is a multi-norm called the minimum multi-norm. The terminology ‘minimum’ is justified
by property (c). |

ExXAMPLE 2.3. Let {(|| - I : n € N) : & € A} be the (non-empty) family of all multi-
norms on {E" : n € N}. Forn € N, set

MG, oo x)lll, = sup (xr, o)l (1, X0 € E).
oe

Then (|||-||l, : » € N) is a multi-norm on {E" : n € N}, called the maximum multi-
norm. O

EXAMPLE 2.4. Let (E, || - ||) be a Banach lattice, and define

IGens o Xl =M Ve VXl I (e, X € E).
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Then (|| - ||, : » € N) is a multi-Banach space. O

DEFINITION 2.5. Let ((E*, || - |l¢) : k € N) be a multi-normed space. A sequence
(x,) in E is a multi-null sequence if, for each ¢ > 0, there exists 7y € N such that

sup ”(xns ey anrk*l)”k <Eé& (I’l = I’lo).
keN

Let x € E. Then

Lim x, = x
n—oo

if (x, — x) is a multi-null sequence; in this case, the sequence (x;,) is multi-convergent to
xin E.

DEFINITION 2.6. Let (EX, || - lx) : k € N)and ((F%, || - ll,) : k € N) be multi-normed
spaces, and let x € E. A mapping f : E — F is multi-continuous at the point x if
Lim . oof (x;) = f(x) in F whenever Lim ,, ,oX, = xin E.

Now we give the definition from [6] of a multi-bounded operator between multi-
normed spaces; this is similar to the notion of bounded linear operator between two
normed spaces.

DEFINITION 2.7. Let ((EX, || - IIx) : kK € N)and ((F%, || - |I¢) : k € N) be multi-normed
spaces. A linear operator T : E — F is multi-bounded if

||(Txlv ey Txn)”n

||(X1, .. 9xi’l)||n

T || mp := sup sup{ :(xl,...,xn)#0}<oo.
n
The collection of multi-bounded operators from E to F is denoted by M(E, F).
It is easy to see that (M(E, F), || - |l.») 1s a Banach subspace of the Banach space
B(E, F) of all bounded linear operators from E to F, and that M(E, F) contains all

nuclear operators. In fact, M(E, F)is also a multi-Banach space in a canonical way; see
[6, Chapter 4].

THEOREM 2.8. Let (E*, |- |I,) : k € N) and (F%, || - llp) : k € N) be multi-normed
spaces. Then a linear mapping T : E — F is multi-continuous if and only if it is multi-
bounded.

Proof. Suppose that T is multi-bounded, and let (x,) be a multi-null sequence in
E. Then, for each ¢ > 0, there exists ny € N such that

sup [[(xp, .-, Xuph—Dlle < & (1> ny).
keN
But now
sup ”(Txm ey Txn+k71)||k =< ”T“mbg (I’l > nO)»

keN

and so (7'x,,) is a multi-null sequence in F. Thus 7 is multi-continuous.
Conversely, suppose that 7" is multi-continuous and assume that 7' is not multi-
bounded. Then, for each n € N, there exists a positive integer k,, > n such that

“u { I(Tx1, ..., Txg,)ll,
ety ooy X ) ke,

:(xl,...,xkn);éO} > n’.
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Hence there exists (y1.,, -« ., Vk,.n) € E*» such that

”(Tyl,nv R Tykn,n)”k,, >
>n
Orms s Vi) i,

Now set
YVin .
xj,}'l = 2 (] € Nk;x)‘
Vs - - oo Vipn)lk,
Then
1
10 - X, < = and [[(Txyp, ..., Txg, )i, > 1.
n2
Consider the sequence
(Z) = (X100 ey Xhey 1y X120 ey Xhg, 2 w e XLy« o v s Xoys - - -)

in E. We claim that the sequence (z;) is multi-null in £. Indeed, given ¢ > 0, there exists
Jj € N'withj > 2 such that }°*,1/#* < ¢, and then

j+n
||(x1,j7 ceey xkj,j’ ceey xl,‘/‘-‘r}’lv DRI xkj+,l,j+n)||k/-+...+k/-+,, E Z ||(x1,€’ ceey xk@,f”k{
l=j
Jtn
< 7 <e (meN). (2.1)
=

Fixny =k +---+kj_1 + 1. For n, k € N with n > ny, choose m € N with
ki+- - +kiym>m—k —--—ki_)+k—1

Then {z, ..., Zupk—1} SAX1s ooy Xepjs + oo s Xljms - -+ » Xkypjtm)> and so it follows
from (2.1) and property (b) that

||(Zi’l? DR} Zl’l+k—1)||k S ||(x1,j7 ey xkj,ja D) xl,j-‘rl}’lv DR xkj+/ny‘/+rrl)||kj+~~~+kj+”‘l S E.

Hence sup,cy 1(zn, - - -5 Zntk—1) |l < & (n > np), and so (z;) is multi-null. The sequence
(Tz;) is clearly not a multi-null sequence in F, and so 7 is not multi-
continuous, giving the required contradiction. ]

3. Generalized Hyers—Ulam-Rassias stability. We begin this section with ‘the
alternative fixed point theorem’ [16]. A generalized metric space is a pair (X, d), where
X is a non-empty set and d : X x X — [0, oo] satisfies the usual axioms. A map J :
X — X is strictly contractive if there exists a ‘Lipschitz constant’ 0 < L < 1 such that
d(Jx,Jy) < Ld(x,y) (xe€ X).

THEOREM 3.1. Let (X, d) be a complete generalized metric space, and let J : X — X
be a strictly contractive mapping with a Lipschitz constant L < 1. Then, for each element
x € X, either
(F1)d(J"x, J"'x) =00 (n>0), or
(F2) there exists ny > 0 such that:
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(F20) d(J"x, J""'x) < 00 (n > np);

(F21) the sequence (J"x) converges to a fixed point y* of J;

(F22) y* is the unique fixed point of J in the set U = {y € X : d(J™x, y) < oo};

(F23)d(y,y*) =d(y,Jy)/(1 = L) (y€ V). O

The following lemma gives a useful strictly contractive mapping. We adopt the
convention that inf ¢} = oco.

LEMMA 3.2. Let k € N, and let E and F be linear spaces such that (F*, | -|) is a
Banach space. Suppose that there exist 0 < M < 1, > > 0, and a map  : E¥ — [0, c0)
such that

YAX], ooy AXg) S AMY (X1, ..., x%) (X1, ..., xk € E).
Set X :={g: E— F:g(0)=0}, and defined : X x X — [0, co] by

d(g, h) = inf{c > 0: ||(g(x1) — h(x1), . .., g(xx) — h(xp))l
<cy(xy,...,x;) forall xq,...,x; € E}.

Then (X, d) is a complete generalized metric space, and the mapping J : X — X defined
by (Jg)(x) := g(Ax)/A (x € X) is a strictly contractive mapping.

Proof. Tt is easy to see that (X, d) is complete generalized metric space.
For elements g,he X with d(g, h) < oo, take ¢ > d(g, h). Then, for each
X1, ..., Xk € E, we have ||(g(x1) — h(x1), ..., g(xk) — h(xp))| < e (x1, ..., xx), and so

1
< ch()»xl, cey AXE)

1 1 1 1
H (Xg(xxl) = by Len - Xh(xxk))
< cMy(xy, ..., Xp).

Thusd(Jg, Jh) < cM.Henced(Jg, Jh) < Md(g, h)forallg, h € X,and so J is a strictly
contractive mapping on X with Lipschitz constant M. O

PROPOSITION 3.3. Let E be a linear space, and let (F", | -1l,)) : n € N) be a multi-
Banach space. Let L,k € N with L > 2, and let there exist 0 < My < 1 and a function
¢ : E** — [0, 00) satisfying

@(Lx1, Ly, - .., Lxg, Lyk) < LMo (X1, Y1 -+, Xk, Vi) (3.1)
forall x\,...,xp, ¥1,...,Vx € E. Suppose that f : E — F is a mapping with f(0) = 0
and
10 (oxr + py1) = wf (x0) = wf ), - f (e + i) — i (o) — f ()l
<O, Y15 Xk 1K) (3.2)
forallweTand xy,...,x5, y1,..., Yk € E. Then there exists a unique linear mapping

T : E — F such that

M,

”(f(xl) - TX], e vf(xk) - Txk)”k < 1— M()

VX1, e X)), (3.3)
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where

L-1

Y(xt. ... X)) = > _@(xi/L.x1/L.jxa/L. x2/L. ... jxc/L. xi/L)
j=1

forall xy,...,x; € E.
Proof. Let x1,...,x; € E. Settingu =1, y; = x1, ..., yx = X in (3.2), we obtain
I0F2x1) = 2 (x1), ..., f(2x%) = 2f (xi)llk < @(x1, X1, X2, X2, .+« s Xy Xi)-

By using induction one can easily see that

I(F(Lx1) — Lf (x1), ..., f(Lxi) — Lf (i)l < Y(Lxy, ..., Lxg). (3.4

It follows from (3.1) that ¥(Lxy, ..., Lx;) < LMy (x1, ..., x;), and so, by (3.4), we
have

H (%f(Lxl) S ) ] (Xk>)

1
. < ZW(LXI, .o Lxyg)
< M()’,ﬁ(xl, ...,Xk). (35)

Let X :={g: E— F:g(0)=0}andd be asin Lemma 3.2, with M and 1 replaced
by My and L, respectively. Define the mapping Jy : X — X by

(Jog)(x) :=g(Lx)/L  (x € X).

Then Jj is a strictly contractive mapping. By (3.5), we have d(f, Jo f) < My < co. By
Theorem 3.1 (with f for x), there exists ny € N such that the sequence (J{)’ f ) converges
to a fixed point T of Jy (so that T(Lx) = LT(x) (x € E)), T is the unique fixed point
of Jy in the set Uy = {g € X : d(J;f, g) < oo}, and

d(g, T) < d(g, Jof)/(1 = My) (g € Up).
Since lim,,_,d(Jj f, T) = 0, we easily conclude that

o S
m

n—oo 1

=T(x) (xe€kE),

where we are using property (a). Clearly d(f, J;*) < oo, and so f € Uy. Hence

: 1 o M,
dif. T) < d(f, Jof) < ,
(1) = f—ypdhh) = 4
and so
: . My
1 Cer) = TG fx) = Tl = 7 — Mol/f(xl,-..,xk) (X1, ..., Xk € E).
Fix x,y € E and u € T. Let us replace all x1, ..., x; by L"x and all yy, ..., yx by

L"y in (3.2), divide both sides by L", and pass to the limit as n — oco. Then, using
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property (a) again, we obtain

_ 1
1T (nx + ny) — uT(x) — uT(y)| < limsup Ew(L”x, L', ..., L"x, L"y)

n—o0
< limsup Mgye(x,y,...,x,») =0.
n—00
Thus T(ux + ny) = uT(x) + nuT(y)forallpu e Tand x, y € E.
Next, let £ € C, and take K € N with K > |£|. By an easy geometric argument,
one can see that there are w1, up € T such that 2§ = K(u; + u3). Using the additivity
of T, we obtain

K § 1 § K §

K K
= ET(M1X+ H2X) = E(T(mx) + T'(u2x))
= ST =5 2 & = ET(

for all x € E. Thus the mapping 7 is linear.
If S is another linear mapping satisfying (3.3), then S(Lx) = LS(x) and so S'is a
fixed point of Jy. Moreover,

M

S(L™x1) S (L™ xy) 0
H( T —S(xl)a...,T—S(Xk) kf I_Molp(xl,...,xk)
forall xi, ..., xx € E. Hence S is a fixed point of Jy in the set Up, andso T = S. [

COROLLARY 3.4. Let (E, || - ||) be a normed space, and let (F", | -1,,) : n € N) be a
multi-Banach space. Let k € N, p €[0,1), a, 8 >0, and let f : E — F be a mapping
satisfying £(0) = 0 and

10 (exy + puyn) = pf (1) = f 1) - (X + wye) — f () — 1 (i)l
< a4 Bl 4+ Iyll” + -+ lall” + yel”)

forallw e, and xy, ..., Xk, y1, ..., vk € E. Then there exists a unique linear mapping
T : E — F such that

2o+ B(Ixall” + - + xl”)

N0 (x1) = Txy, oo, f i) — Tl <

1 —2r-1
forall xi,...,x; € E.
Proof. Set L =2, My =2""! <1, and
OX1, Y15 X yi) = a4 BUAXE + I ll? + -+ Xl + Nyell?),

so that ¢ satisfies (3.1) in Proposition 3.3. We have
Y(x1, . ox0) = a4+ 2B 4+ ) (xrL .. Xk € E),

and so there exists a linear mapping 7" with the required property. O

The following result is our main theorem.
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THEOREM 3.5. Let ((E", || - |I,) : n € N) be a multi-normed space, let (F", || - ||,) :

n € N) be a multi-Banach space, let o > 0, and let f : E — F be a mapping satisfying
f(0)=0and

10 (wxr + pyn) = wf (o) = pf o) - f (o + ) — 1 (o) — f i)l < @

forallk e N, neTandxy,...,xg,yi,..., vk € E. Suppose that f is multi-continuous
at some point of E. Then there exists a unique multi-bounded linear mapping T : E — F
such that

If(x) = Tx| <«
forallx € E.

Proof. By Corollary 3.4 withp = 8 = 0, for each k € N, there exists a unique linear
mapping T : E — F such that

N(FCer) = Tixr, oo, fOon) = Tixi)lle < (x1,...,x¢ € E).

By (A3),in fact Ty = T} (k € N), say T' = T;. Therefore ||[f(x) — Tx|| <a (x € E).

We shall prove that T is multi-continuous. Indeed, suppose that f/ is multi-
continuous at xy € E, and assume towards a contradiction that 7" is not multi-
continuous at 0. Then there exist a sequence (x,,) in £ and n > 0 with Lim,_, ,x, =0
and

limsup sup |[(Txp, - .., TXpik—1D) i > -

n—o00 k

Set ¢ > 2a/n. Then

limsup sup [[(T(exy + x0) — T(x0), - . ., T(eXnsr—1 + X0) — T(x0))llx > 2a.

n—00 k

For n € N, we have
sup [[(T'(exn + x0) — T(X0), ..., T(eXntr—1 + X0) — T(x0))llx
k
= Sl/ip ||(T(8x,1 + XO) _f(gxn + xO)a

cees T(an+k,1 + X()) _4f(€xn+k71 + xO))”k
+ sup I(f (exn + X0) — f(x0), - - ., f(€Xpi—1 + X0) — [ (x0)) I«

+II(f(x0) = T(x0), - - ., f(x0) — T'(x0))ll-
Since Lim ,,_, oof (e X, + Xx0) = f(x0), we have

limsup sup [[(T(ex, + x0) = T(x0), ..., T(eXnts-1 + X0) — T(x0))llx = 2,

n— 00 k

a contradiction. Hence 7 is multi-continuous. By Theorem 2.8, T is multi-
bounded. g

PROPOSITION 3.6. Let E be a linear space, and let (F", | -1l,) : n € N) be a multi-
Banach space. Let L,k € N with L > 2, and let there exist 0 < M| < 1 and a function
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¢ : E** — [0, 00) satisfying

1
X1, Y1 Xk, Vi) < Zleﬂ(Lxl, Lyt ..., Lxg, Lyy)

forall x\,...,xp, y1,...,Vx € E. Suppose that f : E — F is a mapping with f(0) = 0
and

N0 (uxt + myr) — wf (1) — wf o), - f (e + ) — wf () — wf i)l
<o(x1, Y1, .-\ Xk Vi) (3.6)

for w=1,1iand for all xy, ..., Xy, 1, ...,k € E. Further, suppose that, for each fixed
x € E, the function t > f(tx) is continuous on R. Then there exists a unique linear
mapping T : E — F such that

1

NGFCer) = Txs oo f k) — Txp)llie < T, V(X1 ..., Xg) (3.7)
where I
Y(x1,....x0) =Y @ (ixi/L.x1/L.jx2/L. xa/L. ... jxx/L. xi/L)
j=1
forall xi,...,x; € E.
Proof. Let x1,...,x; € E.Setting u = 1, y; = xq, ..., yr = x¢ in (3.6), we obtain

NGFQ2x1) = 2fCxer), -, f(2xk) — 2f (i) llk < @(xt, X1, X2, X2, 220y Xk, Xg).

By using induction, one can see that

I(F(Lx1) — Lf (x1), - .., f(Lxg) — Lf (i)l
L-1
< Zgo(jxl, X1,JX2, X2, < ooy JXk> Xk)- (3.8)
Jj=1

Replacing x; (1 <j < k) by x;/L in (3.8), we obtain

I0F () = Lf e /L), - f (o) — Lf (/D) < (s - -o0 x). (3.9)

Let X :={g: E — F:g(0)=0}and d beasin Lemma 3.2, with M and A replacing
My and 1/L, respectively. Define the mapping J; : X — X by (J1g)(x) := Lg(x/L).
Then J; is a strictly contractive mapping. By (3.9), we have d(f,Jf) <1 < oc.
Essentially, as in the proof of Proposition 3.3, we see that there exists a mapping
T :E— Fsuchthat T(ux+ uy) = uT(x)+ uT(y) forall x,y € Eand u = 1,1, and
that 7 is unique among maps satisfying (3.7).

Now we use the strategy of [19] to show that 7 is linear. Fix xo € £ and p € F'.
Then the mapping @ : R — R defined by ®(¢) := p(T'(tx0)) = lim,, o L" p(f (L™"1xy))
is additive. Since ® is the pointwise limit of a sequence of continuous functions
L"p(f(L™"txp)), it is measurable. Thus the additive mapping & is continuous, and
hence R-linear. For all £ = a; + ia, € C, where a;, a; € R, we then have

T(§x) = T(arx) +iT(axx) = a1 T(x) +iay T(x) = §T(x).

Therefore T is a linear mapping. O
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COROLLARY 3.7. Let (E, || - ||) be a normed space and let (F", |- ||,) : n € N) be a
multi-Banach space. Letk € N, p > 1, 8 > 0, andlet f : E — F be a mapping satisfying
f(0)=0and

10 (exr + my1) — wf (x1) — f 1), - f(ux + i) — i () — 1f i)l
< BUXI? 4+ 1pi 1P + -+ lxell? + [lyell”)

for w=1,1and for all xi,...,xk, y1,...,yx € E. If for each fixed x € E the function
t > f(tx) is continuous on R, then there exists a unique linear mapping T : E — F such
that

ICr) = TO), - f00) = TNk = k(b -+ )

forall xi,...,x; € E.

Proof. Set

O(xX1, Y15+ X, vi) = BUX P 4+ Iyl - -+ 1?4+ lvell?),

and let M| = 2'? < 1 in Proposition 3.6. Then
Yxn, o x0) = 2Pl 4+ ) (- g € E),

and there exists a unique linear mapping 7 with the required property. 0
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