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A NOTE ON THE BEST CONSTANT FOR UNCENTERED
MAXIMAL FUNCTIONS WITH MEASURE ON R

ZHIPENG WU, QINGDONG GUO*

ABSTRACT. Let M, be the uncentered Hardy-Littlewood maximal operator with a
Borel measure p on R. In this note, we verity that the norm of M, on LP(R, ) with
p € (1,00) is just the upper bound 6, obtained by Grafakos and Kinnunen and reobtain
the norm of M, from L'(R,u) to L»>(R,p). Moreover, the norm of the “strong”
maximal operator N on L? (R™, i) is also given.

1. INTRODUCTION

Let 1 be a Borel measure on R™; that is, every Borel set is p-measurable and pu(K) < oo
for any compact set K C R". For a p-locally integrable function f : R" — [0, oc], the
uncentered maximal function of f with respect to u is defined by

1 n
(1.1) M, f(x) = ?31;12 (D) /de,u, z e R",

where the supremum is taken over all open balls B containing x. The integral average in
(1.1) is equal to f(z) if u(B) = 0.

As we know, when n = 1, the operator M, always maps L*(R, p1) into the Lorenz space
LY°(R, 1) and maps LP(R, p) into itself for 1 < p < oo; see [1, 10]. It is therefore natural
to investigate the best constant Cf' such that for any f € L*(R, u) and A > 0,

o
(1.2) p{z € R: Myf(z) > A}) < <=1l
as well as the best constant C such that for any f € LP(R, ),
(1.3) IMpuflle@py < Coll fllze -

In their remarkable work [7], Grafakos and Montgomery-Smith showed that when p
is the n-dimensional Lebesgue measure, the norm of the “strong” uncentered maximal
operator on LP(R™) for p € (1,00) tends to oo as n — 0o. Moreover, when n = 1, they
also showed that the best constant CJ' for p € (1,00) is the unique positive solution to
the equation

(1.4) (p—1)2? —pzP~ ' —1=0.

When g is a non-zero Borel measure satisfying the following assumption:

Assumption (A): for any point a € R, u({a}) =0,
Bernal [1] proved that the best constant C%' in (1.2) is 2. On the other hand, Grafakos
and Kinnunen in [6] showed that for a general Borel measure p on R, the best constants
in (1.2) and (1.3) respectively have upper bounds 2 and 6, with 1 < p < oo, where 6,
is the unique positive solution of the equation (1.4); see Lemma 2.1 below. Recently,
there are still scholars actively engaged in this field. Jia Wu et al. [11] obtained the best
constant of truncated Hardy-Littlewood maximal function on L'(R). Moyan Qin et al.
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[9] established the limiting weak type behaviors of the strong maximal operators. There
are numerous papers on the best constants of maximal functions; see [4, 8, 2].

The purpose of this note is twofold. For p = 1, by an alternative method, we reobtain
the result of Bernal in [1]. That is, we have the conclusion as follows.

Theorem 1.1. Let p be a non-zero Borel measure on R that satisfies Assumption (A).
Then C} = 2.

The second purpose of this note is to study the best constant C' of M, with a Borel
measure j for p € (1,00). Under some additional assumptions, we verity that the upper
bound 6, obtained in [6] is just the norm of M,. More precisely, we have the following
result.

Theorem 1.2. Let pu be a Borel measure on R that satisfies Assumption (A) and
Assumption (B): there exists a non-negative locally integrable function w on R, such
that for any subset A C R, u(A) = [, w(t)dt, and

/OOO w(t)dt = /OOO w(t)dt = .

Then C¥ = 0, where 0, is the unique positive solution of the equation (1.4) with 1 <p <
00.

Remark 1.3. (i) It is not clear whether Assumption (B) is necessary.

(ii) Let w € A,, the class of Muckenhoupt weights; see, for example, [5]. It is not
difficult to see the Borel measure u = wdz satisfies Assumption (A) and (B). This implies
that for a given w € A,, the norm of M, on LP(R, u) or from L'(R, pu) to LY (R, i) is
independent of w.

We mention that when p = 1, by the result in [6], the best constant C{" < 2 (see
Lemma 2.1 below). Thus to show Theorem 1.1, it suffices to prove the reverse inequality.
A novelty of this note is that we take a new method to achieve this aim by finding some
suitable “test functions”. This method is also used to prove Theorem 1.2.

At the end of this paper, we also briefly discuss the “strong” maximal operator Ny
with the measure i on R". By an argument similar to Theorem 1.2, we show that the
operator norm of N on LP(R", i) is 0, 1 < p < oo. Moreover, we point out that
grows exponentially with n, as n — oo.

2. PrRoors oF THEOREMS 1.1 AND 1.2

In this section, we firstly provide the proofs of Theorems 1.1 and 1.2, and then we
consider the n-dimensional maximal operator N in the end. Let M, f, C!" and Cl be as
in (1.1), (1.2) and (1.3), respectively, and 6, be the unique positive solution of (1.4). For
convenience, we write M f := M, f, Cy := C{ and C, := C¥. We begin with recalling the
following result by Grafakos and Kinnunen in [6].

Lemma 2.1. Let 1 be a Borel measure on R and p € (1,00). Then Cy < 2 and C, < 6,,.
Theorem 1.1 is a consequence of Lemma 2.1 and the following proposition.

Proposition 2.2. Let u be a non-zero Borel measure on R satisfying Assumption (A).
Then there exists a collection {(a;, b;)}2, of open intervals such that

bi bi
(21) a; < Qiq1 < bfL'Jrl < bi, / d,u > 0, hm / d/JJ = 0,
o i—oo Jo.

i
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and

suptu({z € Rt Mx(q, () > t})
lim =2 =2
i=0 p((ai, b))
Proof: We claim that there exists zp € R, such that p(/) > 0 for any open interval
I > xg. Otherwise, for any € R, there exists an open interval I, > x such that
u(I;) = 0. By the Lindeldf covering theorem, we deduce that there exists a countable
collection {I;}22, of open intervals, such that j(l;) = 0 for any j € N, and

R=|]I

JEN

Therefore,

0 <pR)= M( U ]j> < ull) =0,
JEN Jj=1
which yields a contradiction. From this claim, we see that there exists a collection
{(ai, b;)}32, of open intervals satisfying (2.1).
Let fi(%) := X(asb:) (%), where ¢ € N and x € R. We then see that for z < a;,

Vdp [ dp

Mfi(z) = sup G- = —.
a; <y<b; fx dﬂ fwz d/L

We can treat similarly when x > b;. Therefore we conclude that for any 7,

( b,
Ja) d
T < ai
Mfi(z) = 1, a; < x < by;
St dp
\ W, x bz

By (2.1), we see that p((ai,b;)) € (0,00). Without lost of generality, we may further
assume that

Moreover, since M f; is continuous, increasing on (—oo, a;), and decreasing on (b;, 00),
we have that

E,={zeR: Mfi(zx)=A} #2 forv; < A < 1.

Let
a; =inf{y :y € E;},

Bi :=sup{y : y € E;}.
Then by the continuity of M f;, we see that

o <ag P> b,

a;, B € B,
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b; b; b; Bi
/d,u:)\/ du, /du:)\/ du,

{r e R: Mfi(z) > A} = (o, 5i).

and

These facts imply that
Bi
AM({r e R: Mfi(x) > \}) = )\/ du

(€7

bi ,Bz b;
:)\/ d,u+)\/ du—)\/ du

b;
= (2—/\)/ dp.

sup Adp({z € R: M fi(x) > A}) > sup Au({x € R: Mfi(x) > A})

A>0 yi<A<1

b;
= sup (2—)\)/ du

Fi<A<1

= (2 —vi)u((ai, b:)).

Hence

By letting ¢ — 0o, we deduce that
Sup A({z € Rt MX (a0 () > A})
2.2 lim 222 > lim (2 — ;) = 2.
(22) im0 n((ai, b)) H—of )
On the other hand, from Lemma 2.1, we also have
sup Ae({z € R+ Mx(a;00) () > A})

Tim 22° <9

i—o0 n((ai, bi)) B
This together with (2.2) yields that Proposition 2.2 holds and the proof is finished. [

To present the proof of Theorem 1.2, we also need the following proposition.

11
Proposition 2.3. Let T'(z) := 2 mﬁfl, x>0 and 1 <p<oo. Then the marimum value
of the function T is ’%Qp.

Proof: We firstly see that
_1 _1
—117371 P—i—(l—%)x P —1
(x+1)2 ’

It is not difficult to prove that there exists a unique point zo > 0 such that 7"(xg) = 0
and max T(x) = T(zp). Therefore
x>

T'(z) = x> 0.

1 1 1%
4 1 p
0
,% 1 zy F + L 1
x + (1-L)zy P -1 p— -1
max T'(z) = =2 = — = o
z>0 xo+1 %zo p p
Zo + T
(1-2)zy P =1
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1 1
Since z, " > 0 satisfies (1.4), we set 8, := x, ”, which implies

-1
max T (z) = P~y

>0 p P

Next, we give the proof of Theorem 1.2.

Proof of Theorem 1.2: Let 1 < p < oo and

flz) = /Oxw(t)dt, F(z) = \f(x)\_%, r e R.

From assumptions on u, we see that f is well-defined, continuous and increasing on R
and absolutely continuous in any closed interval on R. Also let

o/ :={H : H is a maximal closed interval such that [,, w(t)dt = 0},

E :=UpeyH, and E°:=R\ E. Obviously, & is a countable set, and p(E) = 0.
By Proposition 2.3 and Assumption (B), we see that for any =z € E°N (0, 00), f(z) >0
and

[PF(
MEG@) = sw = oar IR ()dt

f F(t
= Tty ()dt
pf@)]F + [ fa)'
Thsep—1 [f@]+|f(a)
fla)1-1
S H—H
p_l a<0 ‘f( )‘—l—l
D p—1
. 1F<$) D Op
= 0,F(z).

The above inequality also holds for z € E°N (—o0,0). Hence
MF(z) > 0,F(x), p—ae zeR
Observe that F' ¢ LP(R, u). So instead, we consider the following function

(2.3) Fo(z) == F(z) min{|f(2)[°, | f(z)| "} € L"(R, ), € >0.
We claim that
| L4 v

24 MF,(x) > F, —
(24 )2 TR

, p—ae xeR

In fact, assume that x € E°N (0, 00), and set

(2.5) o(u) :=sup{t: f(t) <uf(x)}, uweR
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We denote by m the Lebesgue measure. From the property of f, o(u) is well-defined,
strictly increasing, right continuous, and m — a.e. differentiable on R. We can further
verify the following fact,

and

From these facts, we deduce that

fF
ME(z) 2 oup ¥ ()dt

SR min{|F@), £~ Jw(t)dt

=5 @+ W)
L min{l O 170t
%o F@)+ 17w
f“”“@ b oy L1 P min{ FOF, [ (8)] Y (#)dt
F@)[+ 16,7 (@)
S oo [l 721 £ ()] 7 ming uf (), [uf ()]~} () du
B @)+ 167 f ()]
gy lul P minJuf (@)[, [uf ()| ) du
= ()| o
[ Rl el g,
= ()] ¥ min{|f(2) ", | ()|~} T
f_legp |u|E*%du
R
> +0,

where in the fifth equation, we use integration by substitution with ¢ = ¢(u); see [3].
When x € E€N (—00,0), we can treat similarly. Therefore the claim holds.
Then from (2.4), it follows that

IME || @y o 140"

lim >p — = Up,
=0 [ Fe] Lo L+6,7 7
which means C), > 0,. Hence we complete the proof of Theorem 1.2. OJ

Finally, we briefly discuss the n-dimensional case. Following the method of Grafakos
and Montgomery-Smith [7], we present a complete adaptation of their argument here for
completeness. Denote by x := (z1,...,x,) in R". For a non-negative locally integrable
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function f on R™ and w;(t) on R, j =1,...,n, satisfying the conditions in Theorem 1.2,
we define the “strong” maximal function on R”, by

Jor - o P diCy)
Ni(f)(x):= sup --- sup — a—
a1<z1<b; an<Tn<bn fa: . fal d,u(y)
where dji(y) := wi(y1) - - - wn(yn)dy1 - - - dy,. Clearly N; = M,,. Moreover, observe that

9

n D). .. (n)
NﬂSMu oo My

where M,Sj ) denotes the maximal operator M, on R applied to the x; coordinate. This
implies that the operator norm of N on LP(R™, ji) is less than or equal to 67, 1 < p < oo.
By considering the function

Ge(x) == HFE(a:’j), x € R"

j=1

where F. is as in (2.3), and using an argument similar to Theorem 1.2, we can obtain the
reverse inequality. We state this result as follows.

Corollary 2.4. For 1 < p < oo, the operator norm of Ny on LP(R", [i) is 0.

Furthermore, it is easy to verify p%l <0, < %, which implies that the operator norm
of Ni on LP(R", ji) grows exponentially with n, as n — oo.

Acknowledgments: The authors would like to thank the Professor Dongyong Yang
for helpful discussions and also express their deep thanks to the referee for his/her very
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