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FIGURE 43.
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On the envelope of the Simson line of a polygon.

By Professor STEGGALL.

It is known that if from a given point perpendiculars be let fall
on the four Simson linos formed from the four triangles made by
taking every, three of four points concyclic with the first, the feet
of these perpendiculars lie on a straight line proposed to be called
the Simson line of the quadrangle formed by the four points ; it is
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also known that this process can be extended. I propose to examine
various results connected with these lines.

Let the angular coordinate of any points on a circle be
2a, 2/3, 2y, . . the radius a, and let any other point have an
angular coordinate JT - 26 : the chord (a, (3) is

a;cos(a + /3) + ysin(a + /3) = acos(a - (3)

the axes being through the centre as usual. This equation may be
written

(x + acos26*)cos(« + /3) + (y - asin2#)sin(a + (3)

^2acos(a+6)cos(/3 + 6) - - - (1)

The perpendicular from the point (ir - 28) has for equation

(a: + acos20)sin(a + /?)-(2/-asin20)cos(a+/3) = O - (2)

and the line
(x + acos20)cos(u + /3 + y + 6) + (y- asin26>)sin(a + f3 + y + 6)

= 2ncos(a + 0)cos(/3 + 0)cos(y + 6) - - (3)

passes through the intersection of (1) and (2). But its symmetry
at once shows that it is the pedal line of the triangle (2a, 2/3, 2y).

Proceeding to a fourth point

(x + «cos20)cos(a + /3 + y + 8+20)

+ (;>j - asin20)sin(<x + /3 + y + S + 20)

= 2acos(a + 0)cos(/3 + 0)cos(y + 0)cos(8+(?) - (4)

is the Simson line of the quadrangle 2u, 2/8, 2y, 2S, and so on.

If we choose the original axis of x to coincide in direction with the
mean of the angular directions 2a, 2/3,

a + /3 + y+ . . =0

and our line becomes in the general case

(.r + ncos20)cos(M -2)0+ (y - asin26)sin(n -2)6

= 2ncos(u + 0)cos(/3 + 0) . . .

or a;cos(/i - 2)8 + ys\n(ii - 2)6

= 2acos(a + 6)cos(/3 + 8) . . -

• ) •
(5)
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Now in the case of a triangle, if 6 varies, this gives

I

( 2cos2a\
x — )

a . a /cos(0 - 2a) + . . - cos30\
xcosa + ysinc* = a I—- — I

( cos2\ / 2sin2aV acos36
) o 0 + ( )

2

a line enveloping a three-cusped hypocycloid whose centre is at the
nine-points centre . . . . . . . . (g\

In the case of a quadrangle

a5cos20 + ysin20 = a——

+ a

4

cos(20-2a)+ . .

4

which only envelopes a four-cusped hypocycloid if

If we consider the given point as fixed, we may take 6 = 0, and
change the axes so that it is at the origin. The Simson line now
becomes from (4) t

*cos(a + (3 + y + . . ) + 2/sin(a + /3 + y 4- . . )

= 2acosacos/BcosycosS

and if 26 be the inclination of the mean line and 2a', 2/3', 2y, . .
inclinations of the radii a, (i, y . . to it, we may write the
equation

:ccos(a' + /3' + . . + nO) + ysin(a' + f3' + . . +n6)

= 2acos(a' + 0)cos(/3' + 6) . .

where a' + ft + y' + , . =0

we may now drop accents, and we get

xcosnO + ysind

For a triangle

= —{cos6-2a+ . +cos3<9}

which envelopes a cardioide.
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For a quadrangle

.rcos4#+2/sin4# = — {c

+ cos2(0-a) + . . .
+ cos40}.

In the case of regular figures these results are much simplified,
and it will be found best to start de novo from the equation (4) :
we may take the axis of x to pass through a corner when n is odd,
and through a mid point of a side if n is even : so that

, , 0 2* 2-K
n odd, a = —, p = —, y = —

n n n

IT 3:r 5ir
neven, « = - , / ? = - , y = - .

The lines are respectively

sU—— TT + (n - 2)d\ + ysiny^—IT + (n- 2)

and

l—-—w + nd\ + 2acos6cosl \ - 6 \ . . . .
V 2 / \ n f

7 ^ + (n - 2)01

But by a known trigonometrical formula

n / "• /A /2"" n\ • • n factors (odd)cos0cosl— + 0|cos|— + 01 v '
\ n J \n I

2"-1

whence the line, in either case, becomes

a:cos(ra - 2)9 + ysm(n - 2)6

„ 1 - 2'-2

= acosn6 . _8 . . . (8)

which envelopes a n w-cusped hypocycloid.
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In the next place, if the point is fixed, transfer to it as orgin and
we get as in equation (7)

xcosnO + ysinnd = 2acos(a + 6)cos(ft + 6) . .
acosd

which passes through the fixed point x = a/2"~'2, 2/ = 0
Hence the Simson line of a regular polygon with respect to a moving
point envelopes a hypocycloid and the Simson line with respect to a
fixed point of a regular polygon that slides round a circle passes
through another fixed point.
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