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3-manifold spine cyclic presentations with
seldom seen Whitehead graphs

Gerald Williams

Abstract. We consider a family of cyclic presentations and show that, subject to certain conditions on
the defining parameters, they are spines of closed 3-manifolds. These are new examples where the
reduced Whitehead graphs are of the same type as those of the Fractional Fibonacci presentations;
here the corresponding manifolds are often (but not always) hyperbolic. We also express a lens space
construction in terms of a class of positive cyclic presentations that are spines of closed 3-manifolds.
These presentations then furnish examples where the Whitehead graphs are of the same type as those
of the positive cyclic presentations of type 3, as considered by McDermott.

1 Introduction

The cyclically presented group G ,,(w) is the group defined by the cyclic presentation
Gn(W) = (X0, Xpo1 [ W, 0(w), ..., 0" (W)

where w(xg, . ..,Xp—1) is a word in the free group F}, with generators xo, . . ., x,—1 and
0 : F, — F, is the shift automorphism of F,, given by 6(x;) = x;41 foreach0 < i <
n (subscripts mod n, n > 0). Cyclic presentations that are spines of 3-manifolds have
been widely researched, with notable early studies by Dunwoody [18], Sieradski [50],
Helling, Kim, Mennicke [22], and Cavicchioli and Spaggiari [16].

A necessary condition for a presentation to be a spine of a closed 3-manifold is
that its Whitehead graph is planar (see, for example, [25, page 33], [4, Documentation,
Section 11]). The planar, reduced, Whitehead graphs of cyclic presentations were clas-
sified in [27], whose labelling (I.j),(IL.j),(IIl.j) we now adopt. (Types (I.5) and (I1.6) are
precisely the graphs that correspond to positive or negative cyclic presentations.) In the
overwhelming majority of studies of cyclic presentations as spines of 3-manifolds (for
example [1,2,7,8,9,10, 11, 12, 13, 15, 18, 20, 21, 26, 33, 34, 35, 36, 37, 38, 42, 44, 48,
50, 51, 52, 53]) the reduced Whitehead graph is of one of the types (I.1), (L.3) or (I.5),
which correspond to the graphs given by Dunwoody in [18, Figure 1] and, as such, pro-
vide examples of so-called Dunwoody manifolds. By [8] and [21] the class of Dunwoody
manifolds is exactly the class of strongly-cyclic branched covers of (1, 1)-knots. Strictly
speaking, the hypothesis ab # 0 of [18], which is removed in many later references
(including [8, 21]), excludes Whitehead graphs of type (I.5) and for this reason no positive
presentations appear in [18, Table 1]. However, an explicit family of cyclic presentations
that are spines of 3-manifolds and where the reduced Whitehead graph is of this type
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are given by the positive presentations of type 3 considered in [42, Theorem 8] (that is,
those with s < 0). Cyclic presentations that are spines of 3-manifolds where the reduced
Whitehead graph is of a different type to (I.1), (I.3), (I.5) are few and far between. We are
only aware of the following families of such presentations. The non-cyclically reduced
cyclic presentation G, (xoxlxl_l) is a spine of S3 foralln > 1([26, Lemma 9]). Its White-
head graph contains loops, but once these are removed the graph is of type (I.4). Helling,
Kim and Mennicke [22] and Cavicchioli and Spaggiari [16, Theorem 3] showed that, for
even n, the Fibonacci presentations # () = Gy (xox1x; ') are spines of closed, oriented
3-manifolds; here (for n > 4) the Whitehead graph is of type (I.11). A special case of [47,
Theorem 6] gives that, for coprime integers k, / > 1 and even n, the cyclic presentations
Gn (xéx{‘x; 1) are spines of closed, oriented 3-manifolds. These presentations are the
Fractional Fibonacci presentations FkIL(n) of [55, 56] (or of [40, 41] in the case [ = 1) and
if (k, 1) # (1, 1) their reduced Whitehead graph is of type (IL.7). Jeong and Wang [28, 29]
showed that, for / > 2 and even n the cyclic presentations G, (x1 (x; 'x0)!) are spines of
closed, oriented 3-manifolds; here the reduced Whitehead graph is of type (I1.14).

In Section 3 we present a family of cyclic presentations that are spines of closed 3-
manifolds where the Whitehead graphs are of type (I.5) and show that the manifolds are
cyclic branched covers of a lens space. This construction is essentially well known (see,
for example [49, page 217], [43, page 4], or [39, Section 3]), but the connection to the pla-
nar Whitehead graph classification of [27] has not previously been observed. In Section
4 we present a new family of cyclic presentations that are spines of closed 3-manifolds
where the reduced Whitehead graphs are of type (IL.7) (i.e. the same type as those of the
Fractional Fibonacci presentations) and show that many, but not all, of the manifolds
are hyperbolic. Experiments in Heegaard [4] were used in formulating these results.

2 Presentation complexes as spines of closed 3-manifolds

The presentation complex (or cellular model) K = Kp of a group presentation P = (X | R)
is the 2-complex with one 0-cell O, a loop at O for each generator x € X and a 2-
cell for each relator (the boundary of that 2-cell spelling the relator). If N is a regular
neighbourhood of O then K N AN is a 1-dimensional cell complex called the Whitehead
graph or link graph of . Thus the Whitehead graph of P is the graph with 2| X| vertices
Vx, Vi (¢ € X) and an edge (v, vy) (resp. (V% v’y), (Vx, v’y)) for each occurrence of a
cyclic subword xy~! (resp.x ™1y, (xy)*!) in arelator r € R. The reduced Whitehead graph
is the graph obtained from the Whitehead graph by replacing all multiedges between two
vertices by a single edge. We say that a group presentation % is the spine of a closed 3-
manifold M if there exists a 3-ball B> C M such that M — B> collapses onto Kp (where
B3 denotes the interior of B3). Since Kp is connected, the manifold M is necessarily
connected.

Suppose that a group presentation = (X | R) with an equal number of generators
and relators is a spine of a closed, oriented 3-manifold. Then (see [49, Chapter 9], [45],
[50, page 125]) there is a 3-complex C whose set of faces consists of precisely one pair
of oppositely oriented faces F;", F,~ for each relator r € R, whose boundaries spell r.
Let M, denote the 3-complex obtained from C by identifying the faces F', F,” (r € R).
Then My is a closed, connected, oriented pseudo-manifold. The Seifert-Threlfall condition
for My to be a manifold M is that its Euler characteristic is zero [49, Theorem I, Section

2025/03/31 10:45
https://doi.org/10.4153/50008439525000396 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000396

3-manifold spine cyclic presentations with seldom seen Whitehead graphs 3

—2r+1 -r+1

\/\AA
VARVARVARN

Figure 1: Whitehead graph for H (r, n) (where (r,n) = 1).

60). In this case the cell structure on M = M, has one vertex, one 3-cell, and 2-skeleton
homeomorphic to the presentation complex Kp of $. The Whitehead graph I" of P is
the link of the single vertex of Ky, and so embeds in the link of the single vertex of
M. The link of the vertex of M is the 2-sphere, and so I" has a planar embedding on
this sphere. When I" is connected the 3-complex C is a polyhedron 7 bounding a 3-ball.
Given a planar embedding of I there is a one-to-one correspondence between the faces
F of this embedding and the vertices ur of 7. This correspondence maps a face of degree
d to avertex of degree d of m. Moreover, if the vertices in the face read cyclically around
the faceare wy, ..., wg where w; € {vy, v, (x € X)} thenthearcsey,..., ey incident
to ur, read cyclically, are directed towards ur if w; = vy and away from ur if w; = v/,
and the arc e, corresponding to vertex w; = v, or v/, is labelled x.

3 Cyclic presentations H(r, n) as spines of type (1.5)
Forn > 1,r > 1let

H(r,n) = Gn(xox1...xr_1)

and let H(r, n) be the group it defines. By [54, Theorems 2 and 3], H(r, n) is finite if
and only if (n,r) = 1, in which case H(r,n) = Z,. The Whitehead graph of H (7, n) is
connected if and only if » > 1 and (n, 7) = 1, and in this case it is of type (I.5), as shown
in Figure 1, where (as also in Figure 5) the edge labels denote their multiplicities, a vertex
label i denotes v, and a vertex label i denotes Vi

As a warm up to our main result, Theorem A, in this section we show that, when the
Whitehead graph is connected (that is, if n, 7 > 1 and (n, r) = 1), then H(r, n) is a spine
of a closed, oriented 3-manifold M. The positive presentations of type 3, considered in
[42], also have Whitehead graphs of type (I.5) and, subject to certain hypotheses, they are
spines of closed, oriented manifolds N [42, Theorem 8]. The manifolds M can often be
distinguished from the manifolds N by comparing their fundamental groups 7y (M) =
H(r,n) = Z, and 7;(N). For example, by [42, Proposition 6], 71 () is often infinite
and [42, Table 1] provides computational evidence that many of the finite groups 7; (N)
are non-cyclic.

Consider the polyhedron in Figure 2 with face pairing given by identifying the faces
Fl.+, F-0<i< n). We shall show that the identification of faces results in a 3-complex
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Figure 2: Face pairing polyhedron for H (r, n).

M whose 2-skeleton is the presentation complex of H (r,n), so M has one 0-cell, n
1-cells, n 2-cells, and one 3-cell, so is a manifold by [49, Theorem I, Section 60].

Let [S, N]; denote the arc of the face F}" with initial vertex S and terminal vertex N.
All the arcs labelled x( are contained in the following cycle (of length r):

Fn—(r—l) Fn—(r—Z)
2 1
[S’ N]O [Wn—(r—l)’wn—(r—l)]
Fn—(r—3) Fn—(r—4)
4 3
[Wn—(r—3)’ Wn—(r—S)] T

F_ _ F
=5 [N, wi 23] = [S, Nlo.
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Figure 4: Heegaard diagram for the manifold M (r, n)/p.

All the vertices that are a vertex (either initial or terminal) of an arc labelled xg are
contained in the (induced) cycle of the initial vertices in the arcs above, so in the resulting
complex M these vertices are identified. In particular, vertices N, S are identified, and
(by comparing initial vertices) for 1 < j < r vertices w:l:;.ﬂ are identified with S.

Therefore, for each 0 < i < n, 1 < j < r the vertex w/ = §"*"~/*! (W",li(rijﬂ)) is
identified with S. Therefore all the vertices of the polyhedron are identified. Thus the
quotient M has one 3-cell, n 2-cells, n 1-cells, and one 0-cell, and since the boundaries of
the 2-cells spell the relators of H (r, n), it follows that M is a closed, oriented 3-manifold,

and H (r, n) is a spine of M.
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Figure 5: Whitehead graph for Gk (n, f) (where A = 21+ k — 3,nevenand fk = 0 or 2 mod n).

As in (for example) [57, proof of Proposition 2], a Heegaard diagram for M arising
from the face pairing polyhedron is given in Figure 3. This diagram has a rotational
symmetry p of order n cyclically permuting the faces F;* — F}, and F. — F . The
quotient of M by p is a 3-orbifold in which the image of the rotation axis is a singular set.
This yields the Heegaard diagram for M /p in Figure 4, which is the canonical diagram
of the lens space L(r, 1). Hence the manifold M is an n-fold cyclic branched cover of

L(r,1).

4 Cyclic presentations G*/!(n, f) as spines of type (IL.7)
Forn>2,k,[ >1,0< f <n,let gk/l(n, f) be the cyclic presentation

Gn((Yoy s -+ Y1) )11y @1y f1 - - Y (k-1) g+1) V2V 247 - Yas-1) ) 7)
and let G¥/!(n, f) be the group it defines. When n > 4, the Whitehead graph of

G*/!(n, f) is planar if and only if n is even and either fk = 0 mod n or fk = 2 mod n,
in which case it is of type (IL7) if (k,1) # (1,1) and is of type (IL11) if k = [ = 1; see

Figure 5. Our main result is the following:

Theorem A Letn > 4, fk # 2 mod n, and (k,1) € {(k,1),(1,1),(5,2),(2,5)}. Then
GK/(n, f) is a spine of a closed, oriented 3-manifold M*/'(n, f) if and only if n and f are
even and fk = 0 mod n.

Our motivation for studying these presentations (and, in particular, under the con-
dition fk = 0 mod n but not under the condition fk = 2 mod n) stems from the
following connection to the Fractional Fibonacci groups. The presentations G*/! (1, 0)
are the Fractional Fibonacci group presentations

FrI(n) = Gu (xbxkx3")

introduced in [40, 41, 55, 56], generalizing the Fibonacci group presentations F1 (n).
For even n and coprime integers k, > 1, the Fractional Fibonacci group F¥/!(n) is a
3-manifold group [40, Theorem 4.1], [41, Section 4], [55, Section 2], [56, Section 2]. If
n > 2is even then F /! (n) was shown to be a spine of a closed, oriented, 3-manifold
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in [16],[22],[23],[24]. More generally, if k,/ > 1 are coprime and # is even, then setting
si = qi =1, pi = —r; = k in [47, Theorem 6] gives that 7*//(n) is a spine of a closed,
oriented, 3-manifold. If 7 is odd then F*//(n) is not a spine, since its Whitehead graph
is non-planar. The question as to when, for odd n, F¥/!(n) is a 3-manifold group is
considered in [26, Theorem 3] for the case k = [ = 1, and in [17, Theorem 6.2] for the
case [ = 1 and the case n = 3. The abelianisation F¥/!(n)® is obtained in [41, Lemma
1], [46, Corollary 4.3].

The shift extension EX/'(n) = F¥'(n) =g Z, of F¥/'(n) by Z,, = (¢ | ") has the
presentation

Ek/l(n) ={(x,t] t",xltxktx_lt_z), (1)

where the second relator is obtained by rewriting the relators of F*/(n) in terms of the
substitutions x; = t'xt~" (see, for example, [31, Theorem 4]). As set out in [5, Section 2],
for 0 < f < nsuch that fk = 0 mod n, there is a retraction v/ : E¥/!(n) — Z,

(t | ") given by vf(t) = t, v/ (x) = t/. The kernel, ker(v/), has a presentation Wlth
generators y; = t'xt~("*f) (0 < i < n) and relators that are rewrites of conjugates of the
second relator of EX/!(n) by powers of ¢, and so has the cyclic presentation G¥/*(n, f).
In particular (under the condition fk = 0 mod n),

G (n,0) = Gu(yoyyy; ) = F (),

6" (n, ) = "' (n,0) = Ga(yoy1y;") = ' (),

G (1, ) = Gu((Yoy ) V2 pe1Y3 a1y araiy 1y 1) (V2y24p) ™),
G2 (n, ) = Gu((yoy ¥0Y £Y0) (¥ £4131) (V22 fY2Y241¥2) ™).

The shift extension

G (n, f) >0 Zn = (v, |1, ()Y 1 (e )K= T4 (e Ty 172
= (x,t | ", xtexke TR 12y

(by setting x = ytf and eliminating y). In the case fk = 0 mod n, this coincides with
E*/!(n), which is independent of the value of f. This implies, for example, that the order
of G¥/!(n, f) is independent of f, the shift dynamics of G¥/!(n, f) are identical for all
values of f [5, Lemma 2.2], and that G*/(n, f) is (non-elementary) word hyperbolic
if and only if F¥/!(n) is (non-elementary) word hyperbolic. In Theorem 4.5 we simi-
larly show that, for fixed k, [, n, if two groups Gk/l(n, 1), Gk/l(n, /f>) sharing a shift
extension are fundamental groups of closed, connected, orientable 3-manifolds then
either both manifolds are hyperbolic, or neither are. Observe that (under the hypoth-
esis f k = 0 mod n), as in Figure 5, the Whitehead graph of G*/!(n, f) has vertices
Vy,, vy, and edges (vy,, vy,.,), (V5,5 ), (vy,, Vs, +f) (of multiplicity 2/ + k — 3), and
so the Whitehead graph of gk/l (n, f) is obtained from that of 7*/!(n) = G*/!(n, 0) by
replacing each edge (vy,, v}, ) by the edge (vy,,v Yi +f)

Remark 4.1 1In the general setting of [5], if v/ : (x,1 | t", W(x,1)) — (¢t |t") (n > 2)
is a retraction given by v/ () = r and v/ (x) = ¢/ then ker(v/) has a cyclic presen-
tation G, (pf (W(x,1))) where p/ (W (x, 1)) is as defined in [5, page 159]. Analysis of

2025/03/31 10:45
https://doi.org/10.4153/50008439525000396 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000396

8 Gerald Williams

€, €141

(o)l er1) of pf(W(x, t)) (where ¢, = *1,¢,41 = =1)

provides a description of the edge set of the Whitehead graph of G, (pf (W(x,1))).
Given two such retractions v/1, v/2 this description yields that the Whitehead graph of
P, = Gu(p(W(x,1))) is obtained from that of P; = G, (p/1 (W(x,1))) by replacing
each edge (vy;, v;j) by the edge (v, v ), leaving all other edges unchanged. In

the length two subwords x

’
Xje(f2-11)
particular, if the Whitehead graph of P; is one of the types in the planarity classification
of [27] then the Whitehead graph of P, is of the same type.

In contrast, for fixed k, [, n, two groups Gk/l(n, fl),Gk/l(n, />) sharing a shift
extension will typically be non-isomorphic. We give examples of this in Example 4.2
and Lemma 4.3. Further, in the case fk = 0 mod n, we also have that the presenta-
tion G¥/!(n, f) has a planar Whitehead graph. Since the group G*/!(n, f) shares its
shift extension with that of F¥/!(n), these properties combined suggest that the geomet-
ric properties of FX/!(n) and #*/!(n) may be inherited by G*/!(n, f) and G¥/!(n, f).
However, while [47, Theorem 6] implies that Fh/ (n) is a spine for all coprime k, [ and
evenn > 2, Lemma 4.4 will show that, additionally, f must be even for Qk/ ! (n, f) tobe
a spine of a closed, oriented, 3-manifold. This demonstrates that, generally, given two
retractions v/, v ¢ (x, 1| 1", W(x,1)) — (¢ | ") whose kernels have cyclic presenta-
tions Py, P>, as in Remark 4.1, it is not the case that P is a spine of a closed, oriented
3-manifold if and only if P, is such a spine. In the other planar case, fk = 2 mod n,
the groups G*/!(n, f) do not share a shift extension with F*//(n), so there is no apriori
reason to expect similar geometric properties to hold.

Example 4.2 (Non-cyclic finite groups.) The groups G*1(3,0), G*'(3,1), are solv-
able of order 3528, and derived lengths 3, and 4, respectively ([41, Remark 1],[30, page
282]) and hence are non-isomorphic. The groups G3/2(3, 0), G3/2(3, 1), are solvable
of order 504, and derived lengths 2, and 3 respectively (using [19]) and hence are
non-isomorphic.

In Lemma 4.3 we use the fact that the order of the abelianisation G¥//(n, f)® is given
by |[Res(p ¢ (), t" — 1)|, if this is non-zero, and is infinite otherwise, where

pr) = =) +tf + .+t DN L (et KD

is the representer polynomial of G¥/!(n, f), and Res(-, -) denotes the resultant [32, page
82]. As we will only be interested in the absolute values of resultants (and not the sign),
to avoid repetitive use of modulus signs we will take Res(+, -) to mean |Res(-, -)|.

Lemma 4.3 Let n,k,l > 1 where n, k are even and ged(k,l) = 1 then F¥/'(n) =
G*/'(n,0) = G/ (n,n/2).

Proof ForanyO< f <n

Res(p (1), 1" — 1) = Res(p 7 (£), "> = 1) - Res(p s (1), 1"/? + 1). )
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The hypotheses imply that [ is odd so we have
Res(pn/a (1), 12 = 1) = Res(I(1 — 1%) + kt, "% — 1)
= Res(po(1), "> - 1),
and, setting @, @ = (k + Vk2 +412)/(21),
Res(po(1), /"> + 1) = Res (l(t —a)(i—a), "+ 1)
=" (@"? + 1) (@"* +1)
=2 ((—1)"/2 +1+ (" + o‘/’/z)) )
On the other hand,
Res(pn/z(t),t"/2 +1) = Res (l(l — )+ kt(1+%))2,8"% + 1)
=["2.2(1+ (=1)"?).

Therefore Res(po(r), "% + 1) # Res(pn/z(t),t”/2 + 1) so, by equation (2),
Res(po(1),t" = 1) # Res(pn/2(t)," — 1). Hence |G (n,0)®| # |G*/'(n,n/2)®|,
and the result follows. u

Lemma 4.4 Supposen > 4, k,l > 1,0 < f < nwhereniseven, fk = 0 mod n, and
ged(k, 1) = 1.If f is odd then G*/! (n, f) is not a spine of a closed, oriented 3-manifold.

Proof First note that if f is odd, then the hypotheses imply that / is odd. The White-
head graph of G*/!(n, f) has a planar embedding, as shown in Figure 5. It has two

7 4 4 4 ’ ’ ’

’
n/2-gons vy, - vy, == vy, — vy, and v —Ivy3 - ~-I— Vi, — Vy,» 1 3-gons
Vyi T Vyit T Vi ~ Ve NABONS Vy, =Yy =V =V = Vy,, and An 2-gons
Vy, — v'y’_+f+1 —Vvy,, where A = 2/ + k — 3. It follows that the reduced Whitehead graph

is unique up to self homeomorphism of S2.

If Qk/l(n, f) is a spine of a closed, oriented, 3-manifold then in a putative corre-
sponding face-pairing polyhedron, there are two degree n/2 source vertices, N, S, say,
where N has outgoing arcs in cyclic order yg, ¥2, ¥4, . . . » Yn—2 and S has outgoing arcs
in cyclic order y1,¥3,¥s, ..., Yn—1. The 2-cells incident to N are therefore, in cyclic
order, Fy', F; , F;,...,F,_,, where the boundary of F[ reads, anticlockwise, the i'th
relator of Qk/ l(n, f). The arc labelled y,, with initial vertex N, is the first of a path
Y2 = Yasf =+ = Ya+(i-1) f- Let v denote the terminal vertex of the last arc in this path.
Then v has two incoming arcs labelled y ;1) f+1, ¥ (1-1) f+2, and an outgoing arc labelled
Yif+3. Therefore v is a degree 4 vertex, and its remaining arc is outgoing, and labelled
Yif+1. The outgoingarcs y; r11, Y1 743 then bound the Fl}+1 face.Since/, fareodd,/f+1
is even, so the face pairing contains two F/ l} ) faces, a contradiction. ]

In Figures 6,7,8,9 we present face-pairing polyhedra with n pairs of faces F;", F,~
(0 < i < n) of opposite orientation whose boundaries spell the defining relators of the
relevant presentation G (n, f).Inthe proof of Theorem A we show that the identifica-
tion of faces Fl.+, F[ results in a 3-complex that satisfies the Seifert-Threlfall condition,
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and so is a manifold whose spine is the presentation complex of G¥/!(n, f). (Note that,
in these figures, the condition that f is even is necessary for each relator to appear as the
label of a pair of oppositely oriented faces.) The diagrams have different forms depend-
ing on whether [ > k or k > [. The figures should provide the enthusiastic reader
with sufficient information to construct face-pairing polyhedra in the general cases. The
values {k, [} = {2, 5} were selected so that k, [, |k — [| are distinct, to make it straight-
forward to infer paths of lengths k,/, and |k — I|. (For example, in Figure 7 the path
from v, to up haslength 3 = k — 1, and in Figure 9 the path from w ¢ to v _; has length
3 = 1 — k.) We expect the Seifert-Threlfall condition to hold in the general case for
coprime k, [; however, the corresponding analysis to check this would be highly tech-
nical. Since our goal is to exhibit new cyclic presentations that arise as spines of closed
3-manifolds, whose Whitehead graphs are of type (I1.7), rather than to be exhaustive, we
have not sought to do this.

Proof of Theorem A We may assume n is even and fk = 0, for otherwise the White-
head graph of G¥/!(n, f) is not planar [27] (noting that fk # 2 mod n, by hypothesis).
Moreover, by Lemma 4.4 we may assume f is even.

Case 1: (k,1) = (k, 1). Consider the face pairing polyhedron depicted in Figure 6 (where
the arc labels can be deduced from the position of the unique source in the boundary of
each face) with face pairing given by identifying the faces F;', F; (0 < i < n). We shall
show that the identification of faces results in a 3-complex M whose 2-skeleton is the
presentation complex of gk/l(n, f), so M has one 0-cell, n 1-cells, n 2-cells, and one
3-cell, so is a manifold by [49, Theorem I, Section 60].

All the arcs labelled x( are contained in the following cycle:

Ff,]

Fo Foy -2 -3 k-2
[N,uo] — [ui_f,vo] — [ch sur] — [wyy ,lecf ]

Fapo1 0 p_4 k—3q P Fle-sp-1 0 2

— s hows Tl = = Wy o Wiy ]

Fr-2)f-1 Fr-1)£-1

F
—> [V(k—1)f—zywék_1)f] — V1) f-3, wol — [N, uo].

Therefore, in the resulting complex M all the arcs labelled x are identified. Moreover,
all the vertices that are a vertex (either initial or terminal) of an arc labelled x( are con-
tained in the (induced) cycle of the initial vertices in the arcs above, so these vertices
are identified in M. By applying the shift 62/ (0 < j < n/2) to the above, all the
arcs labelled x;; are identified and all the vertices of such arcs are identified. That is,
the vertices N, uyj4(1- 1), wlz;ff, lecj_fzf’ R W%j+(k—2)f’ Vaj+(k—1) f—2 are identified;
equivalently, N, u341, w;j, .. w’;j_z, v2j (0 < j < n/2)are identified.
All the arcs labelled x; are contained in the following cycle:

Fy Fo k-2 f k-3 k-2
[S,u1] — [uz—p,v1] — [Wf+1’u2] - [sz+1’wzf+1]
B a4 ke3 4 B Fa-sr = 2
— Wi wiral — 0 = W) e Wike2)

Flc-2)p Fe-nyf F_
— [V(k—1)f—1,W2k_1)f+1] — ey o2 Wil — [S,u1].
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F, F; F; F;
1 k- 1 k- 1 ,
WrWr : Wirs" f+22 W4 W}'m
up vV uy V2 uy Vf+4 ug Vi+6 ug
- + - + - + - +
..... Fiok Ff Y Fra K Fin Y Frs A Fra Y Frus A Frg { -
u_j V-1 uj Vf+l u3 Vf+3 us VI+s uy V+7 ug
N RaEE\ e "o "y
+ + + + +
F—l Fl F3 FS F7
S

Figure 6: Face pairing polyhedron for G*'(n, f).

Therefore, in M all the arcs labelled x; are identified. Moreover, all the vertices that
are a vertex (either initial or terminal) of an arc labelled x; are contained in the
(induced) cycle of the initial vertices in the arcs above, so these vertices are identified
in M. By applying the shift 62/ (0 < j < n/2) to the above, all the arcs labelled
X2j4+1 are identified and all the vertices of such arcs are identified. That is, the vertices
S, Uzjs(2—f)s w’z‘j’ffﬂ, lecffzfn’ e, W%j+(k—2)f+1’ V2j+(k—1)f—1 are identified; that is
S, uzj, wéjﬂ, - wlzcj_fl, Vv2j+1 (0 < j < n/2) are identified. Moreover, examining the
terminal vertices of the first cycle above we see that uy and u; are identified. There-
fore the vertices induced from the first cycle are identified with the vertices from the
second cycle, so all vertices of the polyhedron are identified. Thus M has one 3-cell, n
2-cells, n 1-cells, and one 0-cell, and since the boundaries of the 2-cells spell the relators
of G'/1(n, 0), it follows that G'/!(n, 0) is a spine of a closed 3-manifold, as required.

Case 2: (k,1) = (5,2). Consider the face pairing polyhedron depicted in Figure 7 (where
the arc labels can be deduced from the position of the unique source in the boundary of

each face) with face pairing given by identifying the faces F*, F; (0 < i < n). All the
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+ + + + +
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51 s 53 S5 57 S9 e

Figure 7: Face pairing polyhedron for G*2(n, f).

arcs labelled xg are contained in the following cycle:

Far1

F, F_
[N, s0] o [Ml—zf,lo] — [w;f_l,w;c_l] — [”2f—1,V4f—1]

Fap_s Fuy Fypq
— [sap uap] — [tag,vap] — [Wh_u-pul

Ff,l

F3f71 F_
— [V3f—lsW;f_1] — [uspo1,737-1] — [N, sol,

and all the arcs labelled x; are contained in the following cycle:

F, F, Fr
[S,51] = [ur—ap, 1] —> [W;f,wgf] — [r2f, var]

Fap1 Fafpi Fur 2
— [safr1suape1] — [tafe1,vapal — [Wf,u—f+2]

Fy Fif F_
— [V3f,W;f] — [Msf,rsf] — [S,s1].

The proof then proceeds as in Case 1.
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Case 3: (k,1) = (1,1). Consider the face pairing polyhedron depicted in Figure 8. All
the arcs labelled x( are contained in the following cycle:

17 o 17 F2 1 2 Fo 21 F2 2 3
[Na u()] — [WO, to] — [u()s MO] — [t(l),to] — [MO,MO]

F() F—Z — — FO —
5 [, 15] — - = [uh 2 ul ] = [ v

F. _ F F. F.
— [”(I) Lwoi] =5 [vo1,ve] — [wea, wo] — [N, uy],

and all the arcs labelled x; are contained in the following cycle:

F, F_ F F_
[S,I/l” —I) [let” —]) [M%,M%] —l> [t}7t%] —l> [M%,M?]

F, - _ - F -
— .81 — = T 17 v

F_; _ F Fy F_y
—5 [l wol = [vo,vi] — [wo1,wi] — [S,ul].

The proof then proceeds as in Case 1.
Case 4: (k,I) = (2,5). Consider the face pairing polyhedron depicted in Figure 9. All
the arcs labelled xj are contained in the following cycle:

F, F. F, F.
[N, ug]l — [wo, o] —> [ug, ug] —> [15,v—1] —> [ug, w 1]

F F_ Fr Fy
_0> [S_], VO] _l> [rf—29wf] — [M;,Mic] — [t1f7 t;]

Fr Fy Fry Fr-
- [u},u}] —> [Vf—l,sf—l] — [wzf,z,rzf,z] — [N, ”;f]’

and all the arcs labelled x; are contained in the following cycle:

17 5 19 F-rop 2 37 oo Foioroy
[S,u,] — [wi, ;] — [uy, ui] — [t7,vo] — [u], wy]
Fi Fy Fry 1 2 Fry 1 2
B [SO,V]] - [rf—lswf+l] — [uf+13uf+1] B [tf+1’tf+1]
Frq Far-1

3 4 Fru Fr 1
— [uf+1’uf+1] — [Vf, Sf] — [sz—17r2f—l] — [S’ u2f+1]'

The proof then proceeds as in Case 1. [
We now consider the structures of the manifolds M*/!(n, f) of Theorem A.

Theorem 4.5 Letn > 2, k,1 > 1,0 < f < n,and fk = 0 mod n, where n, f are even,
and suppose (k,1) € {(k,1),(1,1), (5,2),(2,5)}. Then M*/'(n, f) is hyperbolic if and
only if M*/!(n,0) is hyperbolic.

Proof By [17, Corollary 3.3] the shift 65i. (n,0) has order n, and hence the shift
Gkt (n, ) also has order n. Suppose M¥/!(n,0) is hyperbolic. Then since, by Theorem
A, MK/ (n,0) is a closed, connected, orientable 3-manifold, G/ (n,0) is a subgroup of
Isom™(H?) = PSL(2,C). As in the proof of [40, Theorem 3.1] (see also [12, Theorem
3.1], [14, Theorem 3.1], [3, Theorem 3.1]) Mostow rigidity implies that EX/ (n) is a sub-
group of PSL(2,C). Hence G¥/!(n, f) is a subgroup of PSL(2,C), and so M*/!(n, f)
is hyperbolic. Repeating the argument with the roles of G*/!(n,0) and G*/!(n, f)
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Figure 8: Face pairing polyhedron for GV (n,0) = FV (n).
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Figure 9: Face pairing polyhedron for G5 (n, f).
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interchanged and the roles of M*/!(n,0) and M*/!(n, f) interchanged proves the
converse. [

Remark 4.6 The argument of the proof of Theorem 4.5 holds in the more general set-
ting of [5]. Namely, if vh oyl oyt |, W(x, 1)y — (t| ") (n > 2) are retractions
given by v/1(1) = v/2(t) = t and v/1 (x) = t/1,v/2(x) = t/> then K| = ker(v/1), K, =
ker(v/?) have cyclic presentations G, (p1 (W (x,1))), Gn(p"2(W(x,1))), respectively
(as defined in [5, page 159]). Suppose that the shift automorphism has order n for either
(and hence both) of these groups, and that K, K, are fundamental groups of closed, con-
nected, orientable 3-manifolds M, M5, respectively. Then M, is hyperbolic if and only
if M, is hyperbolic. (Theorem 4.5 corresponds to the case W(x, ) = xexkex~1472, asin
(1), where (k,1) € {(k,1),(1,1),(5,2),(2,5)}.) We record that, since K is finite if and
only if K} is finite, it is also the case that M| is spherical if and only if M, is spherical.

The significance of Theorem 4.5 is that the manifolds M*//(n, 0) are known to be
hyperbolic in many cases, as we now describe. By [56, Corollary 2.1], if n > 6 is even
then M*/!(n, 0) is hyperbolic for all but finitely many pairs of coprime integers k, /, and
itis conjectured ([56, page 658]) thatn = 6 and k = [ = 1 is the only non-hyperbolic case
(which is an affine Riemannian manifold by [22, Proposition 6]). Moreover, M k/l (n,0)is
hyperbolic in each of the following cases: k > 2,/ = 1,n > 6 and even [41, Theorem 3];
k=1,1>2,n > 6andeven[56, Corollary 3.5]; k = = 1,n > 8 and even [22, Theorem
Cl.Ifn = 4and k = 1 then M*/!(n,0) = M'/'(4,0) is the lens space L(4/> + 1, 2I) and
G'"(4,0) = Zyp,, by [56, Corollary 3.4]. For k > 2 the manifolds M*/!(4,0) are not
hyperbolic and are described in [41, pages 170-171]. In the next theorem we consider
the manifolds M*/!(4, ) where k > 2.

Theorem 4.7 Let k > 2,1 > 1, where gcd(k,l) = 1 and suppose fk = 0 mod 4. Then
G*1(4, f) contains a Z & Z subgroup and hence M*/* (4, f) is not hyperbolic.

Proof We show that the subgroup A of E = EX/!(4) generated by x¥, tx¥1~1 is free
abelian of rank 2. Then, since v/ (x¥) = 1 and v/ (tx*t™') = 1, A = Z® Z is a subgroup
of ker(v/) = G¥/!(4, ), and hence M*/! (4, f) is not hyperbolic by [6, Theorem 3.3].

Let G = ker(v°), so G = F¥/'(4) and is generated by x; = t'xt™/, and let G| =
(x0, X2 |x§x§), G, = {x1,x3 |x’fx§), H = {a,b|ab=ba) =7 Letp, : H— G,
¢, : H — G,, be given by ¢1(a) = xé‘, d1(b) = xalxé, ¢s(a) = xs_lxll, d2(b) = x{‘.
We shall show that ¢, ¢, are injections. This implies that G can be expressed as an
amalgamated free product G = G *gy G, and ¢1(a) = x(])‘, ¢1(b) = x(;lxé generate
a free abelian subgroup of G (compare [41, page 171], which deals with the case [ = 1).
That is, xé‘ and x{‘ generate a free abelian subgroup of G and so x* and 7x¥7~! generate
a free abelian subgroup of E, as required.

We show that ¢ is an injection, the argument for ¢, being similar. Let @ : G; — Zj
be given by a(xg) = 1,@(x;) = 1 € Zg. Then K = ker(a) is generated by z = x(])‘,
gi = x(i)xzx(;(m) 0O<i<k-2),gr1= xé"lxz, and has a presentation

(2,805 +->8k-1128081-- - 8k-28k-1,28182 - - - 8k—180> - - - » Z8k—180 - - - 8k—38k—2)-
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Now let 8 : K — ZF be an epimorphism given by 8(g;) = (1,0,...,0), (g;) =
0,1,...,0),...,0(gk-1) = (0,0,...,1),and 6(z) = (-1,-1,...,—1).Letl = gk+r
where ¢ > 0,0 < r < k and note that r # 0, since gcd(k,[) = 1. Then xglxl =
(x5)™9xg" (x5)9x5 = (xg) " xg" (xg¥)9xy = 27297 gu_rh—(r-1) - - - Qk—1 and x; =
z. Therefore

0(xy'xb) = 2+ 1)(1,1,...,1) +(0,...,0,1,...,1)
=Q2q+1,...,2q+1,2q+2,...,2q +2)

and 9(x§) =(-1,-1,...,-1)so 9(xglxé), 9(x§) generate a free abelian subgroup of
rank 2 in ZF. Moreover, in G, Xy lxé and x;‘ commute and so generate a free abelian
subgroup of G, and hence ¢, is injective. [
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