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Abstract

We determine the naturally reductive homogeneous real hypersurfaces in the family of curvature-adapted
real hypersurfaces in quaternionic projective space H P" (n > 3). We conclude that the naturally reductive
curvature-adapted real hypersurfaces in H P* are Q-quasiumbilical and vice-versa. Further, we study the
same problem in quaternionic hyperbolic space HH" (n > 3).
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1. Introduction

A Riemannian manifold whose isometry group acts transitively on it is called a
Riemannian homogeneous space. In the class of homogeneous Riemannian manifolds,
naturally reductive spaces have good geometrical properties. They are defined by:

DEFINITION 1.1. Let M = G/K be a Riemannian homogeneous space and g its
metric tensor, where G is a transitive group of isometries of M and X its isotropy
subgroup at some point p € M. Then (M, g) is said to be a naturally reductive
Riemannian homogeneous space if there exists a subspace m of the Lie algebra g of
G which satisfies the following conditions:

(i g=todm,

(ii)) Ad(K)m C m,

@(iil) g([X, Ylm, Z) + (Y, [X, Z]m) =0, X, Y, Zem,
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where t is the Lie algebra of K and [X, Y],, denotes the m-component of [X, Y]. (In
the following we call these spaces naturally reductive homogeneous spaces.)

There is a criterion for homogeneity of a Riemannian manifold due to Ambrose
and Singer [1].

THEOREM 1.1 ([1]). A connected, complete and simply connected Riemannian
manifold M is homogeneous if and only if there exists a tensor field T of type (1, 2)
on M such that

() g(TxY,Z)+¢g(Y, T, Z) =0,
(i) (VxR)(Y, Z) =[Tx, R(Y, 2)] - R(IxY, Z) — R(Y, Tx Z),
(i) (VxTy = [Tx, Ty] — Ty

forX, Y, Z € X(M).

Here V denotes the Levi Civita connection, R is the Riemannian curvature tensor
of (M, g) and X(M) is the Lie algebra of all C* vector fields over M.

On the other hand, there is a criterion for naturally reductivity due to Tricerri and
Vanhecke [7].

THEOREM 1.2 ([7]). Under the same topological conditions for M, (M, g) is natu-
rally reductive homogeneous if and only if there exists a tensor field T of type (1, 2)
on M such that

() g(IxY,Z)+ g(Y, TxZ) =0,
(i) (VxR)(Y, Z) =[Tx, R(Y, Z)] = R(Tx Y, Z) — R(Y, Tx Z),
(i) (VxTDy = [Ty, Ty] — Ty,
(iv) TyX =0
for X, Y, Z € X(M).

In Theorem 1.1 and Theorem 1.2, if we put Vi=v-_ T, then the conditions
(i), (ii) and (iii) are equivalent to Vg = 0, VR = 0 and VT = 0, respectively.
Further, in both theorems, without the topological conditions of completeness and
simply connectedness, ‘the only if” part is always true. Furthermore, without these
topological conditions, the conditions (i)-(iii) of Theorem 1.1 give a criterion for local
homogeneity of M (for more details see [1] and [7]).

In all these cases, T is called a homogeneous structure.

Let M"(c) be an n-dimensional (n > 2) quaternionic Kihler manifold of constant
quaternionic sectional curvature ¢ € R — {0}. The standard models for such spaces are
the quaternionic projective space H P"(c) (for ¢ > 0) and the quaternionic hyperbolic
space HH"(¢) (for ¢ < 0). A connected real hypersurface M of M"(c) is said to be
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Q-quasiumbilical if its shape operator A is locally of the form

3
(1.1) AX =AX +pu Y m(X&, X eTM,
k=1

for some real-valued C* functions A, u (for definitions of & and n; see Section 2).
Pak ([6, Theorem 4]) proved that on every Q-quasiumbilical real hypersurface M in a
non-flat quaternionic space form M"(c) the functions A and u are constant and satisfy
Au + ¢/4 = 0. All Q-quasiumbilical real hypersurfaces in HP"(c) and HH"(c) are
classified as follows:

THEOREM 1.3 ([2, 5]). Let M be a Q-quasiumbilical real hypersurface in HP"(c)
or HH"(c). Then M is locally congruent to one of the following spaces:
— a geodesic hypersphere of radius r € (O, w/ ﬁ) in HP"(c);
— a geodesic hypersphere of radius r € R, in HH"(c);
— ahorosphere in HH"(c);
— a tube of radius r € R, about the standard rotally geodesic embedding of
HH"Y(c) in HH"(c).

Berndt and Vanhecke ([3]) proved

THEOREM 1.4 ([3, Theorem 3}). Let M be a Q-quasiumbilical real hypersurface in
HP"(c) or HH"(c). Then the tensor field T on M, which is locally given by

3
(12) TeY =2 ) (X — ne(X)$e Y — g(¢eX, V&)

k=1

3
= 1) (M1 G2 (V) = 2 XMt (1),

k=1

is a naturally reductive homogeneous structure on M.

There is a special class of real hypersurfaces in HP"(c) and HH"(c) formed
by the so-called curvature-adapted real hypersurfaces (for definitions see section 2).
This class includes all Q-quasiumbilical real hypersurfaces and they are classified by
Berndt [2].

In this paper we classify naturally reductive homogeneous real hypersurfaces in the
class of all curvature-adapted real hypersurfaces in HP"(c) and HH"(c). We prove

THEOREM 4.1. Let M be a simply connected curvature-adapted real hypersurface
in a quaternionic space form M *(c) (¢ # 0, n > 3). Inthe case ¢ < 0, we further
assume that M has constant principal curvatures. Then M is naturally reductive
homogeneous space if and only if M is Q-quasiumbilical.
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Furthermore, we obtain homogeneous structures on some curvature-adapted real
hypersurfaces in M”*(c¢) (¢ # 0). They include T of (1.2) as a special case. We
establish

THEOREM 4.2. On the real hypersurfaces P!(r), H!(r) and Hy in M"(c), the fol-
lowing tensors T define homogeneous structures for all o € R:
3

4.5) IyY = Z {m(NSAX +on(X)p Y — g(pAX, )5}
k=1
3

+ (@ +0) Y st ) Mir2(¥) = Mies2 ()M (V)i
k=1
where @ = 2cot2r for P{(r), a = 2coth2r for H(r) and « = 2 for H; (for
definitions of the spaces P}(r), H!(r) and Hy see Section 2).

2. Preliminaries

Let M"(c) be an n-dimensional quaternionic Kéhler manifold of constant quater-
nionic sectional curvature ¢ € R — {0}. Let g be the Riemannian metric, V the Levi
Civita connection and J the quaternionic Kiahler structure of M"(c). The Riemannian
curvature tensor R of M”(c) is locally of the form

(2.1) RX,VNZ=

Lo Y

{é(Y, 2)X - gX, Z2)Y

3
+3 (@FULY. 2)IX — §(IX, D) Y = 25X, Y)sz)} :
k=1

where (Jy, Jz, J3) is a canonical local basis of J and X, Y, Z € TM (for more details
see [4]).

Let M be a connected real hypersurface of M”"(c). We denote by g the induced
Riemannian metric on M, by V the Levi Civita connection of M and v a local unit
normal vector field along M in M"(c).

The Gauss and Weingarten formulas are:

(22) Vy¥ =VyY+g(AX,Y)v and Vyv=-AX

for vector fields X, Y on M.
We define on M local vector fields &, (k = 1, 2, 3), their dual 1-forms 5, and tensor
fields ¢ of type (1, 1) as follows:

Q23) L=—-Jw, mX)=gX,&), "X =¢X +n(X)v, for X e TM.
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The tangent bundle TM of M is orthogonally decomposed by
(2.4) TM = D@ D*, D' =span{§, &, &).

In the following, the index k has to be taken modulo three.
By the definition (2.3) we get the following relations:

&b =0,  Aibier =iz, Dibaz = —birrs
X = —X + n(X)&,

D1 X = P2 X + M1 (XD,

Gbe2X = =P X + M2 (X)i.

The equation of Gauss and the equation of Codazzi are locally of the form

(2.5)

2.6) R(X,Y)Z = 2 g(Y, )X — g(X, 2)Y

3
+3 (8@ Y, 0X — g( DX, D)PeY — 28X, V)i Z)

k=1
+ g(AY, Z)AX — g(AX, Z)AY

and
3

@Q7) (VA - (VAX = 7 3 (08 — (DX — 28X, DIE).

k=1
Here R and A are the curvature tensor and the shape operator of M.
Since J is parallel, there exist local one-forms ¢, g3, g3 on M"(¢) such that

(2.8) Ve di = que2(X) Jir1 — qes1 (X) Jisz

for all vector fields X on M "(c). Using (2.2), (2.3) and (2.8), we have

29  (Vxd)Y =n(V)AX — g(AX, V)& + qri2(X) i1 ¥ — @it (X) iy Y,

(2.10) Vi = G2 (X1 — Qe (X)Ersz + AX
and

@11 (Vxnd Y = g2t (V) — s (X)mieia(Y) + (9 AX, ).

For a real hypersurface M of M"(c), the normal Jacobi operator K, is defined by
K, := R(-, v)v € End(TM). The definition of a curvature-adapted real hypersurface
is the following:

DEFINITION 2.1. Let M be a real hypersurface of M"(c). Then M is said to be a
curvature-adapted if the equation K, 0 A = A o K, holds.
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Berndt [2] classified curvature-adapted real hypersurfaces in H P” as follows:

THEOREM 2.1 (Berndt [2]). Let M be a connected curvature-adapted real hyper-
surface in HP" (n > 2). Then M is congruent to an open part of one of the following
real hypersurfaces in HP":

P[(r): a tube of some radius r € (0, 7/2) around the canonically (totally geodesic)
embedded quaternionic projective space HP' for somel € {0,... ,n — 1};

Py(r): atube of some radius r € (0, m/4) around the canonically (totally geodesic)
embedded complex projective space CP".

For real hypersurfaces in HH", Berndt [2] obtained:

THEOREM 2.2 (Berndt [2]). Let M be a connected curvature-adapted real hyper-
surface in HH" (n > 2) with constant principal curvatures. Then M is congruent to
an open part of one of the following real hypersurfaces in HH":

H\(r): a tube of some radius r € R, around the canonically (totally geodesic)
embedded quaternionic hyperbolic space HH' for somel € {0, ... ,n — 1};
H,(r): a tube of some radius r € R, around the canonically (totally geodesic)
embedded complex hyperbolic space CH";

Hs: a horosphere in HH".

The eigenvalues (that is, the principal curvatures) A, A;, &y, @, a3 of the shape
operators A and their multiplicities m(A,), m(i;), m(a,), m(az), m(as) of the spaces
in Theorem 2.1 and Theorem 2.2 are:

P{(r) Py(r) Hl(r) H;(r) H;

A cotr cotr coth r cothr 1

Az —tanr —tanr tanh r tanh r —

o) = 0y = o3 2cot2r 2cot2r 2coth2r 2coth2r 2

oy =03 # o — —2tan2r — 2tanh 2r —
m(Ay) 4n—-1-1 2n-1) 4n-1-1) 2(n-1) 4@n-1

m(A,) 4k 2(n—-1) 4k 2n—-1) —

m(a;) 3 1 3 1 3

m(as) — 2 — 2 —

Here A; andA; (a;, @; and a3, respectively) belong to A|p (A|p., respectively) (for
more details see [2] and [5]).

The model spaces in Theorem 2.1 and Theorem 2.2 are all homogeneous real
hypersurfaces in M"(c). P%(r) and H?(r) are called geodesic hyperspheres.

For the second fundamental forms A of P}(r) and H}(r) we know the following:
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LEMMA 2.1 (Pak [6]). The second fundamental tensor A of P}(r) satisfies

(2.12) oA =Ad, k=123,
3
(2.13) A —aA—T=-) m®k
k=1
3
2.14) (VxA)Y = = {n(N$X + g(@iX, )&}

k=1

Here I denotes the identity transformation of the tangent bundle TM.

LEMMA 2.2 (Pak [6]). The second fundamental tensor A of H(r) and Hs satisfies

2.15) DA =Ad, k=123,

3 .
(2.16) Al A+F=) n®&,

k=1
3
(2.17) (VxA)Y =Y {m(D)deX + g(@eX, Vi)
k=1
3. Lemmas

In this section we prove some lemmas. In the following we assume that M is a
curvature-adapted real hypersurface in a quaternionic space form M"(c) (¢ = +4,
n > 3). Further, we assume that M has constant principal curvatures when ¢ < 0.

LEMMA 3.1. If M is a naturally reductive homogeneous space, then (gwA)Ek =0
forall We TM.

PRrROOF. Since the condition (ii) of Theorem 1.2 is satisfied, we have

3

31 0= TwRX. NZ= {e(Tuwdn ¥, Z)p:X + gt Y, Z)(Vwep) X
k=1

~ 8(Vwp) X, 2)P Y — g X, Z)(Vw) Y
~28((Vwp) X, N Z — 28X, V) (Vw) Z}
+ 2((VwA)Y, Z)AX + gAY, Z)(VyA)X

— g(VwA)X, Z)AY — g(AX, Z)(VyA)Y.

By Theorem 2.1 and Theorem 2.2 we only have to consider the following two cases.
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Casel. o, #0(k=1,2,3).
Substituting ¥ = Z = & in (3.1), we get

(3.2) 0 = 3g((Vwdrs)X, £z — 38(Vwdes2) X, E)Eir
= 302X (Ve D€ + 30 X)) (Vidis )6
+ a,(VwA)X — ap g((VwA)X, EDE — e (X )(VwA)Ee.

Here we use the fact that g((%wA)fk, &) = g(vw&, (a I — AYg) = 0.
Substituting a vector X € D and taking the inner product of both sides of (3.2)
with Y € D, we are led to

(3.3) g(VwA)X,Y) =0, for X,Ye D, We TM,

because oy # 0.
Next, substituting Y = Z € D, X = &, and W € TM in (3.1) and using (3.3), we
arrive at

3

=3 g((Vwdb, NY + gAY, V)(VwA)e — g(VwA)k, DAY =0.
=1

Suppose (VwA)& # 0. Then we can choose a principal vector Y € D such that
(6WA)E,‘ does not belong to span{Y, ¢ Y, ¢ Y, Y}, since n > 3. By the table in
Section 2, g(AY, Y) # Ois satisfied for all our model spaces. This is a contradiction.
So, we obtain (VyA)&, = 0.
Casell.ay =0k =1,2,3).

In this case, substituting X = &, and Y = Z € D in (3.1), we have

3

=3 2(Vuddb, NY + gAY, V)(VwA)ei — g((VwA), DAY =0.
=1

Using the analogous argument as in Case I, we have the assertion. 0

LEMMA 3.2. If M is naturally reductive homogeneous space, then g(%w.f,-'k, &)=0
and g(Vwky, X) = 0 are satisfied forall X € D and W € TM.

PROOF. Since g(&, &) = 1, using the condition (i) of Theorem 1.2, we deduce
g(Vwé, &) = 0. By Lemma 3.1, we arrive at

(3.4) 0 = g((VwA)&, X) = g(Vwéi, (el — A)X).

Choose a principal curvature vector X € D satisfying AX = AX. Further, substituting
this X in the right-hand side of (3.4), we are led to (o, — A)g(Vwéi, X) = 0. Since
A #£ oy, we get the assertion. O
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Now, we define the following local 1-forms p,; and p;,; by
(3.5) Pin1(X) = —g(Vxki, E42)s  Prsa(X) = g(Vxki, k).
Then, by Lemma 3.2, we obtain ex& = Prs2X)&r1 — Prr1 (X)Erya.
LEMMA 3.3. Let M be a naturally reductive homogeneous space. Then we have

Vwdt = =Pt (Wit — Pras(Wrya,
(Vworr1)€e = p(W)Ey 1,
(Vwdr2)b = p(W)ep, We TM.

PROOF. According to Lemma 3.2, we have

Vot = Vwdikr) — 0eVwke = =0 Vwki = —praa(W)kisz — Prst (W)kipr.

This proves the first equation. The second and third equations can be proved analo-
gously. O

LEMMA 3.4. If M is naturally reductive homogeneous, then we have
(Vwd)X = pisa(Wder1 X — prst(WdenX,  for X, W € TM.

PROOF. By Lemma 3.3, we only need to prove the equation for X € D. Substituting
X eD,Y =¢& and Z = &, in (3.1) and using L.emma 3.1 and Lemma 3.3, we

deduce
0 = g(Vwdke e )BX + 8(Vwdir)br, Eur) b X
+ 8((Vwdis)Ee b)) sz X + 8(Drsabi Eerr) Vi) X
= —pir1 (W)X + pr (Wi X + (Vo) X.
This proves the lemma. 0

Now we define local 1-forms r.,, and r;,, as follows:
N (X) = qeei(X) = pe1 (X)), na2(X) 1= quea(X) — praa(X).
Then, by (2.9) and (2.10), we get the following:
LEMMA 3.5. If M is naturally reductive homogeneous, then we obtain

Ty = ns2a (Xt — rep1 (X)éis2 + GLAX,
(Tx - ¢ Y = rua(X)i1 ¥ — it (X) s Y + m(Y)AX — g(AX, Y)éi.
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LEMMA 3.6. If M is naturally reductive homogeneous. then the following relations
hold:

wAX =Ad X, X €D,
rev1&) =n2§) =0 (k=1,2,3).

PROOF. By Lemma 3.5, we have

(3.6) (T, - 0 Y = ng2(E)der1 Y — re1 ) drsn Y.

On the other hand, using the condition (iv) of Theorem 1.2, we obtain

(T, - )Y = T (i Y) — O (T, Y) = — Ty, v&i + Ou(Tréi)
= =AY — AY + (e i (Y) — ng2 (@ V))éis
+ (112 (Y) + 11 (@ Y))is2 + cxni (V)€

Combining this with (3.6), we have

37 pADTY+AY = n 1 EDDkr2 Y — 12§D D1 Y+ (res 1 (V) —1niga (@ V) i
+ (T2 (Y) + ng 1 (D Y))Eks2 + e (V)i

Substituting ¥ = ¢ X in (3.7), we ammve at

(3.8) (Adr — 2LA)X = 1y 1 E) i1 X + ng2(E) Prsa X

+ T 1 (DeX) + 12 (X) — 20 (XD ries2(51)) k41

+ (Fir2(BeX) — 11 (X) + 20 (X) res1 (§))6ks2-
Further, taking a principal curvature vector X € D in (3.8), then the left-hand
side of (3.8) belongs to span{¢,X} and the right-hand side of (3.8) belongs to

span{@i1 X, drs2X, Exi1, Exyz). So, we conclude that (A¢y — prA)X =0,forX € D
and rp (&) = rip2(&) = 0. This proves Lemma 3.6. O

4. Proof of the theorem

We now prove our main theorem.

THEOREM 4.1. Let M be a simply connected curvature-adapted real hypersurface
in a quaternionic space form M"(c) (c #0, n> 3). In the case ¢ < 0, we further
assume that M has constant principal curvatures. Then M is naturally reductive
homogeneous space if and only if M is Q-quasiumbilical.
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PROOF. We only need to prove the only if part, since the if part is known by
Theorem 1.4. According to Lemma 3.5 and Lemma 3.6, we get the following equation
for X, Y e D:

8(Ty, (& Y), X) = —g(@: Y, T, X) = g Y, Txbpia) = —g($i1AY, X)

and g(¢i Tz, Y. X) = g(¢1A Y, X). Therefore, we obtain

(4.1) 8Ty, - 0 Y, X) = —28(d11AY, X).

On the other hand, we also have

(4.2) 8((Ty,, - Y, X) = ris2(€ie2) 8 (@i 1, X).

So, from (4.1)—~(4.2), when we define a local smooth function A by A = —ri,5(6:42)/2,
we then deduce

(43) ¢k+|A Y= A1 Y, for Y € D.
Substituting ¥ = ¢4, X, X € D in both sides of (4.3), we arrive at
4.4) AX =)X, XeD.

In our model spaces, only Q-quasiumbilical real hypersurfaces satisfy (4.4). This
proves the theorem. O

REMARK. According to the argument in the proof of Theorem 4.1, we conclude
that all the functions r; (§;) coincide with the constant A = cotr for¢c > 0 (A = cothr
for ¢ < O, respectively).

Concerning homogeneous structure tensors, we have the following:

THEOREM 4.2. On the real hypersurfaces P{(r), Hll(r) and Hs in M"(c), the fol-
lowing tensors T define homogeneous structures for all o € R:

3
4.5) IyY = Z nN$AX + 0 (X)) Y — g(pAX, Y)Ei}

k=1
3

+(@+0) Y et )M 2(V) = M2 KM (1)),

k=1

where a = 2 cot 2r for P¥(r), @ = 2coth 2r for H(r) and a = 2 for Hs, respectively.
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PROOF. We have to prove (i)—(iii) of Theorem 1.1. By a straightforward calculation,
we get

(4.6) Vg=0.
Using (2.5), Lemma 2.1 and Lemma 2.2, we obtain
@.7) Va=o.
Further, by a straightforward calculation, we have

(4.8) (V300 Y = Y2 (X1 ¥ — Vi1 (X)ri2 Y,

where yi1(X) = gep1(X) — 20 i1 (X), Vir2(X) = gusa(X) — 20 miy2(X). There-
fore, using (2.6), (4.6), (4.7) and (4.8), we are ledto VR = 0.
Finally, we shall prove VT = 0. By a straightforward calculation, we get

(4.9) V& = Yir2 (X1 — Vet Xz,
(4.10) Ve = Yz X Nir1 ~ Vier1 X ig2-

Therefore, using (4.6), (4.7), (4.8), (4.9) and (4.10), we arrive at (6,( TYyZ =0. The
theorem is now proved by all the above arguments. O

REMARK. In the case of a Q-quasiumbilical real hypersurface the structure T of
Theorem 4.2 reduces to (1.2) if we put 0 = —A.
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