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CHARACTERISATIONS OF BLOCH FUNCTIONS IN THE
UNIT BALL OF C*, I

ZENGJIAN Lou AND HASI WULAN

Weighted Hadamard product characterisations of Bloch functions in the unit ball
of C" are studied. In particular, we prove that f belongs to the Bloch space
B(By) if and only if the non-weighted Hadamard products of f and g belong to
BMOA(U™) for all f in Gg(Bn), a subspace of the Hardy space H'(By).

1. INTRODUCTION

Hadamard products and related coefficient multiplier problems for spaces of holo-
morphic functions in the unit disk have been studied extensively in many papers; see,
for example, [9]. In the higher dimensional extension of such a study, Burbea and Li {3]
obtained recently some new descriptions of multi-index coefficient multiplier problems
and the properties of weighted Hadamard products of holomorphic functions of several
complex variables. In this note, for the higher dimensional setting of these questions,
we prove new characterisations of spaces of multipliers of holomorphic functions in the
unit ball, which characterise Bloch functions by weighted Hadamard products.

We first set up some basic notations which shall be used in the note, most of
them can be found in [3]. Let C™ denote the n-dimensional vector space. For z

=(z1,...,2n) €EC*, a=(ai,...,0n) € L}, set
d )
3j=%, I<jsm,
3]

8% =9%1...89% V=(d,,...,9),

z-&=(21€1,... ,2n&n) and (2,€) = 21, + - + 2,6, if £ = (&, ... ,&,) € C.

Let B, and U™ denote respectively the unit ball and the unit polydisk in C™.
For a complete Rheinhardt domain © of C®, by H(Q2) we denote the space of all
holomorphic functions in . Then any f € H(2) has a unique power series

(1) f(z)= Za 2%, z€R

Received 3rd December, 2002

The first author was supported by Australian Government through the Australian Research Council and
would like to express his thanks to the Australian Government and the Australian National University
for financial support. The second author is supported in part by a grant from the NSFGP (No. 010446).

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/03 $A2.0040.00.

205

https://doi.org/10.1017/5000497270003759X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003759X

206 Z. Lou and H. Wulan (2]

FIO) o= 21 sen, ae2n. So H(Q) may be regarded
I =2z '...25", o €L} . So H(f2) may be regarded as a space

with aq =
of multi-index sequences {aa}.
For f(z) = Y ,aa2%, g(2) = X, ba2* € H(B,) and g > 0, we define the g-

Hadamard product of f and g by

(f+9)y(2) = 3 walg)anbaz®,
where
a!l'(n +q)

—_—_ cZ".
T(n+g+la)’ 50+

wa(q) =

The interesting feature of this product is that it is lying not only in H(B,) but also in
H(U™) and

@ (f +9)y(2) = (fr63)q = / F(r€)g(z - &) dug(€)
for any z € U™, where

fe(z) = f(€- 2),

9%(2) = 9(2),
dvg(z) = %E(ST;L)Q@ —12?)" du(z)

and dv denotes the usual volume of Lebesgue measure on C™ (see [3, Proposition 3.2]).

Let X and Y be two vector spaces of multi-index sequences. A multi-index
sequence {Aq} is said to be a multiplier from X to Y, if {A\qzoa} € Y whenever
{za} € X . The set of all multipliers from X to Y is denoted by (X,Y). A multi-index
sequence {Aq} is said to be a g-multiplier, ¢ > 0, from X to Y if {Aswa(q)za} €Y
whenever {zqa} € X. The set of all g-multipliers from X to Y is denoted by (X,Y),.
Recently Burbea and Li have shown in [3] that

(3) B(Bn) = (Ag(Bn), BMOA(U™)),,

where B(B,) is the Bloch space and BMOA(U™) the space of functions in H(U™) with
bounded mean oscillation on the torus T™ := U™ and A}(By) is the Bergman-type
space (A§(By) = H'(B,), the Hardy space). In this note we prove that the space
Ay(By) in (3) can be replaced by its restricted subspaces (Theorem 1).

We next introduce some further notations and recall some function theoretic con-
cepts. For s > 0, let

(D°)(2) = 3 (lod +1)°an2®

https://doi.org/10.1017/5000497270003759X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003759X

(3] Characterisations of Bloch functions 207

be the fractional derivative of f(z) =}, aq2™ of order s.
The Bloch space on the unit ball, denoted by B(B,), is defined as the space of
f € H(B,) for which

IFllszn = [£O)] + sup (1~ |=f*)|V£(2)] < oo

The small Bloch space By(By,) is the B(B,)-closure of the holomorphic polynomials in
z € C" (see [11] for more information). It is easy to see that f € B(Bj) if and only if
sup (1 - |21*)°|(D°£)(2)| <00, 5>0

z€EBn
(vefer [7, Theorem 2.1]). Similarly, the Bloch space on the unit polydisk U™, denoted
by B(U™), is the space of f € H(U™) satisfying

n

I fllBwny = sup. D (1= 1zi*)| £(2) + nz8; £ (2)| < 0.
z =1

The small Bloch space Bo(U™) is the B(U™)-closure of the holomorphic polynomials in
2e€C™.

In order to give the definition of BMOA space on the unit polydisk U™, we
first define differential operator D™ of order n with D! = d/dz. Let § : Z — Z,
be defined by d(m) = max(m,0), m € Z. For a = (a1,...,an) € Z}, let §(c)

= (§(e1), ... ,0(as)) € Z7% and w(a) = ﬁ{a,- :a; # 0}. We define
i=1

n — 5(a—1)
(D*f)(z) = Za m(a)aaz .
BMOA(U™) is the space of functions f in H(U™) with bounded mean oscillation on
the torus T":

[ Ul o) i)

n- ngjlz o

1 ssonwm = SO + sup [ (D"

=1

(see [4, p. 238] for n = 1). Equipped with the norm || - |[srsroawn), BMOA(U™) is a
Banach space. The closure in BMOA(U") of the holomorphic polynomials in 2 € C®
gives rise to the space of functions in H(U™) with vanishing mean oscillation on 7™
and is denoted by VMOA(U™).

We now introduce a new quasi-Banach space,

Gy(Bn) = {f € H(Bn) : Ifllgy(sa) < 0}, 0< g <00,

where

7 lleyny = [, P*F@I(1 = 12f%) dug(z) < .
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2. THEOREM AND ITS PROOF

Now we state our main theorem which gives a new characterisation of the Bloch
space B(By) with g-Hadamard products.

THEOREM 1. For any q > 0, we have

B(By) = (G3(Bn), BMOA(U™))

a

ProOOF: Let A(U™) denote the space of functions which holomorphic in U™ and
continuous on U™. It is well-known that A(U™) c BMOA(U™). To prove

B(By,) C (G3(Bn), BMOA(U™))

q’
it suffice to show that
B(Bn) C (G4(Bn), AU™),.

For ¢ > 0. Let A}(B,) be the space of f € H(B,) for which

17 lagom = [ 17)] dugta) < oo

(13]). By [10, Theorem 1(b)], G3(B») C Al(B,). Then it is sufficient to prove that

B(Bn) C (4}(Bn), AU™)

q’

where we used [1, Lemma 1].
Suppose that I'y(B,) is the dual of A;(B,,) with respect to the g-pairing. Then
[q(Bn) = B(By) [2]. Applying (3, Propositions 3.1 and 3.3], (2) gives

(4) |(f * 9)o(2)] < llglirgBm) 15 1az 8y < Cllgllan I fllay(sa)-

For f € Ay(Bn), z € U™, the correspondence z — f, € Ay(By) is continuous. That is
| fzy — fzz”A;(B,.) — 0 as |23 — 22| — 0 (refer [8, Lemma 4 (iii)]). Combining this with
(4) yields

|(f %9)(21) = (£ *)g(22)] = | (s = Fi2) +9), (V)]
S fzy — feoll ay(may 19l8(BR)

= 0,

as |21 — 22| = 0. Hence (f *g), € A(U™) for all f € Al(By).
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For ¢ = 0. Let f(2) =}, 6a2® € G§(Bn), 9(2) = ¥, ba2® € B(B,), we have
5 3 (lal+1) r2elagbaw,(0)2 = / D f(r€)D g(rz - E) du(£).
a 8B,
Noting that fol r2n+llog1/r dr = 1/(4(n +1)*). We obtain
1
l(f *g)o(z)l = |4/0 rlog%/aBn 'le(rﬁ)'Dlg(rz Z) dv(&) dr

1
< 4/ / 1- r)I'le(rE) | ’Dlg(rz . E)I du(€) dr
o JaB,
< 49l I fllcycsa)-
It is easy to see that
“(f * g)o(zl) —(f* 9)0(32)”6%(3") -0

as |21 — z2] = 0. Thus (f * g), € A(U™) for all f € G§(B,).
We now prove (Gi(Bn), BMOA(U"))q C B(By,) by showing that (Gi(Bn),
B(U"))q C B(By). For g(z) =), baz®, we defined a linear operator

Ty : G;(Bn) - B{U™)
by Ty(f) = (f * 9),- So Ty is a bounded linear operator from G3(Bn) to B(U™) and
(6) "(f * g)q“B(U“) < Cg”f”G},(B")

for all f € Gy(Bn), where Cy is a constant depending on g ([3, Lemma 3.4]).
Let a € C and m € Z,, (a),, stands for 1 if m =0 and a(a+1)...(a+m—1)
if m>0,let AeU and

i = —b(a’)m m
Gap(N) ._é(mﬂ) RAT, 6, beC.

Setting f := Gniq-b+1((~7E), € € 8B,, 0 < r < 1, 1 < b, then D'f
= Gnq,-5((,7E)). For n € U™, we have

h(n) := (f * 9),(n)
= /g(n-f)Gn+q,—b+1((Z,Tz>) dvg(z)

=3 (lol+1)" " ba(ren)®
= Db—lgr£ (77)

https://doi.org/10.1017/5000497270003759X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003759X

210 Z. Lou and H. Wulan (6]

This implies
(7) D'h(r1) = Dbg(r%¢).

Using [3, Proposition 3.5(iii)] we have Gpiq_s(A) = (1 —A)~F1Y Py, A e U,
where F satisfies

sup (1 - |z|2)m_"_q_b|’D"+q+bF(z)| < oo
z€B;

for some m > 0 (see [3, p. 246]). Proposition 3.5(ii) gives

= [—(n b
176351 < 1Pl [ 11~ G2,78)| 7% (1~ [2f7) dug(2

(8) < ClIFfleo(1 - 12)",
where C is a constant depending only on ¢, n and b. Combining (6) with (7) and (8)
we get

[Db9(r2%€)| < CCyIFlloo (1 -72) ™", €€8Bn, 0<r<1.
It follows that g € B(B,). The proof of Theorem 1 is finished. 0
REMARKS.

(1) Let ¢ =0 in Theorem 1, we have
B(B,) = (G4(Bn), BMOA(U™)),.

That is f belongs to the Bloch space B(B,) if and only if the non-
weighted Hadamard products of f and g belong to BMOA(U™) for all
f in G}(B,), a subspace of the Hardy space H!(B,,).

(2) When n =1 and ¢ =0, Theorem 1 was proved in [5].

We next introduce the generalised mean Lipschitz space £(U"). For =z
(21, y2n), let zgy = (21,...,2j-1) € CF71if § > 1 and 20) = (2j41,...,2,)
€ C*J for j < n. So (z),2)) € C*"'if n > 1. If f is a function defined in
a C"-neighbourhood N"(z) of z, then f(z(;),-,2%)) is a function defined in NP(z)
{¢ € C: (z(),£29) € N*(2)}. Define £({U") the space of f € H({U") with

n 1
I iEwny = |f(0)|2+z sup /0 M, (T’ (2i3), 29) : ajf) (1-r?)2rdr < oo,

3=1(z¢j).z)eun-1

where Moo (r, (251, 21) : f) = sup{lf(z(j),re, Z2M)|:te BBI}. Equipped with the
norm [|-||gny, £(U™) is a Banach space. Let H*°(U™) denote the space of all bounded
holomorphic functions in U™. The proof of Theorem 1 implies the following.
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COROLLARY 2. Forq>0

B(Ba) = (G1(Ba), A(U™), = (G}(Ba), H(U™),
= (G3(Ba), £(U™), = (G1(Ba), VMOA(U™),
= (G1(Bn), Bo(U™)), = (GL(Bn), BU™),.

PRrROOF: In fact, the proof of Theorem 1 implies that

B(B,) = (G;(Bn),A(Un))q = (G;(Bn)uB(Un))

.
Noting that A(U™) Cc H®(U"™) Cc B(U"). We have

B(B,) = (G4(Bn), H®(U™))

-
From [3, Theorem 5.6], B(B,) C (A;(Bﬂ),S(U"))q. Combining this with the
inclusion G3(B,) C Ay(Bn), we obtain

B(B,) C (G(Ba), £(U™)

¢
Since £(U") ¢ VMOA(U™) ({3, Proposition 2.4]) and VMOA[U"™) C Bo(U™)
C B(U"™), we have

B(Bn) = (G4(Bn), £(U™)),, = (G4(Br), VMOA(U™)), = (G4(Bn), Bo(U™)) -

Corollary 2 is proved. a

In particular, Corollary 2 gives
B(B,) = (G§(Bn), A(U™)), = (G5(Bn), BU™)),,

which is a result in [6]. When G(B,) is replaced by A}(By), Corollary 2 was proved
by Burbea and Li in [3].
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