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Abstract Let A and M be closed linear operators defined on a complex Banach space X and let
a € L'(Ry) be a scalar kernel. We use operator-valued Fourier multipliers techniques to obtain necessary
and sufficient conditions to guarantee the existence and uniqueness of periodic solutions to the equation

%(Mu(t)) = Au(t) + /joo a(t — s)Au(s)ds + f(t), t>0,

with initial condition Mu(0) = Mwu(27), solely in terms of spectral properties of the data. Our results are
obtained in the scales of periodic Besov, Triebel-Lizorkin and Lebesgue vector-valued function spaces.
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1. Introduction

In this paper, we study maximal regularity in Lebesgue, Besov and Triebel-Lizorkin
vector-valued function spaces for the following class of differential equation with infinite
delay:
d t
&(Mu(t)) = Au(t) + / a(t — s)Au(s)ds + f(t), 0<t<2m, (1.1)
where (A, D(A)) and (M, D(M)) are (unbounded) closed linear operators defined on a
Banach space X, with D(A) C D(M), a € L'(R,) a scalar-valued kernel and f an
X-valued function defined on [0, 27].
The model (1.1) corresponds to problems related to viscoelastic materials, that is,
materials whose stresses at any instant depend on the complete history of strains that
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the material has undergone (see [21]) or heat conduction with memory. For more details,
see, for example, [14,15,23].

The recent linear theory of maximal regularity is not only important in its own right,
but it is also the indispensable basis for the theory of nonlinear evolution equations (see,
for example, [1,13,23] and references therein). In the case when M = I (the identity in
X) and a =0, (1.1) with periodic initial conditions has been studied by Arendt, Bu and
Kim, and characterizations of the maximal regularity in Lebesgue, Besov and Triebel-
Lizorkin vector-valued function spaces have been obtained using the resolvent set of A
(see [3,4,8]).

On the other hand, characterizations of maximal regularity for (1.1) when M = I and
a € L'(R) have been obtained by Keyantuo and Lizama [18] in Lebesgue and Besov
vector-valued function spaces and by Bu and Fang [7] in Triebel-Lizorkin vector-valued
spaces. We note that periodic solutions have also been studied by other authors, for
example, by Burton and Zhang [11] using topological methods.

Characterizations of maximal regularity in these vector-valued function spaces for the
degenerate abstract equation (1.1) with periodic initial conditions

Mu(0) = Mu(27) (1.2)

and a = 0 have been studied recently by the authors [22]. The method used in [22] is
based on the results given in [3,4, 8], for operator-valued Fourier multipliers in Lebesgue,
Besov and Triebel-Lizorkin vector-valued function spaces. It is worthwhile mentioning
that this method enables us to improve and extend results on degenerate abstract equa-
tions obtained previously in the literature (cf. [5,22]).

In this paper, we apply the same method to obtain characterizations of maximal reg-
ularity for (1.1) in the above-mentioned vector-valued function spaces. The advantage
of our approach is clear. We recover, as special cases, the results in [3,4,7,8,18,22].
In addition, we are also able to improve the results in [22], where the closedness of the
operator ikM — A is assumed, for all k € Z, to prove boundedness of (ikM — A)~1.
Indeed, we give a simple argument to show that this condition is not necessary under the
presence of maximal regularity (see the proof of Theorem 3.4).

It is remarkable that in the characterizations that we obtain, no conditions on the
commutativity of operators A and M, or on the existence of bounded inverses of A or
M, are needed. Also, in the case of periodic Besov and Triebel-Lizorkin function spaces,
no geometrical assumption on the underlying Banach space X is needed.

The plan of the paper is the following: after some preliminaries in § 2, assuming that
X have the unconditional martingale difference property (UMD), we characterize in § 3
the uniqueness and existence of a strong LP-solution for the problem (1.1), (1.2) solely
in terms of a property of R-boundedness for the sequence of operators ikM (kM — (1 +
a(ik))A)~t. Here the tilde denotes the Laplace transform of a(t). In §4, we obtain a
characterization in the context of Besov spaces. We notice that, as a particular case
of this characterization, the following simple condition to guarantee the existence and
uniqueness of solutions in Holder spaces C*((0,27); X), 0 < s < 1, in general Banach
spaces X, is obtained.
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Theorem 1.1. Let s >0and A: D(A) C X — X, M: D(M) C X — X be closed lin-
ear operators on a Banach space X . Suppose that D(A) C D(M), the sequence {a(ik) }rez
is 2-regular and (ikM —(1+a(ik))A) are closed operators for all k € Z. Then, the following
assertions are equivalent:

(i) for every f € C*((0,2m); X) there is a unique strong C*®-solution of (1.1) such that
Mu(0) = Mu(2r);

(i) (kM — (1 +a(ik))A)~" exists for all k € Z and

sup |[ikM (kM — (1 + a(ik))A) 7| < oc.
keZ

In § 5 we give the corresponding characterization in case of the scale of Triebel-Lizorkin
vector-valued spaces. The difference with the scale of Besov vector-valued spaces is only
that we need more regularity of the sequence a(ik). In §6, we apply our results to two
concrete examples.

2. Preliminaries

Given 1 < p < oo, we denote by L5 (R, X)) the space of all 2r-periodic Bochner measur-
able X-valued functions f, such that the restriction of f to [0, 2] is p-integrable. For a
function f € L3 (R, X) we denote by f(k) the kth Fourier coefficient of f:

f) =5

2m
/ e R (1) dt

0
for all k € Z. We remark that the Fourier coefficients determine the function f, that is,
f(k) = 0 for all k € Z if and only if f(£) = 0 almost everywhere (a.e.). Let X, Y be
Banach spaces. We denote by B(X,Y") the space of all bounded linear operators from X
to Y. When X =Y, we write simply B(X). For a linear operator A on X, we denote its
domain by D(A) and its resolvent set by p(A). We denote by [D(A)] the domain of A
equipped with the graph norm.

We begin with some preliminaries about operator-valued Fourier multipliers. More
information can be found in [4] in the periodic case; for the non-periodic case, see, for
example, [25].

Definition 2.1 (Arendt and Bu [3]). For 1 < p < oo, we say that a sequence
{My}rez C B(X,Y) is an LP-multiplier if, for each f € L5 (R, X), there exists u €
L8 _(R,Y) such that

a(k) = My f(k) for all k € Z.

It follows from the uniqueness theorem of the Fourier series that u is uniquely deter-
mined by f.

For j € N, denote by r; the jth Rademacher function on [0,1], ie. r;j(t) =
sgn(sin(2’rt)), and for z € X, we denote by r; @ x the vector-valued function t — r;(¢)z.
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Definition 2.2. A family of operators 7 C B(X,Y) is called R-bounded if there is a
constant C}, > 0, p € [1,00), such that foreach N e N, T; € T,z; € X, j=1,...,N
the inequality

<G,
Lr((0,1);Y)

(2.1)

N
Z r; & Eﬁj
j=1

N
E Tj &® (Ej
j=1

Lr((0,1);X)

is valid.

If (2.1) holds for some p € [1,00), then it holds for all p € [1,00). The smallest C,,
in (2.1) is called the R-bound of 7; we denote it by R,(T).

We note that large classes of classical operators are R-bounded (see [16] and references
therein). Hence, this assumption is not too restrictive for the applications that we consider
in this paper.

Remark 2.3. Several properties of R-bounded families can be found in [13]. For the
reader’s convenience, we summarize here some results from [13, § 3].

(a) f T C B(X,Y) is R-bounded, then it is uniformly bounded, with
sup{|[T]: T'€ T} < Rp(T).

(b) The definition of R-boundedness is independent of p € [1,00).

(¢) When X and Y are Hilbert spaces, 7 C B(X,Y) is R-bounded if and only if 7 is
uniformly bounded.

(d) Let X, Y be Banach spaces and let 7,5 C B(X,Y) be R-bounded. Then
T4+S8S={T+S5:TeT, SeS§}
is R-bounded as well, and R, (T +8) < R,(T) + R,(S).

(e) Let X, Y, Z be Banach spaces, and let 7 C B(X,Y) and § C B(Y,Z) be R-
bounded. Then
ST={ST:TeT, SeS}

is R-bounded, and R,(ST) < R,(S)R,(T).

(f) Let X, Y be Banach spaces and let 7 C B(X,Y) be R-bounded. If {ay}rez is a
bounded sequence, then {a,T: T € T,k € Z} is R-bounded.

Proposition 2.4 (Arendt and Bu [3]). Let X be a Banach space and let { My, }rez
be an LP-multiplier, where 1 < p < co. Then, the set {M}: k € Z} is R-bounded.

A Banach space X is said to be UMD if the Hilbert transform is bounded on LP(R, X)
for some (and then all) p € (1,00). Here the Hilbert transform H of a function f €
S(R, X), the Schwarz space of rapidly decreasing X-valued functions, is defined by

Hf := ;PV(D % f.
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These spaces are also called HT spaces. It is a well known that the set of Banach
spaces of class HT coincides with the class of UMD spaces. This has been shown by
Bourgain [6] and Burkholder [9]. Some examples of UMD spaces include the Hilbert
spaces, Sobolev spaces W (£2), 1 < p < oo, and Lebesgue spaces LP({2, 1), 1 < p < o0,
LP(2,u;X), 1 < p < oo, when X is a UMD space. Moreover, a UMD space is reflexive
and therefore, L'(§2, 1), L°°(£2, 1) (in the infinite-dimensional case) and C*([0, 27]; X)
are not UMD. More information on UMD spaces can be found in [6,9,10].

We recall the following theorem, due to Arendt and Bu [3, Theorem 1.3], in the context
of UMD spaces.

Theorem 2.5 (Arendt and Bu [3]). Let X, Y be UMD spaces and let { My, }rez C
B(X,Y). If the sets { My }rez and {k(Myy1 — M) }rez are R-bounded, then { My} ez is
an LP-multiplier for 1 < p < co.

We shall need the following lemmas.

Lemma 2.6 (Arendt and Bu [3]). Let f,g € L5 _(R; X), where 1 < p < co and A
is a closed operator on a Banach space X. Then, the following assertions are equivalent:

(i) f(t) € D(A) and Af(t) = g(t) a.e.;
(i) f(k) € D(A) and Af(k) = §(k) for all k € Z.

Lemma 2.7 (Lizama and Ponce [22]). Let M be a closed operator, let u €
LY (R;[D(M)]) and v € Ly (R;X) for 1 < p < oo. Then, the following assertions
are equivalent:

(i) o
/ (Mu) (t) dt = 0
0

and there exist x € X such that
t
Mu(t) =z + / (Mu)'(s) ds
0

a.e. on [0, 27];

o —

(ii) (Mw)' (k) = ikMua(k) for all k € Z.
Let a be a complex valued function. We define the set
prma(A)={AeC: (AM — (1 +a(N)A): D(A)ND(B) - X
is invertible and (AM — (1 +a(\))A)™! € B(X)},

and denote by o q(A) the complementary set C\ paro(A). If M = I is the identity
operator on X and a = 0, we simply denote the set parq(A) by p(A4), and as usual we
call this set the resolvent set of A. Denote by a()) the Laplace transform of a. In what
follows, we always assume that a(ik) exists for all k € Z.
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Henceforth, we use the following notation:
Qg ‘= d(lk)7

and we assume that ai # —1 for all k € Z.

Remark 2.8. Note that by the Riemann-Lebesgue lemma we have that the sequences
{ak}rez and {1/(a + ag) ez, o # ar(k € Z), are bounded.

Finally, from [20] we recall the concept of n-regularity for n = 1,2,3. The general
notion of n-regularity is the discrete analogue for the notion of n-regularity related to
Volterra integral equations (see [23, Chapter I, §3.2]).

Definition 2.9. A sequence {c}rez C C\ {0} is said to be

{k(ck-H —cx) }
Ck keZ

(ii) 2-regular if it is 1-regular and the sequence

{k2 (Ck+1 — 2¢k + Cr—1) }
kez

(i) l-regular if the sequence

is bounded,

Ck
is bounded,

(iii) 3-regular if it is 2-regular and the sequence

{ks (k2 — 3Ck+1 + 3¢k — cp—1) }
Ck kEZ

is bounded.

Note that if {cp}rez is 1-regular, then limy_o ckr1/cx = 1. For more details of
n-regularity sequences, see [20].

3. Maximal regularity on vector-valued Lebesgue spaces

To characterize the maximal regularity, we begin with the study of the relation between
multipliers and R-boundedness of a sequences of operators. Consider the problem

d t
aMu(t) = Au(t) + [m a(t — s)Au(s)ds + f(t), 0<t < 2m, (3.1)

Mu(0) = Mu(27),

where (A4, D(A)) and (M,D(M)) are closed linear operators on X, D(A) C D(M),
a € L'(Ry) is a scalar-valued kernel and f € L5 (R, X), p > 1.
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From [22], we recall that, for a given closed operator M, and 1 < p < oo, the set
HYP | (R; [D(M)]) is defined by

HYP (R [D(M)]) = {u € L8 (R; [D(M))): Fv € LE, (R; X),
such that 0(k) = ikMa(k) for all k € Z}.

When M = I, we denote this by HLP(R; X) (see [3]).

per

Lemma 3.1. Let X be a UMD space. Suppose that the sequence {ay } ez is 1-regular.
Then, {I/(1+ ay)}rez is an LP-multiplier.

Proof. By Remarks 2.8 and 2.3 (f), {I/(1 + ax) }rez is R-bounded. Moreover,

1 1 Ar+1 — Ak 1 1
k — = —k (073 .
1+arp 1+ ag ag 1+ agy1 14 ag

Since {ag }rez is 1-regular, we conclude the proof of the lemma by using Remark 2.8 and
Theorem 2.5. ]

The following proposition is an extension of [22, Proposition 3.2].

Proposition 3.2. Suppose that the sequence {ay}rez is 1-regular. Let A: D(A) C
X — X and M: D(M) C X — X be linear closed operators defined on a UMD space
X. Suppose that D(A) C D(M). Then, the following assertions are equivalent:

(i) {ik}rez C pm.a(A) and {ikM (kM — (1 + ax)A)"'}rez is an LP-multiplier for
1 <p<oo;

(ii) {ik}rez C para(A) and {ikM (kM — (1 + ax)A) ! }rez is R-bounded.

Proof. Define Ny := (ikM — (1+ax)A)~t and My, := ikM (ikM —(14+a,)A)~ L k € Z.
By the closed graph theorem we can show that if ik € ppsa(A), then My, are bounded
operators for each k € Z. By Proposition 2.4 it follows that (i) implies (ii). Conversely,
by Theorem 2.5, it is sufficient to prove that the set {k(My11 — M) }rez is R-bounded.
In fact, we note the following;:

k[Mk+1 — Mk] = ]4;[1(]{2 + 1)MNk+1 — lk‘MNk]
— WM Ny [k + DERM — (14 ap)A] — kfi(k + )M — (1 + apr) Al Ny

Ap+1 — ak)

= ikM N1 l:]{i( l+a }(I—Fak)ANk—Mk(l—&—ak)ANk. (32)
k

Since {ag }kez is 1-regular, the sequence

()}

L+ ay, keZ
is bounded. The identity (1 + ag)ANr = My — I implies that {(1 + ax)ANk}rez is
R-bounded. We conclude the proof by using Remark 2.3. |
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Next, we introduce the following definition of the solution of (3.1).

Definition 3.3. We say that a function u € H;g;’M(R; [D(M)])N L5 _(R; [D(A)]) is a
strong LP-solution of (3.1) if u(t) € D(A) and (3.1) holds for almost every t € [0, 27].

Let a € L'(R,) and let A be a closed operator defined on X. For u € L5 _(R;[D(A)])

define
t

F(t) :=(a% Au)(t) = / a(t — s)Au(s)ds.

— 00

An easy computation shows that F(k) = Aa(ik)a(k), k € Z (where the hat denotes
Fourier transform). It is remarkable that, in the case when a = 0, the next theorem
improves the main result in [22].

Theorem 3.4. Let X be a UMD space. Let A: D(A) C X — X and M: D(M) C
X — X be linear closed operators. Suppose that D(A) C D(M) and the sequence
{ak }rez is 1-regular. Then, the following assertions are equivalent:

(i) for every f € LB (R, X), there exists a unique strong LP-solution of (3.1);

(i) {ik}rez C pama(A), and {ikM(ikM — (1 + ap)A) " }rez is an LP-multiplier for
1 <p<oo;
(iii) {ik}rez C para(A), and {ikM (ikM — (1 + ay)A) "' }rez is R-bounded.

Proof. (i) = (ii) Let k € Z and let y € X. Define f(t) = e**y. By hypothesis, there
exists u € H;’C’;M(R; [D(M)]) N LE_(R; [D(A)]) such that u(t) € D(A) and (Mu)'(t) =
Au(t) + (a* Au)(t) + f(t). Taking the Fourier transforms of both sides, we have 4(k) €
D(A) and

ikMi(k) = (1+ ax)Ad(k) + f(k)
= (14 ap)Au(k) + y.

Thus, (ikM — (1+ar)A)a(k) =y for all k € Z and we conclude that (ikM — (1+ay)A)
is surjective. Let € D(A). If (kM — (1 + ay)A)z = 0, then u(t) = e'*'z defines a
periodic solution of (3.1). Hence, u = 0 by the assumption of uniqueness, and thus « = 0.
Therefore, (ikM — (1 + ax)A) is bijective.

Now, we must prove that (ikM — (1 + ax)A)~! is a bounded operator for all k € Z.

Suppose that (ikM — (1 + ax)A)~! has no bounded inverse. Then, for each k € Z there
exists a sequence (Yn k)nez C X such that ||y, x| <1 and

(kM — (14 ar)A) 'yl = n? foralln € Z.
Thus, we obtain that the sequence xy := y; . satisfies
|GEM — (14 a)A) 2y > k> for all k € Z.

Let .
i k
f(t) = E ektp.

kez\{0}
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Observe that f € L5 (R, X) and so, by hypothesis, there exists a unique strong solution
u € LY (R, X) of (3.1). One can check that

uty= Y (ikM—(1+ak)A)*1eikt%’;
keZ\{0}

Since
. 1 ikt Tk
(kM — (1 +a;)A) e ’“ﬁ
we obtain u ¢ L (R, X): a contradiction. Thus, we conclude that (ikM — (1+ ax)A)~!
is a bounded operator for all k € Z, and therefore ik € pps,5(A) for all k € Z.

Using the closed graph theorem, we have that there exists a constant C' > 0 indepen-
dent of f € L8 _(R; X) such that

>1 forall keZ\{0},

[(Mu)'[Le + lla% AullLe + |AullLe < C|f]|Lo-
Note that for f(t) = el**y, y € X, the solution u of (3.1) is given by
u(t) = (ikM — (1 + ap)A) " Lel*y.

Hence,
M (ikM — (1 4 a;)A) " y|| < Clly]-

We obtain that, for & € Z, ikM({ikM — (1 + a)A)~! is a bounded operator. Let
f e Lt (R, X). By hypothesis, there exists u € Héé’r’vM(R; [D(M)]) N LE_(R; [D(A)]) such
that u(t) € D(A) and (Mw)'(t) = Au(t)+(a* Au)(t)+ f(t). Taking the Fourier transform
of both sides, and using that (ikM — (1 + ax)A) is invertible, we have a(k) € D(A) and
a(k) = (ikM — (1 + ax)A) "' f(k). Now, since u € H;(’f;’M(R; [D(M)]) and by the defini-
tion of H;’;;’M(R; [D(M)]), there exists v € Lb_(R, X) such that 0(k) = ikMa(k) for all
k € Z. Therefore, we have

o(k) = ikMa(k) = ikM (kM — (1 + ap)A) "L f (k).

(ii) = (i) Define My, = ikM (ikM — (1 +ax)A)~! and Ny, = (ikM — (1 +a;)A)~!. Suppose
that {ik}rez C pm.a(A), and that { My }rez is an LP-multiplier. For f € L (R, X) there
exists u € L5 (R, X) such that @(k) = ikM (ikM — (14 a)A)~ ' f(k) for all k € Z. The
identity I = My — (1 4 aj) ANy implies that

a(k) = kM (kM — (1 + ax)A) "L f (k)

= I+ (1+ap)ANy)f(k).

So, we obtain (u/—\f)(k) = (1 + ag)AN,f(k). By Lemma 3.1, {I/(1 + a)}rez is an
LP-multiplier. Thus, for u — f € L (R, X) there exists v € L5 (R, X) such that
1

8(k) = g (u = D)(k) = ANef(R).

https://doi.org/10.1017/50013091513000606 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000606

862 C. Lizama and R. Ponce

Since 0 € par,a(A), we obtain that A7t € B(X), and therefore w := A e IE (R, X)
and w(k) = Ni f(k). Hence, ikMw(k) — (1 + axA)w(k) = f(k). Now, observe that for all
k € Z we have

a(k) = kM (kM — (1 + ap)A) "L f(k) = ikMa(k).

Thus w € H;éf,M(Rv [D(M)]) N LE_(R; [D(A)]). Moreover, Mw(0) = Muw(27), since
w(0) = w(2m) and w(t) € D(A). Since A and M are closed operators and

(Mw) (k) = ikMi(k) = (1 + ap) Ad(k) + f(k) for all k € Z,

one has (Mw)'(t) = Aw(t) + (a* Au)(t) + f(¢) a.e by Lemmas 2.6 and 2.7. Thus, we
conclude that w is a strong LP-solution of (3.1).

Finally, to see the uniqueness, let u € H;g’;’M(R, [D(M)]) N LE_(R,[D(A)]) such that
(Muw)'(t) = Au(t) 4+ (a* Au)(t). Taking the Fourier transforms of both sides, we have
(k) € D(A) and (ikM — (1 4+ ax)A)a(k) = 0 for all k € Z. Since (ikM — (1 + ag)A) is
invertible for all k € Z, we obtain 4(k) = 0 for all k € Z, and thus u = 0.

(i) < (iii) See Proposition 3.2. O

In the Hilbert case, we obtain a simple condition for existence and uniqueness of
solutions of (3.1). Since in Hilbert spaces the concepts of R-boundedness and boundedness
are equivalent [13], the proof of the next corollary follows from Theorem 3.4.

Corollary 3.5. Let H be a Hilbert space and let A: D(A) C H — H and M: D(M) C
H — H be closed linear operators satisfying D(A) C D(M). Suppose that the sequence
{ar }rez is 1-regular. Then, for 1 < p < oo, the following assertions are equivalent:

(i) for every f € L8 (R, H), there exists a unique strong LP-solution of (3.1);

(ii) {ik}rez C para(A) and supyey [[ikM (kM — (14 ax)A) 7| < oc.

Note that the solution u(-) given in Theorem 3.4 satisfies the following maximal regu-
larity property.

Corollary 3.6. In the context of Theorem 3.4, if condition (iii) is fulfilled, we have
(Mu)', Au,a % Au € LY (R, X). Moreover, there exists a constant C' > 0 independent of
f € L8 _(R; X) such that

I(Mu)|[Le + [|Au]| o + [lak AullLr < Clf]|zr- (3-3)

Remark 3.7. Fejer’s theorem (see [3, Proposition 1.1]) can be used to construct the
solution u given in Theorem 3.4. More precisely, if My = ikM (ikM —(1+ay)A)~! satisfies
condition (ii) or (iii) in Theorem 3.4, then for f € L (R, X) the solution v € L} (R, X)
of (3.1) is given by

n m

n—>oon-1i-]_ Z Z €k®Mkf(k)7

m=0 k=—m

where e (t) := ¥, t € R, and the convergence holds in L} (R, X).
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4. Maximal regularity on Hoélder and Besov spaces

In this section, we formulate analogous theorems to those in the above section, in the
context of Holder and Besov spaces.

Besov spaces form one class of function spaces that are of special interest. The relatively
complicated definition is recompensed by useful applications to differential equations
(see [2] for a concrete model).

We consider solutions to (3.1) in B, ,((0,27); X), the vector-valued periodic Besov
spaces for 1 < p < oo, s > 0. It is remarkable that in this case there are no geometrical
conditions on the Banach space X. For the definition and main properties of these spaces
we refer to [4,19]. For the scalar case, see [12,24]. Contrary to the L? case, the multiplier
theorems established for vector-valued Besov spaces are valid for arbitrary Banach spaces
X (see [1,4,17]). Note also that, for 0 < s < 1, B3, , is the usual Holder space C*. We
now summarize some useful properties of By ((0,27); X). See [4, §2] for a proof.

(i) B, ,((0,27); X) is a Banach space.

(ii) If s > 0, then By ((0,27); X) = LP((0,27); X), and the natural injection from
B; ,((0,27); X) into LP((0,2); X) is a continuous linear operator.

(iii) Let s > 0. Then f € B3H'((0,27); X) if and only if f is differentiable a.e. and
7€ By, ((0,27); X).

We begin with the definition of operator-valued Fourier multipliers in the context of
periodic Besov spaces.

Definition 4.1. Let 1 < p,¢ < o0, s > 0. A sequence {My}rez C B(X,Y) is a
B, -multiplier if for each f € By ,((0,27); X) there exists a function g € B, ,((0,27);Y)
such that

g(k) = My f(k), keZ.

Definition 4.2 (Keyantuo et al. [20]). We say that {M}}rez C B(X,Y) satisfies
the Marcinkiewicz condition of order 2 if

sup [ M| < oo,  sup|[k(My1 — My)| < oo, (4.1)
kEZ keZ
sup K (My1 = 2Mi + M) < oo. (4.2)
€

We recall the following operator-valued Fourier multiplier theorem on Besov spaces.

Theorem 4.3 (Arendt and Bu [4]). Let X, Y be Banach spaces and suppose
{Mi}rez C B(X,Y) satisfies the Marcinkiewicz condition of order 2. Then, for 1 <
p,q < 00, s € R, {My}rez is a By ,-multiplier.

The following proposition is analogous to Proposition 3.2.

https://doi.org/10.1017/50013091513000606 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000606

864 C. Lizama and R. Ponce

Proposition 4.4. Let A: D(A) C X — X, M: D(M) C X — X be linear closed
operators on a Banach space X. Suppose that D(A) C D(M) and the sequence {ay}rez
is 2-regular. Then, the following assertions are equivalent:

(i) {ik}rez C para(A), and {ikM (kM — (1 4+ ax)A) '}rez is a Bj -multiplier for
L<p,g<o0;

(ii) {ik}rez C para(A), and supyey |[ikM (kM — (1 + a;)A) 7| < o0.

Proof. (i) = (ii) This follows the same lines as the proof in [18, Proposition 3.4].
(ii) = (i) For k € Z, define M, = ikM (ikM —(14ay)A) ! and Ny = (ikM —(14ay)A) 1.
From the identity (3.2) we obtain

sup ||k (M1 — My)|| < oo, (4.3)
keZ

proving (4.1). To verify (4.2), note that

k*[Myi1 — 2My + My,_4]
= ik?M[(k + 1)Npy1 — 2kNy, + (k — 1) Ng_1]
=ik’ M N [(k + )N = 26N + (k= 1N N N NG
=ik M N1 [(k + 1)N, 1 — 2k[(ikM — (1 + ax)A) — (ag41 — ag)A +iM]
+(k=D[G{(k—1)M — (1 + ax_1)A)
+2iM — (ap41 — ap—1)AINk—1 N, Nk
=ik M N1 [(k + 1)N, ' — 2kN, 4+ 2k(ag11 — ax) A — 2ikM
+ (k= 1)N 4+ 2i(k — 1)M — (k — 1)(ag41 — ax—1)A]JNg_1 N 1Ny,
=1k M Njq1[(k + 1) — 2kI + 2k(aj41 — ax) ANy, — 2ikM N,
4+ [(k — )T + 2i(k — 1)MNy_1 — (k — 1)(aps1 — ag—1)ANg_1]]
ik? M Nyy1[2k(apy1 — ap) ANy — 2(My, — My_1) — (k — 1)(ap41 — ar—1)AN_1]
kM Ny y1[2k2 (apy1 — ap) AN — 2k(My, — My_1)
— k(k — 1)(ags1 — ax—1)ANg_1]

= ikM N1 2k2%(m — 1) — 2k(My — My_1)

(ak+1_ak—1)
—kk—-1)—SL(Mp_1—1)].
(k=) o (M = D)

Using the identities
2k*(ag41 — ax) = k* (a1 — 2ak + ag—1) + k*(ag41 — ax—1)
and

k(k — 1) (akt1 — ap—1) = k*(app1 — ap—1) — k(ag41 — ap—1),
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we obtain

QkQM[Mk — 1] —k(k — 1)M[Mk—l — 1]

1+ ay 1+ap—1
-2 _
— 12 (e ai + ag 1)[Mk 1]
1+ ay
e (ap41 — ap—1) [ (M — My—1) + (ar, — ap—1)I + ap—1 My, — ap My
1+ ag 1+ap_1
(@k+1 — ar—1)
+k—— (M — 1
1+ap_1 [ b=l ]
-2 _
— (@ et Ui, - 1
+ ag
(Gk41 — agk—1) [ 1 (ax — ax—1)
+k k(M — My_1) + k——=1
1+ay 14+ ak—1 (M k1) 14+ a1
k
+ —— a1 My, — ap M. _
1+ak71[k1 k e Mj—1]
(@k+1 — ag—1)
+k—— M — 1.
14+ ar_1 [ Rt ]
Since the identities
k ak—1 (ag—1 — ax)
e My — apMy_q] =~ Iy, — My ]+ L TR
1+ak71[ k-1 M — arpMy_1] T+ ar s (M, 1] 1+ ary k—1
(@k+1 — A1) (ak+1 — ax) k (ar —ap—1) 1
k =k k—1 _
14 ag 1+ ayg +/€—1( ) ag_1 a 11—|—ak’
k(akﬂ —ap-1) _ k(akﬂ —ag) k(ak —ag_1)
14 ak—1 1+ag_1 1+ag_1
and
k[My — My_4] = (k — 1)[My, — My_1]

k—1
are valid, and from the fact that {k(My11— M) }rez is bounded and {ay }rez is 2-regular,
we conclude from the above identities and Remark 2.8 that

sup |62 ( My 1 — 2My + My, _1)|| < oo. (4.4)
S

Thus, { My }rez, satisfies the Marcinkiewicz condition of order 2 and therefore, by The-
orem 4.3, { My }rez is a B, ,-multiplier. a

Lemma 4.5. Let X be a Banach space. Suppose that the sequence {aj}rez is
2-regular. Then, {I/(1 + ai.)}rez is a B, ,-multiplier for 1 < p,q < oc.

Proof. Define my := 1/(1 + ay), k € Z. By Remark 2.8, the sequence {my}rez is
bounded. Moreover, {my, }rez satisfies the identities

Ar4+1 — a 1
Y N

k —mi] =
(M1 — my] 1+ar 1+ann
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and
E?[myq1 — 2my, +mg_1] = — 1 K2 (ass — 20 + ap_1)
1+ arp1)(1 4 ap)(1 4+ ar—1)
2
+ k ar — A _— k ar —a
(1+ aps1) (1 +ag)(1 4+ ag_1) (ar — ap—1)k(art1 — ax)
ag

— k% (a —2ar, +ar_1).
(14 aps1) (14 ap)(1 + ap_1) (k41 bt as)

Since {ag }rez is 2-regular, we conclude that {my }rez satisfies the Marcinkiewicz condi-
tion of order 2, and therefore {mg }rez is a B, ,-multiplier. ]

Definition 4.6. Let 1 < p,q < oo and s > 0. A function u € B, ,((0,27); [D(A)]) is
said to be a strong Bj -solution of (3.1) if Mu € By'((0,27); X) and (3.1) holds for
almost every t € (0, 27).

The next theorem is the main result of this section and is analogous to Theorem 3.4 in
the context of Besov spaces. We note that there are no special conditions in the space X.

Theorem 4.7. Let 1 < p,q < 0o and s > 0. Let A: D(A) C X — X, M: D(M) C
X — X be linear closed operators on a Banach space X. Suppose that D(A) C D(M),
and the sequence {ay }kez Is 2-regular. Then, the following assertions are equivalent:

(i) for every f € B, ((0,27); X) there exists a unique strong B, ,-solution of (3.1);
(ii) {ik}rez C para(A), and {ikM (kM — (1 + ax)A) ' }rez is a By ,-multiplier;
(iii) {ik}rez C pam,a(A) and supyey [[IkM (kM — (1 + ag)A) ™| < oo.

Proof. (i) = (iii) Suppose that for every f € Bj ((0,2m);X) there exists a
unique strong Bj -solution of (3.1). Fix # € X and k € Z. Define f(t) = e'*a.
Then f € By ((0,27); X). By hypothesis there exists u € B,  ((0,27);[D(A)]) with
Mu e B3t'((0,27); X) such that u(t) € D(A) and

(Mu)' (t) = Au(t) + (a* Au)(t) + f(t) ae.t € (0,27).

By Lemma 2.7 we have ikMu(k) = Au(k) + ap At(k) + x. Following the same reasoning
as in the proof of Theorem 3.4, we obtain that ik € par4(A) for all k € Z. Let My, =
ikM (ikM — (14 a;)A)~1. We shall see that { M}, }kez is bounded. Using the closed graph
theorem, we have that there exists a constant C' independent of f such that

[ M ul

Bitl((0.2m)x) T AUl Bs (0,2m)5i0(a)) + la* Aull g (0,2m)5D(a))

< ClflBs ,(02m):%)-
Note that for f(t) = e'®*z the solution u of (3.1) is given by

u(t) = (kM — (1 + ap)A) " tel*z.
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Hence,

sup [[ikM (ikM — (1 + ag)A) " 'z|| < O]

kEZ
(ii) = (i) Define My, = ikM (ikM — (1+ag)A)~* and Ny = (ikM — (1 +ax)A)~L. Suppose
that {ik}rez C pm,a(A) and {My}rez is a By -multiplier. For f € B ,((0,2); X) there
exists u € By ((0,2m); X) such that a(k) = ikM (ikM — (1 + ax)A)~" f(k) for all k € Z.
The identity I = My, — (1 + ax) ANy, implies that

a(k) = kM (kM — (1 + ap)A) "' f(k)

= (I + (1 + ap) ANy) f (k).

So, we obtain (u— f)(k) = (1 + ax) ANy f(k). By Lemma 4.5, {I/(1 + ax)}rez is a B3, -
multiplier. Thus, for u — f € B, ,((0,27); X) there exists v € B, ,((0,27); X) such that

_ 1
n 1+ ag

o(k) (u— f)(k) = ANy, f (k).

Since 0 € pua(A4), we obtain that A=' € B(X), and therefore w = A~lv €
B, ,((0,27); X) and w(k) = N f(k). Hence, ikMw(k) — (1 + arA)w(k) = f(k). Observe
that, for all k£ € Z, we have

a(k) = ikM (kM — (1 + ax)A) " f(k) = ikMa(k).

Thus, by uniqueness of Fourier coefficients, u(t) = (Mw)'(t). Since v € B, ,((0,27); X),
(Mw)" € Bj ,((0,27); X), and therefore Mw € B5t'((0,2m); X). Moreover, Mw(0) =
Muw(27), since w(0) = w(27) and w(t) € D(A).

Since A and M are closed operators and

(Mw)' (k) = ikMi(k) = (1 + ap)Aw(k) + f(k) for all k € Z,

one has (Mw)'(t) = Aw(t) + (a % Au)(t) + f(t) a.e. by Lemmas 2.6 and 2.7. We conclude
that w € By ((0,2m); X) is a strong By  -solution to (3.1). Finally, the uniqueness follows
the same way as in the proof of Theorem 3.4.

(iii) < (ii) This follows from Proposition 4.4. O

5. Maximal regularity on Triebel-Lizorkin spaces

In this section, we study the existence and uniqueness of solutions to (3.1) in the context

of Triebel-Lizorkin spaces, F}; ,((0,27); X), where X is a Banach space, 1 < p,q < o

and s € R. More details of these spaces can be found in [8] and the references therein.
The next definition and theorem are analogous to those in the previous sections.

Definition 5.1. Let 1 < p,¢ < oo and s € R. A sequence {My}rez C B(X,Y) is a
Fy -multiplier if, for each f € F ((0,2m); X), there exists a function g € FJ ((0,27);Y)
such that

9(k) = My f(k), k€ Z.
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We recall the following result due to Bu and Kim [8].

Theorem 5.2 (Bu and Kim [8]). Let X, Y be Banach spaces and let {My}rez C
B(X,Y). Assume that

sup | Mg || < oo, sup ||k(Mg4+1 — My)|| < oo, (5.1)
keZ kez
sup ||k% (M1 — 2My + My_1)|| < oo, (5.2)
keZ
sup |63 (Mo — 3Mpy1 +3My — My_1)|| < oo, (5.3)
€

where 1 <p < oo and 1 < ¢ < oo, s € R, {My}rez. Then { My }rez is an F) -multiplier.

Remark 5.3. If X, Y are UMD spaces in the above theorem, then the conditions (5.1)
and (5.2) are sufficient for { M}, }rez to be an F}; -multiplier.

The definition of the solution of (3.1) in the Triebel-Lizorkin spaces is the same as
that in the Besov case. The proof of following theorem is similar to Theorem 4.7. We
omit the details.

Theorem 5.4. Let 1 < p,g < ocand s > 0. Let A: D(A) C X - X, M: D(M) C
X — X be linear closed operators on a Banach space X. Suppose that D(A) C D(M)
and the sequence {ay }rez is 3-regular. Then, the following assertions are equivalent:

(i) for every f € Fy ((0,27); X) there exists a unique strong F,; ,-solution of (3.1);
(ii) {ik}rez C para(A), and {ikM (ikM — (14 ar)A) " }rez is an F; ,-multiplier;

(iii) {ik}rez C pama(A) and supyey [|ikM (kM — (1 + ag)A) 7| < oo.

6. Applications
We conclude the paper with some applications of the above results.

Example 6.1. Let us consider the boundary-value problem

W —Au= / a(t — s)Au(s,x)ds+ f(t,z) in [0,27] x £2, (6.1)

u= O_ in [0, 27] x 942, (6.2)
m(z)u(0,z) = m(z)u(2m,z) in £2,

where (2 is a bounded domain in R™ with a smooth boundary 92, m(z) > 0 is a given
measurable bounded function on 2, and f is a function on [0, 27] x £2.

Let M be the multiplication operator induced by the function m. If we take X =
H~1(£2), then by [5, p. 38] (see also the references therein) we have that there exists a
constant ¢ > 0 such that

IM (M - 2)7 <

1+ |z]
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whenever Re(z) > —c(1 + |Im(z)]|). Thus, the inequality

. -1
[ikM (kM — (14 ap)A) Y| = 1 kal M(l _lfakM - A) <ec
holds if ) )
Re( ik ) > —c(l—&—’Im( ik )D for all k € Z,
1+ ag 1+ ayg
that is, if

kB = —c((1+ ar)? + B¢ + [k(1 + ax)) (6.4)

is valid for all k € Z, where o and (i denote the real and imaginary parts of ay, respec-
tively. In particular, if a(t) := t*~1/I'(b), with b an even integer, then one can check that
{ak }rez is 2-regular and By = 0 for all k € Z. Thus, the inequality (6.4) holds. Therefore,
by Theorem 4.7 (or Corollary 3.5), we conclude that for all f € L5 (R, H=1(£2)) there
exists a unique solution for (6.1), (6.2).

Example 6.2. Consider, for ¢ € [0,27] and x € [0, 7], the problem
o ([ 0% 0?
5 <8a:2 + 1>u(t,x) = fbwu(t, x) — cu(t, )

+ /t a(t —s) <b82 + c) u(s,z)ds + f(t, z), (6.5)

oo Ox?
u(t,0) = u(t,m) = @u(t,O) = @U(Tf,ﬂ') =0, (6.6)
(38172 + 1>u(0,x) = (88x2 + 1) u(2m, ), (6.7)

where b is a positive constant and —2b < ¢ < 4b. We take X = Cy([0,7]) = {u €
C([0,7]): w(0) = u(m)} and K the realization of §%/9x? with domain

D(K) = {u € C*([0,7]): u(0) = u(r) = %U(O) = %u(ﬂ) = O}.

Define M = K + I and A =bM + (¢ —b)I. By [5, Example 1.2, p. 39] we have that

d

MM - A< ——
2 ( <

for all Re(z) > —d(1 + |Im(z)]), d being a suitable positive constant. Therefore, as in
Example 6.2, if for all k£ € Z the inequality

EBr > —d((ar — 1)% + 82 + k(o — 1))) (6.8)

is valid, then for all f € B,  ((0,27),Co([0,7])), s > 0, 1 < p,q < oo, by Theorem 4.7,
we conclude that the problem (6.5)—(6.7) has a unique strong solution u with regularity
0%u

52 € B3.q((0.2m), Co ([0, 7).
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In particular, if a(t) := €%, where v € R, we can check that {a}rez is 2-regular and the
inequality (6.8) holds with d = 1.
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