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LOCAL INTEGRABILITY OF CR-HYPERSURFACES
KL H. KwoN AND BYEoNG C. SONG
By characterising CR-hypersurfaces of dimension m having m strongly inde-
pendent CR-functions, we find the necessary condition for a CR-hypersurface to
be locally integrable and show that the same condition is also sufficient if the

CR-hypersurface is strongly pseudoconvex and has m strongly independent CR-
functions.

1. PRELIMINARIES

Let V be a CR-hypersurface of dimension m (> 1) in an open set  in R?™*1,
That is, V is a subbundle of C ® TS} of fibre dimension m such that

(1.1) v,vicv
(1.2) VNV = {0} (Vis “the complex conjugate” of V).

We call V locally integrable at p in  if in some neighborhood U of p in § there are
m +1 C®-functions {u;}7**? such that

(1.3) u; are CR-functions, that is, Lu; = 0 for any smooth section L of V on U;
(14) duy A--- A d'u.m+1 -',é 0.

Let V' be the orthogonal of V in C ® T*€. Then the condition (1.2) is equivalent to
V' + V' =cC ® T*2. Hence, if V is locally integrable, then there are mm CR-functions
{u;}7 such that

(15) dul/\---/\dum/\dl_q/\--'/\dimaéo.

We call m such CR-functions to be strongly independent. Not every CR-hypersurface
is locally integrable (see for example [3, 5, 8, 9]) (even if it has m strongly independent
CR-functions). In [8], Nirenberg constructed a single C*-vector field in R3

a .0 . 0 .
L= 5 +1z§ +iz¢(z, ¥, t)‘—?t—, (¢ is real-valued)
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satisfying for any C'°°-function ¥(z, y, t) with Ly = 0, ¢ /9z and O+ /3t vanish of in-
finite order at the origin. Thus the vector field L spans a CR-hypersurface of dimension
1 having a strongly independent CR-function z, which is also strongly pseudoconvex
(that is, L, L, and [L, L] are linearly independent) but not locally integrable at the
origin. Motivated by the above example, Hanges [2] found a necessary condition for
a CR-hypersurface of dimension 1 to be locally integrable and showed that the same
condition is also sufficient in some restricted cases. Here, we shall extend the results in
(2] to the CR-hypersurfaces of any dimension m > 1.

Once we characterise the CR-hypersurfaces having m strongly independent CR-
functions in terms of local coordinates (see for example, Proposition 2.1), the extension
from m =1 to any m > 1 is rather straightforward.

2. MAIN RESULTS
From now on, V always means a CR-hypersurface of dimension m > 1 in 2.

PROPOSITION 2.1. Locally V has m strongly independent CR-functions if
and only if 2 can be covered by local charts (U;z, y, t) in which V is spanned by m
smooth vector fields

9] é] . .
(2.1) L;= o +aj(z, y, t)gt-, zj=z;+iy;, j=1,---,m.
i
PRroOOF: The sufficiency is clear since zy, ---, 2, are strongly independent CR-
functions of V. Conversely, let u;, ---,u,, be strongly independent CR-functions

about a point, say 0, in §; then condition (1.5) is equivalent to

(2.2) dReu; A --- AdReuy, Adlmuy A - AdImu,, # 0.
Hence we can take a local coordinate system (z, y, t) about 0 where
(2.3) z, = Reuy, -+, m = Reum,y1 = Imuy, -+ ,ym = Imun,.

For any local basis B = {L;}* of V about 0, we have
i 0 0 . .

(2.4) Li=)" 2L,~(Reuk)b—z__; +Li(t)g 2 =2 +igs j=1,,m.
k=1

Note that the matrix A = 2[L;(Reus)]j,» is nonsingular at 0 and so in some neigh-
bourhood of 0. Indeed, if otherwise, the vector fields {L; — L;(t)0/0t}T* are linearly
dependent at 0 and so 8/8¢ must bein VNV at 0, which contradicts to (1.2). Then
A~1B is another local basis of V in a neighbourhood of 0 having the form (2.1). 0
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Note that when V is spanned by L; in (2.1), condition (1.1) is equivalent to
(2.5) [LJ', L] =0, that is, Ljar — Lya; =0, j,k=1,---,m.

PROPOSITION 2.2. V islocally integrable at p in Q if and only if there is a
local chart (U; =z, y, t) about p in which V is spanned by vector fields L; in (2.1) and
a CR-function u € C*®°(U) of the form

(2.6) u(z,y,t) =t +id(z, y, t) .

where ¢ € C=(U) is real-valued and ¢(p) = 0 and d¢(p) = 0.

PROOF: The necessity is trivial since {z1, --- , zm, u} are m+1 independent CR-
functions of V on U. Conversely, by Proposition 2.1, locally, V is spanned by L; in
(2.1). Furthermore, we may assume a;j(p) = 0 via suitable linear change of coordinates
fixing ¢ and y. Then {2;}]* are m independent CR-functions of V on U. Since V
is locally integrable, there is a CR-function u € C°°(U) (possibly after shrinking U')
such that

(2.7) dzy A---ANdzyy, Adu # 0.

Then (8u/8t)(p) # O, since otherwise du is a linear combination of {dz;}* which

contradicts (2.7). If we set v = Au + Y. Bjz; where A = (0u/8t)(p)”' and B; =
j=1

~(8u/8z;)(p){(Ou/Bt)(p)} ', then v is a CR-function satisfying dv(p) = dt. Hence

v(z,y,t) =t+ W(z, y, t) with dW(p) = 0 so that JRev/8t(p) # 0. Then in a new

coordinate system (z, y, t') with t' =t + ReW about p, we have v = t' + i¢(z, y, t')

and d¢(p) = 0. We may assume ¢(p) = 0.

For later use, we note that a; and ¢ are related by

. 0¢ .0¢ .
(2.8) zgj-i-a.j(l-i-zgt—):o,]:l,---,m.
We say that a smooth function a(z, y, t) defined near a point p in R?*™*! is microan-
alytic at (p,+1) (relative to t) (respectively (p,—1)) if there exist a neighbourhood O

of (p, 0) in R?™*2 and A(z, y, t, s) € C=(O) such that

(2.9) g—;- =0in O+( respectively 0_);

(2.10) A(z,y,t,0) =a(z, y,t) in O° = {(z, y, t) € R?™*! . (z,y,t 0) € O},

where w =t +1s and OY(O~) = {(z, y,t,5) € O :5>0 (s <0)}.
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THEOREM 2.1. (Necessity) If V is locally integrable in §, then for any p in
there is a local chart (U;z, y, t) about p in which V is spanned by the vector fields
L; in (2.1), where all a; are microanalytic at (p,+1).

We shall omit the proof since it is essentially the same as that of Theorem 1 in [2].

For a local basis {L;} of V and any real vector field Ly ¢ V +V about a point
p in Q, define complex numbers Cj, x(p) by

(2.11) —%[Lj, Li)(p) — Cj,k(p)Lo(p) € V3 + V.

We call the m x m matrix L(p) = [Cj,£(p)];,» the Levi matrix of V at p. When it is
nonsingular, the absolute value of its signature is an invariant of V. We call V strongly
pseudoconvex at p if L(p) is positive or negative definite.

THEOREM 2.2. (Sufficiency) Let V be a CR-hypersurface of dimension m hav-
ing m strongly independent CR-functions so that V has a local basis {L;}* in
(2.1). Then V is locally integrable at p in ) if the Levi matrix L(p) of the system
8/8t, Ly, --- , Ly, is positive (respectively negative) definite at p and the coeflicients
a; of L; are microanalytic at (p,+1) (respectively (p,—1)). In this case, there is a
CR-function u of the form (2.6) which is also microanalytic at (p,+1) (respectively
(p,-1))

We need the following lemma which can be easily proved by Proposition 2.2 (see
for example, [2]).

LEMMA. Let V be the same as in Theorem 2.2. Then V is locally integrable at p
in € if and only if there exist an open neighbourhood U of p and v € C*(U) satisfying
Oa; .
(2.12) LjU:—FtJ-, .7 =1,... ’m-
PROOF OoF THEOREM 2.2: We always assume p = 0. Since ¢; and so f; :=
—08a; /0t are microanalytic at (0,+1), we have an open neighbourhood O of 0 in
R?™*2 and A;, F; € C*™(O) such that

(2.13) % = a—ﬁ =0 inO%,
(2.14) Aj(z, y, t, 0) = a;(z, ¥, t), Fi(z, ¥, t,0) = fi(z,y,t) in O°.

On O%, define L = /0w and L;’ = 0/0z; + A;0/0w, j = 1,--- , m. Then they
are linearly independent and commute with each other. The latter comes directly from
(2.5), (2.13) and Schwarz’s reflection principle. Hence {L;’}B" define a (almost) complex
structure on O* by Newlander-Nirenberg theorem [7].
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Now in order to solve the system (2.12), it suffices to solve
(2.15) Liuv=0,Lfu=F;,j=1,---,m

smoothly up to {s = 0}.
Let ag, --- , ay, be 1-forms which are dual to Lg’, ---, L}, (for example, ap =

dw — izjdz,' and aj =dz;,j =1, -+, m). Then (2.15) becomes
1

(2.16) du=) Fja;

i=1

where the operator 3 is defined on v € C®(0%) by 8v = Y (L} v)e;.
i=0
Using (2.3), (2.13) and Schwarz’s reflection principle, we can see that the 1-form
3" Fja;j is O-closed, that is, 5(2 F,-aj) =0.
i=1 j=t1

As in [2], we can find a strongly pseudoconvex domain in O% whose boundary
intersects with {s = 0} near 0. Hence, by the well known fact about the 8-problem
(see for example, [1]), we can solve the equation (2.16) (or equivalently (2.15)) smoothly
up to {s =0}.

REMARK. In fact, if m > 4, then Theorem 2.2 gives only a simple proof of a special
case of Kuranishi’s theorem [6] saying that any strongly pseudoconvex CR-hypersurface
of dimension > 4 is locally integrable. However, for m < 4 (at least for m = 1
by Nirenberg’s example in [8]) not every strongly pseudoconvex CR-hypersurface of

dimension m is locally integrable.
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