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1. Introduction

The starting point of this investigation was a question put to us by Martin
B. Powell: If the prime number p divides the order of the finite group G, must
there be a minimal set of generators of G that contains an element whose order
1s divisible by p? A set of generators of G is minimal if no set with fewer elements
generates G. A minimal set of generators is clearly irredundant, in the sense that
no proper subset of it generates G; an irredundant set of generators, however,
need not be minimal, as is easily seen from the example of a cyclic group of com-
posite (or infinite) order. Powell’s question can be asked for irredundant instead
of minimal sets of generators; it turns out that the answer is not the same in
these two cases. A different formulation, together with some notation, may make
the situation clearer.

Let G be a group; we denote by x,(G) the set of those elements g of G that
are not omissible from some family ! of n generators of G. Thus g € x,(G) if,
and only if, there are elements g,, - - -, g, that jointly with g generate G, but by
themselves generate a proper subgroup of G. Then

Kn(G) € Kp+1 (G)

for all n. If n is less than the minimal number, say d = d(G), of generators of G,
then «,(G) is empty. We shall call d the ‘rank’ of G, for brevity, and assume
throughout that it is finite; and presently we shall confine attention to finite groups
G. Clearly x,(G) is not empty, but consists of all members of minimal generating
sets of G. If G is finite and n large, say n = |G|, the order of G, then

Kn(G) =G— ¢(G),

where ¢(G) denotes the Frattini subgroup; for, by a well-known theorem of Frat-
tini [2], ¢(G) consists of those elements of G that belong to no irredundant
generating set of G. We shall show that in fact already

! In a family an element may occur repeatedly.
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1) Kg+1(G) = G—¢(G).

Differently put, this says that an element belongs to the Frattini subgroup of a
group G if, and only if, it can be omitted from every family of d+ 1 generators of G,
where d is the rank of G.

Now it is known that for a finite group G a prime p divides |G/¢(G)| if p
divides |G|; this is an immediate consequence of Huppert {6] III, Satz 3.8, It
follows that if p divides |G| then p divides the order of some element outside ¢(G);
and again, by (1), that if p divides |G| then p divides the order of some element of
k4+1(G). This answers Powell’s question, not for minimal generating families,
but for irredundant generating families: Every prime that divides the order of a
finite group also divides the order of some element of some irredundant set of
generators.

By contrast, not every prime that divides |G| need divide the order of some
element of k,(G). Let us call the prime p a ‘hidden prime’ of G if it divides |G|
but does not divide the order of any element of x4(G). We answer Powell’s original
question about minimal sets of generators by showing that groups with hidden
primes do indeed exist. The smallest example is a certain splitting extension G of
an elementary abzlian group A4 of order 9 by a quaternion group B. If 4 is
generated by u, v and B by a, b, then the action of B on A is given by

u' =, v* = u?,

u’ = up, ° = w?.

The group has order |G| = 2*- 32, and it can be generated by (minimally) two
generators, for example by a and bu; and every member of a pair of generators
has order 4. Thus 3 is a hidden prime of G. These facts will readily follow from
later, more general results.

As the title indicates, the major part of this paper concerns groups with hidden
primes. All the examples we know resemble the one above in that they are split
extensions of a group A4 by a group B with the hidden primes dividing | 4| but not
|B|. One of our main aims is a study of the groups that can here occur as the ‘top’
group B. In particular, we construct to every prime p an infinite sequence of
p-groups of this kind: these are then, in a sense, generalizations of the quaternion

group.
2. Notation

We summarize the notation we use.

|S|] = cardinal of the set S

|G| = order of the group G;

lgl = order of the element g;

|G : S| = index of the subgroup S in G;
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S < T means Sis a subset of T
S < G means S is a subgroup of G;

9p(91> 925" > 9u)> 9p(S), gp(S, T) = (sub-)group generated by g5, 9;," ", ga>
by S, by S and T;

d = d(G) = rank or minimal number of generators of G;

gh = h_lgh, gl+h+~~~ +k — ggh .. gk’

lg. 7 =g~ '™ =g 'h™'gh;

{(G) = centre of G;

3(G) = derived group of G;

¢(G) = Frattini subgroup of G;

Y(G) = G—k4(G) = set of elements contained in no minimal generating set of G.

3. Some general results

We begin by proving the result summarized in formula (1). We have to show
that if the element # € G can be omitted from every set of d+1 generators of G,
then A can be omitted from every set of generators of G.

Let then he G—rxy4(G), and let g, g5, - - *, g, form a (necessarily minimal)
set of generators of G. Then

G = gp(gls g2, "% gd) = gp(ha g1:925s° " gd)
= gp(h, g1h, 92, "', 94) = gp(9:1 1, 925 5 9a)-

By repeated application, preceded and followed by a rearrangement of the
generators, we see that also

gp(gl hisgahy, -, gdhd) =G,

where Ay, hy, -+ -, hy€ G—x44,(G); and then further

gp(glkl, g2ky, s gdkd) = G,

where ki, k,, -, ks gp(G—x4,,(G)) = K, say. We note that K is clearly a
characteristic subgroup of G.
Now let k € K be arbitrary, and assume that

gp(k, f1: /2, ) =G,

with finitely or infinitely many f;. Let g,, g5, - - -, g4 be a (fixed, minimal) set of
generators of G. Then we can express each g; as a word in k and the f;:

gi = ui(k:fi’fZ’ T '),

and thus, as K is normal in G, also in the form

g = v(fi.f2, ’)ki_la
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where k; € K. But then, as g, ky, g,k,, - -, gk, also, by what we have just seen,
generate G, we have

gp(fl’fz’ o ) = G

Thus k is omissible from every generating family of G, that is to say, k € ¢(G).
It follows that
K = ¢(G).
But evidently
$(G) € G—x444(G) € K,
and (1) follows.
An epimorphism 0 : G — H will be called rank preserving if the rank of H

equals that of G, that is if
d(GB) = d(G).

The following fact is almost obvious.

Lemma 3.1. If 0 is a rank preserving epimorphism, then
v(GO) = Y(G)b.
PrOOF. We establish the equivalent inclusion
k4(G)O < k,4(GH).
If g € k4(G), then there are elements g,, - - *, g4 € G such that
gp(g’ g2, gd) = Ga
and thus
gp(g0, 9,6, -+ -, g40) = GO.

As the rank of GO is d,
90(929, -+ -, g48) # GO,

whence g6 € 14(G0), as required.
The example of the dihedral group of order 12,

G = gp(a, b;a® = b* = (ab)® = 1),

and the epimorphism 0 of G onto the four-group, with a® € (G) but a®0 ¢ ¥(G0),

shows that the inclusion can be proper. The example of the direct product G of a

cyclic group C of order 6 by a cyclic group of order 2, together with any epi-

morphism 8 of G onto C shows that the assumption that 6 is rank preserving can-

not be omitted, because if ¢ is a generator of C, then ¢* € Y(GO) but ¢ ¢ Y(G)6.
By contrast the Frattini subgroup has the property that

#(G)0 = ¢(GY),

where the homomorphism 6 need not even be rank preserving (see for example
Gaschiitz [3], Satz 3).
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If G is a group of prime power order then Y(G) = ¢(G), as every element
outside the Frattini subgroup can be embedded in a basis modulo the Frattini
subgroup, and this is necessarily a generating family of G with d(G) elements. In
general, however, ¥(G) need not even be a subgroup, as is seen by considering
the cyclic group of order 6. Here  is the set union of all kernels of rank preserving
epimorphisms of the group. This set union must always be contained in ¥(G):

LEmMMA 3.2. If N is the kernel of a rank preserving epimorphism 0 of G, then
N < ¥(G).

The proof is easy and omitted.

One might then guess that (G) is always the set union of all kernels of rank
preserving epimorphisms of G. This is indeed the case if G is supersoluble, but not
in general. We shall not prove these facts; but we gratefully acknowledge that
Professor Gaschiitz has found for us the following example of a group G in which
¥(G) is not the set union of any normal subgroups:

G = gp(al’ a,,as,as, b, c; ai2 = (aiaj)2 =b=c= (bc)z =1,
ai =a,, a% = a,, a§ = a,, a5 = a,a,, a§ = a,, a§ = asa,).
This group can be described as the central factor group of the (non-standard)
wreath product of a four-group by the symmetric group of degree 3. It is soluble
of length 3, has order 96, and is generated by 2 elements, for example by ba, and
cay; no pair of generators includes b, whence b € Y(G); but the normal closure
of b is the whole of G.
We also require a converse of Lemma 3.2,

LemMA 3.3. If N is a finite normal subgroup of G such that d(G/N) < d(G),
then N is not contained in (G ); equivalently, if N is a finite normal subgroup of G
contained in y(G), then the natural epimorphism with kernel N is rank preserving.

Proor. Assume d(G/N) < d(G) =d. Let hy, -+, hy_; be so chosen that
AN, -, hy_ N generate G/N. By a theorem of Gaschiitz [4] there exist elements
ny, N4,y of N such that hymy, - hy_yn,_1,n; generate G. Thus
ng € 14(G), and the lemma follows.

4. The construction of examples

We know of only one method of making groups G with ‘hidden’ primes,
namely to construct G as an extension of a group 4 by a group B, with d(B) =
d(G): this ensures that 4 S Y(G), by Lemma 3.2. If all elements of G whose
orders are divisible by the prime p are made to lie in A4, then p is hidden in G.

The example described in the introduction is of this kind, with 4 elementary
abelian and B nilpotent. We shall study such extensions of elementary abelian by
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nilpotent groups in greater detail in the next sections. In this section we present
examples to show that neither 4 nor B need be soluble.

To show that A4 can be chosen insoluble, we construct G as the twisted wreath
product [7] of an alternating group A, of prime degree p = 5 by a quaternion
group B; the central involution in B is to do the ‘twisting’ by inducing the auto-
morphism t of 4, which is induced by transformation by the transposition of two
permuted symbols. A transversal of the centre of B then does the wreathing, and
A is the fourth direct power of 4,. If B is generated by a, b and if u € 4 has a full
cycle of order p as its component in one of the four direct factors of 4 and the
identity permutation in the other three, then G can be generated by a and bu:
we omit the verification. Thus d(G) = 2. Now if g is a member of a pair of gener-
ators of G, then g is modulo 4 one of the generators, of order 4, of B. Thus its
square is of the form

9> =af
where fe A. Hence
gt =1,

where t* is the automorphism of A4 obtained by applying 7 to all four direct
factors A4, simultaneously. The components of fT*f in each direct factor are then
of the forms vtv, possibly different permutations v in the four copies of 4,. Now
vtv cannot have order p, because in the splitting extension of 4, by 7, namely the
symmetric group S,, the element vtv is the square of the odd permutation tv,
where ¢ is the transposition which induces 7; and a full cycle in 4, (or S, for that
matter) cannot be the square of an odd permutation. Thus the order of vzv, and
also the order of g, is not divisible by p, and p is a hidden prime in G.

In this construction the quaternion group can be replaced by an insoluble
group, namely as follows.

Let B denote the generalized direct product of 19 copies of the binary icosa-
hedral group, amalgamating all their centres: thus B is an extension of a cyclic
group C of order 2 by the direct product of 19 icosahedral groups. The significance
of the number 19 is that a product of that many, but not more, icosahedral or
binary icosahedral groups can be generated by two elements (Hall [5], Gaschiitz
[4], Satz 3; see also Neumann and Neumann [8]). If B is generated by two ele-
ments q, b, say, then they generate the direct product of the 19 icosahedral groups
modulo C in the only way in which two elements can generate this direct product,
namely so that their projections on the 19 direct factors are mutually inequivalent
(in the sense of Hall [5]). Then it can be verified, either by using one of Hall’s
enumeration procedures (especially 3.2 of [5]) or by running one’s eye down the
list 10.1 in [8], that there are just 3 projections of a (and, of course, also 3 different
projections of ») of order 2. In the binary icosahedral groups, before the centres
are amalgamated, these 3 elements then have order 4, and because there are an
odd number of them, the order of @ (and of b) remains a multiple of 4 also after
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the amalgamation of the centres. It follows that a has order 60, and a®° is the
generating element of the centre C. To sum up:

LEMMA 4.1. Every member of a pair of generating elements of B, the generalized
direct product of 19 binary icosahedral groups with all centres amalgamated to
Sform a cyclic centre C of order 2, that is every element of x,(B), has a non-trivial
power in C.

This is the same situation as in the quaternion group, and we use it in the
same way. Thus we construct G as the twisted wreath product of an alternating
group A, of prime degree p = 7 by our present group B, with the central involu-
tion, that is the generator of C, doing the ‘twisting’ in the same way as described
above. One has to verify again that d(G) = 2, and we again omit the verification.
Then it follows as before that p is 2 hidden prime in G; the reason why here one
chooses p > 7 is that 2, 3, and 5 necessarily divide the order of an element of k,(B),
so that these small primes cannot be hidden in this type of group.

Instead of using the alternating group A4, in this construction, one can take
a cyclic group of order p, and make the central involution simply invert all ele-
ments of the (now abelian) group A: thus one mixes two procedures, the one just
sketched and the other described in the introduction, and the resulting group will
be an extension of an abelian group by an insoluble group and hiding an arbitrary
prime p = 7.

The order of G constructed in this way is

Gl = (3p1)** - |B|
or
1G] = p**! - |B|
in the cases of insoluble or soluble A, respectively, where
{B| = 2.60'°,

The smallest value of p, namely 7, gives groups whose orders are, very roughly,
102%19* and 1051, We know of no way of making smaller examples with
insoluble A and B, but the smallest example with abelian 4 and insoluble B has
order 14,520 only. We now describe it, not because it has any intrinsic interest,
but for later reference.

We take B as the binary icosahedral group and A as the elementary abelian
group of order 11%; and we make B act on A4 without non-trivial fixed points.
Specifically, if A is generated by u, v with defining relations

Wl =o' = [u,v] =1
and B by a, b with defining relations
a® = b* = (ab)?,

we define the action of B on A4 by
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u' =2, v* = °,

wb = y"v", v = u?v’;

and G is, as before, the splitting extension of A by B. It is not difficult to see that
G is generated by two elements, for example by a and bu. Now if g € G is written

in the form
g=yx with yeB, xe A

and if y # 1, then the order of g equals the order of y; this follows from a very
simple remark:

LEMMA 4.2. Let y be an element of finite order n > 1 in a group, let x be another
element of the group, and denote by X the subgroup generated by x and its conjugates
under powers of y. If X is abelian and y acts without fixed points on X — {1}, then the
order of yx is n.

PrOOF. Put (yx)" = z. Then z € X, as y" = 1. Also, trivially, z2* = z. Hence

y x-1

7 =2 = Z,

as X is abelian; and z = 1, as y has no other fixed point in X. This proves the
lemma. Its assumptions could be weakened, but in their present form they are
easily verified where we require the lemma.

To conclude the discussion of the example, we remark that a member of a
pair of generators of G must be of the form g = yx with ye B—{1} and x € 4,
and by the lemma its order is then that of y, thatis 3,4, 5, 6, or 10; and G ‘hides’ 11.

5. Extensions of abelian groups

We now restrict attention to the case that A4 is abelian, as in the example of
§ | and the last example of § 4; and we shall in fact assume, without significant
loss of generality, that 4 is an elementary abelian p-group, where p is the prime
to be ‘hidden’. We look for conditions on B that allow us to ‘hide’ p in a splitting
extension G of 4 by B.

THEOREM 5.1. Let the finite group G be a splitting extension of an elementary
abelian p-group A by a group B; put d = d(G). Then the following three conditions
are jointly necessary and sufficient for p to be ‘hidden’ in G:

(5.11) d(B) =d,
(5.12) p does not divide the order of any element b of k4(B),

(5.13) no element of k (B) commutes with any element # 1 of A; or, differently put:
elements of B outside Y(B) transform A without (non-trivial) fixed points.

PrOOF. First assume p to be hidden in G. Then 4 < y(G), and (5.11) follows
from Lemma 3.3. Let b € x4(B); there are then b,, - -, by such that b, b,, - - -, b,
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generate B. By the theorem of Gaschiitz [4] already quoted, there are elements
a,,a,, ", a, in A such that g, = ba,, g, = b,a,," -, g, = bya, generate G,
as they generate minimally, their orders are not divisible by p, and it follows that
the order of b is not divisible by p, confirming (5.12). Finally, if a € 4 commutes
with b, then a also commutes with g,, and as the orders of g, and a are co-prime,
g, 1s a power of g,a, and g, a, g,, - - *, g, also generate G. Hence p does not divide
the order of g, a; but this is the product of the orders of g, and of @, and the latter
is p if it is not 1: thus @ = 1, and (5.13) follows.

Conversely, assume (5.11-5.13), and let g € G be an element outside Y(G):
we have to show that p does not divide the order of g. We write g = ba with
be B,ae A. There are elements g, = b,a,, -, g4 = bgagsuchthatg, g,, -, g,
generate G. Then b, b,, - - -, b, generate B, and by (5.11) minimally. Thus b € k4(B).
Denote the order of b by n, and consider

-1 “24 40041 %
gn — (ba)n — ab" +bn = a*,

say. Now a* commutes with b, because

+hr-14 e Aol bt *
(a*)bzalb +eo kb b BEL g%

as A is abelian. By (5.13) then a* = 1, and g has the same order as b. By (5.12)
this is not divisible by p, and the theorem follows.

Theorem 5.1 answers our question as to what finite groups B can be used to
hide a given prime p. We now ask more generally for an intrinsic condition on B
which ensures that B can bz used to ‘hide’ some prime. Let us call such a group B
‘secretive’: thus B is secretive if there exists a prime p and a splitting extension G
of an elementary abelian p-group by B such that p is ‘hidden’ in G. We derive from
Theorem 5.1 an intrinsic condition for a group to be secretive.

THEOREM 5.2. Let B be a finite group of rank d = d(B) = 2. If B has a
representation over the field of complex numbers such that no element outside y(B)
has an eigenvalue 1, then B is secretive.

PRrROOF. Let p be a prime that does not divide the order of B. We derive from
the given representation of B a representation modulo p by the standard procedure:
first we find an associated representation over a Galois field of characteristic p,
as described in Curtis and Reiner [1, § 82}, and then consider this as a representa-
tion over GF(p), of suitably enhanced degree. Now the eigenvalues of an element
b e k4(B), of order n, say, were certain n-th roots of unity other than 1; and as p
does not divide n, they are still different from 1 in the representation modulo p.

Thus we have B acting, with the elements outside y(B) fixed-point-free, on a
vector space over GF(p), that is an elementary abelian p-group. We may choose
this abelian group minjmal, that is to say so that B acts irreducibly on it; and we
then denote it by 4 and form the splitting extension G of A4 by B. It is clear that
conditions (5.12) and (5.13) are satisfied (even without the assumed minimality
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of A4). To be able to apply Theorem 5.1 we have to establish also (5.11); this will
be done in several steps.

(5.21) Let beky(B) and ae A. If b°€ B then a = 1; for then [b, a] € B;
but also [b, al € 4, as 4 is normal: hence [b, a] = 1, and by (5.13), already estab-
lished, a = 1.

(5.22) Let B’ be a complement, other than B, of 4 in G. Then
BN B = y(B)ny(B').

For by the Zassenhaus conjugacy theorem (see e.g. Scott [9], Theorem 9.3.9 and
the remark following its proof), B and B’ are conjugate in G, and the element
transforming B into B’ can be chosen in A, say B® = B’. Clearly then also
Y(B)* = y(B'). Thusif b’ € B n B', then b’ = b*forsome b € B;and if b’ ¢ Y(B’),
then b ¢ y(B), and (5.21) implies that a = 1. This is impossible, as B and B”
were assumed distinct. It follows that B B’ < y(B’), and by symmetry
B n B’ < y(B) ny(B’'). The reverse inclusion is obvious, and the result follows.

(5.23) Let by, b,, - - -, b, generate B, and choose ae A—{1}. Denote by H
the group generated by b, a, b,, - - -, b;; then H is mapped onto B by the retraction
of G onto B. If H intersects A trivially, then H is isomorphic to B and a comple-
ment, distinct from B, of 4 in G; but d = 2 by assumption, and thus there is an
element, namely b,, in B n H but not in Y(B). This is contrary to (5.22), and it
follows that H intersects 4 non-trivially. As 4 is minimal normal and H covers
G/A, we deduce that H = G. Thus G has been shown to have rank d(G) < d =
d(B). But d(B) < d(G) is obvious, and (5.11) is established. Application of
Theorem 5.1 now completes the proof of Theorem 5.2.

COROLLARY 5.3. Let B be a subdirect product of groups By, B,, - - -, B, that
satisfy the conditions of Theorem 5.2, and thus are secretive. If

d(B) = d(B,) = d(B;) = - - - = d(B,),

then B also satisfies the conditions of Theorem 5.2, and thus is also secretive.

The condition on the ranks ensures that if b € k,(B) then the projection of
B onto B; maps b on an element b; € k4(B;). If B is made to act on the direct sum
of spaces, one for each B,, as B; acts on its space, that is so that b; € x,(B;) acts
without non-trivial fixed points, then every b € k,(B) acts also without fixed points,
and the corollary follows. The corollary provides a method of making secretive
groups that act reducibly; this is, in fact, the only way in which such groups can
be made, but we omit the proof of this assertion.

It is then reasonable to restrict attention to groups B that have irreducible,
faithful representations of the kind assumed in Theorem 5.2. Such a group must
have cyclic centre; for the fixed-point space of the centre is invariant under the
whole group, hence trivial because of irreducibility and faithfulness; but an
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abzlian group with fixed-point free representation is cyclic. There is also a partial
converse to this:

COROLLARY 5.4. Let B be a finite group of rank d = d(B) = 2. If the centre
{(B) is cyclic and if every element of k,(B) has a non-trivial power in {(B), then B
is secretive.

Proor. The cyclic centre {(B) has a representation without non-trivial fixed
points. The induced representation of B (see e.g. Curtis and Reiner [1], Chapter
VIII) then evidently satisfies the conditions of Theorem 5.2.

The binary icosahedral group, which is secretive (as shown in § 4) but does
not satisfy the last condition of Corollary 5.4, shows that its conditions are suf-
cient only, not necessary. The corollary will be applied especially to p-groups.

There are some improvements of Theorem 5.2 that we shall not need to use
and do not prove. If B is secretive and no primes are hidden in B, then B has a
representation as assumed in Theorem 5.2; and the only restrictions on the primes
that can then be hidden ‘under’ B are the obvious ones: they must not divide the
order of B. If B is a secretive p-group, so that (B) = ¢(B), then in a representa-
tion as assumed in Theorem 5.2 the elements outside ¢(B) have their p-th powers
still acting without fixed points; and the elements of order p all lie in ¢(B).

6. A class of secretive p-groups

Among the secretive groups are the groups, studied and almost completely
determined by Zassenhaus [10], which have a representation in which every
element # 1, whether in ¥ or not, acts without fixed points. The examples we
have presented in § 1 and § 4 are of this kind, or derived from such groups. We
now use Corollary 5.4 to show that there are other secretive groups.

The groups we construct will be p-groups where p is an arbitrary prime; and
they depend on three further parameters g, r, s subject to

(6.1) 0Zr<s<gq+r
We use the following abbreviations:
p"=0Q, P'=R, pP =5,
and note that the restraints (6.1) imply that
(6.2) pl0, RIS, SIQR.
We begin by defining an abelian group:

H =gp(h1,h2,"',hpR,Z; [hl’hj] = 1 for 1 é i <_] é pR;
(63) B =h§=---= th =z,z0 =1; hihgsihoger  Bp-nrer =1,

hohriahopyz " h(p—l)R+2 = 1,"+ hghyghsg- - hpR = 1)~
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The generator z can, of course, be eliminated; and so can the R generators

hep-1yr+15> Bp-1)r+2> " *» Mpr, using the last R relations. The elements

(6-4) h1 B kz = h1_1h2, ks = h;1h3, T k(p—l)R = h(_p1—1)R—1 h(p—l)R

are then easily seen to form a basis of H. The first of them has order pQ, the others
have order Q, and the order of H is

[H = pQ® ",

The symmetry of (6.3) in the generators Ay, h,, - - -, h,g shows that H has
an automorphism f, say, which permutes these generators cyclically and thus has
order pR. The action of § on the basis (6.4) is more complicated (especially the
action on the last basis element), but nevertheless it is not difficult, though some-
what laborious, to verify that the only elements of H fixed by § are the powers
of z. We omit the computations.

We now form a group B by adjoining to H an element b that induces ff on H,
and that further satisfies b° = z. This is legitimate, as (6.2) ensures that the order
PR of B divides S. The order of b is then pS, and B is presented in the form

(6.5) B =gp(H,b;h} = hy, b, = hy, -, Bop = hy, b° = 2).

The order of Bis
|B| = pQ®~ V%S,

A presentation of B in terms of two generators @ = k, and b is given by

B =gp(a,b;a% = a5 [a,a®] =1 for 1 £i<8,
L+BR+B2R 4 -0 4p(P- DR _ 1)

(6.6)

Some of the commutativity relations in (6.6) are redundant. We omit the verifica-
tion of the equivalence of (6.6) and (6.5).

It is now easy to see that the centre {(B) is cyclic; for if we write an element
of B in the form hb™ where h € H, and ask for this to be in the centre, we have at
once that /# must be in the centre, and thus, by what has been said about the
elements fixed by , it is a power of z; and this in turn is a power of b. Thus {(B8)
is a subgroup of the cyclic group generated by b. In fact the least positive power
of b that induces the identity automorphism on H is b°%, so {(B) is generated
by bPR,

Next we need to show that the elements of k,(B), that is — as B is a p-group -
the elements outside ¢(B), have a non-trivial power in {(B). To this end we write
an element of B in the form x = ka™b" where k is an element of the subgroup
generated by k,, k3, - - -, k(,_)r; as these k; are conjugates of [a, a%] and thus in
the derived group &(B), they are in ¢(B), and in order that x be outside ¢(B),
m or n or both must be prime to p.
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We assume first that » is not divisible by any higher power of p than R.
Then there is a power of x of the form

x" = k'a™b®.
Now

’ R4{p2R 4 ... 4+ h(P~1IR
- (k/am)1+b +b2R + b pr — pr;

X

for the last relation of (6.6) together with the fact that k’a™ is a product of con-
jugates of a, all of which commute, implies that

’ R 2R 4 ... (p~1R
(k/am)1+b +b2R +b = 1.

As 1 # bPR e {(B), we see that x has a non-trivial power in {(B).
If, on the other hand, n is divisible by a higher power of p than R, that is to
say, if b" is a power of bPR, then 4" is in the centre; and p does not divide m. Now

xQ — kQamenQ — Zm,

as k¢ = 1,a? = z, and bPR? = 1; this last equation follows from (6.2) and the
fact that b has order pS. Thus we see that every element of k,(B) has a non-trivial
power in {(B); and this combines with the fact, already shown, that {(B) is cyclic,
and with Corollary 5.4, to show:

THEOREM 6.7. The groups B defined by (6.6), with Q, R, S powers of the prime
p and subject to the restraints (6.2), are secretive.

Denote B by B(p; g, r, s) to indicate its dependence on these parameters. It
is not difficult to see, by considering the orders of B, 5(B), and {(B), that the values
of p,q,r,s are uniquely determined by B: thus B(p;gq,r, s) is isomorphic to
B(p';q'sr',s')onlyifp=p',q=gq',r=r',s =s". The groups B(2; ¢,0,1) are
generalized quaternion groups of order 2972, The groups B(2;2,0,2) and
B(2; 1, 1, 2) are the smallest groups of our kind which are not generalised quater-
nion groups; both of them have order 32. All groups B(p; 1,0, 1) are groups of
maximal class of order p?*! which are not isomorphic to the Sylow p-subgroups
of the symmetric groups of degree p>. All groups B(p; g, r, s) are metabelian and
of rank 2. All these facts are either immediate consequences of our construction
and discussion, or easy to verify: we omit the verification.

We owe to Dr. I. D. Macdonald the knowledge of a secretive 2-group of
rank 3; we do not, however, know of any secretive p-groups of rank 3 or higher
for primes p > 2, nor of secretive 2-groups of higher rank than 3.
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