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Abstract

The purpose of this paper is to show that higher order elliptic partial differential operators on
smooth domains have an //<x> functional calculus and satisfy quadratic estimates in LP spaces
on these domains.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 47 A 60, 35 J 55.

1. Introduction

Let AB be the realization of an elliptic operator A which acts on an LP space
(with 1 < p < oo) and whose domain is denned by the boundary condition
Bu = 0. In [4] and [5], Seeley obtained an asymptotic expansion of the
resolvent Rx = (AB -A)"1 which he used to prove the boundedness of purely
imaginary powers of AB:

K l < ce^y
where y is real and C and y are positive constants.

An operator is of type co if its spectrum is contained in the sector Sw =
{<!; e C|| arg<J| < co} and its resolvent satisfies certain bounds (a precise def-
inition will be given in Section 2). In [3], Mclntosh denned a functional
calculus for such operators for functions which are analytic (but not neces-
sarily bounded) on 5° with fi > co. He then established the equivalence of
the following two properties for an operator T defined on a Hilbert space:
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114 Xuan Thinh Duong [2]

(i) ||/(D|| < CH/lloo, / € ^co(5j) where H^ty = {g: Sj - C|g is
analytic and ||^||oo < oo} and H/IU = sup{|/(z)||z e 5°},

(ii) {r'>|y <E R} is a C° group and \\T'y\\ < C^e^ where n and Q are
positive constants.

Note that (i) is not equivalent to, and is in fact stronger than, (ii) for
operators denned on Banach spaces. A natural question is whether the elliptic
operators considered by Seeley satisfy property (i) in LP spaces. The main
result of this paper is to give an affirmative answer to this question.

Thanks are due to Michael Cowling, Qian Tao and Ian Doust for their valu-
able suggestions and comments. My deepest gratitude goes to Alan Mclntosh
whose invaluable guidance and comments have made this paper possible.

2. Operators of type co and their functional calculus

We first give some notation and definitions:

Se = { z e C | z = 0or |argz| < 6),

S°e = {ze C|z ?t 0 and |argz| < 0}.

If 0 < co < n, then an operator T in a Banach space X is said to be of
type co if T is closed and densely defined, o(T) c Sw U {oo} and for each
8 e {co,n] there exists Ce < oo such that \\(T - zl)~l\\ < Q |z |~ ' for all
non-zero z $ S%.

If 0 < co < n, then

Hoo(S°) = {/: S°M - C | / is analytic and \\f\\*, < oo}

where ||/| |oo = sup{|/(z) | |ze

= {/ e floo(Sj)|s > 0, c > 0 and |/(z)| < j ^ ^ for all z e

Let co <6 < n and T be the contour defined by the function

f - te-ie, - oo < t < 0,
8{) ~ I teie, 0 < t < oo.

Let T be of type &>. For y/ e *F(5°), we define y/{T) e L(Ar) by

(2.1)

For / e HooiSft), f{T) can be defined by

(2.2) f{T) = {y,{T)r\f¥){T) where
(1 + 02*
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These definitions are well-defined and consistent. See [3] for details of this
functional calculus.

We conclude this section with a convergence theorem which appeared in
[3, Section 5]

THEOREM. Let 0 < a> < fi < n. Let T be an operator of type co which is
one-one with dense range. Let (fa) be a uniformly bounded net in H<x>(S%).
Let f € i/oo(5°), and suppose, for some M < oo, that

(a) \\fa(T)\\ < M and
(b) for each 0 < 8 < A < oo,

sup{|/a(C) - /(OIK G 5° and S < |fl < A} - 0.

Then f(T) e L(X) and fa{T)u -> f(T)ufor all ueX. So \\f(T)\\ < M.

3. Elliptic boundary value problems

In this paper, we investigate the same elliptic boundary value problems
that Seeley studied in [5].

Let A be an elliptic operator of order m, with C°° coefficients, acting on
^-tuples of functions (or sections of a vector bundle) on a compact manifold
G (dim G = n) with C°° boundary X. An example is A acting on the Banach
space LP(G) with 1 < p < oo where G is a bounded, open subset of R" with
smooth boundary. Near the boundary, A can be written in local coordinates
as

m

(3.1) A = £ aa{x,t){Da,r = J2Mt)DrJ

\a\<m j=0

where (xi,...,xn-i) are local coordinates on X, t is a normal variable with
t > 0 in G, the aa are C°° square matrices, and

{Dx,t)
a = (-id/dXl)

a> • • • (-id/dt)a-.

The principal symbol of A is

(3.2) om{A){x, t;Z,T) = £ aa(x, /)«[, r)a.
\a\=m

A complex number X is a symbolic eigenvalue of A if it is an eigenvalue
of am{A) for some (x, t;£, T). We assume that

(3.3) A is elliptic, that is, am{A) is nonsingular for |^|2 + T2 > 0,

(3.4) A has no symbolic eigenvalues X with | argA| > y where y < n.
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Consider the boundary operators

jkD?-k, j=h...,mq/2,

where Bjk is a system of C°° differential operators on X of order at most
nij + k - m; thus B has order at most rrij. We denote

m

(3.5) oftBj) = £ omj+k_m(Bjk)Dt,
k=l

(3.6) (r'm(A) =
j=o

The operator AB is defined as the closure in L2 of the operator A acting on
the domain

Cf = {u e C°°(G)\BjU = 0 on X, for j = 1, . . . , tf/2}.

A complex number A ^ 0 is a symbolic eigenvalue of AB unless, for every
x and C and every choice of the constants gj, there is a unique solution u of
the system of ordinary differential equations

{ a'm{A)u = Xu f o r f > 0 ,

a'0{Bj)u = gj for / = 0, j = 1, . . . , mq/2,

u(+oo) = 0.

In addition, the symbolic eigenvalues of A are symbolic eigenvalues of AB.
We assume that

(3.8) AB is elliptic, that is (3.7) has a unique solution when

X = 0 and £ / 0.

(3.9) AB has no symbolic eigenvalues X with | argA| > y where

y is independent of the choice of coordinate system.

Under these conditions and by adding a constant Co if necessary, it can be
verified that (AB + Co) is an operator of type co and the functional calculus
of (AB + Co) can be defined by (2.1) or (2.2). The estimate of the LP norm
||y/(AB + Co)\\p is based on the expansion of the resolvent (AB + Co - X)~l

in the next section. From now on, for convenience we denote (AB + Co) by
AB.

https://doi.org/10.1017/S1446788700035242 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700035242


[5] H°° functional calculus of operators 117

4. The expansion of (AB - A)"1

Under the conditions of Section 3, Seeley proved in [4] that the resolvent
{AB - A)"1 exists for | argA| > y and can be written, for any integer K, in the
form
(4.1)

where RK is an integral operator

(4.2) RKf(x)= [ rK(x,y)f(y)dy and
JG

y)\ < CaB(\

(4.3) q>k is a partition of unity in X, 4>kXk = 4>k a n d Xk n a s support in a
neighborhood Uk of the support of <j>k.

The functions c_m_7 and d-m-j are denned for |argA| > y and for
sufficiently small, and satisfy the conditions

(4.4) C-m = {am{A)-X)-\

(4.5) \WXttDlTc.m.j{x,t,U,k)\ < Ca0(\Z\

(4.6)

The operators Op(c) and Op"(d) are denned by

(4.7) Op(c)f(x, t) = (2n)-" f f e'^^cix, t, (, t, A)/«[, T) d{ dx,

Op"(d)f(x,t) = (2JI)1-" f°° f ei

JO JR» - l

where / ( { , T) and /(<J, t) are the full and tangential Fourier transforms of
f(x, t), respectively, understood to be taken after we transform G to /?£ via
the usual technique of local maps and partitions of unity.

The functions fl^./l) is C°°, 0, = 0 for (|£|2 + W2/") small,

0, = 1 for (|£|2 + |A|2/") large,

0(£> A) satisfies the same condition with (|£|2 + T2) in

place of |<J;|2.
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5. Hoo functional calculus for elliptic operators

We first need the following two lemmas 1 and 2 which are essentially due
to Seeley [5].

LEMMA 1. Let I < p <oo, 0 < R < oo. There is a constant C = C(p, n, R)
such that ifk(x,£) vanishes for \x\ > R and \D°\Z\MDJ!k(x,Z)\ < 1 for \a\ <
n + l,\fi\<n then || Op(fc)||p < C. (Here, x and It, are in R».)

PROOF. Let

Then

k(x,Z.) = (In)'"

and

Op(k) = (In)'" f e1^ Op{kn)dy.

Hence

(5.2) ||Op(*)||p < Vnr"jRn \\Op(kn)\\pdy.

The Mikhlin multiplier theorem gives us the estimate

II Op(A:,)||p < Cp sup max \^D^k^)\, 1 < p < oo.

Since

and k(x,£,) vanishes for x > R, we have

(5.3) | i / a | |^Df Jk,({)| < Cafi for \a\ < n + 1.

Thus ||Op(A:,)||p < Cp(\ + | z | ) - w - ! and it follows from (5.2) that

= C(p, n,R)./
R" \Z\)

LEMMA 2. Let 1 <p <oo. There is a constant C = C(p, n, R) such that if
k{x, t,£,s) has support in \x\ < R and satisfies

(5.4) \t\M\D5Dgk{x,t,Z,s)\<-!--

fors>0, t> 0, \fi\<n- 1, \a\ < n, then \\ Op"(Ar)||p < C. {Here, x and £
are in R"-*.)
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PROOF. Let kl>s(x,£) = k(x,t,£,s) and Kt<s = Op(ktyS). Then

Op" (k) f(x, t) = f°° KtJ{x, s) ds.
Jo

119

Thus
(5.5)

/•OO r rOO

\ \ / KtJ{x,s)ds
Jo JR*-I JO

dxdt

(Minkowski's inequality)

/•oo / /-oo j
= C'/o U 7+

where ^ )

For l/p + l/p' — I and 0 < # < min{l//7', 1/p}, we also have

r00 1 /c\?P \

a°° i / 1

I/P'

i/p

(5.5')

It follows from (5.5) and (5.5') that ||Op"(A:)||p < C.

'
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i

We now come to the LP norm estimate for the //oo functional calculus
corresponding to the operator Op".

LEMMA 3. Suppose that k(x,t,£,s,A) vanishes for |JC| > -R and there is a
positive constant c such that

(5.6) l*

for m > 1, \a\ < n and \fi\ < n. Then for each p, 1 < p < oo, there is a
constant Cp (depending on p, c, r and n) such that

IIOp" Q|V(A)A:(x, *,«,*, A), <tt) \\p < Cp\\y/\U y/eH^).

PROOF. Let K(x,t,£,s) = $Ty/{X)k{x,t,]Z,s,k)dk with the curve Y as in
(2.1). Then

Jo
x( |{ |+A 1 ) 1 -" ' - l "

where A, = \Ml/

<K\\W\U
Hence Lemma 3 follows from Lemma 2.

The main result of this paper is the following theorem.

THEOREM. There exists M > 0 such that

(5.7) \\¥{AB)\\P < MWvWoo, veHoolSft, 1 < p < oo.

PROOF. We first consider the case y/ € *F(S°). For

RKf(x)= f rK(x,y)f(y)dy,
JG

we have

)\edx} " = "dx
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and it follows from (4.2) and Holder's inequality that

121

Thus

dx

(5-8) -IAL "

when we choose K > n.

For the term c_m = {am{A) - A)"1, we have

= (2 * ) - /

Since

for

and the analytic function y/ satisfies the conditions of the Mikhlin multiplier
theorem, we obtain

<M2\\W\\0O.

For the term c-m-j with j > 1, we apply Lemma 1 with A;
noting (4.5), and obtain

-j-^\
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Therefore \\Op(02c-m-j)\\p < C(l + \X\l/m)~m~j- Thus

[10]

UP

' dX

\\f\\p

Therefore

(5.10)

The estimate

(5.11) Op <M4||v||o

follows from (4.6), Lemma 3 and the inequality 0i(|<!;| + |A|'/m) ; < constant.
It follows from (5.8), (5.9), (5.10), (5.11) and (4.1) that

(5.12) | | ^ ^ ) l | p < ^ l k l | o c , ve»F(Sj|), K J p < o o .

To extend the result for y/ e HooiS®), we define y/E,R € *F(5°) by

where </> e »F(50) such that /0°° </>(t) dt/t = 1 and 0,(£) = </>(̂ ). The inequality
(5.12) shows that ||y/^R{AB)\\p < M||^||oo where M is independent of e and
R. It is not difficult to check that all the conditions of the theorem in Section
2 are satisfied. We conclude that

\\V(AB)\\p < MWv/oo, y € ffooOSj), K / > < o o .

It is an interesting and still open question whether the //„, functional
calculus property still holds for elliptic operators with milder assumptions on
the smoothness of the coefficients or on the boundaries of the domains.

It is also worth noting that the //oo functional calculus property implies
that the elliptic operator Ag satisfies quadratic estimates, that is, there exists
a positive constant Kp such that

< Kp\ u\\p, for all u e LP{G), Kp<oo
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for certain classes of functions y/, including, for example

i//(z) = z/(z - a)(z - a) where a ^ Sw.

Details can be found in the joint paper of M. Cowling, A. Mclntosh and
A. Yagi [2].
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