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Abstract

The purpose of this paper is to show that higher order elliptic partial differential operators on
smooth domains have an Hy functional calculus and satisfy quadratic estimates in L? spaces
on these domains.
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1. Introduction

Let Ap be the realization of an elliptic operator 4 which acts on an L? space
(with 1 < p < 00) and whose domain is defined by the boundary condition
Bu = 0. In [4] and [5], Secley obtained an asymptotic expansion of the
resolvent R; = (4g —A)~! which he used to prove the boundedness of purely
imaginary powers of Ap:

421 < CeVy
where y is real and C and y are positive constants.

An operator is of type w if its spectrum is contained in the sector S, =
{¢ € C||argé| < w} and its resolvent satisfies certain bounds (a precise def-
inition will be given in Section 2). In [3], McIntosh defined a functional
calculus for such operators for functions which are analytic (but not neces-
sarily bounded) on 52 with 4 > w. He then established the equivalence of
the following two properties for an operator 7" defined on a Hilbert space:

© 1990 Australian Mathematical Society 0263-6115/90 $A2.00 + 0.00
113

https://doi.org/10.1017/51446788700035242 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035242

114 Xuan Thinh Duong [2]

@) IADN £ Cliflloos f € Hoo(SR) where Hoo(S3) = {g: Sp — Clg is
analytic and [|g]lo < 00} and ||f]le = sup{|f(2)||z € S}},

(ii) {T?|y € R} is a C? group and ||T¥|| < C,e*P! where u and C, are
positive constants.

Note that (i) is not equivalent to, and is in fact stronger than, (ii) for
operators defined on Banach spaces. A natural question is whether the elliptic
operators considered by Seeley satisfy property (i) in L? spaces. The main
result of this paper is to give an affirmative answer to this question.

Thanks are due to Michael Cowling, Qian Tao and Ian Doust for their valu-
able suggestions and comments. My deepest gratitude goes to Alan Mclntosh
whose invaluable guidance and comments have made this paper possible.

2. Operators of type w and their functional calculus

We first give some notation and definitions:

Sg={ze€C|lz=0o0r]argz| < 0},
S9={zeC|z#0and |argz| < 6}.

If 0 < w < =, then an operator T in a Banach space X is said to be of
type w if T is closed and densely defined, a(T) C S, U {oo} and for each
0 € (w,n] there exists C5 < oo such that ||(T — zI)~!|| < Cpl|z|~! for all
non-zero z ¢ Sp.

If 0 < w < 7, then

Hoo(S9) = {f: S? — C|f is analytic and ||f]|oo < o0}
where || fllo = sup{|f(2)l|z € S}

Y(S?) = {fe Hoo(S)|s >0, ¢ > 0and |f(z)| < ||| = forall z e s°}

Let w < 6 < u and I' be the contour defined by the function

() = { —te ¥ —o00<t<O,
W= teie, 0<t< oo
Let T be of type w. For y € ‘P(SB), we define y(T) € L(X) by
- L fir_epn

2.1) v(T) = 37 [(T =D w@)at.

For f € Hyo(S?), f(T) can be defined by
22) T = WD) SN where (©) = s
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These definitions are well-defined and consistent. See {3] for details of this
functional calculus.
We conclude this section with a convergence theorem which appeared in

[3, Section 5]

THEOREM. Let 0 < w < u < m. Let T be an operator of type w which is
one-one with dense range. Let (f,) be a uniformly bounded net in Hoo(SB).
Let f € HOO(SB), and suppose, for some M < oo, that

(@) /(T <M and
(b) foreach 0 <8 < A < o0,
sup{|/a({) — f(OII{ € S8 and 6 < |{| <A} — 0.

Then f(T) € L(X) and fo(T)u — f(T)u forallue X. So || f(T)|| < M.

3. Elliptic boundary value problems

In this paper, we investigate the same elliptic boundary value problems
that Seeley studied in [5].

Let A be an elliptic operator of order m, with C*® coefficients, acting on
g-tuples of functions (or sections of a vector bundle) on a compact manifold
G (dim G = n) with C* boundary X. An example is 4 acting on the Banach
space LP(G) with 1 < p < oo where G is a bounded, open subset of R” with
smooth boundary. Near the boundary, 4 can be written in local coordinates
as

(31) A= E aa(x’ t)(Da,t)a = iAj(t)Dtm—j
lel<m Jj=0

where (x,,...,X,-1) are local coordinates on X, ¢ is a normal variable with
t > 0in G, the a, are C* square matrices, and

(Dx’t)a = (——[a/axl)al cen (_la/at)an
The principal symbol of 4 is
(3.2) om(A) (X, E,7) = Y aa(x, (& 7).

lal=m
A complex number A is a symbolic eigenvalue of A if it is an eigenvalue
of 6,,(A) for some (x,t;¢, 7). We assume that
(3.3) A is elliptic, that is, g,,(A) is nonsingular for |£]* + 12 > 0,
(3.4) A has no symbolic eigenvalues A with |argA| > y where y < 7.
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Consider the boundary operators
m
Bj=ZBjkD”n—k, j=1,...,mq/2,
k=1

where Bj; is a system of C* differential operators on X of order at most
mj + k — m; thus B has order at most m;. We denote

(3.5) 04(B)) =D Omyrkem(Bjic) Dty
k=1

(3.6) am(A) = 0;(4;(0))D]" .
j=0

The operator Ap is defined as the closure in L2 of the operator A acting on
the domain

C ={ueC®G)Bju=0onX, forj=1,...,q/2}.

A complex number A # 0 is a symbolic eigenvalue of Ap unless, for every

x and { and every choice of the constants g;, there is a unique solution u of
the system of ordinary differential equations

o, (Au=2Au fort>0,
3.7 oy(Bj)u=g; fort=0, j=1,...,mq/2,

u(+o0) = 0.
In addition, the symbolic eigenvalues of 4 are symbolic eigenvalues of Ag.
We assume that

(3.8) Ap is elliptic, that is (3.7) has a unique solution when
A=0and ¢ #£0.
(3.9) Ap has no symbolic eigenvalues A with |argi| > y where

y is independent of the choice of coordinate system.

Under these conditions and by adding a constant Cj if necessary, it can be
verified that (Ap + Cp) is an operator of type w and the functional calculus
of (Ap + Cp) can be defined by (2.1) or (2.2). The estimate of the L? norm
lw(A4g + Co)||p is based on the expansion of the resolvent (4p + Cp — 4)~!
in the next section. From now on, for convenience we denote (A + Cp) by
Ap.
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4. The expansion of (4p ~ A)~!

Under the conditions of Section 3, Seeley proved in [4] that the resolvent
(Ap —A)~! exists for |argA| > y and can be written, for any integer K, in the
form
(4.1)

K
(Ag-A)7"'=> (Z Opi(02¢-m-j) + Y Op;cl(old—m-j)) @, + Rg
k j=0

where Rg is an integral operator

(4.2) RKf(X)=/GrK(x,y)f(y)dy and
|DEDEri(x,p)| < Cap(l + [A|1/myn+lel+IBl-K=—m

(4.3) ¢, is a partition of unity in X, ¢rxx = ¢, and yx; has support in a
neighborhood U, of the support of ¢;.

The functions c_,,—; and d_,,—; are defined for |arg | > y and for |1|/|¢]
sufficiently small, and satisfy the conditions

(4.4)  Ccom = (Om(A)—-A)7L,
(4.5)  1D3 D com_j(x,1,E T, A)| < Cag(IE] + |7] + [4]}/m)=m=i= 1A,
(4'6) |D?Dfm_j(xr t:fa T:S9A)|

< Cope= W™ (18 4 |3 |1/myl=m—i=1B],
The operators Op(c) and Op"(d) are defined by
(4.7) Op(c)f(x,1) = (2m)™" / /R etxAIiTe(x, 1,8, 7, ) f(&, 1) dEdn,
op"(d)f(x,t) = (2n)'~" /Ooo /.._. e d(x,1,&,5,4) f(&,5)dE ds.

where f (¢,7) and f(&,1) are the full and tangential Fourier transforms of
f(x, 1), respectively, understood to be taken after we transform G to R? via
the usual technique of local maps and partitions of unity.

The functions ;(&,4) is C®, 8, = 0 for (|é|?> + |A|¥/¢) small,

6, = 1 for (J€]? + |A|¥*) large,

6,(&, A) satisfies the same condition with (|¢]? + 72) in

place of |¢]2.

(4.9)
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5. H,, functional calculus for elliptic operators

We first need the following two lemmas 1 and 2 which are essentially due
to Seeley [5].

LEMMA 1. Let 1 < p < o0, 0 < R < c0. There is a constant C = C(p,n, R)
such that if k(x,&) vanishes for |x| > R and |D§|{I|B|ng(x,§)| <1 forlo| <
n+1, |B| < nthen ||Op(k)|l, < C. (Here, x and ¢ are in R".)

PRrooOF. Let
ki(x,8) = [ e k(x,¢)dx.
.

Then

k(&) = @)™ [ e, 8) dy
and

Op(k) = 2m)" [ &= Op(ky)dy.
Hence
(52 10PN < 21" [ Ol dy.

The Mikhlin multiplier theorem gives us the estimate
10p(ky)ll, < Cp sup max |EFDEk,(€)], 1< p<oo.
ZeR~ Bl

Since
w8 Dk (@) = [ (PSP DEk(x, Ol dx

and k(x,&) vanishes for x > R, we have
(5.3) InlIEP D ky(8)] < Cap forlal <m+ 1.
Thus || Op(ky)ll, < Co(1+|z|)~"~! and it follows from (5.2) that

10p)ly < @m)" [ T dz = Clom ).

LEMMA 2. Let 1 < p < oo. There is a constant C = C(p,n, R) such that if
k(x,t,&,s) has support in |x| < R and satisfies

1
4 18I\ pe pB .
(54) 5D DEk(x, 1,8,9)] <
fors>0,t>0, |8l <n—1,|a|l <n, then ||Op”(k)|, < C. (Here, x and &
are in R""!))
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ProOOF. Let k;s(x,&) = k(x,t,&,s) and K, 5 = Op(k; ). Then
Op"(k)f(x,1) = [ Kuaf(,5)ds.
0

Thus
(5.5)

/ /R“/ K,Sfxsds
< /0 ( /0 ( /R K, s)ll’dx)l/p ds)pdt

(Minkowski’s inequality)

< /Ow ( 0°° ti—‘s (/R I (x, )P dx)l/p ds)p dt (Lemma 1)

e /Ow (/Om ;ji—s¢(s)ds)p dt
where ¢(s) (/ f(x, 9P dx) v

For1/p+1/p’=1and 0 < ¢ <min{1/p’,1/p}, we also have
e, - ()" ) () o
(07"
([ 755 () ) )
(s ks (5) )
0 t+s
x (sup /0 T ()" @) " 19

( ( ) dal)

(5.5') = Cl|é(s) |-

1
o1
/p
([ 15 (2)" d2) 190,
It follows from (5.5) and (5.5") that || Op” (k)||, < C.

dxdt

}1/11

IN IA

L~

https://doi.org/10.1017/51446788700035242 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035242

120 Xuan Thinh Duong [8]

We now come to the L? norm estimate for the H,, functional calculus
corresponding to the operator Op”.

LEMMA 3. Suppose that k(x,t,&,s,A) vanishes for |x| > R and there is a
positive constant ¢ such that

(5.6) ID3DLk| < e~ R | 4. (31/myt=m=1A]

Jorm > 1, |a|] < n and |B| < n. Then for each p, 1 < p < oo, there is a
constant C, (depending on p, c, r and n) such that

Il Op” (/r v (Dk(x, t,i,s,l),dl) lp < Collwlloo, ¥ € HoolSp)-
ProoOF. Let K(x,1,¢,s) = [rw(A)k(x,t,&,5,4) dA with the curve T as in
(2.1). Then
(¢ + )DEIEIPIDEK] < (¢ -+ 9)lelI! [ emsaneisntrs
r
x (1] + A== 18y (1)) d)Al
< m(t + 5)|E|\Blect+)E] /oo e~ c+sih
0

X (] + A== Bly ()] - ()™ day
where 4, = |A|!/™

o0
<m(t +s)e—c(t+s)l<f|",/,"°°/ e+ g,
0

= 2m(t+ )=l o

L K|¥lloo-

Hence Lemma 3 follows from Lemma 2.
The main result of this paper is the following theorem.

c(t+s)

THEOREM. There exists M > 0 such that
(5.7) lw(Ap)ll, < Mli¥lloo, W€ Ho(S2), 1 <p <oco.

PrOOF. We first consider the case y € ¥(S?). For

Ref(x) = /G re(x, ) /(%) dy,

[ resoorax)” =1 [

we have
P 1/p
dx}

/G rx(x,y)f(y)dy
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and it follows from (4.2) and Holder’s inequality that
IRkllp < c(1+[a]/m)n=m=X,

Thus

{/G Vr Y DIRk S| dx} N

<[{[ lw(znkxf(x)]lpdx}w di
< { [ WOl o= 44} 1715

c
<{ [ a s | Wl 1
= Mi|v|lllfll, when we choose K > n.

(5.8)

For the term c_,, = (o6(A) — 2)~!, we have

Op ( /r 02— mw(A) d/l) fx,0)

=myr [ [ e ([ LYY fie 1) agan

O,w(A)dA
r 0w(d) -4

Since

= y(om(A)) for |E]> + 7% large

and the analytic function y satisfies the conditions of the Mikhlin multiplier
theorem, we obtain

“Op ( /r 0rc_mw(d) dA)

For the term ¢, with j > 1, we apply Lemma 1 with k = 0,c_,,—j,
noting (4.5), and obtain

< M|y lloo-
p

(I€12 + t2) 281 (D, ) (De )Pk (x, 1, €, 7, A)|
< (2 + ) VHBIC (1 + €] + || + 4] /mym=i=lol
< Clg(l + A4 my=m=i
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Therefore || Op(62¢-m—;)|l, < C(1 +|A|'/™)=m=J, Thus

1
-l )
< /r{/GIW(A)OD(GzC—m—j)fI” dx}l/p da

< { [ w1100zl dx} e

< Wl { [ ey 44} W1

[r W(2) OP(62c_m_;)f dA

i w(A)Op(Orc_m—j) fdA

Therefore

(5.10) Jop ([ 8sc-m-sw@ 1) <M
The estimate

(5.11) |on ( [ 6rd-m-swiraz) < Myl

follows from (4.6), Lemma 3 and the inequality 8, (|¢| +|A|'/™)~/ < constant.
It follows from (5.8), (5.9), (5.10), (5.11) and (4.1) that

(5.12) ly(a)l, < Mllyllo, W €W(SR), 1 <P <c0.
To extend the result for y € Hy(S?), we define v, r € ¥(S?) by

R
vr® = [ wo) &L

where ¢ € W(S9) such that [° ¢(r) dt/t = 1 and ¢,(§) = $(¢§). The inequality
(5.12) shows that ||y; r(A48)|l, < M|l¥|lc Where M is independent of ¢ and
R. 1t is not difficult to check that all the conditions of the theorem in Section
2 are satisfied. We conclude that

Iw(Ap)lly < MWoo, ¥ € Hoo(SD), 1 <p < 0.

It is an interesting and still open question whether the H,, functional
calculus property still holds for elliptic operators with milder assumptions on
the smoothness of the coefficients or on the boundaries of the domains.

It is also worth noting that the H,, functional calculus property implies
that the elliptic operator Ap satisfies quadratic estimates, that is, there exists
a positive constant K, such that

,de'?
w(tAp)u()|)? } < K,|lull,, forallue LP(G), 1 <p < oo
p
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for certain classes of functions y, including, for example

v(z)=z/(z—a)(z—a) where a¢S,.

Details can be found in the joint paper of M. Cowling, A. MclIntosh and
A. Yagi [2].
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