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Abstract

We present a tropical g-difference analogue of the lemma on the logarithmic derivative for doubling
tropical meromorphic functions.
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1. Introduction

Following Halburd and Southall [2], tropical Nevanlinna theory is concerned with
functions of a real variable which are continuous piecewise linear and meromorphic
and have one-sided derivatives at each point. In the tropical framework, we start with
a tropical semi-ring which endows the set R U {—oo} with addition

X @y :=max(x,y)

and multiplication
XQy:=x+)y.

We also use the notation x @y := x —y and x®* := ax for « € R. A continuous
piecewise linear function f : R — R is tropical meromorphic on R if both one-sided
derivatives are integers at each point x € R. Laine and Tohge [6] broadened the
definition of tropical meromorphic functions by removing the condition that both one-
sided derivatives of f are integers.

For each x e R, let

wp(x) = lim (f(x+ & = f(x - o).

If wy(x) > 0, then x is called a zero of f with multiplicity ws(x). If ws(x) <0, then x
is called a pole of f with multiplicity —w/(x). Observe that the multiplicity may be a
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nonintegral real number; it is denoted by 7,(x) in the following. It is clear that if f(x)
has no zeros and no poles in [r}, ], then f(x) = ax + b in [r, r;], with a,b € R.

The tropical version of the proximity function for a tropical meromorphic function
f is defined by

m(r, ) == S f7 () + (=),
where f*(x) := max{f(x), 0} (see [2]). It is well known that

m(r, f @ g) < m(r, ) + m(r,g)
and

m(r, f ® g) < mfr, ) + m(r, g).
Denote by n(r, f) the number of distinct poles of f in the interval (-r, r), each pole
multiplied by its multiplicity 7¢(x). We define the tropical counting function by

| 1
NG f):= 5 fo n(e, fdi =5 3" Tl = Ib)

by|<r

and, as usual, the tropical characteristic function 7'(r, f) is defined by

I(r, f) = m(r, f) + N, f).

The characteristic function 7'(r, f) is a positive, continuous, nondecreasing piecewise
linear function of r (see [4, Theorem 3.4]).

The tropical Poisson—Jensen formula implies a weak analogue of the tropical
version of Nevanlinna’s first main theorem:

I(r,f)=T(r,=f) = f(0). (1.1)

Tsai [8] and Laine et al. [5] further developed the tropical Nevanlinna theory.
We also use an analogue of the logarithmic measure (see [3]). Given any set £ on a
part of the positive r-axis, where r > 1, we define its logarithmic measure Im E by

dr

E T

ImE :=

Writing E(r) for the part of E in the interval [1, r], we define the upper logarithmic
density log dens E and the lower logarithmic density log dens E by
ImE(r) ImE(r)

logdens E = lim sup , logdens E :=liminf .
roo0 lOgr —_— r—c  logr

Iflogdens E = logdens E = ¢, say, for a set E, we say that E has logarithmic density &.
The doubling property [7] plays an important role in what follows.

Derinition 1.1 (Doubling property). Let T : R* — R* be a piecewise continuous
increasing function and c¢; > 1. Then T has the doubling property if there is a constant
¢p > 1 such that

T(c1r) < caT(r)

for all r outside an exceptional set of finite logarithmic measure.
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Dermnition 1.2, A tropical meromorphic function is called a doubling tropical
meromorphic function if its tropical characteristic function 7'(r, ) has the doubling

property.

ExampLE 1.3. The function f(x) = x has no poles and its tropical characteristic function
is %r, so it has the doubling property. From its graph, the function f(x) = —|x| has a
pole of multiplicity 2 at x = 0 and T'(r, f) = r, so it also has the doubling property.

ExamprE 1.4. The following example from [4, page 5] exhibits a doubling tropical
meromorphic function. The tropical rational function

= 3 1 1 1
fO):=max{3 —x, =1+ 7x,4 = 5x} —max{-2 + 7x,4x,1 - 3}
has a pole of multiplicity £ at x = 2 and, for all sufficiently large r,
m(r,f)=1+2r, Nf)=58r T@f)=1+"2r

so f has the doubling property.

2. Doubling tropical g-difference analogue of the lemma on the logarithmic
derivative

The tropical Nevanlinnna theory originates from the tropical Poisson—Jensen
formula. This formula implies that the values of a tropical meromorphic function
f at any point x in the interval (-, r) can be expressed in terms of the zeros and poles
of f and the average value of f on the boundary of the interval.

Halburd and Southall [2, Lemma 3.1] derived the tropical Poisson—Jensen formula
for the case in which the multiplicities of all the zeros and poles are positive integers.
Laine and Tohge [6, Theorem 2.1] gave a general form of the tropical Poisson—Jensen
formula, which can be stated as follows:

£09 = SUFC)+ Fr) + 210 = 0} = 5 3 @l =y =t~ gy
ul<r
+ % Db = by = xlr = byx), 2.1)
byl<r
where the a,, are the zeros and the b, are the poles of f in the interval [, r] and 7 is
a positive real number which denotes the multiplicity of a zero or pole.

The lemma on the logarithmic derivative plays an important role in Nevanlinna
theory; in particular, it is used in proving Nevanlinna’s second main theorem.
A tropical difference analogue of the lemma on the logarithmic derivative is given in
[2, Lemma 3.8]. Here, we prove a doubling tropical g-difference analogue of the
lemma on the logarithmic derivative in the general context of [6]. We need the
following lemmas.
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Lemma 2.1. Let f be a tropical meromorphic function and g € R\{0}. Then

-1
m(r, f®0) @ F(x)) < g — Urin(p. f) + n(p, ) + %m(p, £ - FO),

where p > max{r, |q|r}.

Proor. Take any p > max{r, |gr} and x € [-r, r]. Denote the zeros of f by a, and the
poles of f by b,, with their corresponding multiplicities 7. Substitute gx for xin (2.1),
giving

1
F(ax) = S47) + f=p)) + —;”{f(p) — f(=p)}
0

1
=35 2 @ =l = gl - gy gx)

Ia#|<p

1
5= D T b~ by~ gxlp ~ by - gx).

byl<p

This implies that

-1
740 = ) = S ) = f-p))
1
5= 2 Tr@lay = g ~la, — p + (g = Dax)
laul<p
1
=5 25 TNy = gl = by — dp + (g = Dby}
byl<p
=:51(x) + S2(x) — S3(x), say.
Therefore,

m(r, f(gx) = f(x)) < m(r, S 1(x)) + m(r, S2(x)) + m(r, =5 3(x)).

We proceed to estimate each of the three terms m(r, S ;(x)) separately. By using

ST < 1fland [f(x)] = f*(x) + (=) (),
1
m(r,§1(x)) < ﬁlq — Hrlf @l +1f(=p)l}

1
= Zlq = Lr{f" (o) + (=" () + fT(=p) + (=) (-p)}

_l ;”r{mm, £) +mip.~f).
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For the second term, using the triangle inequality in the form ||z;| — |z2]| < |21 — 22l

mrS200) < ) T - m(r, 2—1p{<|aﬂ ~ gl =l = xDp + (g = D))

la,l<p

/1
< ) @) E(Z{Maﬂ —grl = lay = Dl +lg = 11 - la,lr)

la,l<p

1
55 N +qrl =l + o+ lg = 11 |aﬂ|r})

1 1
< 3wyt 3(lg =1+ Zlg=11-lar)
la,l<p
< > tg@) - lg - lr=1lg - - n(p, = ).
laul<p
Similarly,
m(r, =S 3(x)) < g = 1|r - n(p, f).
By combining the above estimates and the tropical Nevanlinna first main theorem,

-1
m(r, f(q) - £()) < %{m(p, )+ mio.—f)) + 1q - UrlnGo, ) + nip. )

< lg — 1Ir

2T (o, f) = f(O)} + lg = 1|r{nCp, ) + n(p,=f)}. O

Lemma 2.2 [1, Lemma 5.4]. Let T : R* — R* be an increasing function and let
U :R* — R*. Ifthere exists a decreasing sequence {c,}nen such that ¢, — 0 as n — oo
and, for all n € N, the set

F,={r>1:U) <c,T(r)}
has logarithmic density 1, then
U(r) = o(T(r))
on a set of logarithmic density 1.

We can now state and prove our doubling tropical g-difference analogue of the
lemma on the logarithmic derivative.

THeorREM 2.3. Let f be a doubling tropical meromorphic function and g € R\{0}. Then
m(r, f(x*1) @ f(x)) = o(T(r, f))
on a set of logarithmic density 1.

Proor. Assume that K > Ky > max{|q|, 1}. Applying Lemma 2.1 with p = Kr,

-1
i, 1) = F0) < lg = rnCKr, f) + n(Kr,~ ) + A prkr ) - O,
2.2)

https://doi.org/10.1017/5S0004972718000953 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718000953

[6] Tropical analogue of the lemma on the logarithmic derivative 479

From the definition of the tropical counting function, for any k£ > 1,

kr kr
N(kr, ) = %fo n(t, f)dt > %f n(t, f)dt > %(k — Dra(r, f),

which implies that

2N(k
i pys 88D

Replacing r by Kr and taking k = K + 1,

2N(K?r + K1, f)

n(Kr, f) < r

(2.3)

Then, from (2.2) and (2.3),

i, f(q) ~ f) < 2L N + Kr, )+ NOKPr + Kr, )

| |

4 QRT(Kr. f) - fO).
Now we use N(r, f) < T(r, f), which is clear from the definitions, and the tropical
version of Nevanlinna’s first main theorem (1.1) to get

mer, 1) - ) < 2L QTR+ Kr, )= fO) + A 1K ) - O,

By hypothesis, T(r, f) satisfies the doubling property, so there is a constant c; > 1 such
that

T(Kr,f)<c,-T(r,f) and T(K*r+Kr, f)<cy-T(r, f)

for all r outside an exceptional set of finite logarithmic measure. From this, we deduce
that
| | I -1

m(r, f(gx) = f(x)) < {22 - T(r, f) = f(O)} +

In particular, taking K = n + l, n e Nt
dlg—llca  2lg —1lcz ( 1 )}
— < T
m(r, f(gx) — f(x)) < { 1P + 1 +o0 P r f)

for all r outside an exceptional set of finite logarithmic measure. Applying Lemma 2.2
with

{22 - T(r, ) = f(O)}.

U(r) = m(r, f(gx) — f(x)),
we can conclude that
m(r, f(gx) — f(x)) = o(T(r, [))

on a set of logarithmic density 1. This completes the proof of the theorem. O

CoroLLARY 2.4. Let f be a doubling tropical meromorphic function and q, q> € R\{0}.
Then

m(r, f(x*) @ f(x*")) = o(T(r, f))

on a set of logarithmic density 1.
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