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On the Fractional Infinite Series for
coseca, secx, cota, and tana.

By D. K. PickeN, M.A.

The infinite products for sinz and cosz are most conveniently
obtained in a rigorous way from the well-known factorial expressions
for sinn@ and cosnf which, when n is an even integer, take the
forms

(i) sinnf = 2", sin000s0(sin’1 - sin20) (sin’2—7r - sin*ﬂ). . .(sin’n —2w_ sin’o)
n n 2n

3r n—1.r
e _on—1 fai2 T sg 0297 e o Y _ain2g) -
(ii) cosn@=2"", (sm 5, ~ in 0)(8111 5= —8in 0)...(sm G, 0),

0 being put equal to % and n made infinitely great.*

It is then usual to obtain the fractional infinite series for cotx
and tanx by logarithmic differentiation—a process in which the
treatment of the remainder is somewhat involved—and to deduce
those for cosecx and secx by the use of certain elementary
trigonometrical identities.

Tt seems, however, a more fundamental process to obtain from
(i) and (ii) expressions for cosfcosecnt, secnd, secfeotnf, and
secftannf in partial fractions; the degree in 8ind of the
denominator in each of these functions being higher than that of
the numerator; and then to proceed to the limit as in the case of
the products.

* Cf. Hobson’s Trigonometry, Chap. XVIL
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I. When n is even

31
—.—98.0— can be written in the form = A, ,
gind sinnd 0 4 . g
sin*— - sin%0
where A,= [ _ sin.o cosf __1
sinnd Jg_g n

and A,= [(Sm’—-sm’e)wso] -

8ind. sinnf

siné " sinnf

[(sm— + sm0)cos€ sm—::-r - sm0]
¢=""
n

— 208377
2cos n (=)

. rr n
= = . 2co8®—, {r=1,2, ... —-1);
neosrr n n 2

1 %sind 7
.'» cosf coseenl = ——— +
'nsma n 1

[When n is odd,

. =1
1 2iné Z
&~

cosecnl=—— + ——
nsinf n

Putting 0= % sy We getb
,rar
x 1 2 z X o
cos— cosecr = ———— + —sin— (- ), —_____+( . R
”n . . X n n rew

1
nsin— sin?— — sm’
n n n

where % i8 any integer less than (% - 1) .
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It is obvious that R is positive and less than

b+ 1)

7sm-—— cos———
n

{31 'HT)T sin2—x—}

n

provided n is so great that & can be chosen greater than 7 for

the angles T are increasing acute angles and therefore the terms
n

of R are in descending order of numerical magnitude.

LT
cos®—
x 1 . et n
. €08— cosecw = ——— + 2msin— . I( - ).
n @ n o N { . ST 2%\
nsin— n?] sin®— — sin
n n EY)
k+ D
Insin— 2( )
E ,
k I
'rﬁ{sinz(—-*-—)lr - sm”——1
n nJ
where ¢ is a positive proper fraction ;
*. proceeding to the limit when n becomes infinitely great,
2 2z
co. eca:——— (- e .€
S + ( ) ( ) 1 ( k + 1)2 ac‘ ’

¢, being the limiting positive fractional value of e,

Hence the greater we make the finite number % the more nearly is
1 X 2z . .
coseca: equal to - + %( -y oyl and the difference vanishes
when % becomes infinitely great.
.6, cosecr= 1 + §( - —;—zw——, an absolutely convergent series;
z et~ a? ’

1 1 1 LU S _
=z - - ey & semi- .
x wT—a w+x 2mr-x 2m+a y & seml-conver:

gent series ; for all real values of , except 2= + r=.
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II. When = is even,

n
Z A
secnf =2 o 1)"” ,
1 sing("—r— - sin®0
n
s;in"‘@'r_Jr — sin?%0
2n
where A, =
cosnd (2r-)x
g="22T
2n
L @r-D7r  (Zr -1
aeinl .
<81n o COos 9 _ ( _ )r—] . sin( Oy — 1).”. .
. (2r- D) n n
nsin*——0-——
Y
L sin%
- seenf=—3(-)"'. 5 H
" sin’("—r-‘;—L),—r ~ sin%0
2n

[and when = is odd,
(2 -z (2r-D)r
sin . cos

n 2n]

-t

1 1
cosG.secn0=—n— ?(') : j g(2r—1)1r s 2
sin®™——— — sin%@
In

&

Putting 6 =—:—; , we get
2r-1
sintZr =1

seca:=i %(—)"l i +(—)*.R.
S T I
sin®*——-~" —sin*—
In n

and, as before, if » is so great that (24— 1) can be taken greater

9.

e
than —
T . (2k+ 1)
sin*————
R=— ki , for

n sina(_%_"'_llr —in?™
n n

Iy
sin(“r l)w{sin’(% + 1) _ sinﬁi\
n 2n nJ

D —
B Sin(2r +)m {sin’(-,r I)» — sin? 2 }
n 2n n
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(. (2r-1 . (2r+1 2rx
= 2sm—{sm( iy . sm(" :- ) + sin®*— cos—-—\
n n 2n n

. . o(2r -1 .
> 2sin— {sm"(—r——)—” - sm2—x—} ,
n 2n n
and .- the terms of R are in descending order of magnitude.

Hence, secx

- 2
1 NS n R+ e
—_ —\yr—1 IRV € n
B A e VI TR ¢ T Ve
s —2—7],_ —Sln'; ‘)n SIn——’,:

and proceeding to the limit, we get, exactly as in I,

. r—1 . .
secx = 4w u( )y (__“Tr—t—fa?’ a semi-convergent series ;

—2{ 1 1 1 }
= 7r—2a;+1r+2x_37r~;)a‘_—37r+-2w+ ...... H

r —
for all real values of x except = + <T_‘)p—# .

I1I. When = is even

n
ﬁ {smg(dr)—l)’r - sin20}
secl . cotnt = ! - .
. = ™ >

z-1
271, sinf(1 — sin®6) TI (sin?’~ — sin’6)
1 7

gz
AUES

cosint9” 3 A,
sinfcosOsinnd ¢ . jrx .
sin®*— — sin*@

n

siné cosnd 1
where Ay=] - ———— = -,
cosf sinnd |,_ "
rT . g
cosn() sin’— — sin®
A= n )
smO cosf . sinnd . M
f=—
n

if T=1, 2, seceney —2——1,
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cosn cosd 1
and A, =} ——— =—-—;
2 Lsinfsinné x n
=%
. 2. .
2sinf ¥ 1 sinf

.. seclcotnt = —— - = - .

nsind n 1 ..,r7 . .. mncos*d

sin®>— — sin%@
n

[When n is odd,
1
1

sin®>— — sin%0
n

. n
1 2sinf

nsind n

secfcotnf =

Dl 1

Putting 0=i, we get
n

x
sec— cotx
n
.o
sin—
1 n . ox k 1 .=
=—— e _2pgin— I - 2nsin— . R,
. X 2 x ) Y : 27‘1" 1.3 x n
nsin—  7nCos — 77y sin"— — 81n"—
n n L n n

7 1
where R= T ‘

k . e g

+1 n’{smz—— —sin?— S
71 1 2
3 . . 29 T
< —————— since ¢ >sindp > if O<p<—
k41 2 492 x T 2
L et s
s ”

provided that = is so great that 2% can be taken greater than .

|:1§

1

1 w0

.+ R = = < ——, the remainder after % terms
k+1 47 — o k41 4% - x°

of a convergent infinite series.

Proceeding to the limit

1 & 2z
e T

and R,, the limiting value of R, can be made as small as we please
by choosing % great enough.
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@ )
. cotx = — - 2 ————— an absolutely convergent series ;
x  yrwt-w
1 1 1 1 1 -
=— - - + — e , & semi-conver-
x w-a w+x Zm-x 2wr+4x

gent series ; for all real values of z, except x = +r7.

IV. When n is even,

n
z A
secl cosect . tannf= = k2 ,
- Dr
sin®—;-—— —sin 0
2n
2r -1 .
sinn@{sinz(r—)ﬂ' - sm”@‘»
here A n ! 2
ere A, = . ) ="
v g sind cosd cosnb pZr-m n ?
- 2n
2sinf cosf 2 1
2sinf cosf Z,
-~ tannf =20 > @) .
- ¥
Usin22™ — 277 _ sin%
2n
[When n is odd,
-1
1 Isinf cosf I 1
tannf = — tanf + Sy cosv ]
n 1 . (2 -Dm
sin®**————" —sin%@

&

Hence, exactly as in IIL,,

® 8x .
tanz = ng, an absolutely convergent series ;
1 (57— -

1 1 1 1

of ~ - Lt ...\, a semi-con-
\7 - 22 1r+2x+37r—2a: 342

=2

. Ir - Dm
vergent series ; for all real values of x, except = + (-—~—0—)— .

&

The continuity of the algebraic expressions ensures that these
results still hold good when x has complex values.
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