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THE GAMMA FUNCTION TO E-FUNCTION SERIES
by T. M. MACROBERT
(Received 26 June, 1959)

1. Introductory. In two recent papers [1, 2] the Barnes integral for the E-functions was
employed to sum a number of infinite series of E-functions. In §2 of this paper, by making
use of the multiplication formula for the gamma function, the method is extended to series
of E-functions of a different type.

The Barnes formula is

1 (e, ~
E(p; a,:q; ps 2) = 55 E%s(—_—'z—)ﬁddl, ..................... 1)

where | amp z | < 7, and the integral is taken up the »-axis, with loops, if necessary, to ensure
that the origin lies to the left and the points «,, «,, ... , «, to the right of the contour. Zero
and negative integral values of the o’s and p’s are excluded, and the «’s must not differ by
integral values. When p < ¢ +1 the contour is bent to the left at each end. Whenp > ¢ +1
the formula is valid for |amp z | < }(p—¢ +1)7.

The gamma function formula is

r'@)r (z + 7%) .. T (z + ’”7; 1) = o) id e D (n2), e, 2)

where m 18 a positive integer.
From (2) it can be deduced that, if  is a positive integer,

r ("‘—”) 1‘("‘“ ”) F(ﬁ"iﬂ> - F(ﬁ) 1‘(“—*—1) r(“*"‘“l)m—r(a; ),
m m m m m m

...... (3)
where
(03 7) = ale+l) . (wtr=1) (r=1,23 .5 (@ 0) =L evevrvrrrrrrrnr. (4)
For, from (2), each side of (3) is equal to
(2m)im—imi=2—r [(a)(a; 7).
The formula
n+m+1l n+m+2
E’( 5> e 1;' tn+d: zz)
n+m+l
JIInim+]) = i § G G (5)
2m-% (2% + 1)im+t T JEEFD)
will also be required. In proving it use will be made of the two following formulae [3, pp. 305,
307] :
'n+m+1) +m, b-m J(RE-1)-2
™ L 2 _jy-n—} . .
G = g erve - M p AT SR
...... (6)
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—-m _ 1 1 —-z\im —n,n+1'1_—_z
T” (Z) == m(m) F( m+1 ) ). ..................... (7)

Now, from (6),

Fon+m+1) | (d+m, 3-m J(@ZE+1)-2

Q™ (iz) = z‘“‘l\/{z eEs }{J z~+1)+z}‘”‘*m)—ﬁ’ n+d O IJ@+1)

and, from (7),

— 2 _ 1 e .
l—m—g {J(22+1)} = F(1L+g‘){\/(22+l)+z} tF n+d ENITESY)
Hence

Qm(iz) = i—ﬂ—l\/(§> L ((z’: :;’;f,;l) | { J(z2+1)} ..................

But {3, p. 304)

t4m,t-m \/(22+1)—z}-

2

p(rtm+ 1 p(rtmt 2
2, 2 EE+1)m _ fmtm+l n+m+2 .
W (1z) =7t F ) sn+d; -2
2tm[M(n +§) zntm+l 2 2
—{=n=19m-1 g=n-m-1(;2 4 ] )im[] ('""*";"*1 L +’;"+2 cm+d: 2) .
hence, on comparing this with (8), formula (5) is obtained.
2. Infinite series. The first series is
O (=k) fa+tn at+tl+n at+m—1+n
nzﬂ;o 71,! E( m N m ,...,—"n—'—",dl,...,dm q; ps >

_ 1+k-—aE ﬁa+l a+m-—1 o 'z1+_lf.m
= - m oo J Oy ey Byl Q5 Pyt - s

where m is a positive integer, |amp z | <=, | amp {z(1 +k/m)"} | <, | k/m | < 1.
From (1) the E-function on the left is equal to

1 [ re (g ) L SRR
2’”'J () nr<(p,—c7>n :

2t df,
and from (3) this is equal to
o o -1
1 | ror(2-¢)... (3222 0\ O (e, -0
_J (m ) ( m ) m~"(a —m ; n)ztdi.

2m
I, -
Hence, on changing the order of integration and summation, the series is equal to

L_Jr(z)r(%-;)... P(“::—l_§>Hr(“'_€)ch<a-mc; | _g)dg’

2t TG, - 0)

and from this, since
Fla-ml; ; —k/m) = (1 +k/m)mi-e,
the result follows.
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In particular, when m =2, p=0,¢=1, a=n+m+1, p,=n+3, if 2 is replaced by 2% and
k by 2k, it follows from (5) that

® n+m+1 r) —kz —n—t 2
z {zeen) mt {veen)

r=0
_ 2241 im+i o=t 2(1 +k) ] 10)
B+ k)21 Tt J{z2 A+EP+13 )

where | amp z | < &=, | amp (1 +k)} | < 3w, | k| < 1.

The next summation is

a+n at+m-1+n ,
cery Oy
§ (B, n)E m 2 m s &5 y Uy
n=o n! ptn p+m—1+n
m :-.-:'T,pl’,.,, pq
o a+m-—1 .
e Olyy eoey O &
I'(p-a- B m’ ’ m ? I e B )
F(P d) p—B . P—B+m—1 prs s p 3 eseveressans
m ' m s P1y o+ s P

where B(p—a-8)> 0, |ampz | < =.
For the series is equal to

ror(E-¢).. (2™ N tre, -0 - :
[ e e
But, if B(p -« —fB) > 0,

¥ (a—mc, B 1) _T(p-my)T(p-a—p).
-m{ I(p-a)I(p—f-mf)’
hence, on applying (2) to I'(p —ml) and I'(p — B - ml), the result is obtained.

Again, if m and » are positive integers, |ampz | <=, B(p-a-n) > 0,

. o+r a+m-1+r
%mr(nrr)E)< 3 aeey ,al,...,a,,:z>

rmori(p; )T\ ™ m
PL - P
o at+m-1 a—-p+1 a—p+m )
(l—p,n) ;L""’ m ) m 3 ere s m ,al,...,a,.z
= (12)
m a-p+n+l x—p+n+m
m PIREEN] m s P1s +++ 5 Pq

For the series is equal to

1J1’(C)F(§L-C)--- (R -y nre C)z(F<n,a—;nl;l>dc.

2mi T (p, - 1)

2m
Now, if R(p—a-n)> 0,

noa-mf; 1\ _ I'(p)l(p-a-n+ml) . T(a—p+l—m£)_
F( p )_I"(p—’n)I"(,o—oz+'m§)_(1 p’n)I'(a—p+l+'n—'m§)'
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Hence, on applying formula (2) to the gamma functions, the expression on the right of (12)
is obtained.

Next, if m and n are positive integers such that m > #n, if R(p~a—-8)> 0 and if
[ampz | <,

a+r e+n—1+7 2
Iy Oy oo y Olgp +
% (B;r)(n "B n n YT e T
rmo 71 \m p+r p+rm-—-1+r
7,...,—-7"1_,’)1, eeey Pg
o a+n-1 p-a-8 p—oa—B+m-n-1
o -, , s e Oy ey Uyl 2
(Vg™ n m-n m-—mn
m—1n p-B p-B+m-1 p-« p—at+m-n-1
m o m tmom T mem P b

For the series is equal to

ror(2-¢)..r(2=! Anre-g '
= J F(ﬁ(Z) ) r(® <+m7_b—1‘ )Zmps—a SA QAL
Now, if R(p -« —B) > 0,

F (a—-n{, B; 1> _Tlp-m)I{p-a-B—(m-n){}
p-mf I{p-a-(m-n);}I'(p-B-ml)’
and, from (2), this is equal to

1‘(7-%-;) P(ﬁ%_l—o
r(%-g)...r(’ﬂ-:‘gm;l-g

r p—a-—B_C r p—ot—ﬁ+m—n—l_g
m-n m-n < m )B
p-o pratm-n—-1_ m-n/
r(m_n {)...P(ﬁm_n g)
From this the result follows.
Similar results can be obtained by using the formula

r a-r r at+l-7 r a+m—1—r)
m m m

- r(%) I’(a+z—l)(—m)'/(1—a; YT (14)

where 7 is a positive integer.
For example, if |amp z | <, | amp {2(1 +k/m)™} | <=, | kjm | <1,

s K . . p-n p+tm—-1-n )
’Eo;ﬁE(p:af- m 3 eery m ,pl,...,pq,z)

A . p pt+tm-—1 i AN
=<1+;—L) E e R ™ ,pl,...,pq.z(1+77b) } ...... (15)

X
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For the series is equal to
) QO (e, -1)

5 F(;,’il—c)...r(f“’%‘l—Qnr(ps—z)

F(l—p+m§;; -7%) 2t de,

and
F(l-p+ml;; —klm)=(1+k/m)1-m¢
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