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1. Introductory. In two recent papers [1, 2] the Barnes integral for the -E-functions was
employed to sum a number of infinite series of ^-functions. In §2 of this paper, by making
use of the multiplication formula for the gamma function, the method is extended to series
of ^-functions of a different type.

The Barnes formula is

«>••-••*•• » * - & * $ % & * « < • >

where | amp z | < n, and the integral is taken up the 7;-axis, with loops, if necessary, to ensure
that the origin lies to the left and the points a1; a2, . . . , a, to the right of the contour. Zero

and negative integral values of the a's and p's are excluded, and the a's must not differ by
integral values. When p < q +1 the contour is bent to the left at each end. When p > q +1
the formula is valid for | amp z | < \{p -q + 1)TT.

The gamma function formula is

(2)

where m is a positive integer.
From (2) it can be deduced that, if r is a positive integer,

m / \ m I \ m J \mj \ m ) \ m
(3)

where

(a; r) = a(a + l) ... (a + r - 1 ) (r = 1,2,3, . . . ) ; (a ; 0) = 1 (4)

For, from (2), each side of (3) is equal to

(27r)*m-4m*~a~r r(a)(<x ; r).

The formula
n+m+2 ,

2 ' 2 ^ 2 '

(5)

will also be required. In proving it use will be made of the two following formulae [3, pp. 305,
307] :

f-
n + f

(6)
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and

T-mlz) ... 1 / 1 - a y / - n , n + l , l - s \

Now, from (6),

n+f
and, from (7),

Hence

But [3, p. 304]

r/n+m + l\ r

. . . . n l \ 2; / V 2 /(z2 + l)i™ /w+m + 1 n+m + 2
« ) - » z»+™+i M \ 2 '

and from (3) this is equal to

m~n(a-m£;

>

hence, on comparing this with (8), formula (5) is obtained.

2. Infinite series. The first series is

" (-k)n (a+n a + l + w a+m-l+w \
2J j — & I , , • • • , , av ... , xv: q ; p3 : z\

n=o n\ \ m m m v J
k\~' _ fa a + 1 a + m - l / , k\m\

+ — E\ — , , ... , ,av . . . , a p : q ; ps : z 1 + - >, 9
m) \m m m * p * \ m/ )

where in is a positive integer, | amp z | < -n, \ amp {z(l +k/m)m} \ < TT, \ kjm | < 1.
From (1) the ^-function on the left is equal to

Hence, on changing the order of integration and summation, the series is equal to

\ mj

and from this, since
F(a-m£; ; -kjm) = (l+kjm)™'—,

the result follows.
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In particular, when m = 2, p=0, q = l, a=n+m + \, p1=w+f, i f z i s replaced by z2 and
k by 2k, it follows from (5) that

» (n+m + 1; r) f -kz V _4 / _ _ 2 _ _ \
r=o r! U/(z2 + l)J •Zm+^+rlv/(^ + l)J

— *

where | amp z | < \TT, | amp {z(l +k)} | < \n, \ k | < 1.
The next summation is

/ a +n a +m - 1 +n

n=o »' \ P+w p+m-l+n
. Pi. •••. P«TO

a a +??l - 1

r(p-«) | /.-is P-/S+W-1
P i > ••• < P aTO m

where R (p - a -13) > 0, | amp z | < TT.
For the series is equal to

z£ F U-ml, $ ; 1\

0 ' " m C "
But.if J? ( P -a - j3 )>0 ,

/a -ml J8; 1\ r(p -wig)r(p - a -j8)

hence, on applying (2) to F(p -ml) and T(p - j3 -m£), the result is obtained.

Again, if m and w are positive integers, | amp z\ < -n, R(p -a -n) > 0,

a+m-l+r

a. a+wi-1 a - p(
a-p+re

• - ' m
For the series is equal to

[mr(-i)...r(-±^-i)nr(«r-Q . r
J \m J \ m ) { p In, a -«i{; IN

Now, if i?(p-a-w) > 0,
/n,a-mC ; 1\ = A ^ r ^ a n + w O =

\ p 7 r(prc)r(pa+m£) l P> ;

r"-«-»-.W?1;1 - . . ? : ' " ' : i a!)

- p
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Hence, on applying formula (2) to the gamma functions, the expression on the right of (12)
is obtained.

Next, if in and n are positive integers such that m > n, if R (p - a - /?) > 0 and if
| amp 2 | < 77,

* a.+r a+n -1 +r

p+m - 1 +r
m

a a+tt-1 p-a-/3 p-a-/3+m-W-l
8 I ~ > '•• ' Z ' Z > • • • > ~ ~ > a n • • • > a » •

B7 I
p-/3 p- |3+?/i- l p - a p - a + m - w - 1

> Pl> • • • » Po
m

(13)
For the series is equal to

r r ( o r ^ A . . . r f n r ( « r ? )

J ( ) ( ) " I
Now, if i ? (p -a - j3 )> 0,

/a-nCjB; 1\ P(p -mg)r{P - « - j3 - (m -
J V p-mC )

and, from (2), this is equal to

m

m

«-P A ^/p-a-P+w-n-l \
-ft. / ' " \ m-n /

'g+m~w~1 A
m-w /

(
\m - n

From this the result follows.
Similar results can be obtained by using the formula

) ( ) (
m ) \ m ) \ m

where r is a positive integer.
For example, if | amp z | < n, | amp {z(l +k/m)~m} \ < -n, \ kjm \ < 1,

™ kn „ / p-w p+m-l-n
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For the series is equal to

and
F{l-p+ml\\ -
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