
ON HOMOTOPIC HARMONIC MAPS 

PHILIP HARTMAN 

1. I n t r o d u c t i o n . Let M, Mf be C° Riemann manifolds such t h a t 

(1.0) M is compact; 

(1.1) M' is complete and its sectional curvatures are non-positive. 

In terms of local coordinates x = (x1, . . . , xn) on M and y = (y1, . . . , ym) 
on M', let the respective Riemann elements of arc-length be 

ds2 = gij dxl dx\ ds'2 = g'a$ dya dy& 

and r^-fc, T'Vy be the corresponding Christoffel symbols. When there is no 
danger of confusion, x (or y) will represent a point of M (or M') or its co­
ordinates in some local coordinate system. 

A map / : M —> Mr of class C° is said to be harmonic if, in local coordinates, 

(1.2) AT(*) + ë "(*) r X (/)/?(*)/}(*) = 0, for a = 1, . . . , m, 

where A is the Laplace-Bel trami operator on Mt 

(1.3) Au = (det gM)-* ̂ 7 [g« 0 (det gM)*j , 

a n d / ? = df^/dx*; cf. (2, 7, 1) and historical remarks in (1, p . 110). In order 
to discuss the existence of harmonic maps, Eells and Sampson (1) consider 
initial value problems associated with the corresponding parabolic equations 

(1.4) ft = Aft+g iJT%ffi for a = 1, . . . , m, 

(1.4o) / ( - , 0 ) = / o , 

where ft
a = dfa/dt. I t will always be assumed t ha t / 0 : M —> M' is of class 

0 ( ^ 0 - By a so lu t ion / (x , 0 of (1.4)-(1.40) on [0, h), or, equivalently, by a 
solution of (1.4) on [0, h) reducing to / 0 a t £ = 0, will be meant a function 
/ ( * , 0 : M X [0, fc) -> M' of class C 1 ^ X [0, h)) C\Cœ{MX (0, /i)) satis­
fying (1.4) on M X (0, *i) and (1.40) a t t = 0. Eells and Sampson (1) prove: 

(0) (i) Let M" be a compact subset of Mf and C > 0. Then there exists 
an e = e (M", C) > 0 with the property t ha t if /<>: M-+M', f0(M) C M", 
and 

e0\fo] = supgij g'apfotfoj < C, 
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then (1.4)-(1.40) has a unique solution on M X [0, e]; Theorem 10B, p. 154. 
(ii) Also, there exists a C0 > 0 independent of h and / 0 such that if / is a 
solution of (1.4)-(1.40) for (x, t) g M X [0, h), then e0\f(',t)] < C0 e0[fo] for 
0 < t < h\ Theorem 9B, pp. 147-148. 

(a) Under an assumption (p. 144, (12)) involving an embedding w: M'-+Rq 

of M' into a Euclidean space (which is always fulfilled if M' is compact), the 
solution/(x, t) of (1.4)-(1.40) exists for all t > 0; Theorem IOC, pp. 154-155. 

(j(3) If, in addition, the range of f{x, t): M X [0, °o ) —> M' is in a compact 
subset of ikf', then there exists an unbounded sequence 0 < ti < t2 < . . . 
such that jfoo(x) = lim/(x, tn) exists uniformly on M (in fact, in Ck(M) for 
all k) and is a harmonic map of M into M7 (which is of course homotopic 
to/o(x)) . 

The object of this paper is to prove the following assertions: 

(A) If foi M —> M' is a Cl map, then the initial value problem (1.4)-(1.40) 
has a solution f(x, t) for all t > 0; i.e., the condition on the embedding 
w: Mf —> Rq in (a) above can be omitted. 

(B) If f(x, t) is a solution of (1.4)-(1.40) for all t > 0 and its range is in 
a compact subset of Mf, then 

(1.5) /„(*) = l i m ^ / ( * , 0 

exists in Ck(M) for every k and is a harmonic map fœ: ikf —> M' homotopic to 
/0 ; i.e., the selection of a sequence h < t2 < . . . in (/3) above is unnecessary. 

(C) If f(x, i) is a solution of (1.4)-(1.40) for all t > 0, then its range is in 
a compact subset of Mr if and only if there exists a harmonic map homotopic 
tofo = / ( - , 0 ) . 

(D) A harmonic map fœ is a stable stationary point of the differential equa­
tion (1.4). It is an asymptotically stable stationary point if and only if there 
exists no other harmonic map homotopic to it; in this case, it is globally asymp­
totically stable (in the sense that if /0 : M—> M' is any C1 map homotopic 
t o / œ , then the solution/(x, t) of (1.4)-(1.40) exists for t > 0 and / ( • , t) —>fœ 

as in (B)). 

(E) If fo: M —> M' is a C1 map, the set of harmonic maps homotopic to f0(x) 
is connected] i.e., if fœo,fœi a r e two homotopic harmonic maps, then there 
exists a continuous map fœ(x,u): M X [0, 1] —> M' such that / œ ( - , 0) = /œ0, 
/ œ ( - , 1) = / œ i , and / œ ( - , u) is harmonie for fixed u, 0 < u < 1. 

In order to state the next assertion, introduce the following notation: if 
y, z are points of M', let r'(y,z) denote the distance between them in the 
metric of M'; if f,g: M —•> M' are two maps, let \f, g\œ = sup rf(f(x), g(x)) 
for x G M; if M" is a compact subset of M', let Ô = b{M") > 0 denote a 
number with the property that if y G M" and r' (y, z) < 5, then there is a 
unique minimizing geodesic joining y and z. 
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(F) Let M" be a compact subset of M' and fœo,fœi be harmonic maps such 
that fœ0(M) C M" and \fœo,fœi\œ < b(M"). For x fixed, let F(x, u), where 
0 < u < 1, be the unique minimizing arc {or point) joining F(x, 0) = fœo(x) 
and F(x, 1) = fœi(x) with u proportional to the arc-length. Then, for fixed 
u, F(-, u): M —* M' is a harmonic map and the length of the geodesic arc F(x, u), 
0 < u < 1, is independent of x. 

Equations (1.4) are the Euler-Lagrange equations for the variation of the 
"energy," 

(1.6) E{f) = f gij(x) g'Mfïfj (det ghk)
h dx} 

•sM 

of a C1 m a p / : M—> M'. The assertions (E) and (F) imply that if fœo,fœi 
are homotopic harmonic maps, then there exists a piecewise smooth homotopy 
through harmonic maps. Hence, we have 

COROLLARY. The energy E(f) is constant on any set of homotopic harmonic 
maps. 

This corollary and (F) will be used to prove 

(G) If fooOifœi are homotopic harmonic maps, then there exists a C°° homotopy 
fœ(x,u): MX [0,1]->M' from /«,(-, 0 ) = / œ 0 to / „ ( - , 1) = / œ i with the 
following properties: (i) for a fixed u, fœ(-, u): M —> M' is a harmonic map 
and (ii) for fixed x, the arc fœ(x, u) for 0 < u < 1 is a geodesic arc with length 
independent of x, and u proportional to the arc-length. 

(H) Let fœ: M —» M' be a harmonic map and let there exist a point xQ Ç M 
such that all sectional curvatures of M' through /œ(xo) are negative. Then a 
necessary condition that there exist a harmonic map ^fœ homotopic to fœ is that 
there exist a geodesic 70 on M' and a neighbourhood Uo of x0 such thatfœ(Uo) CYO-

COROLLARY. In (H), if the rank of the Jacobean matrix {dfa/dxi) at X — Xo 

is larger than 1, then there is no harmonic map fâfœ homotopic to fœ. 

If M and M' are analytic Riemann manifolds, then harmonic maps are 
analytic; (1, p. 117). In this case, (H) has the following corollary. 

COROLLARY. In (H), let M and M" be analytic Riemann manifolds. Then 
a necessary and sufficient condition that there exist a harmonic map ^fœ homo-
topic to fœ is that fœ (M) be a point or a closed geodesic. 

When M and Mf are only Cœ, then the assumption of this corollary involving 
one point fœ(xo) has to be made at every point of fœ(M): 

(I) Let fœ: M —» M' be a harmonic map and suppose that all sectional curva­
tures of M' are negative at every point of fœ(M). Then a necessary and sufficient 
condition that there exist a harmonic map ^ / œ homotopic to fœ is that either (i) 
fœ(M) is a point or (ii) fœ(M) is a closed geodesic 7. In the latter case, all har-
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monic maps homotopic to fœ are obtained by a "rotation of fœ" (i.e., by moving 
each point fœ{x) a fixed oriented distance u along 7) and, conversely, every 
"rotation of fœ" is a harmonic map homotopic to fœ. 

It should be noted that in (H) and (I) there are no curvature assumptions 
on M. This contrasts with the corollary of (1, p. 124). 

The proof of assertions (A)-(I) will depend on a priori estimates of Eells 
and Sampson (1) and on a device of Lewis (5), as exploited by Hartman (3, 
4). 

Assertion (C) shows that the example (1, p. 155) of a solution 

f(x,t): MX[Q,™)->Mf 

which does not have a precompact range is superfluous. I t can be mentioned, 
however, that a modification of this example shows that the part of (C) 
which is converse to (B) is false if one drops the assumption that the sectional 
curvatures of M' are non-positive: 

Let v = v(u) > 0 be an even real-valued function of class C°° for all real u 
such that dv/du < 0 for u > 0, so that v has a maximum at u = 0. Let Mf be 
the surface of revolution y = v(u) cos 0, y2 = v(u) sin 0, y* = u in Rs 

and M = S1, parametrized by the central angle 9. The corresponding equation 
(1.4) is 

ut = use + vuvuu(l + vu
2)~lue2 — vvu(l + ^2) - 1002> 

4>t = </>00 + 2(vu/v)uQ <t>e. 

If / : Sl —> M' satisfies the initial condition ue = 0, 0 = 6 at t = 0, then the 
same is true for the solution for t > 0. Thus the initial value problem reduces to 

Ut = —VVU/(1 + Vu
2), u(0) = UQ. 

If Uo = 0, then the solution u = 0, 0 = 6 for all / > 0, is independent of t, 
and is a harmonic map. If Uo > 0, then it is easy to see that the solution 
exists for all t > 0 and u —> œ as t —» °o. Of course, the harmonic map 
Q —* (u, 0) = (0, 6) is homotopic to the initial map 6 —> (u, 0) = (u0, 0). 

In this example, the harmonic map 6 —» (w, 0) = (0, 0) is an unstable 
stationary point of (1.4). Thus (D) is also false without the assumption on 
the sectional curvatures of M' in (1.1). 

An obvious modification of this example shows that (E) is also false without 
this assumption. 

2. Main l e m m a . Let r'(y, z) denote the distance between two points 
y, z £ M' in the metric on M\ If / , g: M —> Mf are two continuous maps, 
introduce the distance functions 

(2.1 J |/, gL = sup r'(f(pc), g(x)) for x G M, 

(2.1,) \f,g\P = \^f \r'(f(x),g(x))\*dv)lfP, 
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where 1 K p < œ, dV is the element of volume on M (so that in local co­
ordinates dV = (det gik)* dx), and V = jMdV is the volume of M. 

LEMMA 2.1. Let F(x, u)\ M X [0, a] —> M' be of class C1 and, for a fixed u> 
let f(x} u, i) be the solution of (1.4) on 0 < t < t\ (<°°) reducing to F(x, u) 
at t = 0. Then 

(2.2J D(t, oo ) = a supfe '^ . /* )* for x G M, 0 < u < a, 

(2.2,) /?(*,/>) = a{~ jMj\g^fufur
/2dudvY\ 

where 1 < p < oo, are non-increasing functions of t on [0, /i). 

Only the case /> = oo of this lemma will be needed below for the proofs 
of (A)-(I), but the proof for 1 < p < oo wiH also be given. (Of course, the 
case p = oo can also be obtained as a consequence of the result for large p.) 

Proof. For fixed u, /(x, u, i) and fu = df/du are of class 

OiMX [0,h))r^Cœ(MX (0,*i)) 

with the corresponding partial derivatives continuous functions of (x, u, t). 
This can be proved by a re-examination (and differentiation with respect to u) 
of the successive approximations used in the proof of the local existence 
theorem (0) for (1.4) in (1, Section IOC). 

Let / = f(x, u, t) and subscripts /, u, i, j , . . . denote partial differentiation 
with respect to /, j Define the function 

(2.3) Q(x,u,t) =g'af>(f)fîfi. 

In view of the relations 

àgWdy* = g'ar ?% + g'fir V'^, 

differentiation of (2.3) with respect to t and xl gives 

( 2 . 4 ) \Qt = g'apfutfu + g'ar ^'^ftfufu, 

( 2 . 5 ) \Qi = g'afrflifu + g'ar T'lcfiftfu-

From the last formula and (1.3) it follows that 

A ( * G ) = gfaf>Wu)fu + g'ar Tg, ft fu{£if*) 

+ gijfaui ^ fcVtf) + g"fi-^ (g'ar T'Mifi). 

oxJ dx3 

Carrying out the indicated differentiations and using (2.4), (1.4), and the 
differentiated form of (1.4) given by 

/« = A/: + e ÇT"/:/?/? + 2? rx/L/?, 
oy° 
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we obtain 

(2.6) (iQt) = A(|0 + g"R'wKiïftf - Si}ë'a^^J 

where R\a,^ is the curvature tensor 

and 

— Jui ~t~ ± XnJuJi' 

In view of the relation 

ax1 

On 2fee case p = » . Thus, for a fixed w, Q(x,u, t) satisfies the parabolic 
differential inequality Qt — A<2 < 0. Hence, the maximum principle implies 
that if 0 < 5 < t, then maxx Q(x, u, t) < maxx Q(#, u, s) for every fixed 
u 6 [0, a]; cf., e.g., (8, Theorem 4, p. 171). Consequently 

maxI)M Q(x, u, t) < maxîiW Q(x, u, s). 

This shows that D (7, °° ) is non-increasing. 
On the case 1 < p < <». Define the functions 

# ( / ) = F a 1 " ^ ^ ^ ) = (aR(u,t)du. 

#«(*) = Rt(u,t)du, 
•Jo 

it suffices to show that Rt(u, t) < 0. From 

~= \ <2°-\hQ)tdV 
P J M 

and (2.6) it is seen that Rt/p = I + II + III, where 

1= f Q^gVR'^ftfiftfidVKO, 
*> M 

ii = - J>-y (i'^f^^i) dv < o, 
III = f Q^A^QWV =-(p-2) f Qip'2g,} (iQiKhQi) dV. 

%J M *> M 

If p > 2, then III < 0. If 1 < p < 2, so that |p - 2| < 1, it follows from 
Schwarz's inequality that 11 + III < 0 for, by (2.5), 
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Thus, in all cases, 1 < p < » , we have that Rt < 0. This completes the 
proof of Lemma 2.1. 

The usefulness of Lemma 2.1 arises from the following two remarks. 

REMARK 1. For 1 < p < œ awd 0 < J < th 

(2.7) I/O, 0, *),/(•, a, 01* <D(t,p). 
This is trivial if £ = oo. If 0 < £ < oo, the expression on the left of (2.7) 
does not exceed 

If p = 1, this is D(£, 1) and (2.7) follows. If 1 < £ < oo , an obvious applica­
tion of Holder's inequality to the inner integral gives (2.7). 

REMARK 2. For each fixed x, let F(x, u): [0, a] —> ikf' fre a geodesic of minimal 
length jvr 0 < w < a and let u be proportional to the arc-length r' [F(x, 0), .F(x, #)]. 
r/^^n, /or 1 < £ < oo, 

(2.8) 27(0, £) = |F( - ,0) , ^ ( . , a ) | , . 

For if L(x, w) = rf (F(x, 0)), F(#, w)), so that u = aL(x, u)/L(x, a), then 

g'^CF) FM
aFf = L2(x, a )A 2 = |r'(F(*, 0)), F(x, a))\2/a2 

for 0 < M < a. Since /(#, u, 0) = ,F(x, ^ ) , the inner integral of (2.2P), at 
t = 0, is |r'(F(x, 0), F(x, a))!^1-2 7 . Hence (2.8) follows for 1 < p < oo. The 
case p = oo follows by the same argument. 

Lemma 2.1 and (2.7) imply the following 

COROLLARY 2.1. Under the conditions of Lemma 2.1, 

(2.9) | / ( . , 0, *),/(•, a, 01, < 0 (0 , £), K £ < - , 

for 0 <t < h. 

From Lemma 2.1 and Remarks 1 and 2, we obtain the following corollary. 
Recall that if M" is a compact subset of M', then ô = ô(M") > 0 is a num­
ber with the property that if y 6 M", z Ç M', and r'(y, z) < 5, then there 
is a unique geodesic of minimal length joining y and z. 

COROLLARY 2.2. Let M" be a compact subset of Mr. Let f0(x, t) be a solution 
of (IA) for x e M, 0 < t < h (<°°) with its range in M". Letfx{x)\ M-> M' 
be a C1 map satisfying 

(2.10) | / o ( - , 0 ) , / 1 | „ < * = «(ilf"). 

Then the solution /i(x, i) of (1.4) reducing to f\ at t — 0 exists for 0 < t < h 
and 

(2.H) | /o(- ,0 , / i ( - ,OI„ 
is non-increasing on [0, h) for 1 < p < oo. 
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Proof. For a fixed x, let F(x, u): [0, 1] —> AT be the unique geodesic joining 
fo(x, 0) and /i(x) with u proportional to the arc-length parameter. Then 
F(x, u) £ Cl(M X [0, 1]) and Remarks 1 and 2 show that if / i(x, i) exists 
on an interval [0, T], 0 < T < t\, then 

M-,T),M-,T)\,< |/(-,o),/,(-)l, 

for 1 < p < oo. In particular, 

| /0(- ,r) , /1(- ,r)U<ô, 

Hence (2.11) holds on any common interval [0, /0) C [0, h) of existence of 
fo(x, t) and /i(x, t). 

But if 0 < t0 < h, then the range of / i(x, t): M X [0, J0) —• M' is in a 
compact set and the local existence theorem for (1.4) mentioned before (a) 
above implies tha t / i (x , i) can be defined beyond to. This completes the proof. 

3. Proof of (A). Let the initial value problem (1.4)-(1.40) have a solution 
/(x, ( ) o n M X [0, h), where h < oo. In order to prove (A), it suffices to show 
tha t / (x , i) can be continued as a solution of (1.4) beyond t = h. In view of 
the local existence theorem (1, Theorem 10B, p. 154) quoted as (0) above, 
it is enough to prove that the range of f(x, t): M X [0, ti) —» M' is contained 
in a compact subset of M'. 

To this end, apply Corollary 2.1 to F(x, u) = f(x, u) for 0 < u < a with 
a = /i/2, where f(x, u, t) = f(x, u + t) for 0 < t < h/2. By (2.9), 

\f(',t),f(-,t + h/2)\œ < D(0, « ) for 0 < t < h/2. 

Since the range of / (x, / ) : M X [0, /i/2] —> M r is compact, it follows that the 
range of /(x, /) is also in a compact set of M' for x £ M, h/2 < / < h> This 
proves (A). 

4. Proof of (B). Let f(x, t) be a solution of (1.4)-(1.40) for all t > 0 
with its range in a compact subset of Mf. By (/3), there exists an unbounded 
/-sequence 0 < /i < h < . . . such that fœ(x) = lim/(x, tn) exists uniformly 
on M and is a harmonic map of M into ikf'. In particular, 

liminf^oo |/(-,0,/oo|co = 0. 

Hence Corollary 2.2 implies that [/(•, 0»/œ|oo is non-increasing for large t. 
Thus 

(4.1) | / ( - , 0 , / œ L - » 0 as t-**, 

i.e., / ( • , 0 —>/œ in C°(ikf) as / —» oo. The a priori estimates of (1) (as used 
in the proof of the theorem in Section 11 A, pp. 156-157) show t h a t / ( - , /) —»/œ 

in Ck(M) for every k. 
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5. Proof of (C). Only the following partial converse of (B) has to be 
proved: If f(x, i)\ M X [0, °° ) —> M' is a solution of (1.4) and there exists a 
harmonic map fi. M —> M' homotopic to / ( • , 0), then the range of f(x, t) is 
in a compact subset of M'. 

Let F(x, u): M X [0, 1] —> M' be a homotopy from F(#, 0) = / (* , 0) to 
F(x, 1) = fi(x). I t can be supposed that F(x, u) £ C1 (M X [0, 1]). (For if 
F(x, u) is only continuous, suppose that F is independent of u for u near 
0 and 1. Considering T^as a map of the manifold M X (0, 1) without boundary 
into Mf, it follows that there is a C1 map of M X (0, 1) —> M7 coinciding with 
F for u near 0 and 1; cf., e.g. (6, Exercise (c), top of p. 39).) 

Hence, Corollary 2.1 implies that 

| / ( - , 0 , / i L < £ ( 0 , « ) for 0 < ; < œ . 

This proves (C). 

6. Proof of (D). Let /œ : M —> M' be a harmonic map. Then, by Corollary 
2.2 and (A), there is a 5 > 0 with the property that if /0 : AT —> ifr is a C1 

map and l/o^/oU < >̂ then the solution/(x, /) of (1.4) reducing t o / 0 at t = 0 
exists for / > 0 and satisfies | / œ , / ( - , / ) |œ < 5. This is the first part of (D). 
The last part follows from (B). 

7. Proof of (E). Let F(x, u): M X [0, 1] -> Af' be a homotopy from 
^('» 0) =/ooo to F(-, 1) =/ooi. As above, it can be supposed that F(x, u) is 
of class C1. For a fixed u> let/(x, w, 0 be the solution of (1.4) for t > 0 reducing 
to F(x, u) a,t t = 0. Thus, for each u, (B) and (C) imply that there exists a 
harmonic map / œ ( - , u) such that 

| / ( - , « , 0 , / œ ( - , « ) L - » 0 as / - > » . 

It has to be shown that / œ (x , w) is continuous in (x, u). But this is a conse­
quence of Corollary 2.2, which implies that if 0 < u, v < 1, and \v — u\ is 
sufficiently small, then 

l / ( - ,« ,0 , / ( - ,M)L< l^-.tt),^-,»)!» 
for 0 < t < oo. Letting t —> °° gives 

(7.1) | /œ ( - ,^) , /œ ( -^)U<|^(- ,^) ,^(- , t ' )U 

This completes the proof. 

8. Proof of (F). Let/œo,/œ i , F(x, u) be as in assertion (F). Let / (x , u, t) 
and fœ(x, u) = lim/(x, u, t), t —> œ , as in the last section. Thus fœ(x, u) is 
continuous for (x, u) Ç M X [0, 1], / œ ( - , u) is a harmonic map for fixed u, 
and / „ ( - , « ) = /œo,/œi foi* « = 0, 1. 

Let 

Q{x,U,t) = g'a{i(f)fufl 
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where / = f(x, u, t). Since fœo(x) = f(x, 0, t) and fœi(x) = f(x, 1, /) for t > 0, 
we have, by Lemma 2.1, 

(8.1) r'CfoooWJcoiM) < f (${x,u,t)du<D{t, « ) <D(0, co), 
•Jo 

where 

(8.2) D(t,<») = supXtV$(x,v,t). 

The maximum of the function on the left of (8.1) is |/œo,/ooi|œ» which equals 
D(0, °°) by Remark 2 following Lemma 2.1. Let this maximum be assumed 
at x = xQy SO that 

D(0, oo ) < j ÇF(x0,u,t)du <D(f, œ) <£>(0, œ ). 

In particular, 

(8.3) <2è(x0, u, t) = sup^,, <2*(x, », 0 = JD(0, OO ). 

Thus, for fixed u and t, Q*(x, u, t) takes its maximum at x = x0 and this 
maximum is independent of £. 

The proof of Lemma 2.1 shows that Q satisfies the parabolic differential 
inequality Qt — AQ < 0 for fixed u. Hence the strong maximum principle 
implies that Q*(x, u, t) = c0(u) does not depend on (x, t) ; cf., e.g., (8, Theorem 
4, p. 171). In view of (8.3), c0(u) = D(0, oo ) is independent of u. 

Since F(x, u) = f(x, u, 0), the definition of F gives 

r'(fœo(x),fœl(pc)) = { QHx,u,0)du. 
Jo 

Consequently, 

r'(fœo(x),fœl(x)) = f Q*(x,u,t)du = £(0,oo ) 
• J o 

is independent of x, and f(x, u, t), for 0 < u < 1, is the unique minimizing 
geodesic arc joining/oo0(x),/ooi(x) with u proportional to the arc-length. Hence 
f(x> u, t) = F(x, u) for t > 0. In particular, F(x, u) = fœ(x, u) and the 
assertion (F) is proved. 

9. Proof of (G). Let/œo,/œ i be given distinct homotopic, harmonic maps. 
Consider the set 0 of homotopies f(x, u): M X [0, 1] -» Mf from / ( • , 0) =/œ 0 

to / ( • , 1) =/ooi such that, for fixed u, / ( • , w) is a harmonic map, and that 
f(x, u) is uniformly Lipschitz continuous with respect to u (i.e., there is a 
constant C such that 

r'(f(x, u2),f(x, Ui)) < C\ui — u2\ 

for x £ ikf, 0 < ^i, w2 < 1). That the set 12 is not empty follows, for example, 
from the proof of (E) in § 7; cf. (7.1). 
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For f(xj u) 6 12, define 

D(f) = ess sup (g'a&WflfN for x G M, 0 < u < 1, 

and let 
co = inf £>(/) f o r / ^ 0. 

Note t ha t 

(9.1) r'(f(xf u2),f(x, Ui)) < D(J) \u2 — Ui\. 

Let /(i)(x, u),f(2)(x, u), . . . be elements of 12 such t ha t D(f(k)) -+ œ as 
fe —* oo. I t is clear t ha t there exists a compact set M" of AT such tha t 

(9.2) /u)(tff u) £ M" for x Ç Af, 0 < « < 1; jfe = 1, 2, . . . . 

According to the theorem in (1 , Section 8B), there exists a constant c0 

such t ha t if / : M —> i f ' is a harmonic map, then 

s"(*)g'<*(/)/?/? <<*£(/), 
where £ ( f ) is the energy integral (1.6). By the corollary of assertion (F) , 
E(f(-,u)) = E(fœo) for all f(x,u) £ 12. Consequently, (9.2) and the last 
formula line show tha t the sequence of f u n c t i o n s / M (x, u): M X [0, 1] —> M' 
is equicontinuous. Hence there exists a subsequence fn(i),fn(2), . . . such tha t 

fœ(x, u) = \imk^œfn(k)(x, u) 

exists uniformly in M X [0, 1]. Furthermore, for a fixed u, jfœ(-, u) is a har­
monic m a p ; cf. (1 , Section 8 and the arguments in Section 11). Also, fœ(x, u) 
is uniformly Lipschitz continuous with respect to u\ in fact, 

r'C/oofo u2)fœ(x, ui)) < co \u2 — ui\. 

Finally, / „ ( - , 0) = / œ 0 and / œ ( - , 1) = / œ l . Thus fœ(x, u) É 12. 
Since the last formula line implies t ha t D(fœ) < co, it follows from the 

definition of co t h a t / œ ( x , u) £ 12 is a "minimizing" element, D(fœ) = co. Note 
t h a t fœo ?£ /ooi implies t h a t co > 0. 

In order to complete the proof, it suffices to show tha t if 5 = b(M"), 
0 < U\ < u2 < 1, œ(u2 — U\) < 8, then, for a fixed x, the a r c / œ ( x , u), where 
U\ < u < ^2, is a geodesic arc of length independent of x with ẑ  — u\ pro­
portional to arc-length. Suppose, if possible, t ha t this is not the case. By (F) , 
it follows t ha t 

r'(fœ(x, u2),fœ(x, ui)) < u{u2 — ui) < ô 

is independent of x. Let 

d = r'(fœ(x, w2) ,/«,(*, ui)) = |/00(-,W2),/co(-,Wi)|oo. 

T h e assumption t ha t fœ(x, u) does not have the desired property for 
Ui < u < u2 implies t ha t 

d/(u2 — Ui) < sup(g'a/3(f) Cufœu)2 for x 6 M, ux < w < w2. 
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Hence d/(u2 — u\) < co. 
Without affecting these inequalities or the minimizing property D(fœ) = œ 

of fœ, the function fœ(x, u) on u1 < u0 < u2 can be replaced by the homotopy 
supplied by (F) from fœ(x, Ui) to fœ(x, u2) along geodesies. 

Let 0 < 1 be near 1. In terms of 0, define a continuous, piecewise linear, 
increasing function u = u(v) from 0 < v < 1 onto 0 < u < 1 with slope 0 
on iV. 0 < v < Wi/0 and on i>. 1 — (1 — w2)/0 < v < 1 and an appropriate 
slope l/0o > 1 on the complementary interval I2. Obviously, 0O = 0o(0) —> 1 
as 0 —» 1. Define F(x, z/) = /œ(x, w(z/)). It is clear that F G 12. On Ji and 73, 

(g'a,(F) Fa
tFf)i = e(g'a,{f)flufL)h < »e 

and, on I2j 

(g'ap(F) Fa
v F*tf = d/6o(u2 - wi) < o)/0o. 

If 0, hence 0O, is sufficiently near 1, then D(F) < co. But this contradicts F G & 

and the definition of co. Hence (G) is proved. 

10. Proof of (H). Let fœ: M —•> if ' be a harmonic map, x0 a point of M 
such that 

(10.1) the sectional curvatures of M' at/œ(#o) are negative. 

Suppose that there exists a harmonic map fœd ^ fœ homotopic t o / œ . By (E), 
it can be supposed that 

(10.2) d = \fœdJœ\œ > 0 

is fixed so small that, by (F), 

r'(fœd(x),fœ(x)) = d for all x G M 

and there exists a homotopy/(x, u): M X [0, d] —> ilf' such tha t / (x , u) G C°°, 
/(*»0) = fœi f(' > d) = fœd, / ( • , w): ikT —» ilf ' is a harmonic map for fixed w, 
/(x, • ) for 0 < w < d is a geodesic arc with ^ as arc-length. In particular, 

(10.3) Q(x,u)=g'afs{f)fZfu = \, 

(io.4) / l + r'x%(/)/M
x/: = o. 

Let [7 be a neighbourhood of x0 on ilf and d0 > 0 a small positive number 
with the property that 

(10.5) the sectional curvatures of M' are negative at 

f(x, u) for x G Z7, 0 < w < 4d0 (<d ) . 

From (10.3) and equation (2.6) in the proof of Lemma 2.1, we have, on 
M X [0, d], 

(10.6) R'lartfifuftf, = 0, 

(10.7) Djjdx* = fm + r'^fifi = 0. 
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(It may be of interest to remark that if (10.7) is considered a system of linear 
total differential equations for the functions fu, then (10.6) is a consequence 
of the integrability conditions.) 

In view of (10.5) and (10.6), there exist functions cz"(x, u) on U X [0, 4d0] 
satisfying 

(10.8) f°i(x, u) = c\x, u)fu(x, u) for a = 1, . . . , m and i = 1, . . . , n. 

Since the vector fu ^ 0, by (10.3), it follows that the functions cz'(x, u) are 
of class C1 in (x, u) and of class C°° in x (for fixed u). 

Differentiating (10.8) with respect to it, 

/
a i r<x i^ i pa 
iu £ Juu \ Cujui 

and using (10.4) and (10.8), 

(10.9) fin + T'lfufi = ci ft. 

By (10.7), the left side is 0, and, by (10.3), fu ^ 0, so that 4 = 0. Thus 
cz"(x) = c*(x, u) does not depend on u. 

Differentiating (10.8) with respect to xj and using (10.7), 

(lo.io) r« + r'-,/-/; = ci n 
Since the left side of (10.10) is symmetric with respect to i and j , 

dci/dxj = dcj/dx\ 

Thus on any open simply connected neighbourhood Uo of x0, x0 Ç Uo C U, 
there exists a unique, real-valued function $(x) 6 C°° such that 

<t>i = dcfr/dx1 = —a 

and (t>(x0) = 2d0. It will be supposed that Uo is so small that d0 < </>(x) < Sd0 

for x G t/o-
Let \s\ < d0 and replace u by 5 + $(x). Then (10.8) becomes 

0 = /"(x, s + <£(x)) + (t>i(x)fu(x, s + <j>(x)) = df(x, s + 4>{x))/dx\ 

Hence, if jo(s) = /(x0 , s + 2d0), then /(x, s + </>(x)) = 3>o(s) is independent 
of x G [/o for |s| < d0. 

Let T(X) denote the complete geodesic on M' containing the geodesic arc 
fix, u), 0 < u < d (and x fixed). In particular, yo(s) = /(x0 , s + 2d0) G T(X 0) 
for \s\ < d0. On the other hand, yo(s) = f(x, s + </>(x)) G T(X) for |s| < d.. 
Hence y(x) = T(X0) does not depend on x Ç Z70. 

Consequently, /(x, 0) G T(X) = T(X0) for x G C/o» so that 

fœ(U0) =f(Uo,0) C T ( X O ) . 
This proves (H). 

Remark 1. Let y = y (s), — œ < s < œ, be an arc-length parametrization 
of the complete geodesic y(x0) on M*, such that 3> (u) = /(x0, w) for 0 < u < d. 
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Since fœ(Uo) C ) W and Uo is simply connected, there exists a unique 
continuous function 5 = s(x) defined on Uo satisfying s(xo) = 0 and 

(10.11) /„(*) = y(s(x)). 

It is easy to see that s(x) G C°° and that 

(10.12) fœi(x) = ya
s Si, where y° = dya/ds. 

(If this is compared with (10.8), one can show that s(x) = 2d0 — <£(x).) 
From (10.12) and (1.3), it follows that 

(10.13) A/: + gij TZifJf^f^. = y°Mx))*s(pc), 

so that / = /a, satisfies the partial differential equation (1.2) if and only if 
As = 0. 

In particular, s(x) = 0 or s(x) has no local maximum or minimum on Uo-
In the first case,/œ(T/o) = fœ(xo). In the second case, the map / œ : Uo —> 7(x0) 
is open; i.e., open subsets of Uo are mapped onto open arcs on T(X 0 ) . 

Remark 2. Let x° Ç Uo and 

E Z W ) M « ; e.g., fUx°) *o, 
a i 

so that si(x°) j* 0. Then, on a neighbourhood £7° C Uo of x°, it is possible 
to make the change of variables 

* «A/ \ O V *A/ y O V«A/ y y %A/ */V } • • • y i /v *A/ J « 

which has the Jacobian determinant si(x°) ^ 0 at x = x°, and the point x° 
acquires the new coordinates x* = 0. Then (10.11) goes over into the normal 
form /«,(**) = yix*1 + s(x0)) for x* = (x*1, . . . , x*n) G U°. 

11. Proof of (I). 
Necessity of (i) or (ii). It follows from (H) that if there exists a harmonic 

map =^fœ homotopic t o / œ , then/ œ (AT) is contained in some complete geodesic 
7 of AT. 

Suppose that /œ(AT) is not a point. It has to be shown that fœ{M) is a 
closed geodesic curve. Suppose that this is not the case; then/œ(AT) is a closed 
subarc of 7. This is impossible since the map fœ: M —»• 7 is open, by the 
Remark 1 at the end of § 10. (Another contradiction can be obtained by the 
use of assertion (G) since/œ(AT) would be homotopic on 7 to a point.) 

Sufficiency of (i) or (ii). Since the case where fœ(M) is a point is trivial, 
suppose that fœ(M) is a closed geodesic curve 7 on AT. Let 7: y = y (s), 
— 00 < 5 < œ , be an arc-length parametrization of 7, so that y(s) is a periodic 
function of s. 

Let Xo G M and So satisfy /œ(x0) = y(so)- Then in a simply connected 
neighbourhood of x0 there is a unique continuous function s(x) of x satis­
fying (10.11) and s(x0) = s0. As in § 10, s(x) £ Cœ and (1.2) is equivalent 
to As(x) = 0. 
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Since fœ: M —» Mf is a harmonic map, the same is true of f(x, u) defined, 
for fixed u, by f(x, u) = y(s(x) + u). 

Completion of proof. I t has to be shown that all harmonic maps homotopic 
to/oo are "rotations of fœ". But this is clear from (G) and the proof of (H) 
in § 10. 
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