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GLOBAL ASYMPTOTIC STABILITY IN AN ALMOST-
PERIODIC LOTKA-VOLTERRA SYSTEM
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Abstract

Sufficient conditions are obtained for the existence of a globally asymptotically stable
strictly positive (componentwise) almost-periodic solution of a Lotka-Volterra system
with almost periodic coefficients.

1. Introduction

This article is concerned with the derivation of a set of “easily verifiable”
sufficient conditions for the existence of a globally asymptotically stable strictly-
positive (componentwise) almost-periodic solution of the Lotka-Volterra system

n
2 080 - £ a, 0500}

fe
1>ty tg€ (-0,00);i=1,2,...,n, (1.1)
where b, a;, (i, j=1,2,...,n) are nonnegative almost periodic functions de-
fined for ¢ € (-0, 00). In mathematical ecology, the system (1.1) denotes the
dynamics of an n-species population system, in which each individual competes
with all others of the system for a common pool of resources. The assumption of
almost-periodicity of the parameters b;, a,, (i, j = 1,2,...,n)in (1.1) is a way of
incorporating the time dependent variability of the environment, especially when
the various components of the environment are periodic with not necessarily
commensurate periods (e.g. seasonal effects of weather, food supplies, mating
habits, harvesting etc.). Mathematically, (1.1) will denote a generalisation of an
autonomous and a periodic system; our result will, as a special case, provide
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{2} Almost-periodic Lotka-Volterra system 347

results corresponding to such special cases of (1.1). We refer to Fink [1] or
Yoshizawa [7] for the relevant definitions and properties of almost-periodic
functions.

We shall need the following preparation; let R and R, respectively denote the
set of all real numbers and the n-dimensional real Euclidean space; R} will
denote the nonnegative cone of R . Since almost-periodic functions defined on R
are bounded, we define the constants b/, b¥, a,fj, a’ (i,j=12,...,n) by the
following:

inf b,(¢t) = b'; supb,(t) = b, i,j=1,2,...,n.
t€R 1R
H — . — qUu
,lgfza'j(t) - alj’ f:galj(t) - ai/‘

We shall study the almost-periodic system (1.1) with the following assumption

on the coefficients of (1.1);

b! > 0; a, >0, (1.2)
bi> ¥ a“(b/al)). (1.3)
=1
Y

Since the solutions of (1.1) corresponding to nonnegative initial conditions
remain nonnegative subsequently, it will follow that

dx
: (LY. P
st,{b,“—a”xi}, t>t,i=1,2,...,n, (1.4)

as a consequence of which we will have

0 < x,(ty) < b¥/a', = x¥= x,(t) < b'/al, i=1,2,...,nt>1,

(1.1) and (1.5) together lead to

dx, - )

@ =% bl — .Zla;lf(b;‘/aflf) —a‘x;), i=1,2,...,n. (1.6)
j=
J#E1

Now (1.2), (1.3) and (1.6) lead to

n

x,(t5) = | bl = ¥ a(br/al)|(1/a4) = x!

J=1
Vi

=x,(t)>x! fort>1t,,i=1,2,...,n. (1.7)
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From the foregoing preparation we have the following:

LEMMA 1.1. Assume that b;, a,; (i, j = 1,2,..., n) are scalar nonnegative almost
periodic functions defined on R such that (1.2) and (1.3) hold. Then the set S

defined by
S={x=(x,x3,....,x,) €ER [x, < x, < x*;i=12,...,n) (1.8)
where
Xy = min x/; x* = min x! (1.9)
1gign l<ign

is invariant with respect to (1.1).

2. Existence of an almost-periodic solution

We shall note the following facts on almost-periodic functions before formulat-
ing our existence theorem.

DEFINITION 2.1. A function f(¢, x), where f is an m-vector, ¢ is a real scalar
and x is an n-vector, is said to be almost periodic in ¢ uniformly with respect to
x € X C R, if f(¢, x) is continuous in ¢ € R and x € X, and if for any ¢ > 0, it
is possible to find a constant /() > 0 such that in any interval of length /(¢) there
exists a 7 such that the inequality

7+ 720 = (0= B+ nx) = flon)l<e @)

is satisfied for all ¢ € (-0, o0), x € X. The number 7 is called an e-translation
number of f(¢, x).
Let {A,} denote the set of all real numbers such that
T
lim T“/ f(t,x)exp(—i)\jt) dt20 forxe X;i=vV-1. (2.2)
T—o0 1]
It is known that when the set X is separable, the set of numbers {A} in (2.2) is
countable (Yoshizawa [7], page 6). The set {L}¥n ;A,) for all integers N and
integers n, is called the module of f(z, x).
The following result concerned with module containment will be used in the
proof of our existence theorem below.

MoODULE CONTAINMENT THEOREM (Yoshizawa [7), page 18). Let f(1, x) and
g(t, x) be almost periodic in t uniformly for x € D C R,. If for any compact set
S C D and for any sequence of real numbers {1,} having a limit as k — co (the
limit being finite or +o0) for which { f(t + 7,,x)} is uniformly convergent on
R X S, {g(t + 7., x)} is also uniformly convergent on R X S then the module of
g(t, x) is contained in the module of f(t, x).
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(4] Almost-periodic Lotka-Volterra system 349

We can now formulate our existence theorem.

THEOREM 2.1. Assume that the almost-periodic parameters b,, a, , U=
1,2,...,n) of (1.1) satisfy (1.2)-(1.3). Furthermore assume that there exists a
positive number p. such that

n

infa,(t)> E(supal,(t))+p, i=1,2,...,n. (2.3)
treR _I=1 teR
J*i

Then the system (1.1) has a strictly positive (componentwise) almost-periodic
solution, say w(t) = wy(1),...,w,(1), t € R, whose module is contained in that of

(%) = (it 5o %)y ol X %0)s o1 51, %))
where

[t x,) = x,{b.m — Y a,()x }

Jj=1
i=1,2,...,n; (x;,x5,...,x,) € S. (2.4)

PROOF. The set S defined by (1.8)—(1.9) is compact in R,. Let {7,} be any
sequence of real numbers such that 7, — o0 as k — oo and

YA+, x) = filtx,...,x,) |20 ask > 0 (2.5)
1=1
uniformly in (x,,...,x,) € S for t € (-0, 00). For any real number B, let ky(f8)
be the smallest value of k such that 7, + B> t,. Since the invariance of §
implies that any solution of (1.1)
{1 (2 + 74,10, x1(20)), X2 (1 + 7,10, x52(£6)), -, x, (0 + 74 10, x,(2))} € S

forall t > B and k > ky(B) whenever {x,(¢,),...,n,(1;)} € S, our first task in
the proof is to show that the sequence

{xl(t + T, 10, X1(20)), - x, (1 + 'rk,to,x"(to))}, k> ko(B),

converges to a continuous bounded function say w(z) = {w(1),...,w,(1)} de-
fined for ¢ €[B, co) such that w(t) € [x,,x*], t €[B,0), i=1,2,...,n and
the convergence is uniform on all compact subsets of [ 8, ). Since x, and x*
are independent of B, it is enough to show that

{xl(’ + 7,19, X,(20)), -, x, (1 + s tos X, (1))} k> ko(B),

is a Cauchy sequence on compact subsets of [ 8, 00).

Let U be any compact subset of [, 0), and let ¢ be any arbitrary positive
number. Choose an integer ny(e, B) = ko(B) so large that for m > k > ny(¢, B)
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and all r € (—c0, )

2 (bt +7,) = b, (1 + 1) [ < (enxs)/(4x*), (2:6)
i=1
x*¥ X a(t+7,) = a,(1+ )| < (pexs)/(4x*), (2.7)
=1 j=1
(2nx*/x 4 )exp[-px (B + 7, — 15)] < (e/2x*). (2.8)
Denote x,(¢, 1y, x,(¢)) by x,(¢) for brevity, and consider a function v(s)

defined by

v(s) =v(x(s),x(s+1,+ 7))

= 2 |logx,(s) —logx,(s + 7, — )|, x> 1o, (2.9)
i=1
where x(t) = {x,(¢),...,x,(t)} denotes a solution of (1.1) with
{x:(t9), ..., x,(ty)} € S. The invariance of S for (1.1), together with the elemen-
tary mean value theorem of differential calculus, implies

(1/x* )le(s)-x(s+'r + 7)< v(s)

< (1/x4) Z Ix,(s)=x(s+1,— 1) (2.10)

i=1
Calculating the right derivative D*v of v along the solutions of (1.1) and
simplifying

n

D¥u(s) = {sngn[ s) = x(s + 7, — )]}

{d[logx ()] d[logx,(s +71,—7)] }
ds

< Z |bl(s) - b,(S + Tm — Tk)l
=1

+ gn: (—a“(s)|x,-(s) -x(s+1,- Tk)‘

+ i}aij(s)lxj(s) - xi(s+1,— Tk)l]

J*1
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{6l Almost-periodic Lotka-Volterra system 351

™M=

+ Y |a,.j(s) —a,(s+m1,- ﬂrk)|xj(s +1,—7) (2.11)
i=1j=1

n

< —pxo(x(s), x(s+ 1, — 7))+ ;1 |b,(s) = b;(s + 7,, — 7) |

+x*zn: Z": |a,-1(s)—a,j(s+'rm—7k)|. (2.12)

=1 =1
Let us set s — 7, = o; then we have from (2.6)—(2.7) that

z": |b,(s) — b,(s + 1, — 1) |+ x* i z": Ia,j(s) —a;,(s+1, - )|

=1 =1

= 2 |b(o+7)=b(o+1,)]
=1

n n
+x* Y Y a, (o +7)—a,(o+1,)
1=1 =1

< (pexs)/(2x*). (2.13)
Now an integration of (2.12) over (, f — 7,) together with (2.13) leads to
o(x(t+ 1), x(t +1,)) <v(x(ty), x(t + 7,, — 7))exp[-pxo(t + 1, — 1)]
+[(pexy)/(2x*)] /(px)
< [@x2)/xaJexpl-pxa(t + 1, = 15)] +(e/2x*)
< (g/x*) onusing (2.8), (2.10) (2.14)

for m> k > ny(e, ) and for all t € UcC[B,). Thus we have from the
definition of v and (2.14) that

X": |log x,(t + 7,) — logx,(t + 7,.) | < (e/x*) (2.15)
=1
and hence using x, < x;(2) < x* i=1,2,...,nt > 1,,
Zn: |x,(t + ) —x;(t+7,)|<e forallte Uc B, ),
i=1
m>k > ny(e, B). (2.16)

The existence of a function w(t) = {w,(?),...,w,(¢)} defined on [B, ) such
that w,(1) € [x,,x*), i = 1,2,...,n; t €[B, o) follows from (2.16) and the fact
that x,(t) € [x,, x*), i =1,2,...,n for t > t,. Since B is arbitrary, w is in fact
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352 K. Gopalsamy 171

defined on (-o0, 00) and hence we have
x;(t + 7,) = w,(t) as k - oo uniformly on compact subsets of (-0, ),
i=1,2,...,n. (217

Our next task is to show that w: R — § is differentiable and is a solution of
(1.1). Since x(t) = {x,(2),...,x,(1)} satisfies (1.1) we have

é Lt m) - Lx(i+1,)

_il (t+‘rk,x1(t+'rk) x"(t+'rk))
- fe+ 1, x(t+7),...,x,(t + 7)) (2.18)

+ Z |f:(t + Tm?xl(t + Tk)"""xn(t + Tl\))
1=1
= flt+ 1, x(t+71,),..,x,(t + 7,))]
where f, (i=1,2,...,n) are as in (2.4). Since x(t+ 7,) = x,(t + 7),..-,
x,(t+ 7,) € S for large 7, for ¢ in each compact subset of (-c0, c0) there exists
an integer n;(¢) > 0 such thatif m > k > n,(e) then for any £ > 0,

igllf,(t+’rk,xl(t+Tk),...,xn(t+7k)) (2.19)
— f(t+ 1,0t + 1), x, (e + 1)) < (e/2).

Similarly since x,(t + 7,) € Sand x,(t + 7,,) € S for i = 1,2,...,n there is an
integer n,(e) > O such that for large enough m, k, such that m > k > n,(¢), we
have

Zlf(t+ X (t+ 7)., x, (1 + 7))

(2.20)
— filt+ 7, x(t+1,),...,x,(t + 7)) < (e/2).
Thus if m > k > ny(e) = max{n,, n,}, we have
g dt x,(t+ 1) - dt x(t+1,)|<e (2.21)

which shows that

. d . .
lim —x,(r+7,) existsfori=1,2,...,n
k—oo dl
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(8) Almost-periodic Lotka-Volterra system 353

uniformly on all compact subsets of (—o0, 00). Thus we have

x(t+ 7 +h)—x,(t+7)

lim lim
kLoo h— oo h
— tim lim x(t+1+h)—x(t+71) (2.22)
h—0 k-0 h
t+ h)— t
_ i 4 ) W,()’ i=1.2,...m
h—0 h

showing that (since the left side of (2.22) exists) w; (i = 1,2,..., n) is differentia-
ble. Furthermore we have from (2.22) that

d
W&Et) = lim [/t + mex (04 7). 2,1+ 7))

_f:(’ + Tk’wl(t)’”"wn(t))
+f(t+ T,(,wl(t),...,w,,(t))]
=f(t,w(e),...,w,(1)); i=1,2,...,n, (2.23)

by the uniform almost periodicity of f, f;,...,f, on R X § and hence w(¢t) =
(w(1),...,w,(2)) is a solution of (1.1).

In order to complete the proof, we have to show that w(z) = {w,(2),...,w, (1)}
is an almost-periodic function whose module is contained in that of
(it xyooox, ) (X, Xy o0y x), oo, (8, X4, 00, x,)) for (xq, xp,..0,X,)
€ S. For this purpose it is in fact sufficient (by the module containment theorem)
to show that for any sequence of real numbers {, } for which

{(AG+ T, x,0x,), L+ 7, x, o x,)ee e [(E+ T x50 x,) )

converges uniformly on R for all (x,,...,x,) € S, the sequence {w,(¢ + 7,),
.,w,(t + 7,)} converges uniformly on R where 7, tends to a finite number or
+ 00 as kK — oo.
In the case where 1, > 7 # t+ 00 as k — oo, we have w,(t + 7,) = w;(t + 7),
i=1,2,...,n uniformly on R as k — oo. Let us suppose 7, = o0 as k = oo. For
any & > 0 there exists an integer ny(¢) such that if m > k > n,(¢) then

Y Ib,(l+'rk)—b,(t+7'm)|< (e/4x*)x,, (2.249)
=1
x* Z Z Iaij(’ + 'rk) - aij(t + "'m)|< (3/4X*)I‘X*, (2-25)
i=1j=1
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n(2x*/x,Jexp[-px 7] < (e/2x*). (2.26)

Consider the function v(w(s),w(s + 7,, — 7,)) for s € [¢t,¢ + 7,] defined by

v(w(s),w(s+1,— 1)) = i |logw,(s) — logw,(s + 7,, — 7)|. (2.27)

=1

Using the fact w: R — § and w is a solution of (1.1), calculate the right derivative
D"y of v;

n

D*u(w(s),w(s+1,— 7)) = -21 {sign[w,(s) —w(s+1,— )]}
‘{dw,.(s) 1 dw(s+1,— 1) 1 }
ds w,(s) ds w(s+ 1, — 1)

—#ZIW( )= w(s+ 7, — )|+ Zlb(s = b,(s+ 1, = 7)]

=1

n[VJ:.

i | a,l(s + 71, — 'rk)l (2.28)

< —pxyo(w(s),w(s + 7, = 7))

4 i1|b,(s) —b(s+ 7, — 1) (2.29)

n n
+x*Y ¥ |a,j(s) - a,j(s + 1, — 'rk)l.

1=1 j=1
If we set s — 7, = o then we have from (2.29),
Dro(w(s),w(s+ 7, — 7))

< —pxy0(w(s),w(s + 7, = 7))

+ Z Ibl(o + Tk) - b,(S + Tm)l
=1

+x*.i Z": Ia,.j(o+'rk)—a,j(o+'rm)| (2.30)
< —p‘x*v(w(s),w(s +1,— 'rk))
+[(enxa)/(4x*)] +[(enxa)/(4x%)]. (2.31)
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Integrating (2.31) over (¢, + 7,)

v(w(t+7),w(t+1,))
< e (0wt 7 = 7)) +(o/25°) )

e #* Y |logw,(1) = logw,(t + 7, — 7)) | +(e/2x*)
=1

e ik i [wi (1) = w,(t + 1,, — 1) [(1/x4) +(e/2x*)
i-1
n(2x*/x,)exp[-px 7] +(e/2x*)
(e/x*). (2.33)

N

n

N

A

Since
v(w(t+7),w(t+1,))> i w(t+7)—w(t+1,)|/x* (2.34)
=1
we have from (2.33) that
i |w,(t+ 1) —w(t+7,)|<e form>k>ny(e)
i=1

which show that the sequence {w,(¢ + 7.),...,w,(¢ + 7,)} converges uniformly
on R. By a similar argument the above conclusion is also valid when 7, —» —o0 as
k — oco. Thus the uniform convergence of the sequence {w(f+ 7.),...,
w,(t + 7,)} as k = oo on R follows and this completes the proof of the theorem.

COROLLARY. Suppose b, a, (i,j=12,...,n) in (1.1) are periodic with a
common period say T > 0. Then if (1.2), (1.3) and (2.3) hold, the system (1.1) will
have a periodic solution w(t) = {w,(t),...,w,(t)} of period T such that

w(t+ T)=w/(t), teR;i=1,2,... n.

PRroOF. Proof follows from that of Theorem 2.1 if we choose 7, = KT (K =
0,1,2,...) and note that

x(t+ KT)-w(t)>0 ask—> o;i=1,2,...,n;t€R,
x(t+(K+1)t)—w(t) >0 asK—> o0;i=1,2,...,n; t €R,
x(t+ T+ KT)—w(t+T)>0 ask—o0;i=1,2,...,n;, ¢t €R,
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implying that
w(t+ T)=w(t); i=1,2,....,n;t€R.

3. Global asymptotic stability

By definition we say that an almost-periodic solution, say w(r) =
{wi(2),...,w,(£)} of (1.1) is globally asymptotically stable (or attractive) if and
only if every other solution x(r)= {x,(¢),...,x,(¢)} with x,(0)>0, i=
1,2,..., nis defined for all ¢+ > 0 and satisfies

lim |w,(¢) - x;(£)]=0; i=1,2,...,n. (3.1)
= oo

A consequence of such a global asymptotic stability is that there cannot be
another strictly positive almost-periodic solution of (1.1).

THEOREM 3.1. Suppose the almost-periodic coefficients b,, a, , U J=12,...,n)
satisfy (1.2) and (1.3) and the following

inf a,,(t) > { Zsupaj,(t)} +p;,  i=1,2,...,n. (3.2)
teR

J=1

Ve
for some positive number . Then (1.1) has an almost-periodic solution (with strictly
positive components) which is globally asymptotically stable.

We will omit the proof since the proof is identical with that of Theorem 3.1 of
[3]-

Under condition (3.2), the almost-periodic solution w(t) = {w(2),...,w,(1)}
of (1.1) enjoys a somewhat strong form of stability, even if the coefficients of (1.1)
are subjected to a class of perturbations. We note (see Yoshizawa [7], page 17)
that if a function b: R — R is almost periodic, then H(b), the “hull of b is
defined as follows:

glg: R —> Rand g(¢) = lim b(¢ + 7,) for some sequence
k— o0

H(b) = { (3.3)

7, of real numbers, the limit being uniform in ¢ € R.

By Theorem 2.2 of Yoshizawa [7, page 10], members of the hull of almost-peri-
odic functions are themselves almost periodic.
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A system of the form

dy,(t) (,){B (1) — Z A,,(t)y,(t)}

i=1,2,...,n;t>1t,€R, (3.4)
where
B, € H(b,); A,€ H(A,), i,j=1,2,...,n, (3.5)

is known as a system from the hull of (1.1). As a consequence of the definition of
the hull in (3.3) and (3.5) we shall have

inf B,(t) = b; sup B,(t) = b!,
teR

p— u
l_/’ SupAlj(t)_al_/’
te€R

mfAU(t)

and hence the coefficients of (3.4)—(3.5) satisfy the same conditions as (1.2), (1.3)
and (3.2). It will then follow from theorems (2.1) and (3.1) that solutions of
(3.4)-(3.5) with y,(ty) > 0, i = 1,2,..., n will have the following property:

y(t)>0 fort>ty;i=1,2,...,n,

Y »,(¢) remains bounded for ¢ > ¢,
=1

DEFINITION. A solution x(t) = {x,(t),...,x,(2)}, t € t, € R of (1.1) is said
to be stable under perturbations from the hull of (1.1) if the following holds: let
y() = {yi(1),..., y,(1)} be any solution of (3.4)-(3.5) such that y,(¢y) > 0,
i=1,2,...,n, and for some positive constants 8,, B,, B, < y,(1) < B,, t = ¢,
i=1,2,...,n. Then, given any & > 0, there exists a constant § > 0 such that

™=

[x,(10) = y.(15)|< 8

Jj=1

T osuplb() = B(D]<8 b= T [x(e) —y(r)| <e

s |

i=1t€R

E Z supla,l(t) A,J(t)]<8

i=1 =1t€R

fort>1,.  (3.6)

We can now formulate the following result which shows that all solutions of
(1.1) are stable under perturbations from the hull of (1.1).
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THEOREM 3.2. Assume that the conditions of Theorem (3.1) hold. Then every
strictly positive solution of (1.1) (including its unique almost-periodic solution) is
stable under perturbations from the hull of (1.1).

PrOOF. Let x(2) = {x,(1),...,x,(¢)} and y(t)= {y(¢),..., y,(¢)} be any
two strictly positive solutions of (1.1) and (3.4)-(3.5) respectively for ¢ > ¢, € R.
Let B, B, be constants such that

By < x;(t) < By,
B <y.(1) <B,,
Consider now a function ¥V(¢) = V(x(t), y(¢)) defined by

V(x(t),y(t))=ﬁ:lllogx,(t)—logyi(t)], t>1,€R. (38)

i=1,2,...,n 1> 1, (3.7)

It is easy to see that

Bz):lx(t) yi(0)| < V(x(2), y(1))

<L Y () =), t>1,€R (39)
Bl =1

Calculating the right derivative D*V of V and using (1.1) and (3.4) we derive
(after simplification) that

DHV(x(0), p(1)) < - ¥ |xi(6) = n(D ]+ L [5,(6) - B,(1))|

i=1 i=1
+BZZ Z Iaij(t)_Alj(t)I; t>tO’
Jj=1 =1
< BV (x(2), y(1)) + XL |b,(1) = B,(1)|
i=1
+B2 2 E 'ai_/(t) _Ax_/(t)l; > tO' (310)
i=1y =1

An integration of (3.9) over (¢4, ¢] with an application of (3.8) leads to

ZIX(I) yi()]< V(x(2), (1)) < V(x(0), ¥(10))

2 j=1

n

+| X sup|b,(r) - B, t)|+BzZ 3 Supla,,(t) A.,(t)l

i=1t€R =1 j=1 1eR

t >t
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and hence

2 (0 = (0l < [ £)  I5010) = (10|

i=1 =1

1=1t1€R

+M—%:[Z": sup |b:(1) — B,(1)|

‘*‘.Bzi Z": sup|a,j(t) —A,j(t)|]. (3.11)

i=1y=11€R
Now for any & > 0 if one chooses a § > 0 such that

8<min{§g—:,§%p} (3.12)

then (3.6) will be satisfied and this completes the proof.

4. Some comments

The sufficient conditions obtained here provide a significant generalisation of
the author’s results in [2], [3]). Periodic Lotka-Volterra systems have been consid-
ered by several authors; however almost-pertodic Lotka-Volterra systems seem to
have been not considered in the literature so far. Our conditions of Theorem 3.1
(although sufficient) are easy to verify and offer global asymptotic stability. For
some remarks regarding the evolutionary and ecological significance of the
variability of environment we refer to [4]. For a discussion of the ecological
implication of the condition (3.2) we refer to [5], [6]. In a forthcoming analysis we
will consider almost periodic systems of the type (1.1) including infinite time
delays.
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