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Abstract

The classification of the nilpotent orbits in the Lie algebra of a reductive algebraic group (over an
algebraically closed field) is given in all the cases where it was not previously known (E, and E; in bad
characteristic, F, in characteristic 3). The paper exploits the tight relation with the corresponding
situation over a finite field. A computer is used to study this case for suitable choices of the finite
field.
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Let g be the Lie algebra of a connected reductive algebraic group G defined over
an algebraically closed field k of characteristic p (0 or a prime). The classification
of nilpotent orbits in g reduces easily to the case where G is simple, and it is
known in most cases. If p is good for G (that is, not bad [20, page 178]), Springer’s
correspondence [20, page 229] allows us to use the classification of unipotent
elements in G ([20), [2], [7), [13], [11], [12]). If p is bad, the following cases are
known: G classical [5], G, [23], E4[17), F, when p = 2[18].

The remaining cases are

(a) F, P = 3’

(b) Ep,p = 2,3,

() Eg,p = 2,3,5.

They are dealt with in this paper.

If k is an algebraic closure of a finite field F, and G is defined over F,, it should
be possible to use a computer in the study of the action of G on g*, where F
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denotes the Frobenius morphisms of G and g, and this would yield much
information on the action of G on g. Let U be an F-stable maximal unipotent
subgroup of G, with Lie algebra u. Instead of looking directly at the action of G¥
on g*, the computer is used in this paper to calculate the order of the stabilizer in
U of various elements of u. As far as programming is concerned, this has the
advantage that there are efficient algorithms for finite p-groups.

As a corollary of the classification, we get

THEOREM 1. There are only finitely many nilpotent orbits in g.

It would of course be desirable to have a unified proof, as for unipotent classes
(8]

For x € g, let G, denote the stabilizer of x in G and let B9 be the variety of all
Borel subgroups of G whose Lie algebra contains x.

THEOREM 2. dim G, = 2 dim B + r, where r is the rank of G.

We may assume that G is of type F,, with p = 3, or of type E, or E,, with p
bad. We say that x € g is distinguished if it is nilpotent and Z%(G) is a maximal
torus of G, (this differs slightly from the definition given in [2]). As noticed in
[15], it is sufficient to prove that the distinguished orbits can be obtained by the
process of induction [10], and this is actually how we shall get hold of them.

The theory of Springer representations can be made to work in bad characteris-
tic ([3), [9]), and Theorem 2 implies that the nilpotent orbits can be parametrized
by irreducible representations of the Weyl group.

The method used here does not give the structure of G, (x € g nilpotent), nor
the inclusion relation between closures of nilpotent orbits. The results are
therefore weaker than those obtained for unipotent elements by Mizuno [12].

The proof proceeds along the following lines. Let F, be a finite field of
characteristic p. We can assume that k is an algebraic closure of F, (this is used by
Lusztig [8] in his proof of the finiteness of the number of unipotent classes) and
that G is defined and split over F,. Let F : g = g be the Frobenius morphism of
g. Let C be an F-stable nilpotent orbit in g, let x € C and let S be a maximal
torus of G,. Then |CF|is given by a polynomial in ¢ which depends only on dim C
and the conjugacy class of S in G. The computer is used for the following two
major steps:

(i) Let C,,...,C,, be the non-distinguished nilpotent orbits in g. We compute
dim C,, and hence [Cf|, for1 < i < m.

(ii) We construct distinguished orbits C,, . ,,...,C, such that T, _; _.|CF| = ¢*V
(as polynomials), where N is the number of positive roots of G. As the number of
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nilpotent elements in g * is g2" [19], this shows that Ci,...,C, are all the nilpotent
orbits in g.

The second named author is grateful to the University of Warwick for its
hospitality, and to the Science and Engineering Research Council for financial
support during the preparation of this paper.

0. Notation

In addition to that used in the introduction, we shall use the following notation.

If H is an affine algebraic group, we write Uy, or R, (H) for its unipotent
radical.

We fix a Borel subgroup B of G, with maximal unipotent subgroup U, and a
maximal torus T in B. The Weyl group of G is W = N;(T)/T. More generally, if
H D T is a connected subgroup of G, let Wy = N, (T)/T C W. Let wy be the
element of maximal length in W}, (i.e. wy is the unique element of W such that
H N BN™“B C TU,).

For the Lie algebra of an algebraic group we use the corresponding gothic
letter, for example b, u, u, are the Lie algebras of B, U, Uy respectively. We
write g - x for Ad(gXx) (g € G, x € g). The nilpotent variety of g is denoted .A4".

Let ® ¢ Hom(T, G,,) be the root system of G, with ®* the set of positive roots
and A the basis corresponding to B. For each A € ®, let x,: G, — G be adapted
to A. Let U, = x,(G,) € G and X, = (dx,)q(1) € g. Let also L, be the subgroup
of G generated by U, and U_,. The roots are denoted as in [4]. For example, for
F, the highest root is 2342, and for Ejy it is 2%$>%32,

Except in paragraph 1, & is an algebraic closure of a finite field F,. We assume
that G, B, T and x, (A € ®) are defined over Fq, and F denotes the Frobenius
morphisms of G, g, etc. The conventions concerning Lang’s theorem and its
applications are the same as in [20]. For example, if 7" is an F-stable maximal
torus of G corresponding tow € W, then Factson 7" as wF on T.

The classification of nilpotent orbits for E, and E; in bad characteristic was
conjectured in [16], with a notation not adopted in this paper since it conflicts
with the Bala-Carter method which we shall use constantly.

There are several references to results concerning unipotent classes in G instead
of nilpotent orbits in g. In most cases the demonstrations can be transposed
easily, but some care is needed in the use of the process of induction [10]. This is
discussed in paragraph 5.

1. Reduction to Fp

For completeness we show why it is enough to consider the case of an algebraic
closure of F,. Let k,, be the algebraic closure of the prime field in k. Then G can
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be obtained by extension of scalars from a reductive algebraic group G, defined
over k,. The nilpotent variety 4"is likewise obtained by extension of scalars from
the nilpotent variety A4 of g,, as well as the adjoint action. Suppose that the
number of G,-orbits in g is finite. Let C,,...,C, be these orbits and let x; € C,
(1 < i < n). Let X, be the disjoint union of n copies of G, and let f;: X, = A7 be
the morphism which sends the element g of the ith copy to g - x,. Then f; is
surjective. It is a general fact that if =,: Y, — Z, is a surjective morphism of
k,-varieties, then the morphism 7: ¥ — Z obtained by extension of scalars to k is
also surjective. Therefore the morphism f: X — 4" from the disjoint union of n
copies of G to A", defined by g — g - x; on the i copy, is also surjective. There
are thus at most n nilpotent orbits in g. On the other hand, the closure C, of C, in
g is G4-stable, hence G-stable since G, is dense in G, and if x; € C, then x 1s also
in the closure of C, in g, This implies that x;,...,x, form a system of
representatives for the G-orbits in g.

2. The polynomial |C |

Let C C g be an F-stable nilpotent orbit. We want to show that |C¥|is given by
a polynomial in ¢ of very special form.

Let x € C, let S be a maximal torus of G, and let M = C;(S). Then M is a
Levi factor of some parabolic subgroup P of G, $ = Z°% M) and x is dis-
tinguished in m [2]). The finite group Wy, ; = No(M)/M = N, (W,,)/W,, acts
on M and on m.

LeMMa 1. W),  acts trivially on the set of distinguished orbits in m.

We can assume that G is simple. Then M has at most one factor which is not of
type A. For type A the only distinguished orbit is the regular nilpotent orbit. If
there is a factor of type other than 4 and W), ; acts by outer automorphisms on
it, then it is of type D, (n > 4) or E,. In both cases the nilpotent orbits are
known, and the distinguished ones are stable under outer automorphisms.

LEMMA 2. In the situation above, it is possible to choose x and S both F-stable in
such a way that P is also F-stable.

We certainly can arrange to have S contained in 7. Then S and P are F-stable.
Moreover Lemma 1 shows that C N m is a single distinguished orbit in m. As it is
F-stable we can find x € (C N m)¥.
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Let H be a connected algebraic group defined over F,, let T be an F-stable
maximal torus of H and let Wy = Ny(T,)/Cy(T,) be the Weyl group of H. The
following formula is due to Steinberg [22]:

1 L dm7y-dm# ¥ 1
= —q 0 Z .
|HF| Wyl wew, 11071

PROPOSITION 1. Let x, S be as in Lemma 2 and let
1 qdim S
B W cl WE Wy o 1S™F| .

MG

Then

ICF| = cp6IGT1g~ 4™ .

Let A = G, /G). For each a € 4, let x, € CF correspond to the F-conjugacy
class of @ in A. It is easily seen that
1 IGF
=1 = e
a€A I(G)?a) ’

Now a € 4 is a coset of the form gG?, with g € G,. As all maximal tori of G, are

G?-conjugate, we can assume that g normalizes S. Let W, = Ngo(S)/Cgo(S) be
the Weyl group of G and let W, = Ng (8)/Cgo(S)- Then by Steinberg’s formula,

1 — 1 gdim S—dimG, 1
o] P S
and therefore
IGFI dim S-dim G 1
ICFl=57g * .
W wew 1S™F

In order to prove the proposition, it remains only to check that

1 1 1 1
i L —rmmp T

b
dwew 15" Wdl .5, 1577

and this holds since Lemma 1 implies that the natural homomorphism W, — W,, .
is surjective.

REMARK. Consider c,, ; as a rational function of ¢ and ¢, 5|G*| as a poly-

nomial in g (g = p¢, e € N*). Then they don’t depend on the characteristic. For
E,, E; and F, they are therefore essentially contained in [12}, [13].
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3. Non-distinguished nilpotent orbits

Let x € g be nilpotent and let C = G - x. Then all irreducible components of
C N u have the same dimension [14]. For w € W, let u,, = u N *u. The following
properties are equivalent ([15], see also {21], [14]):

(1) dimG, = 2dim BS + dim T;

(2) dim C = 2dim(C N u);

(3) dim B¢ = codim ,(C N u);

(4) C contains a dense open subset of u, for somew € W.

Moreover, if w is as in (4), then B - u, is an irreducible component of C N wu,
all irreducible components of C N u are of this form, and they all have the same
dimension.

Let P O B be a parabolic subgroup of G, let M O T be a Levi factor of P and
let U' = U N M. Suppose that x € m, and that M - x contains a dense open
subset of u’ N *u’ for some w € Wy,. Asu' N*u’' =u, ., B-(u" N"u)is
an irreducible component of C N u. Therefore dim C = 2 dim(C N u)
= 2dim B - (u’ N *u’). But B is the semidirect product of B N M and U,. For
any y € M- x N u’ we have B, = (BN M) (Up), and dim(Up), = dim(Up),.
Moreover, two elements y, y* of M - x N u’ are in the same B-orbit if and only if
they are in the same (B N M )-orbit. It follows that

dim B -(u' N*u’) =dim(BN M) -(u' Nn*u’) + dimU, - x.
Asdim M - x = 2dim(B N M) - (u’ N *u’), we get finally.

PROPOSITION 2. Suppose that x € m is nilpotent and that dim M, = 2 dim BY
+dim7T. Then: dimG-x=dimM -x + 2dimU, - x, dimG, = dim M, +
2dim(U,), .

Assuming dim M, known, we need therefore only to compute dim(Uy), to get
|CF}. For this we use the following result.

PROPOSITION 3. For any x € m, (Up), is connected.

We may assume that x € m N b and that T contains a maximal torus S of M,.
Since M D C,(S), it is clear that S is also a maximal torus of G, and B,. Any
irreducible component of B, contains therefore an element which normalizes S,
hence centralizes S since B is solvable and connected. Hence every irreducible
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component of B, meets Cyi(S) € M. But the semidirect decomposition
B = (B N M)U, gives a similar decomposition B, = (B N M) _(U,),. As every
irreducible component of B, meets M, (Up), must be connected.

COROLLARY. Let x € m¥ and let (Up)E| = q°. Then dim(U,), = d.

APPLICATION. Using the Appendix with ¢ = p, we can compute dim(U,),, and
hence dim G, and |(G - x)*| for x nilpotent non-distinguished in g, assuming of
course that the nilpotent orbits are known for Levi factors of proper parabolic
subgroups of G. For this paper, this has been done with the help of a computer
for E, and E,. What was actually computed was [Uf| and (U N M)E|. The
semidirect decomposition with the help of a computer U = (U N M)U, gives
then KU,)%| = [UFI/(U N M)F|

4. The case of F,

If G is of type F, and p = 3, there are 12 non-distinguished nilpotent orbits, as
in characteristic 0. Let C be one of them. With the notation of the previous
paragraph, we can find P (# G), M and x € m N C in such a way that dim(U,),
can be computed very easily (by hand), with the following exception for which
some care is needed. For the class A, + 4, (A, short, A, long), the computation
requires an explicit knowledge of the constants in the commutation formulae. We
can use those listed in [13]. In all cases we find that the non-distinguished orbits
have the same dimension as the corresponding orbits in characteristic 0.

In particular, with the classes we have so far it is not possible to have
dim B¢ =0, 1, 2 or 4. But in this case we know that the number of nilpotent
orbits in ¢ is finite [17]. Richardson orbits are therefore defined. Starting with a
parabolic subgroup having a Levi factor of type @, 4,, A, + 4, or A, + A,, we
get a nilpotent orbit C, such that dim B¢ = 0, 1, 2, 4 respectively for x € C,.
This gives 4 distinguished nilpotent orbits. Comparing with the case of large
characteristic, we find that we have already ¢*® F-stable nilpotent elements. We
have therefore all the nilpotent orbits in g. The distinguished orbits being
Richardson orbits, we see also that theorem 2 holds for G.

5. Induction for nilpotent orbits

Induction for nilpotent orbits is the following operation. Let P be a parabolic
subgroup of G and let M be a Levi factor of P. Let x € m be nilpotent and let:
C = M - x. Assume that diim M_ = 2dim B + dim T. The induced orbit in g is

https://doi.org/10.1017/51446788700023636 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023636

[8} Nilpotent orbits of exceptional Lie algebras 337

the nilpotent orbit C which contains a dense open subset of C + u,. If x =0, C
is the Richardson orbit defined by P. In [10] the corresponding situation for
unipotent elements is investigated, and the finiteness of the number of unipotent
classes implies the existence of the induced class. We cannot use this argument
here, but we still have:

(1) If C exists, then all the properties described in [10] hold. In particular, if
%€ (x +up)NC, then P, ¢ MU,, G = P{ and dim G, = dim M, = 2dim B¢
+ dim T.

(2) If there exists X € x + u, such that dim P; < dim M, then the induced
orbit C exists and % € C.

If G is an exceptional group, induction can be computed explicitely as follows.
We assume that Levi factors of proper parabolic subgroups of G have only
finitely many nilpotent orbits, that these orbits are known, and that induction
inside their Lie algebras is known.

Let S be a maximal torus of M, and let L = C;(S). If C exists, there is an
element X € (x + up) N € such that S contains a maximal torus S of G;. Let
G =Cy8),P=PnNn G, M=Mn G.Then P is a parabolic subgroup of G, M is
a Levi factor of P and the unipotent radical Up of P is U, N G. Now % € (x +
u,)N§ = x + up. Therefore C contains a dense open subset of x + up. As
Cniisa single G-orbit, G - % must be the orbit of § induced from M - x C .

There are only finitely many subgroups H of G which contain L and are Levi
factors of proper parabolic subgroups of G. For each of them, let %, be an
element in the orbit in b induced from the orbit (M N H) - xCcmn Y. If
dim G;, = dim M, for some H, then C = G - % If no such H exists, the induced
orbit is distinguished or does not exist.

We shall use this information to find the distinguished orbits in g. There will
only be a finite number of them, and induced orbits will therefore exist.
Moreover, it will turn out that with one exception, for each d € N there is at most
one distinguished orbit of codimension d in g (G exceptional). If we are not in this
special case we can then clearly find the induced orbit.

The exception occurs with E; when p = 2 and 4 = 22. We have then two
distinguished orbits. As they will both be obtained by induction, the correspond-
ing representations of W in Springer’s parametrization can be determined [10},
and this allows to compute induction in the remaining cases where dim M, = 22.

REMARK. The method described above works also for unipotent classes of
exceptional groups, with the advantage that the difficulty with E;, p = 2,d = 22
doesn’t occur. This method seems to be more systematic than those devised so far
(see e.g. [15)]).
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6. Construction of distinguished orbits

For E, and E; in bad characteristic we don’t know yet that the number of
nilpotent orbits is finite.

Let C,,...,C,, be the non-distinguished nilpotent orbits in g. The number
¥, <i<mlCl can be viewed as a polynomial in ¢. The results obtained so far allow
to compute it for E,, and also for E; once we have representatives for the
distinguished nilpotent orbits in the case of E,. If the number of nilpotent orbits
is finite and C,, . y,...,C, are the distinguished ones, let x; € C; and d; = dim G,
(m < i < n). Thanks to a result of Springer [19], we have

L g4=167 e - T icfl)

m<ign 1<ism

where N = [@*|. This givesn — mand d,,, ,,-...,d, (up to permutation).

Let b,= % (d;— dimT). We shall obtain the distinguished orbits by the
process of induction, and this will ensure that dimG, = 2dim B¢ + dim T
(m < i < n), so that b, = dim %f

If the characteristic is 0 and C is a distinguished orbit, there exist a parabolic
subgroup P of G such that C contains a dense open subset of u, (that is C is a
Richardson orbit). Moreover there is a canonical choice for P, up to conjugation
{2]. In bad characteristic we can take the corresponding class of parabolic
subgroups and the associated Richardson orbit. This orbit, the existence of which
is not obvious at this stage, turns out to be distinguished. We call such orbits
standard distinguished orbits. The corresponding values of b, are all distinct (for
exceptional groups). For E, and E, they are

E,:0,1,2,3,5,7;
E4:0,1,2,3,4,5,6,7,8,10,16.

In bad characteristic we expect the following additional values:

E . p=12:6;

E,, p = 3: none;

Eg,p = 2:7,9,13 (notice that 7 is repeated);
Eg,p=3:11;

Eg, p = 5: none.

Comparing with characteristic 0, we find that for some non-distinguished
nilpotent orbits dim G, is larger than expected. For example, if G is of type E,
and p = 2, the orbits A, + 4, and A, give stabilizers of dimension 37 and 21
respectively, instead of 35, 19. For 4; + A, the difference (in the number of
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F-stable nilpotent elements) is made up by an extra distinguished orbit in Dy, and
the extra distinguished orbit in g (with b, = 6) should make up for 4, In
characteristic 0 the orbit A, i1s the Richardson orbit corresponding to the
parabolic subgroups with Levi factors of type 4, + 34,. In characteristic 2 the
extra distinguished orbit should be the corresponding Richardson orbit in g.

In a similar way we find that for Eg, p = 2, the extra distinguished orbits in g
should take the place of D, (b, = 7), D;(a,) (b; = 9) and D5 + A, (b, = 13). For
Eg, p = 3, the extra distinguished orbit should take the place of 4.

As in paragraph 3 we shall use the computer to calculate |Uf| for various
elements z € uf, in view to find dimU,. As U, can now be disconnected, we get
only the following

Test. Letd € N.If |[UF| < ¢?*!, then dimU, < d.

On the other hand it is clear that if dimU, = d, then |UF| < ¢“*! if q is large
enough. In this paper it will be enough to take g < 5 to get the required results.

We describe now how to get distinguished orbits.

Choose a parabolic subgroup P of G, a Levi factor M of P and a nilpotent orbit
C in m in such a way that in characteristic 0 the induced orbit would be the
expected one. We can take P maximal, P D B, M O T, and we choose x € CF
such that B and T contain respectively a Borel subgroup and a maximal torus of
M.
Let H= MU, We find a suitable subset E C {A € ®|X, € u,} such that
V = Y, kX, is H-stable (see however the remark at the end of the paragraph).
Then H acts on Y = (x + u,)/V. This action should be easy to work with. For
yE€x+uplety=y+ VeY Then P,C H; We are interested in the follow-
ing special cases.

Case 1. We can find y € x + uf such that H) C U and dimU, < dim M,.
Then the induced orbit C exists, it is distinguished, y € ¢ and Gy0 c U.

Case 2. We can find y € x + u% such that

(i) the orbit of y is dense in Y.

(ii) Let K = H;. Then K°/R (K °) is either a torus or is of type 4,.

(iii) B, T contain respectively a Borel subgroup and a maximal torus of K.

Using the method described in paragraph 5, we check first that the induced
orbit, if it exists, is distinguished. This shows that there exists a dense open subset
of y + V consisting of distinguished elements. Let d = dim M,.

(a) If K°/R (K°) is a torus, it is enough to find z € y + V¥ such that
dimU, < d. Indeed, by semicontinuity the set V, = {v € VidimU,,, < d} is
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then open dense in V. There exists therefore a distinguished element X € y + V.
Then K? ¢ G2 N B C U. Therefore dim K; = dimU; < d, as required.

(b) If K°/R (K°) is of type A,, we show first that there exists z € y + V¥
such that dimU, < d — 1. Then ¥, = {v € V|dimU,,, < d — 1} is open dense in
V.If ¥ € y + V, is distinguished, then K? is unipotent, and therefore dim K; <
dimU; + 1 < d, as required.

(©) If K°/R (K°)is simple of type 4,, we proceed as in (b). Let e = dim V' and
let C,=K- % Then |Cf|=(g2—1)g* 2% For 2’ €y + V, z/ & C,, we must
therefore have dim X,. > d + 2, and also dimU,. > 4. This shows thatz € G - X.

Notice that in cases 1 and 2(c) we get an explicit representative for the
distinguished orbit, but not in cases 2(a) and 2(b).
It will be convenient to write E = {A € ®|X, € up,and A & E}.

ExaMmpLE. If C is a distinguished orbit in m, let a be the unique element of A
such that X, € u,. We take E = {a}. We are in case 1, with y = x + X,. The
corresponding situation for unipotent elements is discussed in [10].

This gives already standard distinguished orbits for the following values of b;:

E,:0,1,2,3;

Eg: 0,1,2,3,5,7 (assuming that the case of E, has been successfully dealt with).

ReEMARK. If E' D E and V' = ¥, . ;- kX, have properties similar to those of E
and V, we can choose y’ € x + uf in the same way as y is chosen in case 2, and
then restrict our attention to the action of K’ = Hy, ony’ + V" and (y' + V') /V,
where y' = y’ + V. In particular it is sufficient now for V to be K’-stable. We
write also E’ = {A € ®)X, €Eupand A & E’).

7. Standard distinguished orbits

Let G be a group of type E¢ and consider the following elements of g:
x® = Xio000 + Xoooor + Xi1000
0 0 0

+ Xooo1 + Xooroo + Xo110
0 1 0
2 _
x® = X11000 + Xonr10 + Xor00
0 0 1
+ Xoo110 + Xoornn
1 0
3 _
xP = X,1000 + Xooor1 + Xoornn + Xorz10
0 0 1 1
4 _
x® = X11(1)10 + X01(1)11 + Xu}oo

+X00{11 + XOI%IO
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Their orbits are respectively Ec(a;), A, + A;, D,(a;) and 24, + A,. Let
x=x% (1 <i<4). Then B, T contain respectively a Borel subgroup and a
maximal torus of G,. Let u = 1, ,x,(c,). Suppose that u € G,. Then:

(a)ifi =2,

coogor = 0 = cgoo11 = 0-
0 0

(b)ifi =3,

Coo001 = €00100 = Coo110 = Coonn = 0.
0 0 0 0

Moreover, if i = 1, then G? c U. If i = 4, then G?/R (G?) is simple of type
Ay, and

(L01800L00810L(X)(1)00) is a subgroup of G, of type 4,.

These statements follow easily from results in [17] and the commutation
formulae.

If now G is of type E, or E;, we consider the elements above as elements of g in
the obvious manner.

We have already constructed some standard distinguished orbits in the previous
paragraph. The remaining ones correspond to b, = 5, 7 for E,, and b, = 4, 6, 8,
10, 16 for E4. The characteristic is assumed to be bad.

(A) For E, we must find representatives to be able to carry on with E;. In both
cases we take M of type E, and

E = {008001}, Y =x+ Xoo0001
0

(the notation is the same as in paragraph 6).
b;=5.Letx = x®,

0o 0
Taking
y=y+ Xooglu,
we are in case 1 of paragraph 6, as can be seen in particular from the remarks at
the beginning of this paragraph. The inequality dimU, < dim M, is obtained with
q = p. Thus the induced class C exists,y € C and G C U.
b,=7. Letx = x®,

_ % ,,/000011 000111 001111

E-E u{ ook, 00otiL 9oL }
Taking

y=y+ Xoogou + Xoo(l)m’

we are in case 1. We can use g = p. Thus C exists, y € C and Gyo c U
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It follows that B contains a Borel subgroup of M, and M?/R (M?) is of type
34,. An easy computation with the commutation formulae shows that if u =
IT,,0x:(c)) € M, then

COO(I)OOOO = Cw(l)oooo = Coo%oooo =0.
Jt follows that we can take

={0000001 0000011 0000111 0001111 0011111 0011111}
0 0 0 0 0 1 '

We are then in case 2(a). We use

E

y=x+ X0081111 + X00(1)1111 + Xoo%un’

z=) q9=p.

8. Non-standard distinguished orbits

For E, it remains to construct one non-standard distinguished orbit if p = 2;
for Eg, three non-standard distinguished orbits if p = 2, and one if p = 3.

In each case the proof that B, T contain respectively a Borel subgroup and a
maximal torus of M, is omitted. One can use arguments similar to those invoked
in the case of the standard distinguished orbit in E; for which b, = 16.

(A) For E,, we take M of type D; + A, with

X = Xll(l)OOO + XOI(})IOO + XOI%OOO + XOO%IOO’
in the orbit (4, + 2A4,; &). Let L be the subgroup of M generated by
ngooo, ngooo, L008100 and L00(1)000-
Then L _ is simple of type A;. We also have
L008001 cM,
and M2/R (MD)is of type 2 4. Let
F= {000010 000110 000011 000111}
o > 0 > 0 0 '
We are then in case 2(c). We can use
y=x+ Xooguo + Xoogou’

z=y+ XOO(I)lll’ q=2.

Thus C exists and z € C.
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(B) Suppose now that G is of type Eg and p = 2.
; = 7. Let M be of type D, and let
X = Xm%oooo + XOO(I)IIOO + Xoogmo + X01(1)1000 + XOO}IOOO + Xoogoup
in the orbit 24 ;. Then
(L0010000L0000010)
0 0 x
is of type 4;, and M?/R (M?) is of type A,. We can take
E= { 1030000 }

We are in case 2(c). We can use
Y =x+ Xi000000
0
z=y+ Xll%ZlOO’ q=2.
Thus C exists and z € C.
b, = 9. Let M be of type Ds + 4, and let
X = Xll(l)lOOO + XII%OOOO + XOl%lOOO + XOOO(@)OOII’

in the orbit (34,; 4;). Then

(LsogosoLoogowo)
is of type A4,,
Loyo0000 © M,
0
and M°/R (M?)is of type 24,. We can take
E= {0000100 0001100}
0 >0 ’
We are in case 2(b). We use
y=x+ Xooguooa
z=y+ Xoogouo + X00(1)1111 + XIZ%ZIOO’
q=2.
b, = 13. Let M be of type E, and let

X = Xll%)llOO + XOl(l)lllO + XII{IOOO

+X01%1100 + XOO%IIIO + XOI%IOOO’
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in the orbit A; + A, + A;. Let L’ D T be a Levi factor of the parabolic subgroup
of G generated by B and
Lu{oooo-
A direct computation shows that
( L'Loooouo)
0 x
is of type 4,, and M2/R (M) is also of type 4,. We can take

E= {0000001 0000011 0000111}
0 >0 0
We are then in case 1 with
y=x+ Xoogoou + X0080111~
The required inequality is obtained with ¢ = 2.
(C) Let now G be of type E; with p = 3. We must find a distinguished orbit
with b, = 11. We take M of type D; + A, and

x = Xuélooo + Xulloooo + Xmlzlooo’

in the orbit (34,; @). Then M2/R (M?) is of type A, + 24, and the factors 4,

are given by
L 100000
0
and
(LoooooooLooomoo) .
1 0 x
We take first
E = {0000100 0001100 0000110 000111 0000111 0001111}
0 bl 0 ? 0 3 0 s 0 9 0 b
with
y=x+ Xoogmo + Xoogoul-
We can take

E=E’u{0011100 0111100 0011100}

0 >0 1
and we are in case 2(c). We use
y=y+ X01(1)1100 + Xoolmoo’ z=y+ X0061111a q=3.

Thus € exists and z € C.

REMARK. In the case of Eg, p = 2, it remains to show that the two distinguished
orbits C, C’ we have constructed for b, = 7 are distinct.
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Let M be of type E; and let C; C m be the distinguished M-orbit for which
b, = 7. In paragraph 6 we have constructed a distinguished orbit C in g by
inducing C, from m to g. Since G/P is complete, C = G - (C; + u,). The
elements in C; + u, are all contained in C or in the closure of the distinguished
orbit in g for which b, = 8 (this follows from results in [10] and the way this orbit
is obtained in paragraph 7). If the orbit D, is contained in C, it must then be
induced from an orbit C, C C; with C, of codimension 2 in C,. The only
possibilities for C, are D;(a,) and E¢(a;), and they cannot give D, by induction.

The orbit D, of G is therefore not contained in C. But it is obviously in the
closure of the distinguished orbit C’ constructed in this paragraph. Thus C # C’.

9. The classification of nilpotent orbits

In paragraph 6 we have defined standard distinguished orbits. More generally,
for x € A7, let S be a maximal torus of G, and let M = C,(S). We say that the
orbit of x in g is standard if M - x is a standard distinguished orbit in g. Let
d, = dimG,. If x is standard, we can also define d? to be the dimension of the
centralizer of a corresponding element in characteristic 0.

We have proved

THEOREM 3. Let G be of type E, or E; and let x € A". As above let S be a
maximal torus of G, and let M = Cg(S). Then:
(a) If G - x is standard, then d . = d?, except for the orbit D, + A, if G is of type
Egandp = 2, in which case d = d? + 6, and in the following cases where
d =d%+2:
E, p=2:A4;,+A,, A
Eg,p=2:A4;+ A,, Ag, Ds + A,, D,, D;(a,);
Eg, p=3:4,.
(b) If G - x is non-standard, we are in one of the following cases.
(i) p = 2, M is of type D,, d, = 37 (resp. 72) if G is of type E, (resp. Eg) and
M - x is the only non-standard distinguished orbit in m.
(i) p = 2, M is of type E,, d, = 19 (resp. 40) if G is of type E, (resp. Eg) and
M - x is the only non-standard distinguished orbit in n.
(iii)) p = 2, M is of type D,, d, = 56 and M - x is the only non-standard
distinguished orbit in m.
(iv) p =2, M = G is of type Eg and G - x is one of the three non-standard
distinguished orbits in g. Moreover the possible values for 4, are 22, 26, 34.
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Wp=3,M=Gisof type E;, d, = 30 and G - x is the only non-standérd
distinguished orbit in g.

ReMARK. In [16] a different approach is used, and the orbits listed in part (a) of
the theorem appear as the ‘new’ orbits, and those in part (b) as corresponding to
orbits existing in characteristic 0.

We have proved also

THEOREM 4. Let G be of type F,, with p = 3. Then all nilpotent orbits in g are
standard, and d = d? for all x € A"

Appendix
The Computation of Centralizers in Finite p-groups

The computational problem encountered above was the following. We are given
a finite p-group G of order ¢”, where ¢ is a power of p, which acts in a prescribed
manner on an elementary abelian p-group N, also of order ¢”", and we want to
calculate the order of the centralizer in G of various elements of N. In fact G is a
unipotent subgroup of one of the finite Chevalley groups E,(g) and Ez(q), in
which case n is 63 or 120 respectively, and N is the underlying vector space of the
corresponding Lie Algebra. The relevant values of ¢ are 2, 4, 3 and 5. Equiva-
lently, we are asking for the centralizer of an element of N in the semidirect
product GN, and so we can consider this problem as a special case of the problem
of computing centralizers of elements in finite p-groups. An efficient algorithm
for doing this and for computing conjugacy classes in p-groups is described by
Felsch and Neubiser in [6]. In fact, we used a somewhat simpler method, which
would probably be slower in general, but was adequate for these particular
examples. We shall now give a brief description of this method.

It is convenient to define our p-group P by means of a power-commutator
presentation. This means that we have generators x;, x,,...,x, of P, where
|P| = p”, such that

1c(x) ©{x, %) € -0 ©{xy, Xg,..0,%,) = P

is a central series for P, and we are given the values of the commutators [x;, x,]
(i < j) and the powers xP. Then every element x € P has a unique expression of
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the form
x=xi.""' x;Zx{l (0<ij<p)’

which we call the normal form of x. We assume that the commutators and powers
are given in their normal form. Then these commutators and powers can be used
in the so-called collection process (see, for example, [24]) to put an arbitrary word
in the x, into normal form. This collection process can be carried out very
efficiently on a machine, and it forms the basis of most computer algorithms for
dealing with nilpotent groups. In the normal form for x given above, we will call
xj’J the leading term of x, where j is maximal such that i; # 0. Note that the
leading term of an element is not changed when we replace the element by a
conjugate.

In our specific example, P = GN, the generators of G and N are in one-one
correspondence with the positive roots of the Lie Algebra E, or E;. If g and 4 are
generators of G corresponding to roots ¢ and i respectively, then [g, #] # 1 if
and only if ¢ + y is also a root, in which case g, #] = k *!, where k corresponds
to the root ¢ + ¢. The same rule applies to the action of G on N. Furthermore,
the p™ powers of all of the generators are trivial. This, together with the fact that
all commutators have length 0 or 1, renders the collection process particularly
easy in this case. (Of course, in the case ¢ = 4, the number of power-commutator
generators of G is really twice the number of roots, and commutators may have
length 2 in these generators.) The chief difficulty pertaining to the input of this
data was the sign in the expression [g, #] = k *1, which is only a problem when p
is odd. The essential condition to be fulfilled here is that the relations in the
presentation should be consistent, which means in effect that the associative law
(x;x;)x; = x,(x;x,) should be valid for all #, j and k. Values for these signs were
originally taken from Table 12, at the end of Mizuno’s paper [12]. The computer
was then used to check consistency, and about six errors were found and
corrected.

Now suppose that we wish to find generators of the centralizer of an element ¢
in P. We assume that, at the ith step of the computation (1 < i < n), we have
already found generators of the centralizer of ¢ in {x;,...,x,_;), and we want to
find out whether or not there exists x,w € C(t), for some w € {(x,,...,x,_;). If
so, then [x,, £] and [w~1, 7] will have the same leading term, and so we will keep a
record of the leading terms that can occur as commutators with ¢, at each stage.
At the ith stage, we either find an element xw € C(¢), or we find a commutator
[x,w, t] for which the leading term generator has not occurred previously, and we
record this commutator. We shall now write down this algorithm more precisely.
C will be the set of generators of C(¢), and, for 1 < i < n, b{i] will be an element
of P with [b[i], t] = c[i], where c[i] has some power of x, as its leading term.

https://doi.org/10.1017/51446788700023636 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023636

[20] Nilpotent orbits of exceptional Lie algebras 349

Begin Set C = @ andclil=1for1 <i < n;
Fori=1tondo
Begin Puty = x;
Loop: Putz = [y, t};
Ifz = 1 then replace C by C U{ y} else
Begin Let x be the leading term of z;

Ifc[jl=1thenputc[j) = zand b[ j] = y else
Begin Let x]" be the leading term of c[ j];

Put | = —n/m (mod p) and replace y by yb[ j1';
Goto Loop;
End,
End;
End,
End.

Using an implementation of this algorithm written in Burroughs Algol on the
B6700 machine at Warwick University, a typical process time for the computation
of the centralizer of an element in the case Eg, with ¢ = 3 or 4 was 10 seconds. It
was rather longer than this in a few bad cases in which the elements 5[ j] and ¢[ ]
grew unusually long, but, owing to the simple nature of the power-commutator
presentation, this did not happen very often. The Felsch-Neubuser method is
completely different, and works downwards through the successive factor groups
in the central series for P, rather than upwards through the subgroups, as we are
doing here. We suspect that the downwards method would be ultimately more
efficient if more complex presentations were involved.
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