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Abstract

A weighted generalization of a p-Sidon set, called an (a, p)-Sidon set, is introduced and studied for
infinite, non-abelian, connected, compact groups G. The entire dual object G is shown never to be central
(p — 1, p)-Sidon for I < p < 2, nor central (1 + ¢, 2)-Sidon for ¢ > 0. Local (p, p)-Sidon sets are
shown to be identical to local Sidon sets. Examples are constructed of infinite non-Sidon sets which are
central (2p — 1, p)-Sidon, or (p — 1, p)-Sidon, for 1 < p < 2. Full m-fold FIR sets are proved not to
be central (a, 2m/(m + 1))-Sidon for any a > 1.
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0. Introduction

Suppose G is a compact group; we take its dual object G to be amaximal set of pairwise
inequivalent, continuous, irreducible, unitary representations of G. We define below
a new class of lacunary subsets of G which we call (a, p)-Sidon sets, where a € R
and 1 < p < oo. These sets arise by considering classical Sidonicity under a Fourier
transform weighted by ath powers of representation degrees. The usual Fourier
transform corresponds to the case @ = 1 and has been extensively studied for both
abelian and non-abelian G: (1, 1)-Sidon sets are usually called Sidon sets, and (1, p)-
Sidon sets are known simply as p-Sidon sets. One motivation for studying such sets is
the disparity in the classical setting between the abelian and non-abelian theory which
is caused by the existence of irreducible representations of unbounded degree. For
example, whereas every infinite set in the dual of an abelian group contains an infinite
Sidon subset, the same is not true in the non-abelian case even for those groups which
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admit infinite Sidon sets. Moderating the effect of unbounded degrees by weighting
should make these sets more plentiful.

The primary purpose of this paper is to initiate an investigation of those values of
a and p for which non-trivial examples of (central) (a, p)-Sidon sets exist. We begin
by listing the easy relationships between (a, p)-Sidon and (b, q)-Sidon sets, as well
as those values of @ and p for which either abundant or only trivial examples can
be found. Generalizing [6], we show that if G is an infinite, non-abelian, connected,
compact group then G is never central (p — 1, p)-Sidon for any 1 < p < 2, nor
central (1 4 &, 2)-Sidon for any ¢ > 0, and these results are sharp. Such groups are
seen to admit an infinite Sidon set if, and only if, they admit an infinite (p, p)-Sidon
set: indeed, a set is local (p, p)-Sidon if, and only if, it is local Sidon.

Our main positive results are for infinite products of almost simple, simply-
connected, compact Lie groups and are largely inspired by Blei’s work (particularly
[1, 2]) on p-Sidon sets for abelian groups. Foreach 1 < p < 2 we construct examples
of infinite sets which are central (2p — 1, p)-Sidon but no better, and we produce
examples of infinite, non-Sidon (p — 1, p)-Sidon sets for each p = 2n/(n + 1),
n = 2,3,.... These examples are particular subsets of n-fold products of FTR sets;
FTR sets were introduced in [3] to characterize non-abelian Sidon sets. In contrast,
we show that other subsets of an n-fold product of FTR sets can fail to be central
(a,2n/(n + 1))-Sidon, for any @ > 1. This requires the existence on SU(€) of a
central trigonometric polynomial, with coefficients £1 and sup-norm equal to the
rank of the group, to be explicitly demonstrated.

Weighted lacunary sets have also been studied in [5, 7 and 17].

1. Preliminaries

NOTATION 1.1. For E C G let &(E) = [T,y Muoy(0),and & (E) = [],¢x C Luco),
where we write d(o) for the degree of o € G, and M,;(C) denotes the vector space of
d x d complex matrices. Fora € R and A = (A4 )see € E(E), let

1/p
(Zderman) ",  1sp<oo,
Al = { o
sup d(0)' || As lloo> p =00,
o€k

where || X||» denotes the largest eigenvalue of |X|. (See [11, Appendix D] for
properties of the von Neumann norms ( Tr(|X|? ))l/p , there denoted | X l,,.)
Write

i p(E) ={A € E(E) : || Alla,p < 00}
and £; (E) ={A € &(E) : ||Allap < 00}.
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We denote by % (G) the space of trigonometric polynomials f = 3" _5d(0) Tr A0
on G having Fourier transform f supported on E, where

Foy = [ fmoeydx = A,
G
We write Z7 (G) for the corresponding space of central trigonometric polynomials.

DEFINITIONS 1.2. Leta e Rand 1 < p < o00. Wecall E C G an (a, p)-Sidon set
if its (a, p)-Sidon constant

Kap(E) = sup{|| Fllap : £ € Te(G), I flloo < 1}

is finite, and a central (a, p)-Sidon set if

Sap(E) = sup{[| Fllap : F € TEG), | flloo < 1}

is finite. If &2 (E) :=sup {«, ,({o}) : o € E} is finite we call E a local (a, p)-Sidon
set, and if », (E) := sup{s.,({c}) : o € E} is finite we call E a local central
(a, p)-Sidon set. Clearly if E consists of representations of bounded degree then the
parameter a in these definitions becomes superfluous.

‘We suppress E in the case E = 6, and we suppress a in the case @ = 1. So for
example we write £, for £, ,,(6) and «,, for k; ,. A subscript E on a space of functions
will denote the subspace of functions having Fourier transform supported on E, and
a superscript z will always denote the subset of central elements.

Not surprisingly, there are many equivalent characterizations of (a, p)-Sidon sets;
we list some below.

PROPOSITION 1.3. Let G be a compact group and E C G.LetacR, 1< p <00
and1/p+1/p' =1 Writex = p'(1 —a/p)forp > landx = a if p = 1. Then the
following are equivalent:

(i) E is (central) (a, p)-Sidon;
(ii) thereis C € R such that || fll,., < C|l flleofor all f € LY?(G);
(iii) whenever ¢ € li;f,),,(E ) there is a (central) measure juon G (with . € L' inthe
case p > 1) such that [i(c) = ¢(o) forallo € E and ||pulme) < ClPllx.
where C is a constant depending onlyona, p and E.

PROOF. This is similar to those found in [11, 37.2] or [9, 1.2].

Pisier’s work has made prominent the equivalence of Sidon and central A sets;
(a, p)-Sidon sets also satisfy a A-like property:
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PROPOSITION 1.4. Let G be a compact group, a € Rand 1 < p < oo. Write
r=2p/(Bp—2)andt = 3p —2a)/(Bp —2). If E C G is (a, p)-Sidon then there
is an absolute constant C so that

I fllzs < Chap(E)/5 11 Fllr
foralll <s < ooandall f € Tg(G).

PROOFE. This is similar to the known proof fora = 1 [4, 5.1].

We now set down some basic estimates for Sidon constants. The following in-
equality is used frequently, so for the reader’s convenience we give it here:

THEOREM 1.5 ([11, D.51]). Let A € My(Q)and1 < p < g < 00. Then
(Tr(AID)" < (Tr(AIP))"" < dY2=Ye (Te(|AI7)"".

PROPOSITION 1.6. Let G be a compact group ando € E C G. Then
() .,(0) =d(o)er'=2P/p;

(ii) ko p(0) = d(a)P/P;

( Y, . d(o)@a+2-20/0=p)

sup, .z d(o)?*=P/2p, 2<p<oo.

2-p)/2p
) 1<p<2;

(iii) «a,(E) <

PROOF. For (i) consider f = Tro, and for (ii) consider f = oy, (the trigonometric
polynomial obtained by fixing a basis for the representation space of o and thinking
of ¢ as a matrix-valued function on G).

For part (iii), consider f = )_ ., d(0)TrA,0 € J:(G). When 1 < p < 2 we
have

1£12, = d(@) Tr|A,l”

ogeE

< Y d)d(e)' " (Tr|A. )" (by 1.5)

ocek

=Y d©) " (d(o) Tr|A,I*)""

oeE

= (Z (d(a)aﬂ_p)Z/Q—p))(2—p)/2”f“gp (by Holder).

ock

Since llﬂlz = || fll2 < | f ll, the desired estimate for «, ,(E) obtains.
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When 2 < p < oo write D = sup, ., d(0)®?/%. Thend(c)/? < D -d(o)'?
for each o € E, so we have

Nfl\f,,, < Z (D -d(0)"*(Tr|A,1)'?)" (using 1.5)

o€k

< D*Iflly

and the stated estimate for «, ,(E) follows.

Obviously it is easier to be an (a, p)-Sidon set as a decreases or as p increases.
More generally,

PROPOSITION 1.7. Let G be a compact group, E C 6 andletl < p < g < o0.
Then
() «b4(E) < kq,(E) whenever b < aq/p; hence (local) (a, p)-Sidon implies
(local) (b, g)-Sidon;
(i) 3%,4(E) < 5, ,(E) whenever (b + 1)/q < (a + 1)/ p; hence central (a, p)-
Sidon implies central (b, q)-Sidon;
(i) xb‘,’q (E) < Ka(?p(E) if,andonlyif, b+ 1)/q < (a+1)/p; hence local central
(a, p)-Sidon implies local central (b, q)-Sidon.
In the opposite direction we have

@iv) Kb?q(E) > k0 (E)whenever (b + 1)/q > (a+1)/p; hence local (b, q)-Sidon

= Ra,p

implies local (a, p)-Sidon.
PROOF. These follow easily using 1.5 and 1.6(1).

For certain values of (a, p) it is easy to produce abundant examples of (local)
(central) (a, p)-Sidon sets, or else to show that there are only trivial ones.

COROLLARY 1.8. Let G be a compact group, 1 < p < 00, and € > 0. Then
(i) G is local central (a, p)-Sidon fora <2p — 1;
(i) G islocal (a, p)-Sidonfora < p—1and p < 2;
(iii) G is (a, p)-Sidonfora < p/2and p > 2;
(iv) every (local) Sidon set is also a (local) (p, p)-Sidon set;
(v) every (local) central Sidon set is also a (local) central 2p — 1, p)-Sidon set;
(vi) everylocalcentral 2p — 1 + ¢, p)-Sidon setand everylocal (p + &, p)-Sidon
set consists of representations of bounded degree;
(vii) everyinfinite subset of G contains an infinite (a, p)-Sidon subset fora < p—1
and p < 2;
(viii) if G is a Lie group and 1 < p < 2, every local (p — 1 + &, p)-Sidon set
consists of representations of bounded degree.
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PROOF. These follow mainly from 1.6 and 1.7. For (vii) use [13, 2.5] if the degrees
are bounded (in which case we obtain an infinite Sidon set), and otherwise choose a
subset with degrees growing sufficiently fast to make the sum in 1.6(iii) converge. For
(viii) imitate [8], where it is shown that sets of representations of unbounded degree
cannot be local p-Sidon forany 1 < p < 2.

The following fundamental facts often allow results for Lie groups to be carried
over to connected compact groups.

STRUCTURE THEOREM 1.9 ([15, 6.5.61). Let G be a connected compact group and
write T for the connected component of the identity of the centre of G. Then there exist
a group 9 = [1.; G, where (G,).c; is a family of almost simple, simply-connected,
compact Lie groups, and a continuous epimorphism n:T x 4 — G whose kernel
is a totally disconnected closed subgroup of the centre of T x ¢ with the property
that (kerm) N T contains only the identity. Consequently there is also a continuous
epimorphism ¢:G — [[,., G./Z(G)).

el

PROPOSITION 1.10 (see [3 2.2D. Let : G — H be a contmuous epimorphism of
compact groups. Let E C H andput Eo ¢ = {o o¢ oceFE}C G.
Then k, ,(E o ¢) = k, ,(E) (and similarly for k°

0
apr Hapr Hgp)-

We now show that G being (1, 2)-Sidon cannot be improved upon for infinite,
connected, compact groups.

PROPOSITION 1.11. Let G be an infinite, connected, compact group. Then G is not
central (p — 1, p)-Sidon for any 1 < p < 2. Ifsup{d(c) : 0 € G} = oo then G is
not central (a, 2)-Sidon for any a > 1.

REMARK. Previously it was known that G could not be central p-Sidon for any
p < 2 [6, Corollary 7].

We require a lemma, which, as noted by Dooley, can be proved by arguments
similar to [11, 36.15], using [6, Theorem 1].

LEMMA 1.12. If G is a connected compact Lie group, then for 1 < p < 2 the set

M(C*(G), £;) of multipliers is isomorphic to £5,,, .

PROOF OF PROPOSITION 1.11. If G is abelian the result follows from [9, The-
orem 3.1]. So we assume G is non-abelian and suppose firstly that G is a con-

nected compact Lie group. If 4 and f are central trigonometric polynomials then also
hx f € (G), whence

1
Al I lloo = A * flloo > ﬁ(v)llh * flla,p-
Ha,p
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Define H € J7°(G) by H(o) = d(0)“V/? 1i(c). Then

IR £ lloo > 1H % 71,

Ha,p

so that H € M(C?(G), £7), with operator norm at most x,,,p(a)llhill. Combining
this with 1.12 we can assert the existence of a constant K, depending on G and p but
independent of A, so that

Al > W Hl2p/2-p)-

3#,,p(G)

By choosing & to be an appropriate bounded approximate identity we can derive the
conclusion that

(R deyerren) T cp g
256,,(G) \;% h
supd(a)(" b2, p=2,

2:6,2(G) e

which if G is central (a, p)-Sidon is clearly impossible unless a < p — 1 in the first
case or a < 1 in the second.

In the case G is a non-abelian, connected, compact, non-Lie group, it follows
from the structure theorem 1.9 that there is an epimorphism ¢: G — G’ where G’ is a
connected compact Lie group. It then follows from 1.10 that central (a, p)-Sidonicity
of G implies the same for G', and the result is established.

COROLLARY 1.13. Suppose G is a connected compact Lie group,andlet1 < p < 2.
Then G is (a, p)-Sidon if, and only if, G is central (a, p)-Sidon.

PROOF. The calculation in the proof of 1.11 above, together with 1.6(iii), shows
that

K K
#,5(G) = 5 Ka, »(G) = 5 *e. »(G).

EXAMPLE 1.14. It follows from the Weyl dimension formula {12, 24.3] and formulz
for the positive roots of SU(n + 1) [18, p. 26] that

D= Z d(o.)(2a+2 2p)/(2— p)—K(n a, p) Z l—-[ (Zmz)(2a+2—2p)/(z_p)'

oeSU(n+1y" my>11<i<j<n €=
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Write b = (2a 42— 2p)/(2 — p) and assume b < 0. Then since 3 i_.m, >
1., m"9*"~" we obtain

min(k,n+1-k) n+1-s 1

D < KﬁkabS‘, where S, = Z Z ;;
k

=1 my=>1 s=1 t=s

D is thus certainly finite whenever

1 1 1\ 2a+2-2p
I+ 44— ) 2222
( +5+3+ +n) T, <

Nowifl < p < 2and ¢ > Qit follows from 1.6(iii) that SU(n+1)Ais (r—1—¢, p)
Sidon whenever 1 +1/2+---+ 1/n > (2 — p)/2¢; thus the first statement of 1.11
is sharp.

2. Products of central Sidon sets

For abelian groups, examples of p-Sidon, non-Sidon sets were constructed by
taking m-fold products of dissociate sets, with p > 2m/(m + 1) (see [9, 14, 1]). As
dissociate sets are Sidon it is natural to conjecture that if E; C G ; are (central) Sidon,
then E; x - - - x E,, should be a (central) p-Sidon subset of (G, x - - - x G,,) provided
p = 2m/(m + 1). In the case where the E; are central Sidon, we show that such
products are central 2p — 1, p)-Sidon for p > 2m/(m + 1) and for no smaller p (so
in particular these sets are not central Sidon if m > 1), while in the case where the
E; are Sidon, we show in Section 3 below that £, x - -- x E,, is (p — 1, p)-Sidon for
p=2m/(m+1).

We require ideas of Blei [1] regarding ‘fractional cartesian products’.

J
NOTATION. Let J > K be positive integers and let N = (K) Let G = ['[fv= , G

be a product of compact groups, and suppose E; C G, is infinite foreach 1 <i < N.
Let {Py, ..., Py} be the collection of natural projections from N’ to N¥ (see [I,
p. 80]), endow each E; with a K -fold enumeration E; = {yj“)} jenk, and put

EM = {yfly x - xviy 1 j N’} € G
For example, when K = 1 we have N = J and E’'! is simply E; x --- X Ey.
THEOREM 2.1. IfE; C G, is central Sidon foreach1 <i < N then E’X is central
2p — 1, p)-Sidon if, and only if, p = 2J /(J + K).
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PROOF. We first prove sufficiency.
Let I = {m; : i € NX} be the set of prOJectlons on TN endowed with a K-fold

enumeration, and consider the set /7% < (TM x TTN) Let

FOnxn) =Yg Tr(vig, () ® -+ ® viy (i) € T (G),

jeN’

and denote by d;, the degree of y,,k( ;- It is useful to introduce the / 4K _polynomial

g, ... on) = Y diy -+ djwy @ Tp (@) - Tpy((@n)
jeNJ
where w = (w1, ..., on) € TN x --- x TN, Choose @ with |g(@)| > 3 /1glcc-

Since the sets E; are central Sidon sets there are central measures pt; on G, satisfying
Triii(vsls) = 7oy (@) digy with [|pillme) < »(Ep). I p = py x -+ X py is the
product measure on G, an application of Fubini’s Theorem shows that

) N )
T“‘(VPI(;) X X VP,«(J) nTru, VP(;)

and  |lullme < %(El) X -« x #(Ey) < 3 (say).
Thus I fllo = — ‘ Zd/(l) djny aj 7y (@1) - - NPN(j)(wN)J Z 5= “g”oo
. jeNs

As ¥ is known to be a p-Sidon set if, and only if, p > 2J/(J + K) [1, Theorem 1.6]
the result easily follows.

Suppose now that p < 2J/(J + K). Since I’-¥ is not p-Sidon, given any positive
number M there is an /7¥ polynomial g with |||l = 1 but ||g]l, > M. Choose a
finite subset F C I with suppg € FV.

Let D denote the closed unit ball in C, and let b; = g(mwp ;) X -+ X Tp,(j)- For
any j € N’ with b; # 0 define 7p,(;, on D'l in the obvious way: 7p,;,(z) = zp,;).
(Here F has the inherited K -fold enumeration.) Define A: D'f! x ... x DIf! — Cby

h(zi,...,zy) = Z bj ”P,(j)(zl) < Tpyh(2n).
jeNs

Since 4 is a polynomial in several complex variables, the maximum principle implies
that it attains its maximum at a point all of whose coordinates are of modulus one.
Thus [|A)lcc = lIgllec = 1.

Finally, define a central E/-¥-polynomial f by

fOo, oo, xy) = Z () diw)) bj Tr (y[(’llgj)(xl) ® -+ ® Vi (xn))-

jeN’

https://doi.org/10.1017/51446788700000082 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000082

82 K. E. Hare and D. C. Wilson {10]

Notice that f(x|,...,xy) = h(zy,...,zy) where the P,(j) component of z, is
digy Trys (%), so that || f ]l < 1. But

1Plepere = (X 1517) " > M,

jeN/

and since M was arbitrary, E/X cannot be central 2p — 1, p)-Sidon.

REMARKS. This theorem is sharp in the sense that fora > 2p — 1 the only central
(a, p)-Sidon sets consist entirely of representations of bounded degree 1.8(vi). We do
not know if, for all such sets E;, E7-X is central (b, p)-Sidon for some p < 2J/(J +K)
and b < 2p — 1. It does follow easily that (using the notation of the proof)

27 flloo

la;| < ;
iy diw

thus E7-X can be seen to be central (b, 1)-Sidon for certain b < 1, provided the degrees
of the representations in E”¥ tend sufficiently fast to infinity.

Similar arguments to those in the theorem can be used to prove that if E; C 5,- are
central (a, 1)-Sidon, then E’X is central ((1 +a)p — 1, p)-Sidon for p > 2J/(J +
K). Dooley [7] has shown that the dual of every semisimple, connected, compact Lie
group contains an infinite set which is central p-Sidon for all p > 1. (In contrast, such
groups admit no infinite central Sidon sets [16].) By making the obvious modifications
to Dooley’s proof, the set he constructs can also be shown to be central (a, p)-Sidon
foralla <2p—1land p > 1.

DEFINITION 2.2 ([3, 5.1], [19, 3.1]). Let G, be an almost simple, simply-connected,
compact Lie group of rank ¢, with fundamental weights A, ... , A;; we identify a
representation of G, with its highest weight. We define

{A1, A}, G, of type A, ;

FTR(G,) = (A, G, of type B, or C, (€, > 3), or D, (¢, > 5);
{A1, A3, Agl, G, of type Dq;
9, otherwise.

Let G be a compact connected group, with covering epimorphism 7: 7 x4 — G
as in 1.9. Write 7,:¥4 — G, for the canonical projection. We define the Figa-
Talamanca-Rider set of G by

FTR¥) = J,_, FTR(G) o 7;
FTR(T x 4) =1 x FTR(¥);
FTR(G) o = (G o 1) N FTR(T x ¥).
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Note that « (FTR(G)) < «(FTR(¥)) < 32([19, 3.4]); that is, FTR sets are Sidon.

COROLLARY 2.3. Let G = ]_[,N=1 G, where each G; is a product of infinitely many
almost simple, simply-connected, compact Lie groups. Let E; = FIR(G;),1 <i <
N.Then E, x ---x Ey iscentral 2p — 1, p)-Sidon if, and only if, p > 2N /(N + 1).

3. Products of Sidon sets

DEFINITION 3.1. Let G be a compact group and 2 < p < 0o. A subset E of G
is called a A(p) set if there is a constant 7, such that || f|I, < n,| f|l. whenever
f € J&(G). Local and central A(p) sets are defined in the obvious way.

THEOREM 3.2. Let 4 = ]_LE ; G, where (G,).; is a family of almost simple, simply-
connected, compact Lie groups, and let m € Z*. Let E C [],, FTR(G,) consist of
those representations having at most m non-trivial components. Then E is A(2s) for
alls e 7*.

REMARK. A similar result, for G, of type A, only, was given in [10, 4.8]; it is
required in the proof below.

PROCF. In view of [10, 4.4] and [16, Theorem 5] we need only prove that E is
local A(2s). Further, without loss of generality we may suppose FTR(G,) # @ for
each ¢ € I. Write d, for the common degree of all elements of FTR(G,), and put
U =1, SU@).

leto € E,andlet {t € I : o

. # 1} = {1,...,m}. Consider f(x) =

t

dTr (A og(x))®---® om(x,,,)) € J51(¥), where we writed = d; x --- x d,,. For
each w = (w,),e; € % define

Fo,0)=dTr(Aw, ® - ® @y 01(X) ® - - @ 0 (x)).

Since {1} U FTR(G;) is a Sidon set with Sidon constant at most k = x({l} U
FTR(¥)) < oo, for each w € % there are measures /L;“’) on G; with || u}“” I < «,

u(1) = 1 and u\(g;) = wiforj=1,...,m.

Consider the measure (i, on ¢ defined by

fg(X)dqu/ [ 8
[ ' G,

Clearly ||, || < «™ and as u,, is a product measure it is easy to prove that

o G ) dp'@(xy) - - A (x,y).
P X m

Bo(01 X - X 0,) =0} ® - Q).
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Let f,(x) = F(w, x). Comparing Fourier transforms we see that f, * i, = f. Thus
112 < W fullf Mol ® < N full

forall w € . Hence

uf||§:=/ nfuz?dws'cz”'/ (f |F(w,x)|2xdw)dx.
L4 122 /4

If g.(w) = F(w, x) and 7, denotes the self-representation of SU(d,), then we can
write

2 (w)=d Tr(a(x)A (7 X -+ X n',,,)(w)).

Since ([10, 4.8]) {71'11 Xeooxm, {t, ... e} © l} - U is a A(2s) set with constant
n = n(m), we have

lg: 2 < n*lig:ll 2 = n*(d Tr|Al®)’,

using the fact that o (x) = 01(x}) ® - - - ® 0,,(x,,) is a unitary matrix. We conclude
that

s 1/2s
171 < (6 [ o @ Te1aPY dx) ™ =i i,
4

which proves the theorem.

THEOREM 3.3. Let 9 = [['_, %, where each %, is a product of almost simple,
simply-connected, compact Lie groups, andlet E; = FTR(%,). ThenE = E; x---xE,
is(p — 1, p)-Sidonfor p =2n/(n + 1). Infact, there is 0 < K < o0 such that

() 1l 2 K( X der™ 3 1A, l) "

ocE 1<i,j=d(o)

forany f =% d(0)TrA,0 € Te(9).

REMARKS. These sets are known to not be Sidon if at least two of the FTR(¥,) are
infinite [3, 5.4.2].

The proof of the theorem follows a method similar to that used in (2, Chapter 1]
for the abelian case.

That E is (p — 1, p)-Sidon follows directly from (x,) together with

LEMMA 3.4, Let A = (A;;) bead x d matrix. Thenforany 1 < p <2

d
Tr|A|? < 2%°P Z |A;17.

i,j=1
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PROOF. Obviously this is true for p = 2. The case p = 1 is straightforward if A is
assumed to be normal, and extends easily to arbitrary A using the triangle inequality
and noting that A & A* are normal. By the Riesz—Thorin interpolation theorem and
the interpolation theorem for the Schatten p-classes [21, p. 31] the inequality holds
forl < p<?2.

PROOF OF THEOREM. We prove (x,) by induction on n: considern = 1 = p. We
know

I flloo = E ;d(a)TrlAal

an easy calculation shows that for any d x d matrix A

1 d
TrlAl > = 3 1A;l.

ij=1

It follows that

Il oo

v

K(E)Z D 1Ay,

oeE 1<i,j<d(o)

which is (k;).
Assume the result for (x,_;). We first obtain two preliminary lower bounds for

I f Hloo-
Write

fEL )= ) d@) Tr (A 01(x) ® - ® 0,(x),

0=0)X--Xo,€E

.
and label the entries of A, as (Aa)f'-}_ . in accordance with the tensor product multi-

inJn
plication. We write d, = d(0;), and always assume that 1 < iy, jy <d;, 1 <k <n.
In what follows K will denote a constant which may vary from line to line.

LEMMA 3.5. We have

IIflloozK[ Y (@dy)™ 2>/"(Zd

o €Ey; iy, i o, €E,;
1<k<n-1 insJn

n/(2(n—1))
1”1 | )("—1)/"}
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LEMMA 3.6. We have

“f"oo > K Z ( Z dy - dn—1|(Aa)::j: |2>1/2‘

0n€En;  0x€Ex; ix, ji
in.jn 1<k<n-1

Once the two lemmas are proved, the theorem is obtained as follows:

- i 2n/(n+1
E (d---d)" 1)/(”+1)](Aa):'3| /(n+1)
ox€Ex; iy, jk tnin
1<k<n

-1 1 -1 1 11 12(=1)/(n+1) i1 12/(n+1)
= Z (dy -~ d,_)~ VD Zd'fn )/ (n+ )|(A"),‘ | |(Aa)' |
0x€E; ir,ji 0,€Ey; " nn
1<k<n—1 insJn
A (n=1)/(n+1) 2/(n+1)
1 1 i 2 i
< D (@ d )TV N (A | > A" |
or€Ex; ixy i 0,€Ey; " 0, €E; ndn
I1<k<n-1 insjn InsJjn

(by Holder with (n + 1)/(n — 1) and (n + 1)/2)

i (n—1)/(n+1)
= > ((dl---dn_,)("-”/‘"*”[Zdn|(Aa),:"-j; |2] )

ov€Ex; i, ji G, €E,;
1<k<n—1 insjn
2/(n+1)
12 i
D @i-da ) (AD) |
O,EEE_,,Z nJn
nsjn
-1/ n/(n+1)
2 i /e
[ X @[ Y @[] :
o €Ey; iy, ji o, €E,; o
1<k=<n—1 insJn

- 1/(n+1)
(&, [ aarntil)

O €E; iy jx  on€E,;
1<k<n-—1 insjn

(by Holder with (n + 1)/nand n + 1)

2/(n+1)
< Kllfllf,i,"‘”/‘””( S X diedfan, |2]”2)

0n€Eq; " Ok€EL; i, ji
injn l<k<n—I

(by 3.5 and Minkowski’s inequality). Now apply 3.6 and note that when p =
2n/(n+ 1) wehave p — 1 = (n — 1)/(n + 1) so this proves (x,).
It remains to prove the two lemmas.
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PROOF OF LEMMA 3.5. Expanding out the matrix multiplication, we find that

fon ) =Y diedaa (Y di(As )"' (o), )

o €EL; g, i U,,EE
1<k<n—1 Inyn
(Ul(xl)),-ljl (O'n 1 (Xn— 1)), et
If we denote by B = B(oy ..., 0,-1; X,) the matrix whose i ji, ... , i,_1 J,—1 €ntry is
i
Y di(A, S CACH
a,,GE
invn

then we can write

fla, ... %)= Z dy--dp1 Tr (Bal(xl) Q- Un—l(xn—l))-
UkEEk
I<ksn—1

Applying the induction hypothesis (x,_;) we see that

20-1) 2(n—1)/n
71200 = sup (sup |f<x1,...,xn>|)
Xn

Xlyeor s Xp—1
’l/l 2( 1
>K sup Z (dl )(n 2)/nZIB n—1)/n
*n  oreEy i, Ji = ”” !
1<k<n-—1 I<k<n-1
(1—2)/n iy 2(n—1)/n
=Ksup Y- @ d)" P Y | Y d(A: (ontx),,,
I oreEy ik je On€E,;
1<k<n-—1 1<k<n—1 ipn,jn

Now writing C,7 = C4, (01, .-+, On_1; i1 J1s - - - 5 in—1 Ja—1) for the matrix whose i, j,
entry is (A, )l"’l the innermost sum becomes Za g, @n TE (C,,"a,, (x,,)). Because
FTR(¥,) is a A(2s) set for all s € Z* it follows that

2(n—1)/n

- -2
ANZDm > KD (dr- - dy) " f lZdnTrcanan(m dx,
o €Ex; i, ji 4, ' o,¢cE,
1<k<n-—1
(n—=1)/n
-2 2

>K Y e d ) (Y 4 TICE)
ok €Ey; iy, ji o, €E,
1<k<n-—1

Since Tr|C,, 1> = Y, ; (C,,),,;, %, this completes the proof of 3.5.

PROOF OF LEMMA 3.6. Let B, = B, (xi, ..., x,_) denote the matrix whose i, J,
entry is

Z dy - dy1(As )m (Ul(xl)) '(Un—l(xn—l))~

o 'n—ljn—l’
or€Ey; ix, ji
1<k<n-1
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then f(x1, ..., X)) =Y., cp duTr(B,,0,(x,)). As E, is Sidon, we obtain

Iflw> K sup Y d,Tr|B,,|

X1seee s Xp—1 U,.GE,,

>K sup Y |(Ba)i,

Xlyeee s Xn—1 on€E,;
Insin

Since 3.2 E; x --- x E,_; is A(2s), it follows that

flezK Y /g | e dean

1
0y€E,; ot o eEr; irji nn
T 1<k<n—1

(0'1 (xl)),-ljl T (Un—l(xn—l))

kY (X ddalan® |2)1/2

inn
on€En;  Ox€EL; iy, i "
in.jn 1<k<n-—1

dxl . .d.x,,_l

in1Jn—1

which completes the proof.

4. m-fold FTR sets need not be central (a, p)-Sidon

In [10, §4] it was shown that m-fold FTR sets are central A(p) for all p > 2,
and partial m-fold FTR sets are A(p) for all p > 2. We show now that, unlike the
examples of Section 2, these sets need not be central 2p — 1, p)-Sidon if m > 1,
nor central (a, 2m/(m + 1))-Sidon for any @ > 1. In contrast to the previous section,
where products of representations across different factors of a product group were
considered, here we consider products within the separate factors.

Throughout this section, let G, denote SU(£ + 1) and A,, ... , A, the fundamental
weights. We write Ao = Ay, = 0 and identify representations of G, with their highest
weights. For m < ¢ we write

E} ={(m—k)A + A :1 <k <m}.

Observe that kA, and A, both occur in A% for 1 < k < m: hence (m — k)A; + A, occurs
in A’l""k ® A’f = Al for 1 <k < m and it follows that

Er C{reGy:r<Am).
Thus EJ" is a subset of the m-fold FIR set of G,.

PROPOSITION 4.1. Letm € Z*. Thenfor any £ > m there is a central trigonometric
polynomial f on G,, with m non-zero terms, coefficients £1, and || fll.c = £ + 1.
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PROOF. Consider

fi=) (=" Tr(m — A + &) € FE(Go);

k=1

we must show || f || = £ + 1. Now for k < m we have [20, §79 Example 3]
(m — kA @ b = ((m — KA + 1) @ ((m — k — DAy + M),
so that
Tr ((m — KA Tr(h) = Tr (m — kYA + A) + Tr ((m — k — DAy + Aesr),
or
Tr ((m — KA + M) = Tr((m — k)A) Tr(h) — Tr ((m — k — DAy + Mg

Applying this recursively we obtain

m—k

Tr ((m — kA +Ae) = D (=1 Tr ((m — k = jHhi) Tr(uas)
j=0
whence
(1 - f= ,i:(—l)"‘lk Tr ((m — k)A;) Tr(he).
=1
Let x = diag(x,, ... , xe11) € Gy, and note that the diagonal elements of G, form a

maximal torus. Then [20, §79 Example 5, §75]

£+1 £+1 ]
) [Ja+x0 =) Ta)@ ¢,
j=1 j=0
£+1 )
3) [Ta-xn™ =3 T(ryw o
j=1 jz0

Differentiating (2) with respect to ¢ gives

+1 £+1 £+1

) (n(1+x,t))zl+x _Z]Tr(x)(x) Y
it 4

using (3) and evaluating (4) at —¢ we obtain

£+1 £+1

Zl—x, _Z:( 17 Tr(y) () 71 Tr(ja) @) ¢

j=0
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Equating coefficients of t™~' and using (1) we find
£+1

(5) o=
j=1

Since f is central and all elements of G, are conjugate to an element of the torus, f
assumes its maximum on the torus and we have )| f]l., = € + 1.

(=D*"k Tr ((m — kA ) (0) Tr) () = £ (x).
=1

k

REMARK. We thank D. Z. Djokovi¢ for showing us how to prove equation (5)
above.

We require next an estimate for the degrees of representations belonging to the
m-fold FTR set of G,.

PROPOSITION 4.2. Let A = Y.'_ m;A; € G,. Write

j=1

[£/2] £

m=>Y jmi+ > (€+1-jm,
j=1

(€/2]+1
£+1
and suppose thatm < £/2. Then d(L) > .
m

PROOF. The positive roots are given by f;; = Z';k o, 1 <k <i<¢/[18,p.26]

]
so by the Weyl dimension formula [12, 24.3] we have d(A) = ]"[,f=1 Pr, Where we
write o = [T_, (A + 8, Bu)/ (8, Bu). Write o = Y1V m;A; and letv = A — p. Let
ko denote the largest index j < £/2 for which m; # 0, and k, denote the smallest
index j > £/2 for which m; # 0. Thus u = Zf"zl m;); and v = Zf:k. m;h,;.

Suppose first that v = 0, so that m = Zf“:, jm;. Now d(w) = [, px, and

Cl4me 24 my +myn 3+mk+mk+1+mk+2x

=1~ 2 x 3
ko ko ko
ko+1—-%k+>m ko+2—k+Y m; +1—k+3 m;

j=k j=k j=k

X X o0 X
ko+1—k ke+2—k £+1—k

Since ko + 1 —k+ Y5, m; <1—k+2Y %, jm; < £+1—k, there is cancellation

in the above expression for p;, and the numerator reduces to

(C+2-0) x - x (E+1—k+D " m).
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There are a corresponding Z"" . m; factors remaining in the denominator, the largest
of which could be ky — k + Z ~, m;, which is certainly at most

k—1 ko

Z(]—}—l—k)m, sm=>>"m

i=1 j=i

and so the denominator of p, is at most

k=1 ko k ko
(=T om)eex (mr1-33m).
i=1 j=i i=1 j=i
It follows that the denominator of ]_[:‘;1 P 1s at most m!. Since the smallest factor
remaining in the numerator of p, is £ + 2 — k, and the number of terms in the

. ki .
numerator of [\, o is 3%, ’.‘"_k m; = m, the numerator of [}, o is at least

€+ D!Y/E€+1-m),andsod(u) > (“').
If u = 0, then since d (v) = d(¥), we obtain d(v) > (*}') by the same argument.
Suppose finally that neither x nor v is zero, and write u' for ;1 considered as a
representation in le_., and v’ for v considered as a representation in al_ko. Let
m = Zf”:l jmjandm” =m —m'. Thenm" = Zf=kl(€ +1—jym>€+1—k so
we have

k1—1+k,—1—£ <k1—1

2 2 - 2
and the first part of the proof yields d(u') > (&). Similarly, since m' > ko we obtain
m" < (£ — ko)/2 and hence d(v') > (“ot).

Now observe that for ky < k < i < k; we have (A, B;) = 0, so that

[, 5 1 B 1 1 2
L<k<i<k » Phi ko<k<i<t > Pki 1<k<kg k;<i<t » Pi
>du)y xd@Ww) x 1

- k £—ko+1 :
- ml m/l

to show this exceeds (mli;) it suffices to prove

m <£/2-m"<

d(\) =

klx(kl—l)x~-x(k1+1—m')>(Z+1)lex((f—l)x---x(€+2—m’).
Ix2x.xm T m+ D x(m"+2)x - x (m"+m)

we show

hHl-m+j t4+2-m+j
14 T omi 14
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for j > 0. Sincem;, # 0Oand wehavem” > £+1—k,, itfollows thatk;+2+m"—m’ >

£+3—m';alsok+1—m' > lsincem’ < (k;—1)/2, givingm”(k,+1—m’) > €+1—k;.
Thus (m” + D)k, +1 —m') > £+ 2 —m’ and, for j > 0,

"+ D+ 1=m) +j ke +24m" —m) + 2 = €42—m' + j(E+3—m) + [,

that 1s,
(" + 1+ P +1—m' +j) > €+2—m' + j)(1 + j),

as required.

REMARK. The bound is sharp: consider d(A;).

COROLLARY 4.3. Fixm € Z*. Let9d = [],,, Gy, andlet E = | J,,, E{ om, © g,
where 1,: Y — G, denotes the canonical projection.
Then x, ,(E) <ooonlyifp>(a+ 1)m/(m+1).

PROOF. Let £ > 2m and let f be the polynomial considered in 4.1. Then 4.2 gives

€+1 a+l-p
m ) ’

A2, =" d(m - kyh + 2T m(
k=1

whence there is a constant C depending only on m and p so that

%(EZ") > ”f”ap/”f”oo > Ce((a+l)m—(m+1)P)/P.

Since £ is unbounded, the result follows.

REMARK. The set F is a subset of a partial m-fold FTR set of & with the property
that each representation in E is supported by a single factor of the product group.

5. Characterization of (p, p)-Sidon sets

Somewhat surprisingly, for connected compact groups the concept of (p, p)-
Sidonicity essentially coincides with the classical concept of Sidonicity. This comes
about because local (p, p)-Sidon sets on product groups have the same kind of struc-
ture as exhibited for local Sidon sets in [3, 5.5].

PROPOSITION 5.1. Let ¥ = [],., G. be a product of compact groups G.,.
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(i) Let E, C /G\l and write 1,:9 — G, for the canonical projection. Then
E =, E.om, is(a, p)-Sidon if, and only if, sup,, k,,,(E,) < 00. (Indeed,
KH,P(E)/4 S Sup;e!\Ka,p(Et) S Ka,p(E))~

(i) Leto = (0)es €Y. Thenk, p(0) = [1,c; K p(0)).

PROOF. For (i), mimic the proof of {3, 5.2]; (ii) is [3, 5.4.1].

Adapting [19, 7.5], and noting in particular that for B asin [19, 7.5], | B| has exactly
one non-zero entry, so that ( Tr |B|”)1/ ? = Tr|B)|, we obtain

PROPOSITION 5.2. Let G and H be compact groups,o € E C Gandt € E' C H.
Then

Kap(6 X T) = min (d(0), d(1))' (d(0)d(x)) """
Using 1.4 and following the argument of 3, 4.2} yields

PROPOSITION 5.3. Let G be an almost simple, connected, compact Lie group. Let
o € G andwrite M (o) for the number of positive roots having non-zero inner product
with the highest weight of o. Then there is an absolute constant C > 0 such that for
any 0 < ¢ < 1/2 we have
2a—-p)/2p —¢
Ka,p(a) > i M__
C M(o)e+12

PROPOSITION 5.4. Let % be a product of almost simple, simply-connected, compact
Lie groups. Then E C ¥ is local (p, p)-Sidon if, and only if, E is local Sidon.

PROOF. By 1.7(i) we have Kp‘fp(E) < k %(E), so suppose E is local (p, p)-Sidon.
Observe that the estimate for k, ,(o) afforded by 5.3 is independent of p, and es-
sentially the same as [3, 4.2]. Consequently the conclusions of [3, Proposition 4.3,
4.4] hold for «, ,. The estimates for , , provided by 1.6(ii), 5.1(ii) and 5.2 are
identical to those for x« used in [3, 5.5], and so the same argument shows that if
4 = [],,; G. then there is a partition I = I, U, U I; of I and a subset E, C 9,
(where &, = []. I G, j = 1,2,3) of representations of bounded degree such that
E C {1} x E; x ({1} UFTR(%)). Hence [3, 5.5] E is local Sidon.

COROLLARY 5.5. Let G be a connected compact group. Then E C G is local
(p, p)-Sidon if, and only if, E is local Sidon.

PROOE. In view of 1.10, we may suppose that G is its own covering group: G =
T x & where T is compact, connected and abelian, and ¥ is as in 5.4. Moreover, in
view of 1.7(i) we need only consider the case of E C G local (p, p)-Sidon.
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Write £ = Uxéx x E,,and observe thatk, ,(x X 0) = K, 4(0), s0 thatxa‘?q(E) =

kL (E)where E' = J 5 E, C &. Thus E'is local (p, p)-Sidon, hence local Sidon
by 5.4, and it follows that E is also local Sidon.

Combining this with [3, 6.2] yields our final result:

THEOREM 5.6. Let G be a connected, compact group. Then the following are
equivalent:

(i) G admits an infinite Sidon set;
(ii) G admits an infinite local Sidon set;
(iii) G admits an infinite (p, p)-Sidon set;
(iv) G admits an infinite local (p, p)-Sidon set.

Structural criteria for a compact group G to admit infinite Sidon sets are described
in [3, §6] and [19, §5].

References

[1] R. Blei, ‘Fractional Cartesian products’, Ann. Inst. Fourier (Grenoble) 29 (1979), 79-105.
[2] , Fractional dimensions and bounded fractional forms, Mem. Amer. Math. Soc. 331 (Amer.
Math. Soc., Providence, 1985).
{3] D.I Cartwright and J. R. McMullen, ‘A structural criterion for the existence of infinite Sidon sets’,
Pacific J. Math. 96 (1981), 301-317.
[4] A.H.Dooley, ‘On lacunary sets for nonabelian groups’, J. Austral. Math. Soc. (Series A) 25 (1978),
167-176.
[S] ——, ‘Nomms of characters and lacunarity for compact Lie groups’, J. Funct. Anal. 32 (1979),
254-267.
[6] ——. ‘Random Fourier series for central functions on compact Lie groups’, Illinois J. Math. 24
(1980), 545-553.
[7] ———, ‘Central lacunary sets for Lie groups’, J. Austral. Math. Soc. (Series A) 45 (1988), 30-45.
[8] A. H. Dooley and P. M. Soardi, ‘Local p-Sidon sets for Lie groups’, Proc. Amer. Math. Soc. 72
(1978), 125-126.
[9] R.E.Edwards and K. A. Ross, ‘ p-Sidon sets’, J. Funct. Anal. 15 (1974), 404-427.
[10] K. E. Hare and D. C. Wilson, ‘A structural criterion for the existence of infinite central A(p) sets’,
Trans. Amer. Math. Soc. 337 (1993), 907-925.
[11] E. Hewitt and K. A. Ross, Abstract harmonic analysis Il (Springer, Berlin, 1970).
(121 J. E. Humphreys, Introduction to Lie algebras and representation theory (Springer, Berlin, 1972).
[13] M. F. Hutchinson, ‘Non-tall compact groups admit infinite Sidon sets’, J. Austral. Math. Soc.
(Series A) 23 (1977), 467-475.
[14] G.W.Johnson and G. S. Woodward, ‘On p-Sidon sets’, Indiana Univ. Math. J. 24 (1974), 161-167.
[15} J. F. Price, Lie groups and compact groups, London Math. Soc. Lecture Note Ser. 25 (Cambridge
Univ. Press, Cambridge, 1977).
[16] D. Rider, ‘Central lacunary sets’, Monatsh. Math. 76 (1972), 328-338.
[17] J. W. Saunders, ‘Weighted Sidon sets’, Pacific J. Math. 63 (1976), 255-279.
[18] J. Tits, Tabellen zu den einfachen Lie Gruppen und ihren Darstellungen, Lecture Notes in Math.
40 (Springer, Berlin, 1967).

https://doi.org/10.1017/51446788700000082 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000082

[23] Weighted p-Sidon sets 95

[19] D. C. Wilson, ‘A general criterion for the existence of infinite Sidon sets’, J. Austral. Math. Soc.
(Series A) 45 (1988), 11-29.

[20] D. P. Zelobenko, Compact Lie groups and their representations, Trans. Math. Monographs 40
(Amer. Math. Soc., Providence, 1973).

(211 K. Zhu, Operator theory in function spaces (Marcel Dekker, New York, 1990).

Department of Pure Mathematics School of Applied Science
University of Waterloo Monash University
Waterloo Ontario Churchill VIC 3842
Canada N2L 3G1 Australia
e-mail: kehare@math.waterloo.edu e-mail: david.wilson@sci.monash.edu.au

https://doi.org/10.1017/51446788700000082 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000082

