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Abstract

Some generalisations of the Preece theorem involving the product of two Kummer’s func-
tions | F) are obtained using Dixon’s theorem and some well-known identities. Its special
cases yield various new transformations and reduction formulae involving Pathan’s quadru-
ple hypergeometric function F{* and Srivastava’s quadruple hypergeometric function F©
and triple hypergeometric function F®. Some known results of Preece, Pathan and Bailey
are also obtained as special cases.
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1. Introduction

Let (a4) denote the sequence of A parameters given by a,, ..., a, and [(a4)], denote
the product of A Pochhammer symbols defined by

) _Te+n |1, ifn=0,
"TT®)  |bp+D---(b+n-1), ifn=12,....

In 1969, Srivastava and Daoust ([11, page 454], see also [12, page 37 (21,22)])
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gave the following multivariable hypergeometric function:
FABO: B0 [[(aA) 100, .., 071 [(Bho) : OV () 1 07T ]
D:EW;. s+--34n

HE [ dp) s WO, ., W) s (o) 6VT; s [(e) : 8]
o0 m o
= 4 "
= E(my,...,m,) .
mnv§n=o l (m)!  (my)!

where, for convenience,
A B ) B )
l_[j=1 (af)m|9;"+-~-+mn0;") I_Ij=| (bj )m|¢§‘) T ]_[j=|(bj )m"¢5,">
D EM ) E@® ) ’
nj=l(di)m|\l'}”+---+m,.\ll;"’ n,~=1(e,- )m,.sj." cee I_Ij=1(ej )mng;“

the coefficients 8, j = 1,...,4; ¥, j = 1,...,B®, ¥, j=1,...,D; 6P,
j=1,...,E®;forall k € {1, ..., n} are zero and real constants (positive, negative)
[12, pages 270-272 (Equations 5-9, 19-21)] and (bg‘({,) abbreviates the array of B®
parameters b;"), j=1,...,B®;forallk € {1,...,n}, with similar interpretations
for others.

Preece [7, page 378 (11)] gave the following formula for the product of two

hypergeometric functions:

lFl[; y]lFl[I;_{;-c —Y]
124 f2—c,1/2- f/2+¢
‘2F3[ f/241/2,3/2— f/2,1/2 y2/4]

E(mla"'!mn) =

N (f—1)<f—2c)y2F3[1—c+f/2,1+c—f/2 y2/4].

f2-5n 2—f/2,14 f/2,3/2

The present paper is devoted to the investigation of general multiple series identities
which extend and generalise the theorems of Bailey [1, page 239 (4.6)], Pathan [5,
page 1115 (3.2)] and Preece [7, page 378 (11)]. These theorems given in Section 2 will
be seen to be extremely useful, in that most properties of hypergeometric series carry
over naturally and simply for these identities and provide connections with various
classes of well-known hypergeometric functions and even new representations for
special cases of these functions. Some applications of these theorems are given in
Section 3. Clearly, the same procedure could have been utilised to extend many more
results on hypergeometric functions. But, instead, we deduce some special cases in
Section 4.

2. Multivariable analogues of the Preece theorem

Motivated by thé works of Bailey, Pathan and Preece, we shall establish the fol-
lowing theorems for multiple series, which are more generalised than the multiple
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Gaussian hypergeometric functions F®, F® and F{".

THEOREMS. Let S(i, j, k, p) be the generalised coefficients of arbitrary complex
numbers, where x,y, z are complex variables and c, f are arbitrary independent
complex parameters (where 2 f # 0, —1, £2, 13, ...) and any values of numerator
and denominator parameters and variables x, y, z leading to results which do not
make sense are tacitly excluded, then

(=D*c = 2f + Di(chx/y'**zP
Q2 —=2£)ifui'jlk!p!

Y SGi+k j.p)

i, jk,p=0
= O/ 4)'x’ z?

1
=Z Q(t) Y SQi+t,j, pIAL,i) : 2.0
=0 ! i,j,p=0 p
1 , [e’e]
= Z 'u‘Q(t) ZOS(21 +1,2j +u, p)AL, i)
u=0 ij,p=
2 i j
O N a2
(1 +u)/2);(1 +u/2);p!
1
-y f';"z Q) 205(21+t 2j +u,2p + wA(, i)
tu,w=0 ij,p=
y (y2/4) (x?/4) (22 /4)* 23)
(1 +1)/2);(1 + u/2);((1 + w)/2),(1 + w/2),’ '
where, for convenience,

14271 [ (142f =24t o _
=TT )T@ —e—ne—2/+ D, ,,
FQf—orl (M) (H2LETRf -NQ2 - 21)

(l+2f 2c+t) (l 2f+2c+t)
INHE L

(=), (5), (59, (B,

provided that each multiple series involved converges absolutely.

PROOF OF THEOREMS (2.1)~(2.3). Let L denote the left-hand side of (2.1). Then
using the series identity [8, page 56, Lemma 10(1)] defined as

00 (e i
Y AGjkp)= Y Y Al -k, jk p),
i,j.k,p=0 i,j,p=0 k=0
we may write
oo . .
. (e=2f+1)y'xiz? [Zf—l—i —i,c
L= S3, j, F U7 1. 25
inp;() @ Jj, p) 2 —2/)ij'p! 312 2f2f —c—i (25)
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Using Dixon’s theorem [8, page 92, Theorem 33] in (2.5), we may then write

_ - o (e =2f + 1)iy'xie?
L"iéos(”“’) @ - 2f)iljip!

F@AHT (M) M (B T 2f —c— i)
T (ERE)T () ref - oref -0

(2.6)

Now applying the following identities [13, page 214 (8), page 217 (12)]:

00 1 o
Y AG =)D AQi+n),
i=0

=0 i=0
oo 1 oo
Y BG, )= ) BQi+t,2j+uw),
i,j=0 t,u=0i,j=0
[*] i 00
Y. Cljp)= Y, Y. CQi+t,2j+u2p+w)
i,j.p=0 t.u,w=01i,j,p=0

in (2.6), then using the series rearrangement technique, we get the right-hand sides of
(2.1)—(2.3) respectively. O

3. Applications of Theorems (2.1)—(2.3)
3.1. The Preece Theorem associated with Srivastava’s function F®. In Theo-
rems (2.1) and (2.2), setting

— [(aA)]i+j+k[(dD)]i+k[(gc)]j
[(bB)]i+j+k[(eE)]i+k[(hH)]j

and z = 0 and using the series rearrangement technique, we get

Sy, j, k)

@[ @)—5@p);i—:(8c)ic —2f +1; «; _]
F [(ba)::—xeg);—:(hf,); 2-2f;2f; 0T

_ - [ty
=0 [(bg)]:[(er)]i !

o pazosac [ L@ +1:2 11 [AQ@p+0) : 11, [FF 4+ f—c: 1],
B2EX3H | [(bp)+1t:2,1]: [A(2;(eg+1) : 1], [%—f n

[ —f+c:15066) : 15 2, 1eep
(4 4 f —e 1], (5010 () 10 74 ”‘]

Q)
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_ Z [(@))i+u[(dD) ] [(g6))u y' x* o
o [@B))isul(en))i[(hy)]utu!

« F2A2D+22G A[2;(aA)+t+u];'—;1+f—c,%—f+c,
PB2EHR2HHL| A[2;(bg) +t + u] ;% —f+5 3+ f+5La@214),

A[2; (dp) +1]; Al2; (g6) + ul; 4450y 4"+ze]

Al2;(ep) + 115 A% (251 + u), A[2; (hy) + ul; 41+8+E” 41+8+H

provided that the denominator parameters are neither zero nor negative integers and
for convenience, the symbol A(m; b) abbreviates the array of m parameters given by
b b+1) b+2 b+m-1)

’ L] ’

m m m m

wherem =1,2,3,....

The asterisk in A*(N; j + 1) represents the fact that the (denominator) parameter
N/N is always omitted for 0 < j < (N — 1), so that the set A*(N; j + 1) obviously
contains only N — 1 parameters [13, page 214].

The notation A[N; (bg)] denotes the array of BN parameters [13, page 47(8),
pages 193-194] given by A(N; b;), ..., A(N; bg) and Q(¢) is given by (2.4).

3.2. The Preece theorem associated with Srivastava’s function F®. In Theo-
rem (2.3), setting

[(@n)i+jritp[(man)]i+p[(dD))irk [(86));1(g0)]p

S, J, k, = ,
Gk ) = G e [y L nel e, ()],
we get
F@ [(aA)::c—2f+1;(do);(gc) ;(my) cc 5 (dp);(qo); (mu); X, —y z]
(bp) =2=2f  ;(ep);(hy);(nn) :2f ;(ee) s (rg) 5 (nn); 7777 77

— Z [(aA)]l+u+w[(mM)]u+w[(dD)]t[(gG)]u[(qQ)]wytx“Zw
= 1O sl W)Ll el )L ()t el

x FO® [A[2; (@) +itutwls:—; A2 Onu) +utw);—:

Q)

Al2; (bp)+t+u+w):i—; A2 (ny)+u+w] ;—:

Bt f-c ¥~ f+c 82dp) +1l;

B_f £ A2 41), A2 (ex) + 1]

A[2;(g6) + ul; Al2; (qp) + wl;

AT (2;1 4+ u), Al2; (hy) +ul; A*(2;1 4+ w), A[2; (rr) + w];
4A+Dy2 4A+G+Mx2 4A+M+Q22:|

3.1

A1+B+E ’ A1+B+H+N’ AI+B+N+R
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3.3. The Preece theorem associated with Pathan’s function FS’. In Theo-
rem (2.3), setting

[(aA)]j+p+i+k[(gG)]i+k+j [(dD)]p+i+k[(mM)]j [(qQ)]p

S, j, k, = ,
Gk D) = o amsiat O sk L) mrat (), T,

we get

@ [ (@) —35(dp);(ge) s —:(mum) ;o) ;e —2f + 15 ¢ _]
Fe [(ba)::—;(es);(hH);—:(nN);(rR);2—2f 2f;, e Y

1

_ Z [(@))i+utwl(@D))irul(86))u (M) ) [(g )]y’ x" 2"
iy [0B))erurwl(e) liswl(re)lsu[(A) L[ (rp) Jut !
< Fo | AL (@p)+r+utwln—; AL2; (dp) +1+w]; Al2;(ge) +1 +ul

Al2; (b)) +t+u+wl—; Al2; (eg) +t+w] ; Al2; (hy)+t4ul:
Al2; (my) + ul 3 A[2;(q0) + wl;

A*(2; 1 +u), Al2; (ny) +ul; A*(2; 1 + w), A[2; (rr) + w];
Wif-co¥H—f+c

-+ L8 1+0;

4A+G+Mx2 4A+D+Q22 4A+G+Dy2]

Q)

3.2)

AV+B+H+N ' AI+B+E+R’ fl+B+H+E

Here the double hypergeometric function Fj. 2 , the triple hypergeometric function

F®, and the quadruple hypergeometric functions F® and F{* were given by Kampé

de Fériet, see [12, page 27(28)], Srivastava [10, page 428], [9, pages 35-36(1.2)] and
Pathan [6, page 172(1.2)], respectively.

4. Special cases

(I)SettiﬂgA=M=H=R =1,a =a m = m, hy = h, ry = r and
B=D=E=G=N=0Q=0in(3.1), we get

Kpla,a,a,am,m,c—2f+1,¢c;h,r,2 -2f,2f;x,2,y,—y]
1

_ Z (a)l+u+w(m)u+wy{xuzw
- (h) (Pt lutw!

Q@)

tu,w=0
< F(s)[A(2;a+t+u+w):—;A(2;m +u4w);—:

’ 1

1/2+ f—c+1/2,1/2 = f+c+1/2;
3/2— f+1/2, 12+ f+1/2 DAY L+1); A*(2; L +u),
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2 2
AQh+u); A% 21+ w), AQr+w); 7 ’Z]'

(II) Setting A = N=@Q@ =G =1,a =a,n =n,g =g, q = s and
B=D=F=M=H=R=0in(3.1), we get

K|3[a,a,a,a;g,s,c—2f+ 19C;n1n,2—2f’ 2f;x’ Z, y’ _)’]

_ Z‘: @rrro(@uluy'x2” o

= (n)uswtlulw!
< F® ARa+t+u+w):—;—; (A2g +u) ;
t—s = At u+w); AN 21 4+ u);
1+ f-c+i - f+c+§ T AR s +w) 2 2 g2
ALY LA A L w);

+
() Setting A=M=N=Q=R=1la =am=mmn=nq =q,n=r
and B=D=FE=G=H =0in (3.2), we get

F,§4)[a,C,q,m,C—2f+1;2fyr,n,2—'2f;—y,zyx,}’]

— Z (a)l+u+w(m)u(q)wy'xuzw Q(I)

) (r)ttulw!

tu,w=0

< F® ARsa+t+u+w)u—;—;—:A2;m+u) ;
2:—,—,—.A(2,1+u),A(2;n+u);

A(2;9 + w) ;

A*(2;1+w), A2 r +w);

l+t+f l+l f+C .x z y
3+t f|+t+fA(21+t)

(IV) In (2.1), setting S(i, j, k) = (a)2+i+x/(b);j and z = 0, we get
Xsla,c—2f+1,¢;b,2-2f,2f;x,y, —y]
1 '
=y 5"’) Q
1=0 .
+

20[BQa+n): 4+ f-c B —-f+c -
XFO232.IO[ 3+t f 523 +2f A*(z 1+t) b Yy 4x

(V) In (2'1)’ Setting S(.]’ P, i’ k) = (a)2j+2p+i+k/(b)j(d)j’ we get

OH®a,c —2f+1,¢;b,d,2-2f,2f;x,2,y, —y]
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! '
- Z y'(a); Q)
1=0

t!
ACZa+t)—;—;—:1—;—;
3) >
x F [—::—;—;—:b :d
S+ f-coF-f+c
1

. .4x,4z,y2].
gzi_fy'l%"'*'fyA (271+t)’

Here Ko, K13, X5, PH® and F{” are the multiple Gaussian hypergeometric
functions of Exton [2, page 79 (3.3.10, 3.3.13)], [3, page 113 (1.8)], [2, page 97
(3.5.2)] and Lauricella [4, page 150], respectively.
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