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Abstract A self-consistent model for charged particles, accounting for quantum confinement, diffusive
transport and electrostatic interaction is considered. The electrostatic potential is a solution of a three-
dimensional Poisson equation with the particle density as the source term. This density is the product of a
two-dimensional surface density and that of a one-dimensional mixed quantum state. The surface density
is the solution of a drift—diffusion equation with an effective surface potential deduced from the fully
three-dimensional one and which involves the diagonalization of a one-dimensional Schrédinger operator.
The overall problem is viewed as a two-dimensional drift—diffusion equation coupled to a Schrodinger—
Poisson system. The latter is proven to be well posed by a convex minimization technique. A relative
entropy and an a priori L? estimate provide sufficient bounds to prove existence and uniqueness of a
global-in-time solution. In the case of thermodynamic equilibrium boundary data, a unique stationary
solution is proven to exist. The relative entropy allows us to prove the convergence of the transient
solution towards it as time grows to infinity. Finally, the low-order approximation of the relative entropy
is used to prove that this convergence is exponential in time.

Keywords: Schrodinger equation; drift—diffusion system; relative entropy; long-time behaviour;
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1. Introduction and main result

The drift—diffusion equation is one of the most used models for charged particle trans-
port in various areas such as gas discharges, plasmas or semiconductors. It consists in a
conservation equation for the particle density, in which the current density is the sum
of two terms. One is proportional to the particle density and to the electrostatic forces.
This term is referred to as the drift current. The second term is the diffusion current and
is proportional to the gradient of the particle density [9,10,18,19,25, 26].

The drift—diffusion model can be derived from kinetic theory when the mean-free path
related to particle interactions with a thermal bath is small compared with the sys-
tem length scale. In semiconductors, one of the most important mechanisms driving the
electrons towards a diffusive regime is collisions with phonons (vibrations of the semicon-
ductor crystal lattice) which drive the electrons towards a local equilibrium at the lattice
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temperature [25,32]. We refer the reader to [21,31] for a rigorous derivation from the
Boltzmann equation and to [18,19,25,26] and references therein for the analysis of this
system when coupled to the Poisson equation for the electrostatic potential.

Quantum systems at global thermodynamic equilibrium can be described as a statis-
tical mixture of eigenstates of the Schrodinger operator. The occupation number of each
state is given by a thermodynamic equilibrium statistic function. Typically, it is given by

FEr — FE
exp 7kBT

E E -1
Bj

for Fermi—Dirac statistics, where E is the energy of the considered state, kg is the

for Boltzmann statistics or

Boltzmann constant, T is the temperature and Er is the so-called Fermi energy which,
at zero temperature, represents the threshold between occupied and unoccupied states
[27-29, 35].

In nanoscale semiconductor devices like ultrashort channel double gate MOSFETSs
(DGMOSs), electrons might be extremely confined in one of several directions that we
shall refer to as the confining directions. This leads to a partial quantization of the
energy. In the non-confined direction(s), which we shall also refer to as the transport
direction(s), following the length and energy scales, transport might have a quantum
nature or be purely classical in the kinetic or diffusive regimes. In the present work, we
are interested in the last regime. Namely, we consider a particle system which is partially
quantized in one direction (denoted by z) and which, in the transport direction denoted
by x, has a diffusive motion. The system is at equilibrium in the confined direction with a
local Fermi level e which depends on the transport variable x. The variable x is assumed
to lie in a bounded regular domain w € R? while z belongs to the interval (0,1). The
spatial domain is then 2 = w x (0,1). At a time ¢ and a position (z, z), the particle
density N (t,x,z) is given by

+oo
N(t,z,z) = Z ecr @) =en®@) |y (4 a0, 2) 2, (1.1)
k=1

where e is the Fermi level and (xg, €x) is the complete set of eigenfunctions and eigen-
values of the Schrodinger operator in the z-variable:

—202xk + VXxi = exxp, k=1,

. 1 (1.2)
Xk(taxa') GHO(Ovl)v / ka@dz:6k€~
0
The electrostatic potential V' is a solution of the Poisson equation
A, .V =N. (1.3)
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The surface density

1 +oo
Ns(t,z) = / N(t,xz,z)dz = eF Z e~ ex(t) (1.4)
0 k=1

satisfies the drift—diffusion equation
Oy Ns — divx(vach + Nivac‘/i) =0, (15)

where the effective potential V5 is given by
Vs = —logZe_g’“. (1.6)
k

Note also that N can be rewritten as

N(t,z, z) = N{t,2) fe_gk(t’x”){k(t x,2)|? (1.7)
) ) Z(t’x) k=1 ) ) ) *

where the repartition function Z is given by

+oo
Z(t,x) =Y e o), (1.8)
k=1

The unknowns of the overall system are the surface density N;(¢,x), the eigenenergies
ex(t, x), the eigenfunctions (¢, z, z) and the electrostatic potential V' (¢, x, z). The Fermi
level eg is determined by

Ns(t, x)
Z(t,z) "

er(t,z) = log (1.9)
This will be useful for the study of global equilibria. The system (1.2)—(1.8) is completed
with the initial condition

Ny(0,2) = N2(x) (1.10)

and with the following boundary conditions:

Ni(t,2) = Ny(), V(t,z,2) = Vi(x.2), forxeaw»zem»l%} (1.11)

9,V (t,z,0) =0,V (t,xz,1) =0, forzx € w.

In applications like the DGMOS [4], the frontier dw x [0, 1] includes the source and
the drain contacts as well as an insulating or artificial boundary. On the other hand,
w x {0} and w x {1} represent the gate contacts (in addition to possible insulating
boundaries). Mixed-type boundary conditions are then to be prescribed. The boundary
conditions (1.11) do not take into account this complexity and are chosen for mathemat-
ical convenience: elliptic regularity properties of the Poisson equation (1.3) are needed in
our proofs.
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1.1. Main results

Assumption 1.1.
(i) The initial condition satisfies N? € L?(w) and N? > 0, a.e.

(ii) The boundary data for the surface density satisfy 0 < N1 < N, < Ns a.e., where
N; and Ny are positive constants and Ny € C?(0w).

(iii) The Dirichlet datum for the potential satisfies Vi, € C?(0w x [0,1]) and the com-
patibility condition

A IV, B
E(SL‘,O) =3, (,1) =0, Vz € dw.

The first result of this paper is the following existence and uniqueness theorem.

Theorem 1.2. Let T > 0 be fixed. Under Assumption 1.1, the system (1.2)—(1.11)
admits a unique weak solution such that

N, € C([0,T], L*(w)) N L*((0,T), H*(w)), V € C([0,T], H*(12)).

The second result concerns the asymptotic behaviour of the solution as ¢ — oo. To
this aim, we shall first define the notion of global equilibrium for boundary data, under
which we show that there exists a unique stationary solution, and finally prove that the
time-dependent solution converges exponentially fast to this stationary solution.

Assumption 1.3. The boundary is said to be at global equilibrium if there exists a
real number u™ > 0 such that YV € dw, Ny(z) = u®e™"s" @) where V> is defined by

V2 (z) = —log (Z e—ek[Vb](I)) )
k

In view of (1.9), it means that the Fermi level at the boundary is constant.

In this assumption, as well as in the remainder of the paper, for each potential V', the
notation €[V] stands for the kth eigenvalue of the Hamiltonian —282 + V and x[V]
denotes the corresponding eigenfunction (solving (1.2)).

The stationary problem reads

—divy(VoNZ 4+ NV, V>2) =0,
—2OIXT VX = x5,
N>® X
oo co __ s 002  —e®
—A V= NY = 2t > I PeF, (1.12)
k=1
“+oo
r=y e
=1
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with the boundary conditions

N*(z) = Ny(z), V>=(z,2) =Vi(z,2) forz € dw, z € (0, 1)’} (1.13)

9,V (x,0) =9, V>®(x,1) =0 for z € w,

where we have used the shorthand notation €3° for ex[V°>°] and xg° for xx[V>°].

Proposition 1.4. Under Assumptions 1.1 and 1.3, the stationary problem (1.12),
(1.13) admits a unique solution such that N> € C?(w) and V> € C?(12).

The following theorem proves the exponential convergence of the time-dependent solu-
tion towards the stationary one.

Theorem 1.5. Let Assumptions 1.1 and 1.3 hold. Let Ng,V and NJ°, V> respectively
be the time-dependent and the stationary solutions defined respectively in Theorem 1.2
and Proposition 1.4. There exist two constants A > 0 and C > 0 such that for all t > 0,

INs = NN p2 () (8) + IV = Vo gy (8) < Ce™™.

The outline of the paper is as follows. In the next subsection, we briefly explain how
the drift—diffusion—Schrodinger system can be derived as a diffusion limit of a Boltzmann-
type model. In § 2, we prove Theorem 1.2. The strategy of the proof as well as various
notations are detailed in §2.1. Note that two essential ingredients are used: the first is
a relative entropy inequality that provides preliminary estimates on the solution which
are then completed with an L? estimate on the surface density. The second ingredient
is the analysis of the Schrodinger—Poisson system (1.2), (1.3), which is shown to be
uniquely solvable by convex minimization techniques in the spirit of [27-29]. Section 3
is devoted to the proof of Theorem 1.5, which uses a quadratic approximation of the
relative entropy given in § 2 and which is a Lyapunov functional for the linearized system
around the stationary solution. The appendix is devoted to some technical lemmas and
to classical results for Sturm—Liouville operators.

1.2. Formal derivation from kinetic theory

The drift—diffusion-Schrédinger system (1.2), (1.5), (1.6) can be derived as a diffusion
limit of a kinetic system for partially quantized particles, called the kinetic subband
system. More precisely, for a partially quantized system, the particle density can be

written
—+oo

N(t,x,z) = Zpk(tvx)‘Xk(t’%Z)‘z
k=1

where xj is given by (1.2). In the physics terminology [5,12,17], the wave function xy
is called the wave function of the kth subband and € its energy. The surface densi-
ties pi(t,x) are the occupation numbers of the subbands and are given in the kinetic
framework by

pr(t,z) = /]Rz Sfe(t, x,v) dv,
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where f; are solutions of kinetic equations in which the electrostatic potential energy V'
is replaced by the subband energy €. In the collisionless case, such a model, which in
quantum chemistry is related to the so-called Born-Oppenheimer approximation [22,
33, 34], was obtained in [7] by a partial semi-classical limit of the Schrédinger equation
and analysed in [6,8]. In order to obtain the diffusive regime, we introduce intersubband
collisions [1,5] in the Fermi golden-rule approximation
1 1
Oufy + ;{Hkvflzl} = FQ(JM)Im (1.14)
where 7 is the scaled mean-free path assumed to be small and {-, -} is the Poisson bracket
{g,h} = Vzh-V,g9 — V,h - Vg, Moreover, 1, is the energy of the system in the kth
subband:

Hy(t,x,v) = %’UQ + e (t, ),

where we recall that € is the subband energy. The collision operator @ is defined by
Qf)p=)_ / g (0,0 (M () fror (V) = My (V) fr(v)) Ao,
K R
where a depends on the system and the function My is the Maxwellian:

1
Mk(t, x, U) = ﬁe—ﬂk(t,x,v).

The diffusion limit consists in letting n — 0 (a rigorous study of this limit will be the
object of a future work). Admitting that f;’ converges towards a limit fYasn— 0, we
then have ff € ker @, which can be shown to be equal to

ker @ = {f such that 3p € R: f, = pMy, Vk > 1}.
Therefore,
[t z,v) = Ny(t, 2) My (t, z,v).

We remark that Ny(t,z) =, fR2 f2(t,z,v) dv is the surface density of particles. Iden-
tifying the terms in (1.14) and letting 7 — 0, one can prove, in the same spirit as in
previous works on diffusion approximation [21,31], that N, satisfies the drift—diffusion
equation

atNS - le:L’(ID)(V:ch + Nava:‘/s)) = 07

where V} is the effective potential defined by (1.6) and D is a diffusion matrix (symmetric
positive definite) depending on the choice of the transition rates ay 4. In this paper, we
consider for simplicity the case D = I, where I is the identity matrix in R2.

2. Existence and uniqueness (proof of Theorem 1.2)

2.1. Notations and strategy of the proof

As in [6], we view the system as a two-dimensional drift—diffusion equation (1.5) for
the surface density coupled to the quasi-static Schrédinger—Poisson system (1.2), (1.3).
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The drift—diffusion equation determines the value of the surface density in terms of the
electrostatic potential, while the Schrodinger—Poisson systems allows us to compute the
potential as a function of the surface density.

The overall problem is then solved by a fixed-point procedure for the unknown N, as
for the standard drift—diffusion—Poisson problem [18,25,26]. The global-in-time existence
relies heavily on an entropy estimate.

The first step now in the proof is to consider the quasi-static Schrodinger—Poisson
system which consists, for any given non-negative function Ng(z) defined on w, in finding
a potential V(z, z) defined on {2 and satisfying

A,V =N(z,2), (z,2)€ 2
N N, SRe 2
(z,2) = Ns(x) Z00) Xk (, 2)[%;
k=1
+oo
- —ee()
Z(x)—e_zle T (2.1)

_%339% + VXk = €k Xk k 2 17

1
Xk(tamv ) S Hé(07 1)7 / XEXe dz = 5k£7
0

V =V, on dw x (0,1), 0,V (x,0)=0,V(x,1) =0 forx € w.

For this problem, we have the following result, whose proof is postponed.

Proposition 2.1. Let Ny € L*(w) such that Ny > 0. Then the system (2.1) admits
a unique solution (V, (e, Xx)k>1), which satisfies the estimates ||V'|| 20y < C(Ns), the
constant C(N) depending only on the L?(w) norm of Ny. Moreover, for two arbitrary

data Ng and Ng, the corresponding solutions satisfy
IV = Va2 < C(Ng, No)||Ns = Nol|22(w)-

In order to prove existence of solutions of the overall problem, we need to show some a
priori estimates for the solution. We shall begin with a relative entropy inequality (see,
for example, [2,3,16] for classical counterparts), then show a uniform L? estimate for the
surface density. In order to do so, we proceed as in the standard drift—diffusion case [18]
and define the slotboom variable

Ny
— efF — 75. 22
u=e 2 (2.2)
We also define the surface current density
Jo=—VoN, = NV, V== e *V,u (2.3)
k

in such a way that the drift—diffusion equation may be written

6tNS + lem Js = 0.
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We denote by pj the occupation factor of the kth subband:
Pr = ue” (2.4)

so that

N:ZPk|Xk|27 NS:Zpk-
k

k

Now we introduce two extensions Ny and V of the boundary data. These extensions
are respectively defined on w and {2 and chosen in such a way that:

(i) N; € C*(@), 0 < N1 < N5 < Ny with two non-negative constants Ny and N, and
&'E)w = Nb;

(i) V € C?(£2) and satisfies the boundary conditions V. x(0,1) = Vs and 0.V (z,0) =
0,V (x,1) =0, for all x € w.

It is clear that for sufficiently regular domains such functions exist. Solving (1.2) with
V instead of V, we find two sequences €;[V](z) and xx[V](z, z), which we shall shortly
denote by €; and . We then define u, er, Z and pjy, by

) Z= E e_iv €Fp = logg7 k= fe_L = eL_L7
k

It may readily be seen that

Vau
u

< 00. (2.5)
Lo (w)

The relative entropy of (px, V') with respect to (px,V) is defined by
L 2
W= Z/(Pk log(pr/px) = pr + pr) dw + 5 // Ve (V=V)[?dzdz
ke Q

+sz:ue_€k(€k[V]—6k[V]—<xk2(V—V)>)da:, (2.6)

where we use the notation (f) = fol fdz. As will be shown later on, the three terms on
the right-hand side of the above identity are non-negative. Besides, W has the following
compact form:

W = / (N(ep =V —(er —V)) — N—&—ﬂ)dxdz—k%/ V. (V —V)*dzdz.
7} 7]
Let us comment on this formula. One can note that the familiar form of the relative

entropy for classical drift—diffusion systems is recovered here. The main difference is that,
in the classical case, the relation between the Fermi level, the electrostatic potential and
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the density is local: eg —V =1log N (see, for example, [2,9,18]), while here this relation
is non-local in space. This form is also similar to the one recently obtained in [20] for a
fully quantum drift—diffusion (QDD) model. This model was derived in [14] by following
the strategy of quantum moments developed in [13] (see also the review paper [15]).
It consists of a three-dimensional drift-diffusion equation involving a quantum chemical
potential that depends on the density in a non-local way, via the resolution of a quasi-
static auxiliary quantum problem. In the QDD model, the quantum chemical potential
is the generalization of the term ep — V' of the present model.

The following two propositions provide some a priori estimates needed for the resolu-
tion of the coupled system.

Proposition 2.2. Let T > 0. Let (N, V) be a weak solution of (1.2), (1.3), (1.5)
and (1.11) such that Ny € C([0,T], L*(w)) N L%([0,T], H'(w)) and V € C([0,T], H?(£2)).
Then we have

YVt e [0,T], 0< W(t) < Cr,

where C is a constant only depending on T, W (0) and w.

Proposition 2.3. Let T > 0 and assume that N? € LP(w) for some p € [2,+00] and
let (Ng, V) be weak solution of (1.5), (1.2), (1.3), (1.11) such that Ny € C([0,T], L?(w))N
L3([0,T], HY(w)) and V € C([0,T], H*(£2)). Then

Ns € C(]0,T), LP (w)),

for any T' > 0, with a bound depending only on T, Ny, V;, and ||NSOHLp(w).

2.2. Proof of the entropy inequality

The aim of this subsection is the proof of Proposition 2.2. Let (N, V) be a weak
solution of (1.2), (1.3) and (1.5). Since V € C([0,T], H?(£2)), by Lemma A 6, we deduce
that Vi € C([0,T], H%(£2)). This is sufficient to ensure that Ny > 0, due to the maximum
principle for parabolic equations (see, for example, [24]).

2.2.1. The relative entropy is the sum of three positive terms

Let us now show that the relative entropy W defined by (2.6) is non-negative. This is
obviously the case for the first two terms. In order to deal with the third term, let us
define €} := ¢x[sV + (1 — s)V], and x§ = xx[sV + (1 — s)V]. Straightforward computa-
tions using Lemma A 3 in the appendix lead to

ZUe €k ek —ek[ ] <‘Xk| (V V)>)
//1 e <X2(V_K)X?>2dads

—6
k 04k ¢

/ 7

since the sequence (e = €x[V])k>1 is increasing. This is sufficient to conclude that W > 0
as the sum of three non-negative terms.
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2.2.2. The initial relative entropy is finite

Since N? € L?(w), by Proposition 2.1 we have V € H?(£2) C L*(£2). From Lemma A 1

we deduce that
llex = 37°K2 (| Loe () <V [z (02)-
This is sufficient to deduce that W(0) < 4o0.

2.2.3. Relative entropy dissipation
Let us now compute dW/dt. We first remark that

d Pk Pk
= 1 LS R = 1 — .
T zk:/w <pk og (pk) Pk +pk> dz Xk:/watpk og (Pk) dz

Taking advantage of the identity Ny = Y px and from log px. = logu — €, the right-hand

side is equal to
/&N log( >dz2/8tpk €r — €)

With the identity Oser. = (|xx|?0;V) (see Lemma A 3) and (1.5) we obtain

d
aZ/(pklog(pk/@) — Pk + pr) da
k w
u
= 1 —€L 1 ht
/wdlvx (Zk:e qu> Og@dx
d
B dt/wzk:pk(ek — €k) dx"’//ﬂzk:PHXkFatdedz.

The Poisson equation and the fact that V =V on dw x (0, 1) give

/ |V (V — V)|2da:dz—/ NV —V)dzdz
dt 2 Q

:—// N(V—K)dxdz—/ NOV dxdz.

By using (1.6) and the expression of pg, we obtain

d . e U
aW = Ldlvw (;e "qu) log (u) dz.

After an integration by parts, owing to v = u on dw we may deduce that

—W— /Z*%'V” dz +/Z*fkvuvudz. (2.7)

In the following, we shall use the notation

e [ Vul?
(t) = e — dx (2.8)
(2
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and shall refer to this term as the entropy dissipation rate. Let us now define § =
|Vau/ul| o) < +oo (from (2.5)). A straightforward Cauchy-Schwarz inequality leads

to
d
W+ D <BVDINL .

Using the inequality 2ab < e2a? + 1/2b? for € > 0 sufficiently small, we get

d
LS ClINsll L2 (w)-

Since the function F'(t) = tlog(t) — t + 1, satisfies F((t) >t + (1 — e), we obtain

W > Z/@F(Pk/ﬂc) dz
k w

>3 [ onlonfpet1- ) s
k) w

2/Nsdx—(e—1)/&dx,

which leads to the differential inequality
d
—W < C/ Nydr < C(W + Cy),
dt ©

where Cjy depends only on the data of the problem (and not on the considered solution).
The Gronwall lemma implies that W (t) < Cr for all ¢ € [0,T], where Cr depends only
on T, W(0) and data (W(0) < +oc if NY € L?(w)).

Remark 2.4. The above manipulations are formal for weak solutions (defined such
that Ny € C([0,T], L?(w))). To make the argument rigorous, it is sufficient to regularize
the data, obtain a regular solution for which the result holds, then pass to the limit in the
regularization parameter and use the uniqueness of the weak solution (proved in §2.5).

2.3. Proof of the LP estimate

The aim of this subsection is the proof of Proposition 2.3. We have seen in §2.2 that
W(0) < C(||IN?|| 2(w))- Hence, Proposition 2.2 implies that

VST, VOl + INOle) < Cr. (2.9)
Due to the Trudinger inequality (A 8) and to (A 6), as well as Lemma A 5 the functions
) efek(t,:r) )

Si(t,z) = sup It @, )7, Salt,z) =) —m—(ex(t,2)) (2.10)

k>1 : Z(t,x)

Z k>1

are in L>°((0,T"), L?(w)) for any finite p and satisfy the bound

vp < +o0, HSl(ta .)HLP((.«J) + ||52(ta ')HLP(UJ) < Cp7 (211)

where C), is a constant depending only on ||V(t)[| 1 (o). From now on, we define

ng = Ny — Ng, n=N-—N, ve = Vo — Vi, v=V-V. (2.12)
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2.3.1. Proof of Proposition 2.3 for p € [2,+00)
Multiply (1.5) by ng|ns|P~2 and integrate on w. After an integration by parts, we get

1d 4
,a/ |ns|p dx + (p - 1)/ ‘V;Ensl2|ns‘l7—2 dz + L/ v$|nslp .V, V.dz
w w p .
— / Aw£n5|ns|l’—2 dz + / divw(&vw%)ns|ns|p_2 de.
After an integration by parts, the last term on the left-hand side can be written as
-1
_L/ Ins|P Ay Ve da.
P Ju

The above computations follow closely the standard drift—diffusion Poisson system for
which the above term is non-negative. In our case, however, —A,V; # Ny, which induces
additional difficulties. Indeed, with the Poisson equation (1.3), we have —A,V = 82V +N.
And, after some integrations by parts,
(O2Vxkl?) = 2(VXxr02xx) + 2(V[0:x1[%).
From the Schrodinger equation (1.2), we have
2xk =2(V —ep)xe and  2(V]xl?) + |0:xx[* = 26y
Thus,
(O2VIxel?) = 4V Ixl®) + 2((V + )]0 xk]?) — de-
These remarks lead to the following identity:
N? +4V2N)
P ey

—AIVvS = —452 (t7 l‘)

ZZ(}j) (Ve V)

k bk

Pt - (S e ) e

k

V + 6k)|asz| >

where S5 is defined in (2.10). By the Cauchy—Schwarz inequality, the sum of the last two
terms on the right-hand side is non-negative. Moreover, except for the first one, the other
terms are obviously non-negative. By an integration by parts, we deduce that

1d
f&/ |ns\1’dx+(p—1)/ |V ons|*ns|P 2 do < T+ 114111, (2.14)
where
-1
I:4L/|ns|p82dx,
P Jo

1= / A, Nyng|ng|P~? da,
w

I = / div, (NsV, Vi)ns|nsP~2 dz.
w
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Let us now analyse each term separately.

First we estimate I. Thanks to the Holder inequality, for all » > 1 and v/ =r/(r — 1)
we have

—1
1=4" - / Ins[P Sz da < Clllnal?/? 3152 .
p w
By applying Gagliardo—Nirenberg and Young inequalities, for » > 1 we have

2/r 2(1-1/r
s lP/2[13 n 0y < Cllins P21 25 s P2 130 )

1
<O F Il + D B )
By using the estimate (2.11) and the Poincaré inequality we obtain
1< Colngl?, + 05/ IV [na|P/2]2 da. (2.15)

We now estimate II. This is an easy task. By a straightforward Holder inequality, we
have
) =

/A an|ns|1’ 2dz| < ||ns||Lp(w)HAI&HLp(w). (2.16)

Estimating III requires more work. We first begin by an integration by parts and obtain
l=—(p—1) //QN%: gmﬁvzv - Vans|ng|P~2 da dz.
This leads to the inequality
I < (p — 1)|| Ns[[ < / , [S1(t,2)| [Va V] [ Vans| ns[P~* dardz,

where S is defined in (2.10). Taking advantage of (2.11), we find after a Holder inequality
that
] < Cr || Nell £ |V V [ £a |V o | ms [P~ (2.17)

for any (g, r) such that ¢ < +o0 and r > ¢/, where ¢’ = ¢/(q¢ — 1). By choosing r = p/p—1,
by a Holder inequality we have

1V ans|ns P2 o < [V amslng ®=272| 2 |l & 272

Now one can apply (2.17) with any ¢ > p. By choosing ¢ close enough to p, the Sobolev
inequality
IVaVllLe < Cil[V]lwzs < Co|[NLe + Cs

holds for some s < p. Again by using the inequality

N < NS, (2.18)
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where 57 is defined by (2.10) and satisfies the uniform bound (2.11), we immediately
obtain || N||zs < C||Ng|lLr < C(||Ns|[zr + ||72s]|2r). Besides, we have

_ 4
/|Vxns|2|ns|p 2dx:]¥/ |V (|ns|P/?)|? da. (2.19)
All in all, (2.17) becomes
—2)/2
1] < C[Va(nslP/) | 2 s l1 5 22 (sl oy + 1Nl 2o ) + 1),

which leads, after a Young inequality, to
Co Cs _
[1I1] < Cye? / Va2 dz + el + v, (220

where ¢ is an arbitrarily small constant and Cy, Cs and C3 are independent of ¢.

Now consider the inequality (2.14). Inserting the inequalities (2.15), (2.16), (2.19)
and (2.20) in (2.14) and fixing ¢ sufficiently small, there exist A > 0 and non-negative
constants still denoted by C, C5 and C3 such that

1d _ _
S [ as s a [ 1Vanp R < [ et Callndl L + Callml,
A Gronwall argument leads to the boundedness on [0, T'| of ||ns(t)||Lr (w)-

2.3.2. Proof of Proposition 2.8 for p = +o0

Since Ny € LP(w) for all 1 < p < +oo, by (2.18) and (2.11), n € L"({2) for all
1 < 7 < +o00. Therefore, the Poisson equation (1.3) leads to V € W27 (£2). By Sobolev
embeddings, the potential V lies in L*°([0,T] x §2). Hence, from (2.13) and (A 2) we
deduce that there exists a non-negative constant a such that A,V; < a. We use the
standard notation f, for the positive part of f:

f+_{f if >0,

0 otherwise.
Let us define
A1) = 2™, where A > max(| N2 | | Vol 1 o)) (2.21)
Then, from (1.5) and the choice of a,
O (Ns — A(t)) — divy (V4 (Ns — A(t)) + (Ns — A(t)) V., V) < 0.

Multiplying this equation by (Ns — A(t))+ and integrating over w gives, after an integra-
tion by parts,

1d

1
5T w(NS — A(t))3 dz + /w |V (Ng — A1)y |* da + 3 /w Va(Ns — A(t)3 Vi Ve dz < 0.
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After another integration by parts, and since A, Vs < a

(?t (N At )) dr — a/(ZVS — A(t))%r dz <0.

w

We deduce from this inequality and the choice of A in (2.21) that for all ¢ € [0,T],
Ny < A(t) and thus Ny < eT.
2.4. Analysis of the Schrodinger—Poisson system

In this subsection, we prove Proposition 2.1. We use the functional spaces
Hl={V e HY(Q):Vx € 0w, 2z € [0,1], V(zx,2) =0}

and
1/p
2224(2) = {u € L4,(2) st that Julzusco = ( [ ot Mgy do) <400},

Due to Gagliardo—Nirenberg inequalities and interpolation estimates, one can prove the
following lemma.

Lemma 2.5. We have the Sobolev embedding of H'(§2) into L2L°(S2).

Let Vo € H?(£2) be such that Vj = V4, on dw x (0,1) and 9,Vy(x,0) = 9,Vp(z,1) =0
for all € w (for instance, we can take Vy = V). Proceeding as in [6] and in the spirit
of [27], we can show that a weak solution of (2.1) in the affine space Vi + H] is a critical
point with respect to V' of the functional

// |V“V|2 /NslogZe_E"M dz,
k

where we recall that the (ex[V])r>1 denote the eigenvalues of the Hamiltonian

i.e. they satisfy (1.2).

The functional Jy is clearly continuous and strongly convex on H!(§2). The analysis
of the functional V' +— J1(V, N) relies on the properties of €;[V]. From the inequalities
(see Lemma A1)

lex[V] — ex[V]|(z) < [V (2,) = V()22 (0,1)
and
Z e—crlV] < log Sk e*ék[V]+supz(\6f[V]*6z[V]I)
Z e—ex[V] Sk e—ex[V]

)
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we deduce that
[ J1(V, Ng) = Ji(V, Ny)| < /w [Ns() [ sup(ex[V] - ex[V]|(2)) de
<INl 2@ IV = Vir2 e (0)- (2.22)

The functional Ji(-,Ns) is globally Lipschitz continuous on L2L°(§2), and thus on
H(£2), due to Lemma 2.5.
Next, Ji(-, Ng) is twice Gateaux differentiable on L>°({2) and

Ny e~k —e7
A3 1 (V, NGW - W = — / =z Z Z ﬁﬂkmwy dx
w & Ek

T ) S TE R\l o

k

When Ny is non-negative, this quantity is non-negative thanks to the Cauchy—Schwarz
inequality. Thus, Ji(-, N;) is convex. As a consequence, the functional J(-, Ng) = Jo +
Ji(-, Ny) is continuous and strongly convex on Vy + H). Moreover, using the Poincaré
inequality on H! and (2.22) with V = 0, we have

J(V,Ns) = OV () — ClINsllz2 (o IV | 1.2y + (0, N,

and thus J(-, Ns) is coercive and bounded from below on Hl: it admits a unique min-
imizer, denoted by V', which is then the solution of our problem with the boundary
conditions (1.11).

We now prove the H? estimate of V. Since V is a minimizer of J(-,N;) we have
J(V,N;) < J(0, Ny). Thus,

%// IV, V2 dzdz < J1(0, Ny) — Jy(V, Ny).
2

Applying (2.22), we deduce that V is bounded in H*(£2), with a bound only depending on
the L? norm of N;. Therefore, the function S; defined in (2.10) satisfies the bound (2.11).
Since N < N,S1, we deduce that the density N lies in L"(£2) for any r < 2, which implies
by elliptic regularity that V € W27 (§2). This implies that V actually lies in L> which
leads, in view of (A6), to S; € L. Therefore, N is bounded in L?({2), which gives
V € H?(02) by the elliptic regularity.

Let us now prove the Lipschitz dependence of V with respect to Ny in H?({2). Let V
and V denote the minimizers of J(-, Ny) and J(-, Ny), respectively. Using the linearity
of J; with respect to Nj, its Lipschitz dependence with respect to V' from (2.22), the
strong convexity of J and the fact that V minimizes J(-, Ni), we get

1 - -
IV =Vl ) < J(V,No) = J(V, ;)

= Ji(V,Ny — N) — Ji(V, Ny — Ny) + J(V, Ny) — J(V, Ny)
<NV = V(@) INs = Nollz2(w)-
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Thus, we bave first the Lipschitz dependence of V in H'(£2). The Poisson equation gives
—A(V-V)=N—N, and

N-J\?:(NS—NS)%:e_elx’“|2
ROV = )bk #8352
(we use € as shorthand for e[V] and X for xx[V]). With Lemma A 4,
Ixk — Xklloe < CleCQ(“VHLgHWHL%)HV —Vllzs. (2.23)

Denoting x5 = xx[V 4 s(V = V)] and €} = [V + s(V — V)], we have with Lemma A 3,

(7

k

eil? = Zk |Xk| (V- V)> —< Zk|Xk‘2€7EZ ds
Xk S o

/ Z |Xk| Z‘/ . ‘;» ‘Xk‘2d5-

Thus, since we have proved that xj € L"O(Q), for all s € [0,1], we deduce that

Hence, from (2.23) and (2.24), we deduce
IN = Nllz2(0) < CINs = Nsl 2 () + CIV = V| 12(02)-

<OV =V]p. (2.24)

Finally, from the Lipschitz dependence of V' with respect to Ny in H*(£2), we have locally
IV = VllL2(e) < ClINs = NellL2(w)-

Thus, |N — NHLZ(Q C||Ns — Ny 2wy with a constant C' depending on ||Ngz2(w)
and || Ny L2(w)- Applylng the elliptic regularity, we conclude that ||V — V| H2(2) <
C([INsll p2(w) ||V, | 22 ) [ Ns — N, |2 (02) and the proof of Proposition 2.1 is complete.

Remark 2.6. We can also solve this problem by assuming that v € L?(w) is given
such that v > 0. More precisely, the system (1.2), (1.3) is now written
102xn + Ve = e,

_Az,zv =u Z |Xk|2eiek
k

Following the same idea as that above, a weak solution of this system in the affine space
Vo + H'(£2) is the unique minimizer with respect to V of the convex functional:

_1 2 —el[V]
- 2//Q|W/| dxdz+/wu;e
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(in fact, for H! potentials, it is not guaranteed that this functional takes finite values;
to circumvent this difficulty, one can instead solve an auxiliary problem where the expo-
nential is truncated for negative arguments, then estimate its solution and show that it
is non-negative). As before, we have V € H?(£2) for u € L*(w).

Proof of Proposition 1.4. We consider the stationary problem (1.12), (1.13). First,
we remark that the stationary drift-diffusion equation and the boundary conditions gives

— div(z efi"vxu> =0 for r € w,
k

uw=u>* forzx € dw,
Thus, v = u®°. Then (1.12) can be written
L VR = X
BV = Y e
k

And the solution of this Schrédinger—Poisson system is the minimum of the convex func-
tional (see Remark 2.6):

J(V) = %//Q|Vx7zV|2d:z:dz—|—/uoozefek[V] dz,
« k

where (ex[V])p>1 are the eigenvalues of the Hamiltonian, i.e. satisfy (1.2). O

2.5. Proof of Theorem 1.2

The proof of existence and uniqueness relies on a contraction argument in the spirit
of [25]. First, we define the map F' : Ny — Nj as follows.

Step 1. For a given N, > 0, solve the Schrodinger—Poisson system (2.1) as in §2.4.
From the V € C([0,T], H?(£2)) obtained (see Proposition 2.1), define V; by (1.6). By
Lemma A 6, V; belongs to C([0,T], H*(w)).

Step 2. The surface potential V; being known, solve the following parabolic equation
for the unknown Ng:
OtNg — div, (V. Ns + NV, V;) =0, (2.25)

with the boundary condition

Ns(t,x) = Np(x) for z € Jw, (2.26)

and the initial value
Ny(0,2) = N2(x) for z € dw.

Standard results on parabolic equations [24] lead to the existence and uniqueness of the
solution Ny of (2.25), (2.26). Of course, N5 > 0. The map F' is then defined after these
two steps by F(Ng) := Ns.
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Let us now show that F' is a contraction on the space M, 1 defined by M, 1+ = {n :
In|lz < a}, where the norm is

T 1/2
Inllr = | s, @)1 + [ ||n<t>||%p<w>dt] . (2.27)

o<t<T

The two parameters T and a vyill be specified later. Let Ny and Ny be two elements of
M, 1. The difference §F = F'(Ng) — F(N) verifies

OOF — div,(V,0F + 0FV .V, +F( )V 0V5) = (2.28)
with the notation 6V = V; — VS The boundary conditions become
0F(0,z) =0, Vz€w; O0F(t,x) =0, Vx€dw, tel0,T].

Multiplying (2.28) by 0F and integrating on w, after an integration by parts we obtain
2dt/ |6F|2dx+/ V. (5F) |2dx+/ V. (3F)(SFV,V, + F(N,)Va(5V2)) da = 0.
The Cauchy—Schwarz inequality applied to the third term leads to

S S IOF s + IV e(OF) 3 < V2 0F) 12 (ISFVaVall o + [P (F.) Va0V 1),

Thus,

d -
T IFIZ: +1V=(0F)|7: < 20FVaValia + 2| F(N) Va(6V2)II72
< 20F 74 VaValfs + 2 F(N) 4 V2 (@Va)llZe.  (2:29)

Besides, we have

1 fy PV Ve e dz|
dope ek

where Sy is defined by (2.10). From Proposition 2.1 and the fact that Ny € M, r, we
deduce that

1
VLV < 1Sa(t, ) / V.V dz,
0

<
Jpax [V (0)l#2(2) < Cula),

where C1(a) is a constant only depending on a. From Lemma A6 and the embedding
H?(2) — L>=(£2), we deduce the pointwise-in-time inequalities

max (|[Sa(t)]|zoe + [IVa(t)l| 2(w)) < Ca(a).

0<t<T

From Lemma A 6 and Proposition 2.1, we know that there exists a constant Cs(a) such
that
IV (6Ve)llLe < ClloVsllrz ) < Ca(a)[[0Ns| 2 (w)
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Inserting the above inequalities into (2.29), we obtain the inequality
L 6FIZ, + IV GP)2. < C SF|24 + || F(Ns)||24||6Ns |2
g 10F 122 + Ve (OF)Iz2 < Ca(@)(I6F [z + [1E(Ns)l[Z4 10N Z2).
The Gagliardo—Nirenberg inequality leads to
d ~
19717z + 21V (6F)72 < Cal@)(10F (172 + | F (N7 | ONGIZ2)- (2.30)

Taking N, = 0 in the above inequality leads to

d
FIF W) = FO)72 + 5[V (F(N) = F(0)]7
< Ca(a)([|F(Ns) = F(0)|[Z2 + 1 F (0|7 | NsI72),
which implies that
IF(Ns)(t) = F(0)(1)[172 < [IF(Ns)(0) — F(0)(0)[7267+* t
+ C4(G)|IF(0)|I2L4/ 1N (7)[[ 726 .
0
We then obtain

IF(NS)||z < Cs(a)e®> @7,

where || - || is defined in (2.27) and C5 depends only on a. Of course, since Ny and Ny
play the same role, we obviously have

| E(N) |7 < Cs(a)e>@T. (2.31)

Let us now go back to (2.30), which, after a Gronwall inequality, yields
t
I6F )12 < C4(d)||5NsH%/ @D (NG (1) 74 d7
0

< Ca@eC NI [ IR 1V F V)0
< Ca(a)e™ SN | Z VT F (NG |3
We then deduce from (2.31) that
I6F (#)ll < Co(a) T4 DT 6Ny .

Let us now take a = 2||F(0)||; and choose the parameter T < 1 small enough that
Co(a)T/*eC(@T < 1 Since |- |1 is increasing with respect to T, it is readily seen
that F' leaves M, r invariant and is a contraction on this set. We have then constructed
a unique solution on a time-interval Ty which depends only on the L? norm of the initial
datum and on the H'/?(dw) norm of the boundary values for Ny and V. In order to
construct a global solution, we take Ty as the origin and prove as above the existence and
uniqueness of the solution on [Tp, 27p]. This is made possible due to the locally uniform-
in-time L? a priori estimate on the self-consistent solution, given in Proposition 2.3.
Then we construct the solution [2T, 3Tp] until covering completely the interval [0, T7.
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3. Long-time behaviour

The study of the exponential convergence to the equilibrium is established in two steps.
First we prove the convergence towards 0 as ¢ — +oo and the decrease in the relative
entropy defined by

= 0 ) — ) dx 1 — V) 2dzdz
W(t)—;/wmlgmk/pk) ot i) do+§ [ 90 - v Pasa

+ /w zk:ue_ﬁ’c <€k[v] — e [VZ] - /01 x> (V — Voo)dz> dz, (3.1)

where we define p2° = u®e~ . We define
n=N-—N>, v=V-V> v = Vo — V>, ng = Ny — N&°. (3.2)

‘We deduce that
Opns — divy (Vang + NSOV v + sV V> + ngVivg) = 0, (3.3)
—Ag v =n. .
Next we consider a quadratic approximation of the relative entropy and prove its expo-
nential convergence to 0 as t — +o00.
In the following, C' denotes a positive constant depending only on the data, and
€ denotes an arbitrarily small positive constant.

3.1. Convergence of the relative entropy

This section is devoted to the following preliminary result.

Proposition 3.1. Under Assumptions 1.1 and 1.3, the solution of the drift—diffusion—
Schrédinger—Poisson system (1.1)—(1.11) is such that

(i) the relative entropy W defined by (3.1) is decreasing and

lim W(t) =0;

t——+o0

(ii) we have ng — 0 in L*(w) and v — 0 in H*(w) as t — +o0.

Proof. This proof is based on an idea developed in [18]. Let (N, V) solve the
stationary problem (1.12). We deduce from (2.7) that the relative entropy satisfies

d
dt
where D is given by (2.8). Then, for all ¢ > 0, we have

W(t) = _D(t)7

Wt) + /O D(r)dr = W(0), (3.4)
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which implies that there exists a sequence t; — 4-00 such that
D(t;) =0 asj— 4oo. (3.5)

Now, straightforward calculations using Ny = ue™"* give
D= /(4|VI\/NS|2 + 2V, N, - Vo Vi + NV, Vi|?) da. (3.6)
w
After an integration by parts, we get

/VwNS-VxVde:—/NSAIVde—&— N, Vido,
w w ow

where v(z) denotes the outward unitary normal vector at x € dw and do the surface
measure on Jw induced by the Lebesgue measure. Therefore, we deduce from (3.6) that

4| Vo/ No||22 < D+2/NsAszda:—2 N9, Vido
Ow

<D+8/NSSde72/ No,Vdodz
w Owx(0,1)

D + 8[| Ns|[Lal[Sall e + 2[ Noll oo [V || >

<
<D+ C||Ng||ps + C||IN||z> + C,

where we recall that S; is given by (2.10) and satisfies (2.11). Besides, it is readily seen
that N < NgSp, where S; is given in (2.10) and satisfies (2.11). Therefore, ||N| L2 <
C|| Ns||pa. We conclude from the above inequality that

4|V /No|22 < D + C||No| s + C.

Applying a Gagliardo-Nirenberg inequality to the function /N on the right-hand side,
we obtain (for any € > 0)

4||Vx\/NS||2L2 <D+ C||NSH1L/12||\/ Nllgr +C < D+ Ce|[Ng|| 1 + €| Va v NSH%2 +C,

which leads, in view of (2.9), to the inequality
IVa/Nal32(8) < C(D(t) +1). (3.7)

By evaluating (3.5) and (3.7) at t =t¢;, we deduce the boundedness in H'(w) of the
sequence (y/Ns(t;));. Because of the compactness embedding of H'(w) into L*(w), we
can assume without loss of generality that there exists Ny belonging to L?(w) such that

VN, € H'(w) and
Ny(t;) = Ny in L*(w). (3.8)
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Thanks to the properties of the trace of H!(w) functions and the compact embedding
H'?(0w) < L*(dw), we have Ny|a,, = Ny. From Proposition 2.1, we know that the map-
ping Ng — V defined by

_%ang‘FVXk = €k Xk, k 2 17
k| Pe”
“A,.V=N=N,
| 27z

(with the boundary conditions of V in (1.11)) is well posed for Ny € L?(w) such that
N; > 0 a.e. and is continuous from L?(w) into H?(£2). Moreover, by Lemma A 6 we also
know that the mapping V + V; defined by

()
k

—302xk + VXe = Xk
is continuous from H?(£2) to H?(w). It follows that
3V, € H*(w) such that Vi(t;) — Vi in H?*(w) C C(@).

Hence, _
u(t;) = Nu(t;)e"*) — NV in L2 (w). (3.9)
5) and (3.8) imply that, for any h € (L*(w))?, we have

3.
/w eV thde| = ‘/v u(t;)hdz
< (/w e‘é(tj)wz‘;ij;)'z dx)

% ||Ns(t]‘)62VS(tj)”1L/22(w)||hHL4(W) —0 asj— +oo.

Now

Taking into account (3.9), we deduce that N.e's is constant in w. Since Ny|ow = Ny and
Vilow = V.2°, Assumption 1.3 implies Nge's = u®°. Thus, (N, Vi) can be identified as the
unique solution of the stationary Schrédinger—Poisson system (see Remark 2.6):

Ny =N, Vi=V> and analogously V(t;) = V> asj— +oo.
Since the function W is decreasing, we have

lim W(t)= lim W(t;) =

t—+oo Jj—+o0

Consequently, |[v(t)|[g1(o) — 0 and |[ng[/z1() — 0 as t = +o0 by a Poincaré inequality
and the following Csiszar—Kullback inequality [3,11,23]: for all ny,ny € L*(w), ny >

0 a.e., no > 0 a.e. with
/nldx:/ngdm:No,

n
ln1 — n2||2L1(w) < 2N0/ ny log — d.

we have

UP)
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3.2. Exponential convergence

This section is devoted to the proof of the main result of this paper, i.e. the exponential
convergence of the surface density Ny and the electrostatic potential V' to the equilibrium
functions. We will consider the differences n, ng, v and vg defined in (3.2) and introduce
the quadratic approximation of the relative entropy:

L(t) = 1/ (NO)O dz +/nsvsdx—%// \Vv|2dxdz—|—/N§°vsdx—/ N*®vdzdz.
w 2 w 02

(3.10)

Since the Poisson equation gives

// nvdxdz:/ |Vo|? dz dz,
7 2

we can rewrite the above equation as

L(t) = 1/ (NO)O dr + - // |Vv|2dxdz+/vadx / Nvdzdz. (3.11)

In order to prove Theorem 1.5, we need the following three technical lemmas, which we
go on to prove in §3.2.2.

Lemma 3.2. Consider a weak solution of (1.2)-(1.11). Then, for all t > 0, we have

Noo // Vol dzdz < L(t) < /(;O)o der/wnsvsd:r.

Lemma 3.3. Let V and V belong to L?(0,1) and Vi, Vi be defined by

—logZexp(—ek[V}) and E:—logZexp(—ek[KD.
k k

Then, by setting v =V —V and vs = Vy — V;, we have
[Vavs? < Crexp{Ca(I[V]|22(0.1) + Il £2(0,1)) (| Vav])? + (o) *(IV.V))?),  (3.12)

where C7 and Cy are two positive constants.

Lemma 3.4. Consider a weak solution of (1.2)—(1.11). There then exist two non-
negative constants C7 and Cs such that, for allt > 0

[ Srmntan<i [ el +)

where L is defined in (3.11). Moreover, we have
llvsllzs 2y < Cllvll a1 (2, (3.13)

2
dz + C1L(t)* + CoL(t)|v]| g1 (2.

for a non-negative constant C'.
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3.2.1. Proof of Theorem 1.5

From (3.10) and the Poisson equation, we deduce that

gL(t):/atns £+vs d:z:+/Ns(9tvsdzf// Noywdxdz.
dt w Nsoc w 2

Furthermore, e V= = 3", e™“ = Z and Oy, = (|xx|?0;v) imply that

1
Opvg = Z ;<|Xk|23tv>e’€k.

/Nsatvsdx:// NOywdxdz.
w 2

With (3.3) and after an integration by parts, we get

Hence,

%L(t) = — / (Vans + NV pvs + 1V, V. + ngVavg) - Vi (AT;ZO + vs) dz.

S

Since VN + NV, V> =0, we deduce that

d . Ng

Now we will show that the second term on the right-hand side of (3.14) can be con-

2

dx — / NsVys - Vg (13; + vs) dz. (3.14)

S

trolled by the first one for long time. From Lemma 3.4, we deduce that

— /wnskus -V (Z\ZZO + vs> dx
1 (nS)2 1 (e'e)
< 5/w N |vas|2d:z:+§/w]\75

2

dz + CLL(t)* + Ca[v] 1 (@) L(t)-
S
Thanks to the Poincaré inequality and Lemma 3.2, we have

2
dx

N
V()

S

<

=] w

Hence, from (3.14) we have obtained

d
aL(t) < =CoL(t) + CLL(t)* + Col[v]| (o) L(?). (3.15)
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By Proposition 3.1 (ii), there exists 7' > 0 such that, for all t > T, Ca|[v|| g1 () (t) < 3Co.

2
Thus, for allt > T
d OO 4
L(t ——L(t) + C1L(t)". 3.16
S 1) < - Lo + e (3.16)
From (3.5) and (3.7), we see that there exists a sequence t; — 400 as j — +oo such that
the sequence (1/Ns(tj))jen is bounded in H'(w). Up to a renumbering, we can suppose

that, for all j € N, t; > T. Moreover, by interpolation, we have

s 1/4 3/4
< Olins|l g oy Insll s
H VNSl 2 (w) LHw) L)

By the Sobolev embedding of H'(w) into L%(w), we deduce that ||ng|| 13 (¢;) is bounded.
Since we have proved in Proposition 3.1 (ii) that ng — 0 in L'(w) as t — 400, this ensures
the convergence towards 0 of ||ns//N2°|| L2 (t;) as j — +00. Moreover, with the bound
of L in Lemma 3.2 we deduce that

+ Cllns| 2wy [[0s]l Lo ) -
L2 (w)

<3l

And (3.13) provides a bound of ||vs][z6(.) by [|v||a1(2), which converges towards 0 as
t = +oo due to Proposition 3.1. We can now conclude that lim;_, . L(¢;) = 0. Hence,

3t, >0 such that CyL(t.)* < 1Co. (3.17)
Now we define the set
A= {t € [t,,+00) such that Vs € [t,,t], C1L(s)> < 1C}.

By the continuity of L, A is a closed set that contains ¢, from (3.17). Moreover, if ¢y € A,
from (3.16) we deduce that L is decreasing near ¢y. By continuity of L, it yields that .4
is open. Thus, A = [t., +00), i.e

Vi€t o), SL) <~ L)

We obtain the announced result by integrating this last inequality.

3.2.2. Proofs of the technical lemmas

Proof of Lemma 3.2. The concavity of the function = +— log x leads to the inequality

> :k e ek ) ek e e~k
= log( = IOg ek Tk > (Gk — 600>. (318)
E k e*ﬁk ; § ) 6752 ; § ) efeg k

Therefore,
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The right-hand side of this inequality is exactly the third term of (2.6), which is positive.
Therefore,

/ Nyvgdx — / Nvdzdz > 0. (3.19)
w 02
By exchanging the roles of (N, N*°) and (V, V), we obtain
/ N*®vdxdz — / N vgdx > 0, (3.20)
02 w

which leads, by (3.11) and for all ¢t > 0, to

ogl/(No)o dz + 1 / Vo2 dedz < L(1).

This ends the proof of Lemma 3.2. Note that the sum of (3.19) and (3.20) leads to the

inequality
/nsvsdx>// m}dxdz:/ |V’u|220
w (%} (9]

|
Proof of Lemma 3.3. We have

—€x —e€p —
vzvszz‘}(awek—azek)JrZ(eZ eZ )a . (3.21)

k k =

with the notation Z = ), e™%. Thus, by a Jensen inequality,
2 e ¢k ek 2

Voul? < Z Duerl? +2 Z( . )axek (3.22)

k
For the first term on the right-hand side, we use the results stated in Lemmas A 2 and A 4:

e ¢k
Z7|aﬁc6k _ameil Z ‘Xk' Ve 7) +QZ |Xk|2 |ﬁ|2)vzz>2

%
<Gy eXP{C2HV($7 ')||L2(0,1)}<|va|>

1
+/ Crexp{Ca|[V(x, ) + sv(w, )| 20,0 H{[v) IV ]) ds
0

Consequently, we have

>

k

Oner|* < Crexp{Ca(IV] 20,1y + 0]l 22(0,)} (IVav)? +([0])*(| VL V1))

(3.23)
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We can write the second term on the right-hand side of (3.22) as

(Yo [ Eelpilie zmwvfswe*k .
—~\ Z dope e

/Z'Xk PV ds

where we use the notation €; = ex[V + sv] and x; = xx[V + sv]. Thus, by applying the
L bound in the z direction for x; and xj stated in Lemma A 2, we obtain

—ek —ek 2
€ e =
S (-5 e < Cresp(Callilinon + ol HIoh Va1 (321
k z
By combining (3.23) and (3.24) in (3.22), we obtain (3.12). a

Proof of Lemma 3.4. From (3.12), we deduce

/ (NO)O |V vg)? da

<ar [ B exp(allv=lizon +Iollz HATael? + (o)*(¥,V)?) do
(3.25)

Throughout the proof, C', C; and C stand for universal constants. Since V' is bounded
in H'(£2) uniformly in time, the Trudinger inequality implies that

exp(Co([V=lrz0) + [IvllL2(0,1))) € LP(w),  Vp € [1,00). (3.26)

Thus, a Holder inequality gives

N,

S 2

{IVavDllTs (- (3:27)
L3(w)

N
VN

Using the expression given in (1.7) for n = N — N°° we deduce that

Ixk|e " 2 9 € " e~ e
= ng S L N2 — |y > — .
e D B S - (5 - S

As we saw earlier, by defining €] = e, [V + sv], and xj, = xx[V + sv], using Lemma A 3
we can rewrite the third term as

Z|Xk |2< - ek)

Zk PRI Vol 12 R NS
—€; —€; —€; Xk §-
dlpeT dle [ dlpeT

2
g o
[ Sl exp{Callv<l2t0. + olz2000) IVt
<q]
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Since Lemma A 2 provides a bound of the eigenvectors of the Hamiltonian xj uniformly
in k, we deduce, by Lemmas A 2 and A 4, that

Inf(2,2) < Crexp{Ca([V=|[L2(0.1) + 0l 2(0.0)) }(Ins[(2) + N lv]| 10,1y (2))-

Therefore, using interpolation inequalities, (3.26) and NS° € L*°(w), one may deduce
from elliptic regularity for the Poisson equation (1.3) that

[0llm2(2) < Clinllzz @) < Cllnslipisrmw) + vl @) (3.28)

With a Gagliardo—Nirenberg inequality and (3.28), we obtain

4 3/4
(V20D 128w < CIIV0D ot 1 V20D I,

1/4 3/4 3 4
< Cllollig UInsll3ie sz oy + 1013 2)- (3.29)

By interpolation inequalities, we get

Ng
(3.30)
H \/ L3(w) H \/ L2(w) \/ L6(w)
and
2/3 1/3
sl o7y < Imsll 2t Insl For- (3.31)
Thus, by (3.27) and (3.29)—(3.31), we obtain
(n ) o) 2
| e PGV llzz0 + ol zz00) K V) do
Ng Ng 1/2 1/2 3/2
< CH o142 g (sl 2 a2 + 1022 )
\/]\/vsOo L2 (w) Nsoo LS (w) ) Lo

Finally, using NJ° > C' > 0 and Lemma 3.2, we have

/ (ns)2eCZ(HVOOHL%(oyl)"l‘llUHLg(o,l))<‘V 'U|>2 de'
N *
w S

3/2 2
< CLL()[nsl| o5 101112 ) + Co L) sl o [0l ) (3:32)

Now, to handle the term ||ns||zs (), we decompose ||ns| sy < C(||ns/Ng° + vs| L6 (w) +
lvs]| L6 (w))- By (3.18) we have

ek ek
ol < max 3 <5 e - I - al .
; zk: Do zk: dpem
Hence, with Lemma A 4 and (3.26), we deduce that

lvsllzo(wy < Cllvllzs 2y < Cllvlla (o)
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due to the Sobolev embedding of H*(£2) into L8 L!(2), which proves the inequality (3.13)
in Lemma 3.4. Moreover, Proposition 3.1 provides a uniform bound on ||v|| g1 () which,
with the inequality (3.32) and Lemma 3.2, leads to

2
Us [e'e)
/( ) exp{Ca (V|22 (0,1) + V]l 22 (0,1))} (Vv ])? da

Ng©
3/2
N Ng
< OlL(t)HNOO + Vs +02L(t)1/2 W_FUS ”UHHl(Q) +C3L(t)||UHH1(Q).
s LS (w) s LS (w)
(3.33)
Finally, using
1
x1/4y3/4 < @‘f + %5%
we have
n 3/2 . sl n 2
Lt s < < L(t 3 : <
0] e+ o S g

)

L?(w)

n
()
where the Sobolev embedding H' < L®(w) and the Poincaré inequality are used. Pro-
ceeding analogously for the second term in (3.33), we obtain the desired inequality for e
fixed small enough.

In order to estimate the second term in (3.25), we first use the Sobolev embedding

HY(02) — LELY(02) and (3.26), we have

2
ng
[ el etV *zzon + llzzoa) o (97 51)? da

w S 2
ns

VNS®

< CllollF o

L3(w)
With (3.30) and Lemma 3.2, it yields

2
Us [e8) 0
[ ek exp otV luzi0 + el Mo (9272 o

S

s
< CLO ol o (| s + o

+ ||Us||L6(w)). (334)
L (w)

By proceeding as above, we obtain the desired inequality for the second term, which
concludes the proof. O
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Appendix A. Spectral properties of the Hamiltonian

In this appendix, we first list some basic properties of eigenfunctions and eigenvalues
of the Schrodinger operator in the z variable. Most of these properties, which are used
throughout the paper, are either proven or can be proved by straightforwardly adapting
the techniques in [30]. Therefore, very few proofs are provided in this appendix.

For a given real-valued function U in L?(0,1), let H[U] be the Schrédinger operator

1d?
HU]:=—-—+U
V)= 3 5 4 UC:)
defined on the domain D(H[U]) = H2(0,1) N Hg(0,1).

This operator admits a strictly increasing sequence of real eigenvalues (ex[U])r>1 going
to 4+00. The corresponding eigenvectors, denoted by (xx[U](2))k>1 (chosen such that
X} (0) > 0), form an orthonormal basis of L?(0, 1). They, of course, satisfy

1 2
T g2 Xk +UXk = €kXk,
(A1)

1
Xk € Hy(0,1), / XkXedz = pg.
0

Obviously, for U = 0, we have €,[0] = 372k* and x;[0](2) = V2sin(nkz).

Lemma A 1. Let U and V be two real-valued functions in L?(0,1) such that U —V €
L>°(0,1). Then the corresponding eigenvalues verify

ler[U] — e [V]I < U = VllL>(0,1)- (A2)
In particular, the case V =0 gives |ex[U] — 272k*| < ||U||p(0,1)-
Moreover, following the study of the spectral properties of H[U] in [30, Chapter 2],
we have the following lemma.

Lemma A 2. There exists a positive constant Cy depending only on ||U||z2(o,1) such
that
lex[U] — 37°k*| < Cuy and  ||x[U] — \@sin(wkzz)HLw(O,l) < Cp.

Moreover, the constant Cy can be chosen such that Cy < Cyexp(Ca||U||12(0,1)), where
the constants C7 and Cy are independent of U and k.

Lemma A 3. Let V = V() z) € LS. (X, L2(0,1)), where X is a real parameter (typi-

cally A =t or A = x;). Let us define €, as shorthand for e[V (A, )] and xy, for x[V (A, -)].
Assume that 0,V € L (\,L?(0,1)). Then

loc
(i) Oreg, € Llloc and
Oher = (Ixkl?OAV),

(i) Oxxk € Li.(\,L(0,1)) and we have

loc

(XExO\V)
bty

€k — €&

Xk =
=k
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Lemma A 4. Let V and V be two real-valued functions in L?(0,1). There then exist
two positive constants C7 and Cy independent of p, V and V such that

lex[V] — e [V]] < Crexp(Ca([V [ z20.1) + IV 201V = Vo (A3)
and
Ixe[V] = X6Vl 0,1) < Crexp(Ca(|IV |z20,1) + IV 20y IV = Vo). (A4)

Proof. The estimate (A 3) is an easy consequence of Lemmas A 2 and A 3.
Let us prove (A 4). Without loss of generality, we assume that ex[V] > 0 (by shifting V/
and V by the same constant). Let us define

MM[V} and g = x5 [V], (A5)

U =

so that ) (0) = @, (0). Writing the equation satisfied by wuj — @y and proceeding as in
the proof of [30, Lemma 1, Chapter 1], we have

uk(z)—&k(z):2/0 s(z — V() (un — ) (£) dlt

+ Q/Z (z = (V= V)(t) = (V] = ex[V]) dt,
0
where -
S(t) — Sln(;ﬂ
Ek[V]

By a Gronwall argument, we prove (A 4) for the difference uy — . We finally deduce
the result for xx[V] — xx[V] by using the property

1
| bafas=1.
0

We now give two technical lemmas, where the potential is defined on §2. We recall that
(,2) € 2 =w x (0,1), where w is a bounded regular domain of R2.

O

Lemma A 5. Assume that V € H'(2) and let € be the eigenvalues defined by (1.2).
Then, for all & > 0 and q € [1,+00), we have
L=+ D ekl € LI(w)
[ Z I

k

where Z =), e~ . The L% norm of I, is bounded by a constant depending only on c,
g and |[V .
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Proof. Lemma A 2 states that the eigenvalues and eigenvectors of (1.2) satisfy the
(uniform-in-p) estimate

len(z) — 377K + [Ixr (2, ) || L < Crexp{CallV (,-)||L2}. (A6)
It is sufficient to show that
I,(z) < Cs exp{aCy||V(z, )HLﬁ} (A7)

Indeed, since ||V (z,-)|| .2 is bounded in H'(w), the Trudinger inequality
/ exp([uNV/E D) < foo, Vue WIN(0), O ¢ RY, (A8)
o

implies that exp{||V (x,-)||7.} € L'(w), which ensures that exp{aCs||V (z,-)||12} € LI(w)
for all ¢ < +o00, which thus leads to the result.

Let us now prove (A 7). To this aim, we treat low and high energies differently. More
precisely, we have

1 1
heg X laretag B lare

lex|SKA lex| 2K A

e} 1 o, —€L
SEA + 5 Y el (A9)
lex|ZKA

where we choose K > 2, and A is such that |, — %772/{2\ < A. This choice implies that

%k27r2 —A<e < %k27r2 + A
and, for high energies (|ex| > K A), that we have
1
A< —— K72,
20K —1) "
Hence, the high-energy contribution can be estimated as follows:
Z |€k|ae*6k < Z (%kQﬂ_Q +A)aefk2772/QeA

lex| 2K A k>/2(K—1)A/x

1 X A 1.2, 2\a, —k*n%/2
<<1+K1)e DGR
k>+/2(K—1)A/7
1 . >
< C, (1 + ) e / (%w2x2)ae*”2w2/2 dz,
K-1 V2(K—DA/x
where we used the elementary property

1um

T Foo 4, . T 1,
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for any non-negative function decaying at infinity and such that the following integral

0+OO f(z) dx converges. Assuming that o # 0 (the case @ = 0 is trivial), an integration

by parts leads to the estimate

/ (%71_21,2)0467#2:62/2614 dr < C((K — 1)A)a7(1/2)ef(K71)AeA’
V2(E-1)A/n

which leads to
Z |€k|a676k < CaAaf(l/Q)ef(Kfl)AeA.
lex| 2K A

Besides, due to the choice of A, we obviously have
Z e % > Ce 4.
k

Therefore, returning to (A 9), we have
Iy < (KA)® + C A~ (1/2)o(B-K)A

Setting K = 4, we obtain a bound on A~1/2e(3=5)4 for large A. Thus, we have proved
that I < C, A% and (A7) follows due to (A 6) by taking A = Cy exp(Ca||V (z,-)|z2). O

Lemma A 6. The map

VisV,= —log(ZeEkM>
k

is locally Lipschitz continuous from H?($2) to H*(w), where (e;x[V])x denotes the whole
set of eigenvalues of the Hamiltonian

1 d?
Tz Y

Proof. Since the summation over k can be done easily, it is enough to show the
result for the map V + ¢, [V]. Let U and V be two bounded potentials of H?(§2). From
Lemma A 1, we easily deduce that |lex[U] — ex[V]||12(w) < C|[U = V|| g2(g). For the first
derivative, with Lemma A 3, we write

/ |Voer[U] = Veer[V]]? dz < 2/ Vo (U = V) xe[U]|* dz dz
w 9]

2 [ (VIR - VI dede.
The Sobolev embedding of H?(§2) into L*({2) implies that, for all non-negative con-

stants Cs,
exp(Ca([|U || z2(0,1) + IV II22(0,1))) € L (w).
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Thus, with Lemma A 2 we have a bound of x;[U] in L*°({2) and with Lemma A 4 we
have

IXk[U] = x&[V]llz= (@) < CIU = V| g2(0).- (A10)
We deduce then that

/ VaexU] = Vaer[VIE dz < CIU = V{2 + CIU = V112,

It now remains to estimate the second derivative of €;[U] — €x[V]. We recall that, from
Lemma A 1, we may easily deduce that

lex[U] = ex[V]llLw) < CIU = Vlg2(2). (A1)

Ifi=1o0r 2, j =1 or 2, by the expression of the derivatives stated in Lemma A 3 we
have

1 1
O, er V] = / O, VIXR V][ dz + 2 / X [V100, Xk [V]0s, V dz.
0 0

As before, we can show the Lipschitz dependency in V € H?(2) of the first term on the
right-hand side. For the second term, we need the following result, which is proved below:
there exists a positive constant dy- depending only on ||V|| z2(¢) such that

V(k,1) € (N*)?, |ex[V] — e[V]| = oy |k — 1. (A12)
Since xx[V] is bounded in L°°(f2), using the expression of O0,,xx[V] in Lemma A3
and (A 12), we obtain |0,, xx[V]| < C(|0z,V]). Therefore,
Xk (U102, Xk[U]02, U — x&[V]0z, £ [V]02, V|
< ClxelU] = xx[VI{[0x,U1)|0, U]
+ C10w, Ul |02, xk[U] = Oz, xx [V + C (|02, V)]0, (U = V).

Thus, it remains to see the Lipschitz dependency in V' of 9, xx[V]. We have

oty S SRS )
- Z; <Xk[U]Xe[U]f:f(% - i([k[%]Xe[V]aziv> U]
' #Zk <Xli‘[/‘]/>]<e_[‘£];[9‘%v> OeelUT = xe[V1)
* gl bl Vil BT et

From (A 10)-(A 12), we deduce that
102:Xk[U] = O xi[V]llL2 (@) < C+ 102Ul L2 (@) + 102,V | 2(2)IU = V2 (0)-

With the Sobolev embedding of H'(£2) into L*(£2), |02,V ||r2(2) < C||V| #2(0)- This
concludes the proof of the Lipschitz dependency of the second derivative with respect
to V. |
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Proof of (A 12). If & = ¢, this inequality is obvious. Let us first prove that there
exists a constant, dy, depending only on ||V'[|g2(), such that

min e, [V] — e [V]| = dv. (A13)

k#l
If not, by the compact embedding of H?(£2) into L>°(§2) it would be possible to find a
sequence (V™) converging to V in the L strong topology and a sequence k™ of integers
such that egxni1[V™] — €xn[V™] converges to zero as n — +o00. The asymptotic behaviour
of the ¢, deduced from Lemma A 1 implies that the sequence (k™) is bounded; thus, up
to an extraction, it is stationary: k™ = k. Besides, (A 2) implies that €;[V™] converges to
ex[V] and €x41[V"] to €x41[V]. Hence, €;[V] = €x41[V], which is a contradiction of the
fact that the eigenvalues are strictly increasing. Moreover, by (A 2), we have

37k = VLo (o) < e[V] < 572k + ||V | 1 (02)-
Therefore, for any (k,1),
lexlV] = eVl = 5721k — 07 + 72k — €] = 2| V]| 1= ().

Hence, if 2k — | 2 2|V 1 (), then |ex[V] — €[V]] = 472k — ¢|*. From this inequal-
ity and (A 13) we easily deduce (A 12) (up to a change of dy ). O
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